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Abstract: Complex diseases such as cancer are caused by changes in the Gene Regulatory 
Networks. Systems that model the complex dynamics of these networks along with adapting to 
real gene expression data are closer to reality and can help understand the creation and treatment 
of cancer. In this paper, for the first time, modelling of gene regulatory networks is performed 
using delayed nonlinear variable order fractional systems in the state space by a new tool called 
GENAVOS. This tool uses gene expression time series data to identify and optimize system 
parameters. This software has several tools for analysing system dynamics. The results show that 
the nonlinear variable order fractional systems have very good flexibility in adapting to real data. 
We found that regulatory networks in cancer cells actually have a larger delay parameter than in 
normal cells. It is also possible to create chaos, periodic and quasi-periodic oscillations by changing 
the delay, degradation and synthesis rates. Our findings indicate a profound effect of time-varying 
order on these networks, which may be related to a type of cellular memory due to epigenetic and 
environmental factors. We showed that by changing the delay parameter and the variable order 
function for a normal cell system, its behaviour changes and becomes quite similar to the behaviour 
of a cancer cell. This work also confirms the effective role of the miR-17-92 cluster in the cancer cell 
cycle. GENAVOS is available at https://github.com/hanif-y/GENAVOS with its user guide and 
MATLAB codes. 

Keywords: Gene Regulatory Networks; Non-Linear Variable Order Fractional System; Gene 
Expression; Epigenetic Memory  

 

1. Introduction 

The Gene Regulatory Network (GRN) is a set of molecular regulators that interact with each 
other and with other cellular materials to control the expression level of mRNA and proteins. The 
regulator can be DNA, RNA, proteins and their complexes. This interference can be direct or indirect 
(via transcribed RNA or translated protein) [1]. Recently, the concept of genes has been developed 
into two categories: protein-encoding genes and non-encoding genes. Micro-RNAs (miRNA) and 
Long Non-Coding RNAs (LNC-RNA) are non-coding genes. By this latter definition, genes are 
regulated by other genes, proteins, metabolites, and DNA as well as epigenetic factors in a gene 
regulatory network [2]. Although the interaction between coding genes is through proteins or 
metabolites or their combinations, here GRN refers to the network of interactions between genes 
without considering the intermediates between them [3]. This is a logical way to describe 
phenomena observed with transcription profiles, such as those occurring with the popular 
microarray technology or Next generation sequencing (NGS) [3]. Cancer is actually an abnormal 
process of alteration in the cell molecular regulation network [4]. Therefore, modelling GRNs is one 
of the important goals of system biology to study the creation, development and treatment of cancer. 
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In order to model and infer gene networks, gene expression time course data is usually used. These 
time series reflect intracellular dynamic processes such as time-dependent dynamic of the cell cycle 
in cancer disease or its treatment [5]. The first step in modelling is to determine the structure of the 
network. Then, a complete analysis of the dynamics of its components requires solving the Master 
Equations. By writing the master equations, this network is described as a dynamic system with 
nonlinear differential equations in state space. In systems theory, GRNs are complex nonlinear 
dynamic systems with time delays, and complex nonlinear dynamics can be found even within the 
simplified and constructive infrastructure of these systems [6]. Transcription and translation are 
processes that take a certain amount of time to complete. Therefore, these two gene expression 
processes cause time delays in biochemical systems [7]. Delays are inherent in GRN systems and can 
lead to complex behaviours [6]  [8]. The nonlinearity of biochemical phenomena such as 
phosphorylation and dimerization, auto-regulation or feedback loops are known in GRNs [9]. Also, 
experimental studies have shown that the function of transcription have a sigmoidal form [10][11]. 
Environmental factors such as drugs and chemicals, temperature, light and circadian rhythm  as 
well as epigenetic factors such as DNA methylation affect GRNs [12]. Epigenetic mechanism by 
chromatin modification may provide cellular memory by blocking or allowing transcription [13].  

The state variable in GRN system can be concentration of time-varying mRNA (or gene 
expression) in a biological process such as a cell cycle [5]. Integer-order differential equations do not 
provide an accurate description of the biological processes of GRNs. Instead, fractional differentials 
can reflect the memory properties of biochemical phenomena. It has also been shown that 
transcription dynamics are slow and fractional order systems are very suitable for modelling this 
dynamics [14]. The fractional order system also provides a large degree of freedom, thus dealing 
with the nonlinear effects of GRNs. On the other hand, the dynamics of GRNs depend on the 
fractional order of state space equations. Although some optimal dynamic behaviours are obtained 
by selecting the appropriate fractional order, due to the high complexity of GRNs, there is a need for 
more flexible dynamics than fractional order equations [15]. This highly flexible dynamic can be 
obtained by generalizing fractional order systems to variable order fractional systems (VOFS). In the 
VOF-GRN system, the fractional order of the differential equations can depend on time, 
environmental and epigenetic factors. Variable order fractional integrals and derivatives can be 
operators to describe a system with time-varying memory [16]. These systems are more compatible 
with biological phenomena [17]. All of the above suggests that VOF systems provide a better 
description of the dynamics of GRNs. 

Yoko Suzuki et al. Showed that time delays completely alter time-dependent dynamics even for 
the simplest possible circuits with one or two gene elements by self-regulation and regulation of 
each other. These elements can cause complex behaviours such as periodic, quasi-periodic, weak 
chaotic, strong and intermittent chaotic dynamics. They introduce a special power spectrum based 
method for describing and distinguishing these dynamic states. They argued that cancer could cause 
further delays in the regulation of circadian genes, thus creating a non-periodic dynamic that 
disrupts the normal process. In fact, the circadian gene regulator circuit can potentially induce chaos 
in the circuit by delay [6]. 

DandanYue et al investigated a fractional order genetic regulatory network and several of its 
dynamic behaviours. Their numerical simulations showed the effect of fractional order on stability 
and oscillations. They presented the results of fraction stability by considering degradation rates as a 
bifurcation parameter to study the dynamics of the system. Their findings confirm that fractional 
differential and diffusion can better describe gene activities and provide a greater understanding of 
nonlinear features [15]. 

Binbin Tao et al presented a new two-gene regulatory model with a delay parameter using the 
fractional order system that can better describe the memory and intrinsic properties of genetic 
regulatory networks. Total delay was selected as the bifurcation parameter and sufficient stability 
conditions were obtained. In this research, it has been discovered that the network stability interval 
is inversely proportional to the network fraction order and increasing the order can reduce the 
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critical amount of delay [18]. A very similar work with similar results is also presented by Qingshan 
Sun et al [19]. 

 

Figure 1. Gene network in the mammalian cancer cell during G1/s transition stage of cell cycle. 

In this paper, for the first time, GRNs are modelled using nonlinear delayed VOF systems via 
gene expression time series data. Also, the dynamic of a real GRN system that fits on real data are 
discussed. For this purpose, we have created a new tool called GENAVOS (abbreviated Gene 
Network Analysis by Variable Order Systems). In the first step, time series data is entered into the 
tool. Then by defining the network structure graph, the nonlinear VOF differential equations of the 
network are generated in the state space automatically. An advantage of this tool is the ability to 
approximate the variable-order functions of the system over a period of time. This is possible by 
selecting several methods as function approximation with free parameters, including the use of 
Radial Base neural networks, Fourier Series, Constant function, Cosine function and Random 
function. It is also possible to model networks in which one or more modules do not have time series 
data. This is done by approximating the expression of dateless genes with the RBF neural network. 
In the next step, the numerical solution of the VOF system is performed simultaneously with 
determining and optimizing the system parameters via minimizing Sum of Absolute Error [20]. The 
parameters identification & optimization is done by the Imperialist Competitive Algorithm (ICA), 
which is an evolutionary optimization algorithm [21]. After implementing the GRN system, 
GENAVOS offers several tools for analysing the system dynamics. In the continuation of this article, 
we present the working methods and the results of this tool. 

2. Materials and Methods  

2.1. Time Series Dataset 

Gene expression time series data of cell cycle process are suitable for analysing GRNs. We used 
two sets of data. First is related to Human Primary Skin Fibroblasts throughout the Cell Cycle, which 
is a normal cell [22]. This dataset is available under the access number E-TABM-263 at 
https://www.omicsdi.org/dataset.  
The second is the Human Cell Cycle in the Hela cell line, which is a cancer cell [23]. This dataset is 
available at http://genome-www.stanford.edu/Human-CellCycle/HeLa/. 

2.2. Case Study and Network Structure 

Because the selected time series data is relevant to the cell cycle, we focus on one of the 
infrastructures of gene regulatory networks in the cancer cell cycle. In this section, we consider the 
structure of the cancer gene network regulated by miR-17-92 cluster during G1/s transition in the 
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mammalian cell cycle [24]. This network is shown in Figure 1. In this graph, T-edges indicate gene 
inhibition and arrow edges indicate gene activation. This graph is equivalent to adjacency matrix [aij] 
where aij = 0 means no connection between node i and j, aij = 1 means node i is activated by node j and aij 

= -1 means node i is inhibited by node j . In GENAVOS software, adjacency matrix of network graph 
must be defined. 

2.3. GRN modelling by VOF Systems 

The variable fractional order derivative is a generalization of the fractional order derivative. Like 
the fractional order derivative, several definitions are proposed for the fractional variable order 
derivative, with Riemann-Liouville, Caputo, and Grünwald–Letnikov being the most common 
definitions. In this article we have used the left fractional VO derivative of Grünwald–Letnikov. 
According to this definition we have [25]: 
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To discretize Equation (1), we assume ti = ih, i =1,2,…,k , so the numerical approximation of the variable 
order derivative will be as follows. 
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Now if a variable order fractional differential equation is as follows  ]26 [  , 
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to solve it numerically, we can use Equation 5. 
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To model GRN in state space with VOF system, we can write the following equation for each 
node of the network (genes). 
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where F and F are nonlinear functions that indicate activation or inhibition of the iG gene by 
its control genes, respectively.  is the parameter of nonlinear functions F ,  is the degradation 
parameter,   is the synthesis rate parameter and  is the delay parameter. The j index represents the 
genes that activate or inhibit the iG gene and is determined from the adjacency matrix [aij] of the 
network graph [27]. Although F functions can be any nonlinear function, experimental studies have 
shown that they have a sigmoidal form. The two functions known as the sigmoidal form are the Hill 
Type and Log-Sigmoid functions, which can be selected in GENAVOS software [28]. Therefore, the 
functions F and F can be in the following forms.  
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Now, to numerically solve Equation 6 using Equation 5 by considering the delay parameter, we first 
consider the following conditions: 
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Therefore, the final equation for numerical solution (discrete form) will be as follows: 
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2.4. Function Approximation for Variable Order 

To solve Equation 6, it is necessary to determine the function of the variable order, )(t . In real 
systems, )(t  is a time-varying variable (parameter) that affects the system. In the GRN system, for 
example, this is most likely a time-varying temperature function. For phenomena such as biological 
systems, it is almost impossible to determine )(t  analytically. So in the optimistic case, )(t is 
obtained through measurements as a time series of measurements. However, if the values of )(t  are 
measured or sampled with the time step of solving equation (h), Equation 6 can be solved numerically 
and not analytically. But in fact the measurement intervals of an experiment are greater than the time 
step h. So we have to approximate )(t from the measured values (time series). GENAVOS has several 
solutions for determining )(t , including determining )(t as a constant function, a function with 
random values, or approximating it by the Fourier series, Radial Base Functions (RBF Neural 
Network), and the Cosine function. The best results were obtained with RBF neural networks. As we 
all know, RBF neural networks can approximate any function with acceptable error [29]. Therefore 

)(t is approximated as follows: 
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where c  is the function parameter and the centre of the Gaussian kernel,  is the coefficient of the 
Gaussian kernels and L represents the number of Gaussian functions. The second part of Equation 11 
guarantees that 1)(0  t . 

2.5. Expression Approximations for Genes that Have No Data 

Gene-level regulatory elements include non-coding and coding genes, as seen in Figure 1, which 
contains the miR-17-92 cluster. Unfortunately, time series data similar to those for coding genes are not 
available for miRNAs and LNC-RNAs. Here we have included an initiative in GENAVOS to 
approximate the expression of genes that lack data. The procedure is very similar to the order function 
approximation described in Section 2.4. Here again, an RBF neural network is considered for the 
expression of the no-data gene (here miR-17-92) according to Part I of Equation 11. We show the 
parameters of this network with   and  . So we have: 
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2.6. Parameters Identification and Optimization 

The purpose of the parameter estimation step is to determine and optimize all system parameters 
so that the system's solved response (here predicted values of gene expression) has the least error with 
real data (here gene expression time series data). In GENAVOS this is done by the Imperialist 
Competitive Algorithm (ICA). ICA is a method in the field of evolutionary computing that finds the 
optimal answers to various optimization problems. In terms of application, this algorithm falls into the 
category of evolutionary optimization algorithms such as genetic algorithms, particle swarm 
optimization method, ant colony algorithm and so on. Like all similar algorithms, the ICA forms the 
initial set of possible answers. These initial answers are known as "country". ICA, using the 
Assimilation, Revolution, and Imperialistic Competition operators, gradually improves these initial 
answers (countries) and finally provides the appropriate answer to the optimization problem [21]. To 
use this algorithm, the sum of absolute error (SAE) function is defined as a cost function as follows: 
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where sN  is the number of time samples of gene expression data, gN  is the number of genes in the 

network and sT  is the time step of data sampling. The parameters we are trying to optimize are: 

  ,,,,,, c . 

2.7. GENAVOS Analytical Tools for System Dynamics 

After implementing the system and identifying its parameters, we can study the dynamics of the 
GRN system using GENAVOS analytical tools. The first is related to sensitivity to initial conditions. 
Here, by applying a coefficient (for example, 1.01 or 0.99), the initial conditions are slightly changed to 
determine whether the system error changes in a limited way or not. In other words, is the system 
relatively stable under these initial conditions? Note here that although obtaining the equilibrium 
point of the system described by Equation 6 is straightforward (obtained by equating the other side of 
the equation to zero), but examining the stability of the system using the Jacobin matrix characteristic 
equation is not straightforward due to the existence of a time-varying order. As we know, due to the 
delay parameter, we need to take the Laplace transform to obtain the characteristic equation of the 
linearized system [18]. For the fractional order derivative, the Laplace transform is definable as well as 
the integer order. But for the variable order derivative, the definition of Laplace transform is only 
possible if )(t  is explicitly expressed as a function [30]. The second is to draw the bifurcation 
diagram for changing system parameters. These graphs can show which state variables (here genes) 
change with parameter change and how the system exhibits periodic, quasi-periodic, chaotic, and 
other behaviours. This diagram can show which parameter change derails the GRN system and leads 
to disease, for example by changing the delay, degradation, or synthesis rate parameter. It is also 
possible to check the system's temporal response to changing parameters. 

The third is the chaos test with the 0-1 algorithm. This test is used to distinguish regular state 
from chaotic state in dynamic systems. Unlike the Lyapunov Maximum Exponent test, which uses 
phase space reconstruction, the 0-1 test uses a time series of data obtained from a dynamic system [31]. 
The test input is a one-dimensional time series φ (n) for n = 1,2 ... We use φ (n) data to construct the 
following 2D system: 
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where )2,0( c is a random number. The bounded trajectory on the q-p plane indicates a regular 
system, and the trajectory, similar to Brownian motion or random walking, indicates a chaotic system. 
The (time-averaged) mean square displacement is defined as follows: 
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and its growth rate is as follows: 
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k is the test result that can be determined by two methods of regression and correlation coefficient [31]. 
In this work, we have used the correlation coefficient method. According to this method, if k is close to 
zero, it indicates a regular system, while if it is close to one, it indicates a chaotic system. 

3. Results 

This section summarizes the results. These results are based on non-cancer cell data to simulate 
how a normal cell system can turn into cancer. Similar results are given for cancer cells in 
Supplementary Results. 

3.1. Initial Settings and Parameters Tuning 

Table 1 shows the initial parameters and initial settings of the system in accordance with what 
we have already described. ICA settings are listed in Supplementary Table1. 

3.2. Numerical Solution and Parameters Identification 

Table.2 shows the value of the SAE function in the two modes 1)( t and )(t  
approximated by RBF networks. As can be seen, the SAE differs significantly between the two 
modes. Table 3 shows the effect of the delay parameter on SAE, so the best results are obtained for 

1.0  and 3.0  for normal and cancer cells, respectively. Figure 2 and Figure 3 show the results 
of numerical solution of the normal and cancer cell systems with real data points at 2 hour intervals. 
As shown in Figure 2, 3 the modelled signals fit the data very well and mimic the behaviour of the 
data. Figure 4 shows the order function curve for each system state variable. Table 4 shows the 
values of the obtained parameters for the synthesis rate and degradation. There is a similar table for 
Hela cells in Supplementary Table 2. 

Table 1. Initial settings and initial parameters 

 FF ,  )(t  Tsim  sT  L h  sN  gN  ICA Iteration 

Log-sigmoid RBF-NN 33 Hour 2 Hour 100 0.1 17 8 1000 

Table 2. Values of the SAE for the two modes of )(t  

Dataset Hela Cell Primary Skin Fibroblasts 

)(t  Constant RBF NN Constant RBF NN 

SAE 27.82 4.11 18.43 4.94 

Table 3. Values of the SAE for the different delay parameter 

Dataset Hela Cell Primary Skin Fibroblasts 
  0.1 0.2 0.3 0.4 0.1 0.2 0.3 0.4 

SAE 7.33 6.53 4.11 6.71 4.94 6.68 7.21 7.94 
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Figure 2. Modeled gene expression signals for Primary Skin Fibroblasts cell in cell cycle. Real data 
points are marked with a circle. 

Figure 3. Modeled gene expression signals for Hela cell in cell cycle. Real data points are marked 
with a circle. 

3.3. System Dynamics Evaluation 

Supplementary Figure 4 shows the system response to changing initial conditions. In this 
figure, the initial conditions are up and down with a coefficient of 1.1 and 0.9. Time delays can cause 
oscillatory gene expression and provide insights into the dynamics of interactions between genes 
associated with cancer suppression [4]. Therefore, the delay parameter was selected as a bifurcation 
diagram parameter. In Table 4, the degradation rate for miR-17-92 is zero.  
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Because the role of miR-17-92 in the cancer cell cycle is very effective, we chose the degradation rate 
of miR-17-92 as one of the bifurcation parameters. It has also been shown that a gene with 
self-inhibiting feedback causes oscillations in the system. Therefore, we chose the MYC synthesis 
rate as another parameter for the bifurcation diagram. Figure 5 shows the system bifurcation 
diagram for changing several parameters. The system exhibits complex dynamics similar to chaos or 
complex oscillations for ranges of parameters. Figure 5(A) and 5(B) shows the behaviour change of 
the two system state variables (CDC25A, E2F1) for the delay parameter change. Figure 5(E) shows 
the evolution of the MYC gene to change the Self-Synthesis Rate parameter. Figure 5(F) shows the 
change in behaviour of E2F1 to change the miR-17-92 degradation rate. Figure 5(C) and 5(D) shows 
the effect of the variable order )(t .To achieve this goal, we have defined the K parameter as 
Equation 17: 

 )()()()( ttKtt NormalCancerNormalnew                   (17) 

where )(tNormal  is obtained from modelling normal cell data (Primary Skin Fibroblasts) and 
)(tCancer  is obtained from modelling cancer cell data (Hela Cell) by the proposed method. Figure 6 

shows the modelled time signals corresponding to the bifurcation diagram of Figure 5. 
Finally, to check for chaotic dynamics in the model, we used the 0-1 test [31]. The q-p plots of normal 
cell system are shown in Figure 7. Table 5 shows the results of this test in different system 
conditions. The q-p plots corresponding to Table 5 are shown in Figure 8.  

4. Discussion 

Table 2 shows that )(t has created more flexible dynamics in the time-varying mode. It seems 
very difficult or impossible to fit the system response on the data without a variable-order 
differential, while Figures 2 and 3 show that the VOF system fits well on the data. Of course, it is 
clear that the data may also have noise values, however, several articles have explicitly emphasized 
the existence of oscillating dynamics and periodic behaviours of gene expression data in the cell 
cycle, and this has been biologically proven [22][23], [32]. Thus, fluctuations in gene expression over 
the course of the cell cycle are largely related to the intrinsic properties of the system. Also, 
Mahboobeh Ghorbani et al have suggested that gene expression is not random, because the Hurst 
exponent for most of the genes is significantly higher than 0.5. So the genes time series cannot be 
regarded as a random process [33]. An important point about Figures 2 and 3 is about miR-17-92. As 
shown in Figure 2, this module is under-expressed in normal cells. Instead, it can be seen in Figure 3 
that its expression has increased significantly and has fluctuating states during the cell cycle. 

Table 4. values of the obtained parameters of normal cell system 

Target 
Genes 

Synthesis Rate  
of Controller Genes 

Degradation  
of Target  

Genes 

 MYC E2F1 RB1 CDK4 CDC25A CDK2 CDKN1B miR-17-92  
MYC 2.46 0.46 -- -- -- -- -- -- 0.26 

E2F1 1.96 0.25 5 -- -- -- -- 4.02 1.15 

RB1 -- -- -- 2.47 -- 3.24 -- -- 0.65 
CDK4 -- -- -- 3.78 -- -- -- -- 0.34 

CDC25A 4.2 4.64 -- -- 5 4.84 -- -- 1.4 
CDK2 3.91 0.14 -- -- 0.51 -- 4.98 -- 0.63 

CDKN1B -- -- -- -- -- 2.87 -- -- 0.3 

miR-17-92 1.73 4.5 -- -- -- -- -- 0 0 
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Figure 4. Variable order functions approximated by RBF neural network. 

Many studies show that the miR-17-92 cluster is overexpressed in cancer. This is specifically stated 
in a review article by Xinju Zhang et al [34]. 

We find two important interpretations of Figure 4. The first is the existence of very slow 
dynamics in regulatory networks. We calculated the mean of the function )(t  in both normal and 
cancer cell states. Its maximum was 0.37 and 0.31, respectively, and in general it seems that the 
dynamics in the cancerous state has slowed down. If we consider )(t as a system input (and not a 
system variable [30]) that is affected by epigenetic memory, the difference between these two 
numbers between cancerous and normal states will be significant [35]. The second is the frequent 
zeroing of the )(t  function over time, which evokes the type of on-off switching mentioned in the 
work of Richard P. Halley-Stott et al [36]. It may also support studies that claim that gene expression 
is inherently discrete [37]. Table 3 confirms that the delay parameter in cancer cell GRNs is larger 
than in normal cells. This confirms studies that have shown that cancer increases the delay 
parameter [6].  

Table 5. Results of 0-1 test in different conditions of system 

Genes MYC E2F1 RB1 CDK4 CDC25A CDK2 CDKN1B miR-17-92 
Without Change in parameters 

k 0.638 0.638 0.638 0.638 0.638 0.638 0.638 0.619 
Change the Delay parameter 10  

k 0.649 0.729 0.646 0.645 0.733 0.657 0.645 0.742 
Change the MYC Self-Synthesis Rate parameter 50

1
  

k 0.712 0.668 0.669 0.669 0.668 0.668 0.669 0.652 
Change the miR-17-92 Degradation parameter 10

8
  

k 0.643 0.664 0.643 0.643 0.643 0.643 0.643 0.643 
Change the Variable Order parameter )()(1, ttK Cancernew    

k 0.664 0.664 0.664 0.664 0.664 0.664 0.664 0.643 
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Figure 5. GRN System bifurcation diagram for changing the parameters: (A) , (B) Delay parameter . 

(C), (D) Variable Order parameter K . (E) MYC Self-Synthesis Rate 1 . (F) miR-17-92 Degradation 

parameter 8 . 

Figure 6. Modelled signals for changed parameters: (A) , (B) Delay parameter 10 , (C), (D) 

Variable Order parameter 2K , (E) MYC Self-Synthesis Rate 501  , (F) miR-17-92 Degradation 

parameter 108  . 

As we expected, Figure 5 shows that the system undergoes a fundamental change by changing its 
parameters. The E2F1 gene undergoes complex oscillations from the 31.5 onwards, while 
returning to regular behavior between  27.9,37.8 . The oscillation starts again from 9.27. A 
similar behavior is seen for CDC25A. Oscillation start at around 2.7 and become almost regular at 
≈5.59 and then oscillate again. A definite opinion as to whether the system of these oscillations is 
chaotic or quasi-periodic is not straightforward by simply using a bifurcation diagram without 
analytical methods. That's why we used the 0-1 test. Bifurcation diagram of MYC is similar to the 
bifurcation diagram of two-dimensional maps (such as Logistic Map).  This is due to the presence of 
a negative feedback loop of the MYC gene on itself, which behaves like a recursive map in the 
simulation. 
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Figure 7. q-p plots of normal cell system without change in parameters 

Figure 8. q-p plots corresponding to Table 5 

The E2F1 gene oscillates by changing the degradation parameter of miR-17-92 from about 2.51, 
due to the presence of an inhibitory feedback loop between them. In Figure 6, the time signals 
confirm the behaviours of the system in a range of parameters where it is irregular corresponding to 
Figure 5.  

A comparison of Figures 7 and 8 clearly shows that changing the parameters corresponding to 
Figure 6 makes the behaviors of the trajectories irregular and resembling a random state. Table 5 also 
confirms this. So the signals in Figure 6 are somewhat chaotic. But given their k-values in Table 5, 
this is probably Weak chaos. 

Finally, a question arises: Is it possible to simulate the behavior of a cancer cell by changing 
some parameters of the normal cell system? To answer this, we first change the delay parameter of 
the normal cell system from 0.1 to 0.3. Then in Equation 17, we take K equal to 1. When K = 1, 

)(tnew  will be equal to )(tCancer . Figure 9 shows the time response of the system to substituting 

)(tNormal  with )(tCancer . We found that the normal cell system shows exactly the same behavior 

as a cancer cell by replacing )(t  with )(tCancer . This indicates that the VOF-GRN system is 
strongly influenced by the variable-order function. The order functions are not parameters that 
relate to just its own state variables, but system inputs that affect the system as a whole.  
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Figure 9. Normal cell shows exactly the same behavior as a cancer cell by replacing )(t  with 

)(tCancer  

Table 8 also has an important result: k is larger for the cancerous condition than normal. In other 
words, the weak chaotic property of the system in the cancerous state is more than the normal state. 

5. Conclusions 

Recently, the theory and application of variable-order differential equations has expanded. 
These equations are very useful for describing flexible and reality-based systems. In this paper, a 
new tool called GENAVOS was introduced to model gene regulatory networks. Our results show 
that the use of delayed nonlinear VOF systems has very flexible dynamics that correspond to real 
biology. The VOF system for GRN is so strongly influenced by the time-varying order function that 
it easily goes from normal to cancerous by changing the system's variable order. It is suggested that 
the variable-order function be more accurately interpreted physically and biologically, and that a 
solution be provided for its experimental determination.  
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