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Abstract: In this paper, we propose a modeling method based on peridynamics for ductile fracture 1

at high temperatures. A thermoelastic coupling model combining peridynamics and classical 2

continuum mechanics is used to limit the peridynamics calculations to the failure region of a given 3

structure, thereby reducing computational costs. Then, a plastic constitutive model of peridynamic 4

bonds is developed to capture the ductile-fracture process of the structure. Furthermore, an 5

iterative algorithm for ductile-fracture calculation is presented. Finally, several numerical examples 6

are shown. Particularly, the fracture processes of a superalloy structure under 800℃ and 900℃ 7

environments are simulated and compared with experimental results. Our comparisons show that 8

the crack modes captured by the proposed model are similar to experimental observations, which 9

verifies the validity of the proposed model. 10

Keywords: Peridynamics; Thermoelastic Coupling; Plastic Deformation; Fracture Simulation. 11

1. Introduction 12

Many ductile materials, such as superalloys, are subjected to high temperatures for long 13

periods, resulting in irreversible plastic deformation and even ductile fracture. Although 14

researchers have conducted a number of numerical studies on the failure of ductile materials[1– 15

3], the methods proposed are not suitable for predicting the process of crack initiation and 16

propagation. A reason for this is that the constitutive models used and the corresponding 17

numerical simulations were based on classical continuum mechanics (CCM). When CCM is 18

used for fracture simulations, one inevitably encounters the singularity problem posed by 19

discontinuities. To avoid the difficulties repeatedly encountered by CCM, a nonlocal solid 20

mechanics theory called peridynamics (PD) was proposed by Silling in 2000[4]. In recent 21

years, the advantages of metal fracture modeling and numerical simulation based on PD are 22

gradually becoming apparent[5,6]. 23

PD assumes that there still are interactions between non-contact material points 24

separated by a finite distance, and describes the mechanical behaviors of materials by solving 25

integral equations of nonlocal effects in space, avoiding the singularity that occurs when 26

CCM faces the fracture problem[7,8]. Therefore, PD models are suitable for simulating the 27

fracture process and do not require complex crack propagation criteria[9]. 28

However, nonlocal integration greatly increases calculation costs, and traditional trac- 29

tion boundary conditions cannot be applied directly in PD models. An effective way to 30

solve this problem is to couple PD with CCM[10–14]. Lubineau et al. proposed a Morphing 31

method to couple PD with CCM based on the principle of energy density balance[15], 32

Azdoud et al. used this method to study quasi-static fracture problems[16]. Han et al. 33

further developed a new model of coupling damage mechanics with PD through the Mor- 34

phing method and used it to simulate the entire failure process of structures from elastic 35

deformation and damage to complete fracture[17]. 36
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PD can be used to simulate not only the behavior of linear elastic materials but also the 37

plastic deformation of materials. Macek and Silling proposed a perfectly elastoplastic bond 38

constitutive model by permitting permanent deformation of individual bonds[18]. Zhan 39

et al. proposed a rate-dependent plastic PD model to simulate the dynamic response of 40

particle-reinforced metal matrix composites[19]. Madenci and Oterkus proposed an ordinary 41

state-based PD model for plastic deformation based on von Mises yield criteria[20]. Liu et 42

al. proposed an ordinary state-based PD model for nonlinear hardening plastic materials[21]. 43

Although great progress has been made in the PD modeling of plastic materials, the above 44

models did not take temperature into account. Both thermal and plastic deformation 45

should be considered in the simulation of the plastic fracture of certain materials, such as 46

superalloys. 47

In this paper, a plastic bond constitutive model is developed based on a thermoelastic 48

bond-based PD model to describe the deformation and fracture of superalloys at high 49

temperatures. The Morphing method is used to establish a thermoelastic model coupling 50

PD with CCM to limit the plastic PD model to the fracture region, thereby reducing the 51

computational cost. 52

The remainder of this paper is organized as follows: Section 2 proposes a new bond- 53

based PD constitutive model by considering plasticity and thermal expansion in bond 54

deformation. Section 3 derives a thermoelastic coupling model between PD and CCM 55

through the Morphing method. Then, in Section 4, we describe an iterative algorithm of 56

plastic-fracture calculations. We present numerical results for the fracture process in a 57

superalloy structure and compare them with experimental observations in Section 5. Finally, 58

Section 6 concludes the paper. 59

2. Thermal Elastoplastic Bond-based Peridynamic Model 60

PD theory assumes that there is an interaction between non-contact material points 61

separated by a finite distance. Therefore, in the reference configuration Ω of the object, 62

the interaction between any point x and a point x′ in its neighborhood is described by the 63

pairwise force function f , and the balance equation at point x can be written as 64∫
Hδ(x)

f (x′, x)dVx′ + b(x) = 0 (1)

where b is a prescribed body force density and Hδ(x) ⊂ Ω is a circular region with x as its 65

center and δ as its radius (see Figure 1). Thus, δ is referred to as the horizon[4] 66

Figure 1. (a) Nonlocal continuum Ω and (b) partition of the interaction f (x′, x) into partial

interactions.

The pairwise force function f is defined as 67

f (x′, x) = f̂ (x′, x) − f̂ (x, x′) (2)

where f̂ (x′, x) is the partial interaction due to the action of point x′ over point x and, 68

correspondingly, f̂ (x, x′) is the partial interaction due to the action of point x over point 69

x′. By introducing plastic deformation and thermal expansion into the bond deformation 70

calculation, the partial interaction can be written as 71
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f̂ (x′, x) =
1
2

c(x, ξ)
(
ηξ(x′, x) − η̄ξ − a(x, ξ)T̂(x, ξ)

)
eξ (3)

where ξ = x′ − x is the relative position vector herein referred to as “bond”, ηξ(x′, x) = 72

η(x′, x) · eξ denotes the projection of the bond deformation at point x over the bond, 73

η(x′, x) = u(x′) − u(x), and eξ = ξ/|ξ|. In addition, u is the displacement and eξ is the unit 74

direction vector of the bond. In Eq.(3), a(x, ξ)T̂(x, ξ) represents the deformation of the bond 75

due to thermal expansion[22], where a(x, ξ) is the coefficient of thermal expansion of the 76

bond in the PD model. We define T̂(x, ξ) as the effective temperature of the bond. In other 77

words, T̂ is determined by T(x) and T(x′), which are the temperature variations between 78

the current temperatures and the reference temperatures of points x and x′, respectively. 79

Thus, we have 80

T̂(x, ξ) = T̂(x′,−ξ) (4)

Moreover, η̄ξ = η̄ · eξ , where η̄ is the historical plastic elongation of the bond defined by: 81

η̄(0) = 0, ˙̄η =

{
η̇ if

|ξ+η−η̄|−|ξ|
|ξ| ≥ sY

0 otherwise
(5)

where sY is the yield stretch. It can be seen that, at the bond level, this material is 82

elastic-perfectly plastic. However, for the entire structure, the material model has a strain 83

hardening effect because not all bonds will yield at a certain moment or under deformation. 84

It is worth noting that sY is an intrinsic parameter of the material, and its value is related 85

to its engineering ultimate strength[18]. Moreover, the fracture behavior of materials can 86

be described via bond failure[23]. It is assumed that the bond will break irreversibly if its 87

stretch s exceeds the critical value sC (generally, sC > sY), where s = |ξ+η|−|ξ|
|ξ| . 88

After introducing a plastic elongation at the bond level, we then give an average 89

measure of non-local plastic deformation at a point, which can be expressed as: 90

ϕp(x) =

∫
Hδ(x) s̄dVξ∫
Hδ(x) dVξ

(6)

where s̄ = |ξ+η̄|−|ξ|
|ξ| is the plastic stretch of a bond. 91

Figure 2. Region Ω consists of Ω1, Ω2 and Ωm.

3. Thermoelastic Hybrid Peridynamics and Classical Continuum Mechanics (PD-CCM) 92

Model 93

Hybrid PD-CCM models retain the advantages of PD in discontinuities and improve 94

calculation efficiency[10–14]. In this section, we adopt the Morphing method[15] to establish 95

a thermoelastic hybrid PD-CCM model. 96

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 21 April 2023                   doi:10.20944/preprints202304.0682.v1

https://doi.org/10.20944/preprints202304.0682.v1


Version April 15, 2023 submitted to Materials 4 of 15

3.1. Governing Equations 97

We divide the whole solution region into three non-overlapping subregions, i.e., Ω = 98

Ω1 ∪ Ω2 ∪ Ωm, and Ω1 ∩ Ω2 = ∅, Ω1 ∩ Ωm = ∅, Ω2 ∩ Ωm = ∅. The PD model is confined 99

to subregion Ω2, where plastic deformation and fracture may occur, and the CCM model 100

is employed in subregions Ω1 to reduce computational costs. The two models transition 101

through subregion Ωm. As shown in Figure 2, the displacement boundary condition ū is 102

applied to part Γu of ∂Ω, and the traction load F̄ is applied to part ΓF of ∂Ω. n is a unit 103

vector representing the outer normal, and the entire solution region Ω is affected by the 104

body force b and the steady-state temperature field T(x). 105

The Morphing method is based on a set of governing equations that are valid for any 106

point in Ω, and it defines the material properties of the two models as functions that change 107

with position[24]. The governing equations are as follows: 108

• Kinematic admissibility and compatibility

ε(x) =
1
2

Ä
∇u(x) + (∇u)T(x)

ä
∀x ∈ Ω\Ω2 (7)

ηξ

(
x′, x

)
= uξ

(
x′
)
− uξ(x) ∀x, x′ ∈ Ω\Ω1 (8)

u(x) = u(x) ∀x ∈ Γu (9)

• Static admissibility

div σ(x) +
∫
Hδ(x)

f (x′, x)dVx′ = −b(x) ∀x ∈ Ω (10)

σ(x) · n(x) = F̄ ∀x ∈ ΓF (11)

• Constitutive equations

σ(x) = E(x) : ε(x) − β(x)T(x) ∀x ∈ Ω \ Ω2 (12)

f
(
x′, x

)
=

1
2
(
c(x, ξ) + c

(
x′, ξ

))(
ηξ

(
x′, x

)
− η̄ξ

)
eξ

− 1
2
(
b(x, ξ)T̂(x, ξ) + b

(
x′, ξ

)
T̂(x′,−ξ)

)
eξ ∀x ∈ Ω \ Ω1 (13)

Here, σ and ε are the stress and strain tensors, respectively. In Eq.(12), E(x) is the stiffness 109

tensor, and β(x) = E(x) : α(x) is the thermal modulus, where α(x) is the thermal expansion 110

coefficient tensor. 111

For homogeneous materials, the PD micromodulus function c(x, ξ) and the thermal 112

expansion coefficient function a(x, ξ) can be redefined as: 113

c(x, ξ) = w(x)c0(|ξ|) (14)

114

a(x, ξ) = v(x)a0(|ξ|) (15)

where w(x) and v(x) are the Morphing functions, 0 ≤ w(x), v(x) ≤ 1, ∀x ∈ Ω. c0(|ξ|) and 115

a0(|ξ|) are the PD micromodulus and thermal expansion coefficient, respectively. We define 116

the PD thermal modulus as b0(|ξ|) = c0(|ξ|)a0(|ξ|). Then, the pairwise force function f can 117

be rewritten as in Eq.(13), where 118

b(x, ξ) = w(x)v(x)b0(|ξ|) (16)

3.2. Stiffness/Thermal Modulus Constraint Equations 119

The overall governing equations of the hybrid model were given in Section 3.1. It can 120

be seen that the functions w(x), v(x) and E(x), β(x) jointly guide the transition between 121

the CCM and PD model. w(x) and v(x) are the functions that determine the division of 122

the hybrid model, so how we define E(x) and β(x) is key to successfully couple both models 123
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together. In this subsection, we derive the constraint functions of E(x) and β(x) based on 124

the point-by-point equivalency of energy density. 125

The plastic deformation is confined to the pure peridynamic region, that is, η̄ξ ≡ 0 126

outside this region. Thus, the constitutive equation in Eq.(13) can be simplified to an elastic 127

version. Let us consider a subregion Ω0 = {x ∈ Ω : Hδ(x) ⊂ Ω}, such that we still have a 128

complete integral region when the PD model is used near the boundary. We can derive the 129

following equations according to previous work[24]. The following assertions hold true for 130

any point x ∈ Ω0: 131

• If and only if E(x) = E0, β(x) = β0 and w(x′), v(x′) = 0, ∀x′ ∈ Hδ(x), the model is 132

restricted to the pure CCM model at point x. Then the elastic energy density at point 133

x can be written as 134

W(x) =
1
2

ε(x) : E0 : ε(x) − ε(x) : β0T(x) + W0(T) (17)

• If and only if E(x) = 0, β(x) = 0 and w(x′), v(x′) = 1, ∀x′ ∈ Hδ(x), the model is 135

restricted to the pure PD model at point x. Considering Eq.(4), the elastic energy 136

density at point x can be written as 137

W(x) =
1
4

∫
Hδ(x)

c0(|ξ|)η2
ξ (x′, x)dVx′ −

1
2

∫
Hδ(x)

b0(|ξ|)T̂(x, ξ)ηξ(x′, x)dVx′ + W0(T) (18)

• If and only if E(x) ̸= 0, β(x) ̸= 0 and ∃x′ ∈ Hδ(x) such that 0 < w(x) < 1, 0 < v(x) ≤ 1,
the hybrid model must be used at point x. Considering Eq.(4), the elastic energy

density at point x can be written as

W(x) =
1
2

ε(x) : E(x) : ε(x) +
1
4

∫
Hδ(x)

c0(|ξ|) w(x′) + w(x)
2

η2
ξ (x′, x)dVx′ + W0(T)

−ε(x) : β(x)T(x) − 1
2

∫
Hδ(x)

b0(|ξ|) w(x′)v(x′) + w(x)v(x)
2

T̂(x, ξ)ηξ(x′, x)dVx′ (19)

Remark: W0(T) corresponds to the T2 term in the elastic energy density equations. 138

For homogeneous materials, the elastic energy density at any point should be inde-

pendent of the definition of the Morphing functions w(x) and v(x) and only depend on the

displacement and temperature field. This means that the elastic energy densities calculated

at the same point with different expressions are equivalent to each other, and thus the

corresponding terms of force and temperature must be equal. Therefore, the terms of Eq.(17)

are equal to the corresponding ones in Eq.(18) respectively, i.e.,

1
2

ε(x) : E0 : ε(x) =
1
4

∫
Hδ(x)

c0(|ξ|)η2
ξ (x′, x)dVx′ (20)

ε(x) : β0T(x) =
1
2

∫
Hδ(x)

b0(|ξ|)T̂(x, ξ)ηξ(x′, x)dVx′ (21)

Furthermore, we assumed that both temperature and elastic deformation in the small 139

neighborhood of point x are uniform such that 140

ε
(
x′
)
≃ ε(x) = ε̄ and ηξ

(
x′, x

)
=

ξ · ε̄ · ξ

|ξ| , ∀x′ ∈ Hδ(x) (22)

141

T̂(x, ξ) ≃ T(x) = T̄, ∀x′ ∈ Hδ(x) (23)
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Thus, Eq.(20) and Eq.(21) leads to:

E0 =
1
2

∫
Hδ(x)

c0(|ξ|) ξ ⊗ ξ ⊗ ξ ⊗ ξ

|ξ|2 dVx′ (24)

β0 =
1
2

∫
Hδ(x)

b0(|ξ|) ξ ⊗ ξ

|ξ| dVx′ (25)

Similarly, the terms of Eq.(17) are equal to the corresponding ones in Eq.(19), and by

considering Eqs.(22)--(25) we get

E(x) = E0 − 1
2

∫
Hδ(x)

c0(|ξ|)
w
(
x′
)
+ w(x)
2

ξ ⊗ ξ ⊗ ξ ⊗ ξ

|ξ|2 dVx′ (26)

β(x) = β0 − 1
2

∫
Hδ(x)

b0(|ξ|)
w
(
x′
)
v
(
x′
)
+ w(x)v(x)

2
ξ ⊗ ξ

|ξ| dVx′ (27)

In summary, the thermoelastic hybrid PD-CCM model is established by Eqs.(7)--(16), 142

Eq.(26), and Eq.(27). The partitioning of the hybrid model is determined by the Morphing 143

functions w(x) and v(x), and the definitions of w(x) and v(x) are independent of each other. 144

4. Plastic-Fracture Calculations 145

In this paper, the constraint equations of the hybrid model are used to ensure that PD 146

applies only in the critical region where plastic deformation and cracks may occur. The 147

plastic bond constitutive equation defined in Eq.(3) is used to perform iterative calculations. 148

Figure 3 shows the flowchart of the implicit iterative algorithm used for plastic-fracture 149

simulation. In this algorithm, the coupling zone and the CCM zone are discretized by 150

continuous finite elements, whereas the pure PD zone is discretized by discrete finite 151

elements[25]. Discrete elements allow cracks to grow freely along their boundaries. The 152

boundary conditions are imposed gradually in N increments. In each incremental step, the 153

elongation of each bond is calculated according to the displacement field obtained by solving 154

the corresponding linear equations. If any bond yields, the residual plastic force needs to 155

be calculated to update the force vector at the right side of the equations. This step is 156

repeated until the iterative solution of the system of linear equations converges. 157
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Figure 3. Flowchart of the iterative algorithm of the peridynamic plastic-fracture model.

After the plastic iterative calculation converges, if any bonds break at the current step, 158

it is necessary to update the stiffness matrix by removing the contribution of these bonds. 159

Change in the stiffness matrix will inevitably alter the calculated displacement field, so it is 160

necessary to recalculate the residual plastic force and solve the equations until the plastic 161

iteration converges and no bonds break anymore at the current step. Afterwards, the step 162

is incremented and calculations are repeated until the last load step is completed. 163

5. Numerical Examples 164

This section presents two numerical examples to validate the proposed model. The 165

first is a two-dimensional simplified model of an actual experiment involving a GH4099 166

superalloy structure under high-temperature environments. We compare the simulated 167

fracture modes and force-displacement curves with the experimental results to assess the 168

ability of the proposed model for simulating the failure of ductile materials. The second 169

numerical example involves a four-point bending beam under uniform and non-uniform 170

temperature fields to investigate the effects of temperature field and plastic deformation on 171

crack propagation. 172

(a) (b)

Figure 4. (a) Schematic diagram of the experimental specimen geometry (unit: mm) and (b) groove

details.
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5.1. Example 1: GH4099 Superalloy Structure 173

The geometry of the experimental GH4099 superalloy specimen is shown in Figure 4. 174

As shown in Figure 4(b), the top of the specimen is preset with a 600 angle V-shaped groove 175

with a depth of 1mm, whereas the bottom is preset with a 200 angle weakening groove with 176

a depth of 1.5mm. The experimental setup is shown in Figure 5(a). The distance between 177

the loading hammer and the weakening groove is L = 24.5mm, and the hammer loads slowly 178

and vertically downwards, which can be considered as quasi-static loading. The focus of this 179

simulation is on the crack mode. The cracking position of the structure is far away from 180

the load application region, and its deformation is only related to the resultant force and 181

moment of the load. According to the Saint--Venant principle, the specific distribution of 182

the load only affects the stress distribution around the load application region. The error 183

caused by this approximation is confined near the loading boundary. Therefore, considering 184

the requirements of computational efficiency, we scaled the length dimension according to 185

the equivalent of the resultant moment at the groove position. On the other hand, because 186

the ratio of the width to the thickness of the experimental specimen is 10:1, we adopted the 187

plane strain assumption to simplify the three-dimensional structure to a two-dimensional 188

numerical specimen. The dimensions of the numerical specimen and the boundary conditions 189

are shown in Figure 5(b). 190

(a) (b)

Figure 5. (a) Experimental setup and (b) simplified numerical model. (unit: mm)

A grid of the geometric model is shown in Figure 6(a). The model was discretized using 191

four-node quadrilateral elements with a total of 2093 nodes and 2009 elements. The grid 192

size was 0.1mm in the region delimited by y ∈ [0, 4], x ∈ [1.2, 4] and uniformly transitioned 193

outside of this region from 0.1mm along the x direction to 0.4mm at the two boundaries. 194

Figure 6(b) shows the value distribution of the Morphing function w(x). From Eq.(26) and 195

Eq.(27), it can be seen that the model partitions are determined by the values of w(x) and 196

w(x)v(x). We preset v(x) = 1 for the whole body Ω, that is, the model partition was only 197

affected by the value distribution of w(x). Thus, in Figure 6(b), the red region corresponds 198

to the pure PD model (w(x) = 1), the blue region corresponds to the pure CCM model 199

(w(x) = 0), and the transition region is the coupled model (0 < w(x) < 1). 200

Figure 6. (a) Grid and (b) value distribution of the Morphing function. (for interpretation of the

references to color in this figure, the reader is referred to the web version of this paper)
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Because the bond-based PD model was used, Poisson’s ratio for plane strain problems 201

was fixed at 1/4[4,26]. The horizon δ of the PD model was set to 0.3mm and the displacement 202

increment was ∆ū = 0.018mm. At 800℃, the Young’s modulus of the GH4099 superalloy is 203

147GPa, and its thermal expansion coefficient is 15.1 × 10−6/℃. The yield (sY) and critical 204

(sC) stretch were set to 0.04 and 0.1 respectively. Figure 7(a) shows the damage contour at 205

the 15th loading step. Owing to the ductility of the superalloy material at 800℃, the initial 206

crack propagation direction is affected by the V-groove at the top of the structure and has a 207

certain angle with the vertical direction, which is different from that of a brittle fracture. As 208

the loading progresses, the crack continues to propagate along the initial direction. By the 209

20th loading step (see Figure 7(b)), the crack starts to deflect toward the bottom weakening 210

groove. By the 40th loading step (see Figure 7(c)), the crack has propagated to the vicinity 211

of the tip of the weakening groove, then the crack propagation direction becomes parallel to 212

the hypotenuse of the weakening groove. In this state, the structure is difficult to completely 213

fracture. Thus, after the 50th loading step (see Figure 7(d)), the crack does not continue to 214

grow as loading increases. 215

Figure 7. Damage contour and crack propagation path of a superalloy structure at 800℃at the (a)

15th step, (b) 20th step, (c) 40th step, and (d) 50th step. (for interpretation of the references to

color in this figure, the reader is referred to the web version of this paper)

At 900℃, the Young’s modulus of the GH4099 superalloy is 121GPa and its thermal 216

expansion coefficient is 15.3 × 10−6/℃. The yield (sY) and critical (sC) stretch were set to 217

0.04 and 0.12, respectively. The simulation results obtained under a 900℃ environment are 218

shown in Figure 8. The whole fracture process is similar to that at 800℃. The direction of 219

crack propagation changes from the 16th step to the 24th step, as shown in Figures 8(a) and 220

8(b). Afterwards, the crack propagates to the vicinity of the tip of the weakening groove and 221

the path becomes parallel to the hypotenuse of the weakening groove by the 48th step. After 222

the 54th loading step, the crack stops growing. However, the crack propagation direction 223

deflects in a more pronounced way compared with the results obtained at 800℃. Figure 9 224

shows a photomicrograph of the GH4099 superalloy structure at 900℃. An arc-shaped crack 225

path can be seen in the figure, which is consistent with the simulated crack path. 226
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Figure 8. Damage contour and crack propagation path of a superalloy structure at 900℃ at the (a)

16th step, (b) 24th step, (c) 48th step, and (d) 54th step. (for interpretation of the references to

color in this figure caption, the reader is referred to the web version of this paper)

To further verify the effectiveness of the proposed model for simulating ductile fracture 227

at high temperatures, the force-displacement curves obtained from the simulations and 228

experiments at 800℃ and 900℃ were compared, and the results are shown in Figure 10. 229

Unlike in brittle fractures, the force does not quickly decrease to zero after reaching the 230

peak value. The simulation results were in good agreement with the experimental results. In 231

both the simulations and experiments, it can be seen that, at the end of the curve, the force 232

does not decrease with an increase of displacement but remains constant. This indicates 233

that in the final stage of the failure process of superalloy structures, the structure does not 234

further fracture as the loading progresses. This coincides with the simulated final crack 235

mode. By comparing the force-displacement curves of 800℃ and 900℃, we can see that the 236

peak force at 900℃ is significantly lower than that at 800℃owing to the softening effect of 237

the high-temperature environment on the alloy. Additionally, the displacements of both 238

crack initiation and final break decrease, which shows that superalloy structures become 239

more prone to failure as temperature rises. 240

Figure 9. Experimental observations of the final fracture pattern at 900℃.
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(a) (b)

Figure 10. Simulated and experimental force-displacement curves at (a) 800℃ and (b) 900℃.

5.2. Example 2: Four-point bending beam 241

This example aims to illustrate the effect of the temperature field and plastic deformation 242

on crack propagation paths. The geometry and boundary conditions for this numerical 243

example are shown in Figure 11(a). The grid of this example is shown in Figure 11(b), and 244

the grid size in the PD region was set to 2mm. Figure 11(c) shows the value of the morphing 245

function w(x), which indicates the scope of the different models. The fracture process of the 246

four-point bending beam was simulated under two different temperature conditions, namely 247

a uniform temperature field of 500℃ (Figure 12(a)) and a non-uniform temperature field 248

transitioning from 0℃ to 1000℃ (Figure 12(b)). This setting ensures that the specimen is 249

always at 500℃ in the vertical direction of the notch of the beam. 250

To consider the influence of plastic deformation and temperature on the crack path 251

of the four-point bending beam, four numerical tests with the same Young’s modulus and 252

thermal expansion coefficient were conducted. The parameter settings for the four numerical 253

tests are listed in Table 1. For all numerical tests, the horizon δ was set to three times the 254

grid size of the PD region. The example assumes a plane-stress condition, so Poisson’s ratio 255

is fixed at 1/3. 256

Figure 11. Schematic diagram of the four-point bending beam: (a) geometry and boundary

conditions, (b) grid and (c) value distribution of the Morphing function. (for interpretation of the

references to color in this figure, the reader is referred to the web version of this paper)
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Table 1. Material and numerical parameters.

Cases
Young’s

modulus(GPa)

Coefficient of
thermal

expansion(10−6/℃)
sY sC

Temperature
conditions

Increments

case 1 200 15.6 0.02 0.025 Figure12(a) 30
case 2 200 15.6 \ 0.02 Figure12(b) 30
case 3 200 15.6 0.02 0.025 Figure12(b) 30
case 4 200 15.6 0.02 0.03 Figure12(b) 30

First, we compared the crack paths of the four-point bending beam under different 257

temperature conditions. Figure 13 shows the final crack paths of cases 1 and 3. These two 258

cases had the same parameter settings except for temperature, but nonetheless exhibited 259

different crack modes. It can be seen that under the uniform temperature field (see Figure 260

13(a)), the crack propagates along the vertical direction of the notch of the beam, whereas it 261

propagates along a different path under the non-uniform temperature field (see Figure 13(b)). 262

This is because there is a transverse temperature gradient in the non-uniform temperature 263

field, which leads to non-uniform thermal expansion at the left and right ends of the beam, 264

resulting in the deflection of the crack. 265

In cases 2, 3, and 4, the numerical simulations are performed under the non-uniform 266

temperature field, but plastic deformation was only allowed in cases 3 and 4. Thus, in 267

case 2, a bond breaks immediately after its deformation reaches the elastic limit (which is 268

considered a brittle fracture). In cases 3 and 4, an admissible plastic elongation of s̄ = 0.005 269

and s̄ = 0.01 is introduced after the deformation of a single bond reaches the elastic limit, 270

respectively. The elastic limit of the bond was the same for these three cases. Figure 271

14 shows the final crack paths of the four-point bending beam for cases 2, 3 and 4. By 272

comparing the crack paths of these three cases, it can be seen that the angle of the crack path 273

in case 2 deviates the most from the vertical direction under the non-uniform temperature 274

field(see Figure 14(a)). In addition, the deflection angle of the crack path decreases with 275

the increase of the admissible plastic deformation of the bond. 276

Figure 12. Two different temperature conditions used for the numerical simulations of the four-point

bending beam: (a) uniform temperature field, (b) non-uniform temperature field. (for interpretation

of the references to color in this figure, the reader is referred to the web version of this paper)

Figure 13. Final crack paths of (a) case 1 and (b) case 3.

We also analyzed the plastic deformation zone of the crack tip during crack propagation 277

in cases 3 and 4. In Figure 15, subfigures (a), (b) and (c) show the plastic deformation zones 278
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around the crack tip at the 10th, 15th and 25th loading steps, respectively, corresponding 279

to region I in Figure 14. On the other hand, subfigures (d), (e), and (f) show the plastic 280

deformation zones around the crack tip at the 10th, 15th and 25th loading steps, corre- 281

sponding to region II in Figure 14. The color indicates the value of the non-local plastic 282

deformation calculated by Eq.(6). It can be seen that, compared with case 3, the crack 283

tip in case 4 is accompanied by a greater nonlocal plastic deformation during the crack 284

propagation. This greater nonlocal plastic deformation around the crack tip weakens the 285

influence of the temperature gradient on the crack path. Therefore, in case 4, the angle at 286

which the crack path deviates from the vertical direction is smaller than that in case 3. 287

Figure 14. Crack paths for the three cases under a non-uniform temperature field: (a) case 2, (b)

case 3, and (c) case 4.

Figure 15. Nonlocal plastic deformation contours. (a), (b), and (c) correspond to the 10th, 15th,

and 25th loading steps for region I in Figure 14, respectively. (d), (e), and (f) correspond to the

10th, 15th, and 25th loading steps for region II in Figure 14, respectively. (For interpretation of the

references to color in this figure caption, the reader is referred to the web version of this paper.)
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6. Conclusion 288

We proposed a plastic-fracture PD model for fracture simulation in ductile materials 289

that can accurately simulate plastic deformation and the fracture process under different 290

temperature conditions. We simulated the plastic-fracture process of a GH4099 superalloy 291

structure at 800℃ and 900℃. The simulation results show that the proposed model predicts 292

an arc-shaped crack path, which was observed in experiments. The simulated fracture modes 293

and force--displacement curves were in good agreement with our experimental results, 294

demonstrating the effectiveness of the proposed model for simulating ductile fracture at 295

high temperatures. We also carried out numerical tests of a four-point bending beam 296

under uniform and non-uniform temperature fields. The effects of temperature and plastic 297

deformation on the crack path are discussed. The results show that the plastic deformation 298

zone around the crack tip weakens the impact of temperature on the crack deflection. 299
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