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Abstract

Recently in various theoretical works, path-breaking progress has been made in recov-
ering the well-known Page Curve of an evaporating black hole with Quantum Extremal
Islands, proposed to solve the long-standing black hole information loss problem related
to the unitarity issue. Motivated by this concept, in this paper, we study cosmological cir-
cuit complexity in the presence (or absence) of Quantum Extremal Islands in negative (or

positive) Cosmological Constant with radiation in the background of Friedmann-Lemaitre-
Robertson-Walker (FLRW) space-time. Without using any explicit details of any gravity
model, we study the behaviour of the circuit complexity function with respect to the dy-
namical cosmological solution for the scale factors for the above mentioned two situations
in FLRW space-time using squeezed state formalism. By studying the cosmological circuit
complexity, Out-of-Time Ordered Correlators, and entanglement entropy of the modes of
the squeezed state, in different parameter space, we conclude the non-universality of these
measures. Their remarkably different features in the different parameter space suggests
their dependence on the parameters of the model under consideration.
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1 Prologue

In recent times, various outstanding quantum information theory concepts have been
extensively used to decode the enormous number of hidden secrets of a quantum theory
of gravity. Among all of these well known successful tools and techniques, in this paper,
we mainly concentrate on the underlying physics of circuit complexity [1]. The notion
of circuit complexity was first introduced in physics by Professor Leonard Susskind to
understand the mysteries of quantum aspects of black holes. It has been an important
and very successful probe in diagnosing certain interesting features underlying the system.
Before going into the details of this paper’s subject material, let us familiarize the readers
with the bigger picture to develop the strong background motivation of this paper.

The concept of quantum extremal islands [2, 3] has been a very successful theoretical
concept in reproducing the Page Curve for an evaporating black hole [4] from semi-classical
considerations, which has been recently studied in various remarkable works [2, 5-8]. This
program came into the picture to propose a possible solution to the long-standing fa-
mous Hawking Information Loss paradox [9-11]; related to the preserving unitarity in
evaporating black holes. A better understanding of Von-Neumann entropy was needed to
understand Hawking radiation. As a result, the idea of page curve remained incomplete
and led to many contradicting views. It was found that the consistent way of computing
the entropy involved an area of a surface that is not the horizon. It is the surface that
extremizes the generalized entropy, and hence the name arises Quantum Extremal Surface
(QES) in the associated literature. In refs. [2, 5, 6, 12], the authors explicitly showed that
using QES, one can systematically start from a pure quantum state black hole. During
the entire process of evaporation, a consistent definition of the fine-grained entropy can be
given. The curve displayed by this entropy shows that the expected Page curve is devoid
of any contradictions. Hence, the entropy computed, including QES was consistent with
the unitary evolution as expected from quantum mechanics. To successfully describe the
process, we need to add a bulk region in the QES after the Page transition time, which
aids in reproducing the Page curve. These bulk regions are known as Islands.

Over the years, many formulations for entanglement entropy came into the picture and
were applied in various cases [13-18]. However, the computation of this entanglement
entropy is not always very trivial. One can expect to find various underlying unexplored
features of entanglement entropy by studying complexity without going into the technical
details of computing the entanglement entropy from a given gravitational paradigm taking
motivation from Leonard Susskind’s path-breaking idea [19]. He explicitly showed the rate
of change of complexity [20-22] is equal to the product of entropy and the equilibrium
saturation temperature [19] i.e dC/dt = ST. Thus, he established a connecting relation
between the circuit complexity and the entanglement entropy for black hole systems. How-
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ever, this is a conjectured relation and it has not been explicitly proved. Hence one cannot
take this relation to be universal. Explicit check of the validity of this conjecture might
be a very useful prospect and a generalisation of this conjecture for a general gravitational
system might be reveal extremely interesting features of the considered system.

The notion of cosmological circuit complexity is intimately related with the Out-of-
Time-Ordered Correlation (OTOC) functions [23-27] which is generally used as a probe
of quantum chaos [28].1

Cosmological Island bound : OTOC = exp(—cexp(Aa)) = exp(—C) (1.1)

where the equality holds for the maximal chaos inside the Island-inspired bulk region in
the FLRW cosmological background. This relation is also extremely useful in the context
of condensed matter systems, where computing the OTOC’s is not always a trivial task.

Here the quantity, ¢ ~ N~1/2

, where N represents the number of degrees of freedom. Ad-
ditionally, it is important to note that, the Quantum Lyapunov Exponent, to describe the
quantum description of the chaotic phenomena has to satisfy the following constraint, com-
monly cited as the Maldacena Shenker Stanford (MSS) bound in the associated literature,

as given by [28] I:

2 1
MSS bound : A< % = 2nT, where [ = T in h=1,c=1,kg=1].(1.4)

Here [ represents the inverse equilibrium temperature of the chaotic system during satu-
ration of the OTOC at a large evolutionary scale. In this connection, here, it is essential to
note that recently in ref. [29], Tom Hartman and co-authors investigated the Cosmological
Islands and the conditions for them to appear in gravitational curved spacetime without
singularities. They showed that islands appear in the four-dimensional FLRW cosmology

IThis relationship between OTOC and Complexity in presence of Quantum Extremal Islands within
the framework of FLRW Cosmology, particularly for the two solutions for the scale factors may not be
universal.

ITn the context of FLRW cosmology by utilizing the fact that, the Quantum Lyapunov Exponent can
be computed from the scale factor dependence of the Cosmological Complexity i.e.

~ dInC(a)

A= 1.2
) (12)
one can give a Cosmological extended version of the MSS bound, which is given by:
1 dl
Cosmological MSS bound : Bl=T> 2—116176(@ (1.3)
i a

We will talk about the technical details and derivations of this extended bound in the latter half of this
paper.
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with radiation and negative cosmological constant(cc). In contrast, in the positive cosmo-
logical constant case, islands are absent in the bulk region. We take a leaf from this paper,
and using the connection between complexity and OTOC as our primary guiding principle;
we reinvestigate these two particularly well-known cases from the perspective of quantum
chaos. We also study the behavior of these measures in two different parameter spaces,
to show the non-universality of these measures. In this paper, we show that the com-
plexity for four-dimensional FLRW with radiation and negative cc (AdS case) resembles
Page curve behaviour which is absent for the positive cc (dS case). We also compute the
entanglement entropy in the language of squeezed parameters and study their evolution
with the scale factor. The purpose of using this squeezed state formalism is to translate
the given problem entirely in the language of a general quantum mechanical system. The
squeezed state formalism also provides an elegant and efficient way of computing the en-
tanglement entropy particularly, von-Neumann and Renyi entropy in terms of the squeezed
state parameters. It also provides a way to connect the entanglement entropy with the
circuit complexity for the model under consideration. Thus, though not exactly one will
be able to develop an idea about how the entanglement entropy of a particular system is
related to the circuit complexity and whether the conjectured relation proposed by Prof.
Leonard Susskind holds true in that particular case or not. We also observed that the
complexity measure and the OTOC’s are parameter dependent quantities and have widely
different behavior in different regions of parameter space.

The organization of the paper is as follows:

e In Sec. 2, we provide a brief review of the long-standing Black hole information loss
problem and various proposals given till date to solve it, focussing mainly on the
Island proposal as our prime motivation to study the cosmological extension of this
concept.

e In Sec. 3, we introduce the concept of circuit complexity to the readers to motivate
them about this computational tool’s role in probing various unexplored theoretical
framework related to quantum chaos and information theory related issues.

e We then provide the useful cosmological FLRW models with radiation and AdS and
dS spacetime that we have considered in this paper to study chaos and complexity
in Sec. 4 of this paper.

e Following that in Sec. 5, we provide the analytical expressions of circuit complexity
calculated from two different cost functionals commonly used in the perspective of
cosmological perturbation theory written in the language of squeezed quantum states.

e In Sec. 6, We provide the expressions of the Von-Neumann entanglement entropy,
Renyi entropy, and equilibrium temperature of the modes in terms of the squeezed
state parameters.
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e Sec. 7 contains our numerical calculation of the cosmological version of the circuit
complexity and estimation of quantities like the measure of quantum chaos, i.e.,
quantum Lyapunov exponent

e Finally, in Sec. 8, we conclude with our all findings in this paper with some interesting
future prospects of the present work.

2 A brief review on Islands Paradigm

Black holes are thought to hold the key for quantum aspects of the gravitational
paradigm. It has kept everyone puzzled ever since its appearance in Einstein’s theory
of General Relativity. One of the biggest conundrums in quantum mechanics of black hole
physics, for half a century or so, has been the problem of unitarity or, in other words,
the Black Hole Information loss problem. Over the years, many proposals have tried to
solve this problem viz. Black Hole Complementarity principle [30, 31], Fuzzball paradigm
[32-39], and Firewall paradigm [40, 41].

2.1 Pedagogical details

In 2019, many renowned physicists came up with the path-breaking concept of tackling
the Black Hole information loss problem by introducing Islands [2, 3, 5, 6, 43-48]. They
proposed that the contribution to the black hole entropy came not only from inside the
horizon (bulk) region but also from the outside horizon region of the evaporating black hole.
Considering the generalized quantum entanglement entropy that includes the contribution
from outside the black hole, the unitarity issue can be solved perfectly and consequently;
the black hole information loss paradox can be resolved.

It is important to mention here that, without the inclusion of the Island, the associated
entropy of the Hawking radiation increases monotonically with respect to the evolutionary
time scale. On the other hand, quantum mechanics demands that the final state of a black
hole should be a pure state, and the entanglement entropy should go to zero after a long
time. The Island proposal provides a quantum correction in the result for the Bekenstein
Hawking entropy, for an evaporating black hole. By considering the existence of the Island
region, it has been shown that after the Page time, the Island corrected entropy starts
to decrease to reach zero after a long time, which means there is no entanglement at the
very late time. Hence, the fundamental notion of unitarity of the black hole information
is restored, as shown in figure 2.1.

2.2 Technical details
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Entropy of
outgoing
radiation

tPage Time

Figure 2.1: Schematic diagram showing the entropy of the outgoing radiation of the
evaporating black hole as a function of physical evolutionary time scale. This schematic
diagram was taken from [42].

Island formula generalizes the well known Ryu-Takayanagi formula used to quantify
the holographic entanglement entropy [13—18, 49-51]. Let us consider, R to be a non-
gravitational system which is entangled with a gravitational system. Then von Neumann
entropy of the region R is given by the following Island formula:

Island formula : S(R) = min exty Sye, (I UR) ||, (2.1)

where the generalized entropy is given by the following expression **:

Area(0I)

T+ SullUR) = Sua (@D (2:2)

Generalized entropy : Sgen(I UR) =

**Here in the first term, we have fixed Gy = 1 and A = 1 in the natural unit system.
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Here I is the region in the gravitational system known as Island, S,,(I U R) is the
von Neumann entropy of the region (I U R) and Sy, (0I) is the UV divergent entropy of
boundary of I i.e. dI. Region I is entangled with region R i.e. degrees of freedom of I
are encoded in R. It means that the operators in I can be rewritten as operators in R no
matter how complicated the form is.

Initial work on the Island prescription was done in the context of two dimensional
dilaton gravity [5, 43, 52-59]. The representative action for this system is given as follows:

Actionin1+1D: S = %/d%\/—_g p{R+ K(¢)(09)> =2V (e)} ||,  (2.3)

where the dilaton dependent coupling K(¢) and the representative potential V(¢) are
defined by the following expressions:

Jackiw — Teitelboim (JT) gravity :

Callan — Giddings — Harvey — Strominger (CGHS) gravity :

1

Recently in refs. [60, 61], the authors has shown the existence of Islands in higher dimen-

V(gp) = —2\% (2.5)

sional space-time as well. Further in refs. [62-64], Professor Robert C. Myers and co. also
have studied quantum extremal Islands in arbitrary space-time dimensions. Such Islands
can exist even without the presence of black holes. In this D + 1 dimensional space-time
the representative Island action can be written as:

Actionin D +1: S = %/dD“a:\/—_g p{R+ K(¢)(09)> =2V ($)}||. (2.6)

In this paper, we consider 341 dimensional spacetime model to study the circuit complexity
in FLRW Islands to have realistic cosmological implications since our observed universe
is 3 + 1 dimensional. Recently, Hartman and collaborators in ref. [29] has studied the
presence of such Islands in 3 + 1 dimensional FLRW space-time.

In 3 + 1 dimensional FLRW cosmological space-time the representative Island action
can be expressed as:

d0i:10.20944/preprints202105.0626.v1

Action in 3+ 1 D (Jordan) : Sy = %/dT Pz a*(1) ¢ {R+ K(¢)(09)* — 2V ()}

27)
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Now, to extract the underlying the physical insight from the above mentioned model, we
need to perform conformal transformation on the above mentioned action. This allows us
to express the Island action written in Jordan frame to the Einstein frame, which is given
by:

Action in 3+ 1 D (Einstein) : Sp = %/dT d*x a*(1) {R + (09)? — 2V((z~5)}

(2.8)
where in the newly defined Einstein frame the redefined field can be expressed in terms of
the old frame field content as:

Field in Jordan frame :

&:/\/(2[(;¢)+3) b || (2.9)

where we have throughout used the following conformal transformation in the metric:

Einstein to Jordan frame: g, = Q%(¢) g,  where Q*(¢):=¢ | . (2.10)

The above mentioned transformed action is in perfect form to analyse the cosmological
perturbation theory, as it is representing the simple Einstein gravity minimally coupled
to a canonical scalar field in the Einstein frame. This will further help us to study the
cosmological imprints from the above mentioned Island action expressed in FLRW spatially
flat (k = 0) background space-time. To avoid any confusion here it is important to note
that, for further computational purpose we will drop the ~ symbol from our analysis which
actually distinguish the Einstein and Jordan frame explicitly.

The conditions for such Islands to appear in any gravitational spacetime and quantum
state are already discussed in greater detail in [29]. Below we summarize the conditions.

e Condition I :

Bekenstein area bound for entropy must be violated in the following way within
the Island prescription:

~ Area(0I)

> 2.11
. , (211)

Here S,, is the finite matter entropy after subtracting the UV divergences appearing
at the boundary.

e Condition IT :
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The region I can be treated as the quantum normal if the following criteria holds
good for the generalized entropy:

d
+— I > 2.12
d)\:tS!I@n( ) - 0 ) ( )

d
where — is the null derivative (4 for outward, — for inward) with respect to Island
+
region I.

e Condition IIT :

The region GG can be treated as the quantum normal if the following criteria holds
good for the generalized entropy:

4§ (G) <0 , (2.13)

:FE <

d
where —— is the null derivative (4 for outward, — for inward) with respect to Island
+
region /.

Usually, calculating entanglement entropy is not a very easy task. We want to by-
pass this cumbersome task in a comparatively easy way by considering the use of circuit
complexity within the framework of FLRW Cosmology. We do not do any computation
from the gravitational theories to calculate the entanglement entropy in the presence of
quantum extremal Islands. Instead of doing a complicated computation, we consider the
FLRW metric with radiation along with the negative (AdS) and positive (dS) signature
of the Cosmological Constant as our initial ingredient for the present computational pur-
pose. To understand the effects of quantum mechanics, we must perturb the usual classical
FLRW metric in 34 1 dimensional spacetime, out of which we will consider only the scalar
modes in this paper. In this paper, we study cosmological circuit complexity from squeezed
state formalism for both positive (dS) and negative (AdS) cosmological constant with ra-
diation and re-examine the Island paradigm in both cases from a cosmology-complexity
connecting point of view. We will explicitly show that cosmological circuit complexity for
the AdS case will be precisely consistent with the Island paradigm, which can produce the
Page curve and resolve the well known black hole information loss paradox without exactly
computing any gravitational entropy.
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3 Circuit Complexity and its purposes

Complexity as a measure was first suggested by Susskind et al. [65, 66] and a series of
other papers to explain the increasing size of an ER bridge inside an eternal black hole
that connects two copies of the dual CFT. To describe the interior, we need a measure
of information that evolves for much longer times after the boundary CFT has reached
thermal equilibrium [65, 67]. One can think of complexity as the information about the
processes in a system. A system with more processes (thermodynamic, mechanical or en-
ergy dissipation) can be considered to be of higher complexity than a system with lesser
processes happening. A definition of circuit complexity can then be extended as the mini-
mum number of processes that follow a path along a circuit between a reference state and
a target state. In the language of quantum mechanics, we can look at processes as unitary
gates and the reference and target quantum mechanical states can be chosen based on our
model. In [68] Nielsen had shown the minimization of unitary gates of a circuit between
reference and target state is the minimization of geodesic length in circuit space. One can
start with a simple evolution of a reference state into the target state with some unitary
transformation U.

Target state from initial reference state: |Ur) =U|URg)||, (3.1)

where the representative unitary operation for the circuit complexity can be represented
by n consecutive operations, as given by:

Unitary operator : U= H Gio || - (3.2)
a=1

There is no unique choice in determining the circuit. We can work directly with the
wavefunctions [69] using Nielsen’s geometric approach, or we can use an alternative defi-
nition through Fubini-Study metric [70]. We adapt the approach given in [69] where they
work on a lattice of infinite harmonic oscillators and constructing the desired U using path
ordered exponential of Hamiltonian in the space of circuits parametrized by s.

Unitary as path ordering: U(s) = %exp (—2/ ds' H(s’)) : (3.3)
0

% indicates a path ordering such that the Hamiltonian at the earlier times is applied to
the first state. U(s) represents a family of unitaries ranging from U(s = 0) - the identity
matrix to U(s = 1) which is the final unitary satisfying Eq. (3.1). The Hamiltonian H(s)

10
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can be expanded in terms of generalized Pauli matrices as,

Hamiltonian:  H(s) = Z YI(s)M; ||, (3.4)
i

where M| represents the generalised Pauli matrices, and the coefficients Y7 (s) are control
functions that tell which gate to act at a particular value of s. These functions specify
tangent to the trajectory in the space of unitaries and hence solve the Schrodinger equation

Path evolution of unitary operator : d(il(s) = —iY(s)'M;U(s)||. (3.5)
s

The idea then is to define a cost functional for all possible paths, and minimizing this will
give us the optimal circuit.

1
Definition of cost functional :  D(U(s)) = / dt F(U(s),Y'(s)) ||, (3.6)
0

where F is a local cost functional depending on the position U(s) and velocity Y7(s).
This problem is now similar to minimizing action on a given Lagrangian - F'(U(s), Y!(s)).
The cost function needs to satisfy certain properties for it to be physically reasonable. He
identified the problem of finding the optimal circuit with the problem of finding extremal
curves or geodesics in a Finsler geometry, with the cost functional acting as the Finsler
metric. Complexity is then identified with the length of the geodesic.

Among the many known, the most studied cost functionals are the linearly weighted
and the geodesically weighted cost functional and are defined as

Linear cost functional : Fy = Z IYZ(s)], (3.7)
I

Quadratic cost functional : Fy = Z(YI(S))Q, (3.8)
T

The purpose of computing complexity from two different types of cost functional will
enable us to comment on which cost functional is better for probing the underlying quantum
chaotic features of a system.

The final step will be to get explicit expressions for the velocity. In our particular case
working with squeezed vacuum state and unsqueezed vacuum state Sec. 5, we can write

T

the wave functions as Gaussian e*". By suitably diagonalizing we can represent the wave

11
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function in a general form:

1
General Wave Fuction : A exp [ — §ZL‘aAabZL‘b:| ) (3.9)

Our reference and target states can then be specified in terms of the positive symmetric
matrices A. One can then find an expression of gates in their matrix forms that act on A
to produce the target state from the reference state. These gate action is defined by a set
of generators Mj.

Gate Action : Qap = expleMu] || (3.10)

where M; are suitable generators decided by the Hamiltonian of the model. and € is
a parameter. We can then find explicit expressions for the velocity Y(s) by rewriting
equation 3.5 in the following form:

Y!(s)M; = i(0,U(s))U () : (3.11)

Often the basis generators are simple enough to produce simple inner products seen in
many cases [69, 71, 72] given by

Inner Product : Te(M;M7) ~ 615 || (3.12)

With this one can get a straightforward equation of velocity.

Velocity - Y/(s) = To(i(A,U(s)U " (s)MF) || (3.13)

Using this, we can write the velocity in terms of the Unitary operation that can be
identified from the diagonalized representation of the reference and target state derived
from the model’s Hamiltonian. We have done this using squeezed state formalism in
Cosmological perturbations in the following sections for our given model.

To give some motivation about the necessity of complexity in theoretical physics, we
review here some of the important aspects of complexity that has been used by many
people in this field:

e Motivation I:

The motivation to study circuit complexity in high energy physics arose when it
was applied to quantum field theory and gravity sector [69, 72-98], particularly from

12
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attempts to apply AdS/CFT duality in certain black hole settings. Susskind et al.
in ref. [19] proposed ways of probing the interior regions of the black hole horizon.
They showed that these probes can be somehow related to a Quantum information-
theoretic measure, namely, ” Complezity”. Two famous conjectures came into the pic-
ture, which opened many new areas of research in the branch of theoretical physics
connecting condensed matter and high energy physics with quantum information
science being the heart. The two conjectures are famously known as the ” Complez-
ity=Volume’ and ” Complexity= Action” [1, 65, 66, 99].

e Motivation II:

Apart from its use in the gravity sector, the notion of circuit complexity has found
its application in various other areas. Having a close relationship with the Out of
time-ordered correlation functions (OTOC’s) circuit complexity has recently been
used as a diagnostic of quantum chaos and randomness [100, 101]. Complexity has
been found to provide many important details that are of utmost significance when
one speaks about a chaotic system. It can be used to predict the Lyapunov exponent
[102], scrambling time [103], equilibrium temperature, and many other important
properties of a chaotic system. Also in the non-chaotic regime where one cannot
connect the circuit complexity function with OTOC through a simple relationship,
the present analysis acts a significant theoretical probe to study the underlying var-
ious unknown physical properties of the system under consideration. We will show
later that instead of getting exponential growth, in the non-chaotic regime which
can be studied with very tiny values of the Cosmological Constant values we get
decreasing behaviour.

e Motivation III:

Recently people have tried to study and quantify chaos in different cosmological
frameworks using the notion of circuit complexity and OTOC’s [20-23, 104]. By
following the same research trend in this article we have studied the same issue for
the given model in detail. Though we have not restricted ourself to study only the
chaotic features, but also we have explored the other parameter space (tiny value
of the Cosmological Constants) where all the non-chaotic decreasing feature in the
circuit complexity function as well the Island entropy function can be observed with
respect the two possible solutions of the dynamical scale factors obtained for spa-
tially flat FLRW cosmological background in presence of radiation and two possible
signatures of Cosmological Constant.

13
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Figure 3.1: Representative Penrose diagram of recollapsing FRW cosmology with radi-
ation and negative cosmological constant showing presence of Islands. This diagram has
been taken from [29]

4 Cosmological models for Islands

In this section, we briefly discuss the cosmological models that we are considering in this
paper by following ref. [29]. We consider the solution of FLRW cosmology with radiation
along with the negative (AdS) and positive (dS) cosmological constant. The technical
details of these
4.1 Model-I

In this case, the corresponding Friedman equation in presence of AdS FLRW space-time

14
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along with the radiation in the spatially flat (kK = 0) universe can be written as:

AdS FLRW + Radiation : H2(t) — (‘””d—j(t)f _ (%)2 _ 8?” (a‘fz)t) ~ g)

(4.1)
The scale factor obtained by solving the above form of Friedman equation for FLRW
cosmology with radiation and negative cc is given as follows:

t
Scale factor for AdS FLRW + Radiation : a(t) = agy/cos L : (4.2)

2t

where the symbols ag and t,, are described by the following expressions:

8meo\ V4 T |3
aoza(t:0)2<|A|0) v bm = ™ (4.3)

AV A
It the context of cosmology literature, people generally use conformal time instead of
physical time. Hence, it is useful to convert the scale factors in conformal time which is
related to the physical time by the following relation
dt
a(t)

The scale factors of this model considered in terms of the conformal time coordinates is

dr =

given by the following expression:

a(T) = ag \/COS [ZJaCObiAmplitude {aéftﬂ, 2} ] . (4.4)

m

4.2 Model-Il

In this case, the corresponding Friedman equation in presence of dS FLRW space-time
along with the radiation in the spatially flat (k = 0) universe can be written as:

dS FLRW + Radiation : H2(t) = (dlndj(t))Q - (%)2 - (af—Et) N |8£7T|>

(4.5)
The scale factor obtained by solving the above form of Friedman equation for FLRW

15
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Figure 4.1: Penrose diagram showing regions of FRW cosmology with radiation and
positive cosmological constant. It shows that the Bekenstein violating region does not
overlap with the quantum normal region. Hence it does not contain any islands. This
diagram has been taken from [29]

cosmology with radiation and positive cc is given as follows:

Scale factor for dS FLRW + Radiation : a(t) = ag4/sinh 25 || (4.6)

where the symbols ag and t,, are described by the following expressions:

1/4
ao = a(t = 0) = (8160) R (4.7)

Using further the notion of conformal time coordinate, the scale factors of this model
considered in terms of the conformal time coordinates is given by the following expression:

(1 T/;);:M ) (2+ Qi)\/gjllipticK(l/Q))72H

tm

1
a(T) = agp| —i cos |2JacobiAmplitude [Z (—

5 Quantum Complexity from squeezed quantum states
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5.1 Squeezed states from perturbation FLRW cosmology

In this section, we will study squeezed state formalism within the framework of cos-
mological perturbation theory for FLRW spatially flat background. As already discussed
in the earlier section, we consider the Island action in the 341 dimension in the Einstein
frame given by

Sp = 1/dT Pz a*(r) {R+ (00)> —2V(9)} (5.1)

2
We again remind the reader that in the above equation, we have deliberately removed the
tilde sign from the field variable for the sake of notational simplicity. It is to be noted
that the field variable ¢ in the above equation represents the redefined field in the Einstein
frame. We now consider the following perturbation in the scalar field:

d(x,7) = o(1) + 0p(x,7) (5.2)

and the whole dynamics can be expressed in terms of a gauge invariant description through
a variable given by:

C(x,7) = %&b(x, ). (5.3)

dr

We fix some gauge constraints that re-parametrizes space-time for the first order pertur-
bation theory:

d0o(x,7) =0, g;(x,7) = a(7) [(1 4 2¢(x, 7)) Oij + hij(x,7)], Oihij(x,7) = 0= hi(x,7),

This gauge, conserves the curvature perturbation variable is outside the horizon.
We apply ADM formalism to compute the second-order perturbed action for scalar
modes. The action, after gauge fixing is:

s - 1 / i i 0 <d<2(:)) [(0:¢(x, 7)) — (D¢ (x,7))7] (5.5)

To re-parametrize the second-order perturbed action, we introduce the following space-time
dependent variable:

v(x,7) = 2(7) ((x,7), where z(71) = a(7)\/e(7), (5.6)

which transforms the perturbed action to a familiar form of canonical scalar field. This is
known as the Mukhanov variable. Additionally, note that the newly defined quantity, €(7)

17
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is the conformal time dependent slow-varying parameter:

H a(T)d(H):l_H’

CH? T H? dr H2

a(T)

Consequently, second order perturbed action for the scalar perturbation in terms of the
Mukhanov variable can be written:

5@8 = % / dr d*x [W(x, ) — (O(x, 7))2 + <Z'(T)>2u2(x, ) — Z(Z/(T)>U'(x, o(x, 7)} .
5.8

e(7) = (5.7)

2(7) 2(7)

The quantity Z;l can be calculated as:

/ !/ 1 / 1
Z(T):a(7)+_6(7'):7_[ L -
2(r)  a(r)  2e€(r) e(7)
Using the following ansatz for the Fourier transformation we now convert the second
order perturbed action for the scalar degrees of freedom in terms of the Fourier modes.

11 H} 59)

2¢(r) H3

v(x,T) ::/(;lTk)gvk(T) exp(—ik.x), (5.10)

After substituting the above expression, the second-order perturbation for the scalar
modes in Fourier space can recast as:

6?8 = %/dT d’k @v;(f)P + <k2 + (%)j o (7)) — 2(ZZ,((:_-)))U{((T)U_k(T)}(5.11)

[\ J/

Lagrangian density £ (vi(r),v} (7),7)

where it is important to note that:

’

[0 (7)1 = 2 (Pue(r), ()P = v (r)ok (7). (5.12)

We vary the second-order perturbed action with respect to the perturbed field variable in
the Fourier space, and we get:

(1) + w?(k, 7)o (1) = 0. (5.13)

This is known as the Mukhanov-Sasaki equation and represents the classical equation of
motion of a parametric oscillator where the frequency of the oscillator is conformal time
dependent and in the present context of discussion, given by :

Wk, 7) == k* + mZz(7), (5.14)

18
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where we have introduced a conformal time dependent effective mass, quantified by:

"
2 _ () 1 2 1
mi(r) = =2 = % (V) - § (5.15)
The conformal time dependent mass parameter can be calculated for the two mod-
els considered in this paper as follows. In the Friedman equations the effective fluid in
the presence of radiation and a negative (AdS) / positive (dS) cosmological constant are
described by the following effective pressure and energy densities, which are given by:

AdS FLRW -+ Radiation:

Peft = (p+ 1|6/7XT|€0> : (5.16)

Pt = <p - 1(2/;'60) : (5.17)
dS FLRW + Radiation:

Peft (p— 1f|3/7\T|€o> (5.18)

Peff = <p + 1|6L7T|€0) . (5.19)

Further, we introduce a quantity called equation of state parameter for the effective fluid,
Wegr, Which is defined as follows:

Al
Deft (p 167eg
AdS FLRW + Radiation: W = 2 — A (5.20)
eff
< 167r60>
( AL
dS FLRW -+ Radiation: weg = 2 = 16meo (5.21)

Peft B |A|
167‘(’60

Particularly for radiation dominated epoch the radiation pressure can be expressed in
terms of the energy density as, p = g Thus the effective equation of state parameter can

be further simplified as:
LB
167’('60,00

1
3N
167egpo

AdS FLRW 4 Radiation: Wefp = (5.22)
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1 167egpo

— ) 5.23
1+ ————
167egpo

In the purely radiation dominated epoch the radiation density scales with the scale factor
as, p = ppa~*, using which the effective equation of state parameter wey finally takes the

following simplified form:
a\*
(1 r3(2) )
1 Qo

AdS FLRW + Radiation: Wt = = 7 , (5.24)
Qo
a4
(1 3 (_) )
1 o
dS FLRW + Radiation: Weg = — ) (5.25)

1)

where in both the results we define the following quantity ag to be

167e 1/4 e
o=ait=0)= (F702) = (T

Consequently, the general mass parameter for cosmological Islands can be computed as:

1 201 —w,
Visland = \/_ + <—U)H) (527)

4 (1 + Sweﬂ‘)Q.

dS FLRW + Radiation: Weff =

1/4 1
) ,  where we fix py= 3" (5.26)

which can be further, explicitly has written for the mentioned two models as:

1

AdS FLRW + Radiation: Visland (@) = 5\/ 1+ Apas(a), (5.28)
1

dS FLRW + Radiation: Visland (@) = 5\/1 + Ags(a). (5.29)

where the newly introduced scale factor dependent factors, Axgs and Agg are defined as
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follows:

AAds(a) =

(5.30)

Ads(a) = 1 5 - (531)

Finally, substituting all the above mentioned expressions for the mass parameters obtained
for the two cases, we get the following simplified expressions:

3 a2
2
AdS FLRW + Radiation: mé(r) = Tzlaas(@) = 5
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a2
(1_3<_ )
Qo
-3

SO e

dS FLRW + Radiation: m2(7) = ﬁAdS(a) ==

Sl=
N———
~
N——

In terms of the cosmological constant for both the cases, the above expression can be
further recast as:

_ (AL T
1 A
1_ 8meg

A
2
AdS FLRW + Radiation:  mZ; = — ?’:ITXT , (5.34)
T 14 SIAL
8meg
_ AL
L 8meg /

1
1_ 8meg

1+ —|A‘
. 2 8me

dS FLRW + Radiation: mis = =) 3|A(|) : (5.35)
T

e

14 8meg

1 A
R 8meg /)

These obtained results for the mass parameter and the effective mass for the two cases are
extremely useful for further analysis, which we will perform in the next section.

5.2 Scalar mode function for Cosmological Islands

The Mukhanov-Sasaki equation can be simplified into:

ol(r) + <k2 -3 (yfsland(r) - %))W(T) 0. (5.36)
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The most general analytical solution is:

ue(7) = V=T [C 1D (—kT) +Co HP)  (—kT)] (5.37)

Visland Visland

where ’H,(,ils)land (—k7) and ’H,(,?S)]and (—kT) are Hankel functions of the first and second kind,respectively,
with argument —k7 and order vig.,q. C1 and Cy can be fixed by the choice of the initial vac-
uum state and we restrict ourselves , to Bunch Davies vacuum or Hartle Hawking vacuum
or Chernkov vacuum, by choosing the integration constants as C; = 1 and Cy = 0.
The solution then becomes:

(1) = V=1 HV (k7). (5.38)

Visland

Upon further considering the asymptotic limits, —k7 — 0 and —k7 — oo, the Hankel
functions of the first kind are simplified into:

. 2 1 . T 1
711‘11_1200 ngils)land(_kT) = \/; —k'T €xp (_Z {kT + 5 <1/island + 5) }) . (539)

Using these asymptotic results of the Hankel functions can be expressed as:

() ool o))

5.3 Quantization of Hamiltonian for scalar modes

3 3
2Visland_ b (_ kT) bl —Visland

V2k

r (Visland)

L)

Uk(T) =

Further, we derive the conformal time derivative of the field variable:
F(Vislaund>

k 3 3 1\ ¢ )
/ — g _ 2Visland_7 _ 5 —Visland 1 _ 3 _ R 1 -
Uk<T) 2\/g 2( kT)2 T (%) { (Vlsland 2) LT ( kT) }
1
exp (—i {kT + g (Visland - 5) }) ) (5.41)

To construct the classical Hamiltonian function, one needs the canonically conjugate
momentum associated with the classical cosmologically perturbed scalar field variable and
can be calculated as:

_ (D) (Z0)
me(T) = (7) = v (7) ( ) k(7) (5.42)
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The classical Hamiltonian in the present context turns out to be:

H(t) = / d°k E

where the time dependent mass p?(k, 7) of the oscillator is given by the following expression:

12k, ) = [kz _ (Z’é:;) ] (5.44)

Using the solutions of the classical mode functions, we can construct the quantum
mechanical mechanical operators in the Heisenberg picture as follows:

2

mlr) + o) +1M2<k,r>|vk<f>|2], (5.43)

o(x,7) = U (1, 70)0(x, 70)U(T, 7o)
d*k
- |
#(x,7) = U1, 70) 7 (%, To)U(T, T0)
d*k
- |
The canonical Hamiltonian for the parametric oscillator can be expressed in terms of
the above mentioned quantum operators as follows.

H(r) = / Pk E

v (7) e + ve(7) b k] exp(ik.x), (5.45)

70 (T) ax + me(T) dT_k] exp(ik.x). (5.46)

[vi/k(T) ax + ’U;((T) dik} + ) [Uik(T) ax + vi(T) dik}

g5 )] [075(7) i+ () '2]

1
=3 / d3k[ () (a{cak +alay+ 1)

J/

TV
Contribution from the free term

+i i (7) (exp(—2i¢k(7))dk&k — exp(2ign(7))atal k) ] . (5.47)

N J/

TV
Contribution from the Interaction term

where we define Qi (7) and A\ (7) by the following expressions:

u(r) : = {\vw)f (k) |vk<7>|2}, M(r) = (f;) (5.48)

Here Qi (7) represents the conformal time dependent dispersion relation for our set-up,
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and Ak (7) is the slowly conformal time varying function In z(7), where z(7) = av/2¢, is the
Mukhanov variable. We request the readers to kindly refer to the appendix of [20] for the
details of the computation of the previous subsections.

5.4 Fixing the initial condition

We fix the initial condition in such a way that, at the time scale 7 = 7y, we get the

following normalization, provided we have imposed a constraint that, kg = —1:
1 oV 1 1—‘(Vlsland) (T
wlm) = o 2 S| oo (S G G =2 - 1)) 609
Vlsland)

\/E QVisland ~ 3 (§) exp (—i {g (Vislana — 2) — 1})
2

1 1
(Visland - 5) (VB + 5 + Z) i
1-V2 : exp (_Z> . (5.50)
<Visland + 5)

It is expected that at any arbitrary time scale 7, the associated quantum operators can be

written in the Heisenberg picture as:
Ok (7) = v (70) <ak(7') + CLT_k(T)> , (5.51)

k(1) = —m(70) <ak(7) —al k(ﬂ), (5.52)

The ladder operators at any later time scale 7 can also be expressed in terms of the initial
time scale 1y using the similarity transformation in the Heisenberg picture.

ax (1) 1= U" (7, 70)ardd (7, 70), (5.53)
al (1) = Ut (r, 70)al U (T, 7). (5.54)

The role of the squeezed state formalism in QM can be realised while determining the
expression of the Unitary operator in the context of cosmological perturbations of the
scalar modes.

5.5 Squeezed state formalism in Island Cosmology

Following [105, 106], we factorize the unitary evolution operator produced by the above
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Hamiltonian U, as follows

U(7,70) = 8(ric(7, 70), $1c(7))R(6he(7)), (5.55)
where R is the two mode rotation operator, defined as:

~

R (6 (7)) = exp (—wk(T) (@l + a*ka_k)> , (5.56)

and S is the two-mode squeezing operator, defined as:

Tk<7')
2

S(rk<r>,¢k<v))=exp( [exp<—2z¢k<7>>aka_k—exp<2z‘¢>k<f>>&*kéu>. (5.57)

The time-dependent parameters, r(7) and ¢ (7) describes the squeezing amplitude and
the squeezing angle respectively. The two-mode rotation operator, R, also produces an
irrelevant phase factor exp(ifx(7)) while acted upon the initial quantum vacuum state
and can be safely ignored. The appearance of the squeezed quantum state can be real-
ized through the interaction of the cosmological perturbation with the conformal time-
dependent scale factor. This leads to a conformal time-dependent frequency for the para-
metric oscillator, whose quantization is described in terms of the two-mode squeezed state
formalism as described in [105]. We choose the ground state of the free Hamiltonian as
the initial quantum mechanical state:

a|0) =0 ¥ Kk, (5.58)

which is basically a Poincare invariant vacuum state in the present context of discussion.
The action of the squeezed quantum operator S on the above initial vacuum state
produces a two-mode squeezed quantum vacuum state, as:
Wsq)i i = S(ri(7), (7)) [0} i

Z(—l)” exp(—2in ¢x(7) tanh" ry(7) [ny, n_x) , (5.59)

1
coshri (1) <

with the following two-mode excited or usually known as the occupation number state
given by the following expression:

1 N n /. n
[ 1) = — ()" (014" [0 - (5.60)

Consequently, in the present context of discussion the full quantum wave function can be
expressed in terms of the product of the wave function for each two-mode pair as k, —k
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given by the following expression:

v q> = ®|‘I’sq>k k

~® (Z 2 exp(—2im ¢u(r) tanh (1) (&f«)n(dik)ﬂ Ohee

5.6 Time evolution in squeezed state formalism

We begin by expressing the creation and annihilation operators of the parametric oscil-
lator in terms of the squeezed states and using the factorized form of the unitary operator
introduced in the previous subsection, the expression for the creation and annihilation
operator can be written at any arbitrary time scale as:

() = U (7, 70) an U(T, 70)
= R (0h())S" (ric( ) k(7)) dc R(Ok(7)S (ric(7), dx(7))
— cosh (1) exp(—ify (7)) ax — sinh i (1) exp(i(Oy(7) + 241 (7)) @'y, (5.62)
il (1) = U7, 70) by U(r,70)
= R (u(7))S" (i (), éxc(7)) aLe R(Ok(m)S(ric(7), dic(7))
= coshri(1) exp(ibi (7)) a' — sinhri (1) exp(—i(Oi(7) + 2¢%(7))) s (5.63)

Consequently, the quantum operator associated with the cosmological perturbation field
variable for the scalar fluctuation and the its canonically conjugate momenta can be ex-
pressed as:

Ok (7) = vi(70) (dk(7'> + dT—k( ))

= v (70)

ax <cosh rk(7) exp(—ibx (7)) — sinhry (7) exp(—i(6(7) + 2¢k(7')))>

+&T_k (cosh ri(T) exp(iby (7)) — sinhr(7) exp(i(O(7) + 2¢k(7)))>] ,
— [013l) nc+ ol7) aly (5.64)

(1) = —m(70) (ak(T) - aTk<7_)>
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= —mk(70) [&k (cosh ri(T) exp(—ibx (7)) + sinh (1) exp(—i(Ok(T) + 2¢k(7')))>

—dT_k <cosh ri(T) exp(iby (7)) + sinh (1) exp(i(Ok(T) + 2¢k(7))))] ,
= [ru(r) e+ mulr) il (5.65)

The classical mode function and it’s associated canonically conjugate momentum in
terms of the squeezed parameters can be identified as:

(7)) = vk (70) (COSh rk(7) exp(iby (7)) — sinh (1) exp(i(fk(T) + 2¢k(7)))> ,  (5.606)
m(T) = me(70) (cosh (7)) exp(iby (7)) + sinh (1) exp(i(Ok(T) + 2(/§k(7)))> . (5.67)

The time evolution of the quantum operators R and S leads to the following sets of
differential equations for the squuezing parameters:

d?“k (7')

KT () cos(20n(7)), (5.68)
dek—f—) = N (7) + A\ (7) coth(2r (7)) sin(2¢ (7)), (5.69)

where the time dependent factors, A\(7) and Qx(7) in the squeezed state picture in the
—k7T > 1 can be recast as:

(PO [ 1
/\k(T).—<Z(T)>—H[€(T) 1+ €(7) 26(7)}[3]’ (5.70)

e(r) = {Iﬁk(f) + Aw(T)ow(7)]” + (K2 = Ai(7)) Ivk(7)|2}

2
r (Visland)

~ 3k 22(Wislana—2)
r(3)

(5.71)

5.7 Quantum complexity from squeezed quantum states in Island cosmology

To compute the complexity from squeezed formalism we use the wave function formalism
of computing circuit complexity developed by [69] and used extensively in [21, 22, 73]. We
fix a reference state |O>k7_k, commonly used in cosmological perturbations. The squeezed
two-mode vacuum state |\I/SQ>k,7k becomes the target state.
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The reference two-mode vacuum state wave function is given by:
ax|0) =0 Vk (5.72)
which has the following usual Gaussian structure:

T (%M exp (—&wi ; vik)) (5.73)

T 2

where we have used the expression for {2 in the sub-Hubble region, that we analytically
approximated.

By noting that a specific squeezing parameters with the annihilation and creation op-
erators fixes the wave function we can write it as:

(cosh 1e(7) s + exp(—2ign (7)) sinhric(1) al k) [Tea)e 1 = 0. (5.74)
The perturbed field space representation is given by:

Ueq (v, v_k) = (Uk, V_k|Vsq)k,—k
exp (A(7) (v +v2,) — B(7) v v_x)

 cosh ()71 — exp(—4igi()) tank? r(r) — 1)

. (5.75)

where the coefficients A(7) and B(7) are the functions of ri(7) and ¢y (7), given by:

)
2 \ exp(—4igy (7)) tanh’ry (T )’ (5.76)

— exp(—2i¢y (7)) tanh®ry(7)
B(r) : mk(exp(—zlmk(ﬂ) tanhZ () —

— & <eXp<_4i¢k(T tanh? Tk(T) 4
(

1
1
. 5.77
3 (5.7
Generally in literature people use conformal time as the dynamical variable for com-
putational purposes. But to make our computation physically justifiable we use the scale

factor as the dynamical variable. Performing the change in the dynamical variable is a
trivial task:

T a(T): % = a'(T)daC(l7_>

The evolution equations of the squeezed state state parameter and the squeezed state angle

(5.78)

can written in terms of the new dynamical variable a(7) as:

dry(a) Ai(a)

T = g s 20(a), (5.79)
d Q A
ZCCEG) = ?f — kcf,a) coth 21 (a) sin 2¢y(a) (5.80)
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The vacuum reference and the target squeezed state written in 5.73 and 5.75 is eventually
used to calculate the complexity from two types of cost functions namely the ”linear
weighting” (C;) and the ”geodesic weighting” (Cs) respectively within the framework of
Cosmology and represented by the following expressions:

Ci(k) = 1(ln 2k +In|==X| + tan " tm M + tan™! im E_k)
2 Wi Wk e wi Re w_y
1 k() S k() o, Im 3y (7) 2 o Im By (7) 2
Co(k) = 2\/(111 wi(T) > i w_i(7) | tan Re wyi(T) ) ten Re w i (7))
(5.81)
where we define the following functions:
Yk(1) = B(1) — 2A(7), (5.82)
Y k(1) = =B(1) — 2A(7), (5.83)
1
wk<7') = éQk(T) = w,k(r). (584)

Below, we provide a formal derivation of the expressions of the circuit complexities.
As already discussed, the above expressions are derived using the Nielsen’s wave function
approach. However another approach which people uses is the Covariance matrix method.
A formal derivation of the circuit complexities in the covariance matrix approach can be
found in [107]. The Nielsen’s wave function approach uses wavefunctions to give circuit
complexities of two mode squeezed states that is sensitive to both squeezing parameters:
rr and ¢r. The complexity is calculated using the reference and target two-mode squeezed
states. This enables to write the circuit complexity in terms of squeezing parameters 7y
and ¢y.

The exponent of the target state i.e. two-mode squeezed states eq: 5.75 can be diago-
nalized as:

U, = Nexp <—%M“bvkvk) (5.85)

where, N is the normalization constant i.e. denominator in 5.75 and,

—24+B 0 Sk 0
M = = (5.86)
0 -24-B 0 Yk

The unsqueezed state, reference state can also be written in a similar form as above as it
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is also a guassian wave function represented by:

Q. 1
Upet = Nexp (—7(1)12( +v%k)> = Nexp <§]§Qk|k|2> (5.87)
Thus, our two required state has a gaussian wave function and is of the form:

U = Nexp <—% (qa.AZb.qb)> (5.88)

where, ¢ = (v, v_k) and A" is a 2 x 2 diagonal matrix. For the target state eq: 5.75,

Y 0
A= = M = (5.89)
0 X x

while for our reference state eq: 5.73, matrix A is A", So,

Qr 0
A0 = (5.90)
0 Q4
The unitary transformation acts like,
AT =U(n). A"°UT (n) (5.91)

The boundary conditions is given by:

A= =Um =1). A" U (n=1)

=0 =0 7 ,T (592)
A" =U(n=0).A""U" (n=0)

U can be parametrized in terms of the tangent vectors as discussed earlier such that at n =
1, the required target state is achieved. Since, A7=! and A"~ can have complex elements,
elementary gates are restricted to GL(2,C') unitaries. The tangent vector components are
given by:

Y =Te(0,U(mU" (n)(On)") (5.93)

where, it is to be noted that:
Tr(0;.07) = 67, (5.94)
and I,J =0,1,2,3. The metric is then given by:

ds* = GrdY'dy*’. (5.95)
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For simplicity, we will choose penalty factors G;; = 6!/ where we fix it to unity. The
off-diagonal elements in GL(2,C) can be set to zero as they increase the distance between
states. The U(n) will become:

Un)=exp | Y o(nofesn (5.96)
i€(k,—k)

where, /() are complex parameters and Q79" are generators with identity at i diagonal

elements. The metric takes a simple form:

ds* = (da"™)? + (da"™)? (5.97)

1€(k,—k)

where, Re and Im indicates real and imaginary part of «4 respectively. The geodesic is
again a straight line in the manifold given by:

aP(n) = a"?(n = 1) + a"*(n = 0) (5.98)

for each (i € k,—k) and (p = Re and Im). For the given boundary conditions written
earlier, one gets

a"e(n =0) = a"™(n = 0) =0,

. 1%
i,Re _ _ = —

a(n=1)= 2ln o (5.99)
: 1 Im(3})
4,Im -1 1
’ — ]_ — —t _—

i =1) = tan 5o

for each (i € k,—k). Now, the circuit complexity for linear C(€2;) and quadratic cost
C5(92) functions can be derived as follows:

Ci() =™ (=1 +a P n=1)+""n=1)+a""n=1)
_ 1 In Ek by k _IIm(Zk) 1 Im(E_k)
2
Kk

o —— | Ftan e - fan T e (5.100)
Co() = V/(ahBe(n = 1)2 + (a~kBe(n = 1))2 + (ahm(y = 1))2 + (a~RIm(n = 1))?

Wk W_k Re(Ek) Re(Z_k)
! el ) IR L ImE0 S ImE0)
=3 (ln ) + (ln — ) + (tan Re(Ek)> + (tan m)

wk) w_k)
(5.101)

+In

Using the expressions of ¥y, ¥y, wi and w_y the general circuit complexity takes the
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following form:

tanhry(n)
tanhry (1)

1+ eXP(—2i¢k 1))
1 — exp(—2i¢(n))

(
(
1 + exp(—2i¢y(n))tanhrg(n)
Co(Q%,m) \/—\/ 1 — exp(—2i¢y(n))tanhry(n)

cmm>zﬁ'

+ |tanh ™ (sin(2¢x (n) )sinh(2r4(n))) | (5.102)

2

) +(tanh”(sin(2¢k(n))sinh(2rk(77)))) (5.103)

6 Entanglement entropy of two mode squeezed states

In this section, the prime motivation is to compute the entanglement entropy for the
two-mode squeezed states and compare it to the circuit complexity. Apart from being

entangled, there exists a strong correlation between the two modes of the state. |Wgq), |

is also an eigenstate of the operator ny — n_x with eigenvalue 0, where n;, = de_k and
N_p = dik&k. Due to this strong correlation and symmetry between the two modes,

average photon number is identical in each mode:
<ﬁk> = <?A”L,k> = SinhQTk (61)

The reduced density operators for the individual modes can be written as:

~ - 1 2n
pr = Z m(tanh rE) =" (ng|ng), (6.2)

n=0

S (tanh r_)*" (n_g[n_y). (6.3)

Cosh T_k)

The probability of having n photons in a single mode k or —k is given by:

P(l) o (tanh’rk>2n

n

=k —k 4
(coshry)? ! ’ (6-4)

The most commonly used entanglement entropies are the Von-Neumann entanglement
entropy and the Renyi entropy, on which we have focussed on this paper. For a density
operator p, von-Neumann entropy is given by:

S(p) = ~Trp Inj) (6.5)

For a pure state the von-Neumann entropy is zero while for mixed states it is greater than
zero. However, it is usually not a trivial task to calculate the entropy, but for the basis
in which density operator is diagonal such as in Schmidt basis, entropy can be calculated
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simply from the diagonal elements as:
S(p) = —=Tr[plng] = = prlnpp (6.6)
k

Since the two mode squeezed state 5.75 is already in the form of Schmidt decomposition,
and the form of reduced density operators of individual modes k and —k is also known,
the Von-Neumann entanglement entropy can be calculated by realizing that the diagonal
elements pg is Py Then, the Von-Neumann entropy is given by:

S(pr) = —Tr[adng] = S(p-x) = = > P, InP, .
n=0 .

= In(cosh®ry,)cosh?ry, — In(sinh®ry)sinh?ry

It is to be noted that the entropy corresponding to the squeezed state 5.75 is not calculated
because naturally this entropy is going to be zero as it is a pure state. Instead, we have
calculated entropy for the reduced density matrix.

The Von-Neumann entropy can now be generalized to get the Rényi entropy for the
reduced density operator:

S, = (6.8)

1 lni P 241 In coshry, + In(1 — tanh?7,)
1—p - uw—1
where o > 0 is the Rényi Parameter and d is the Schmidt rank of the squeezed state 5.75

which is infinity.
For very large squeezing parameter, we get:

2,u7”k
(n—1)

On taking the limit, p — 1, we get the Von-Neumann entropy Eq. (6.7). Meanwhile,

S, (r, — 00) ~ (6.9)

Rényi-2 entropy is given by Sy(rg) = In cosh2ry.

One can also calculate the effective temperature of the source by computing the thermal
distribution with an average photon number (7;) = sinh®r;,. The average photon number
of the thermal field is given by:

1

o) =1.= exp(fw) — 1

(6.10)

Then, one can compute the effective temperature as:
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Wi

T2 In(cothry)

where, w; = i/c is the frequency of the mode and i € (k, —k).

7 Numerical study with Cosmological Islands

Our objective is to numerically solve the time evolution differential equations satisfied
by the squeezed state parameters in this section. We have used the scale factor as the
dynamical variable instead of the conformal time, making our computation physically
justifiable. This change in the variable is commonly known as field redefinition. Once we
solve the differential equations, it will enable us to compute the circuit complexity between
two reference states within the framework of cosmological perturbation theory. The effects
of quantum fluctuations are treated in terms of squeezed states. We numerically plot
the complexities calculated from two different cost functionals for both the models of the
cosmological scale factors. Using the logic given in [20], we write the expression for the
complexity in the exponentially increasing region as

Ci(a) = ¢; exp(\a) Vo oi=1,2 (7.1)

a=0exp

It is to be noted that the above equation is valid only for the exponentially rising region;
hence the subscript aey, has been used, which we indeed observe for both the measures
of complexity in both the models. The index ”i” in the above equation indicates which
measure of complexity is being used. The slopes and the amplitudes are written with
index ¢ to indicate that they are different for different models. Mathematically, this can
be represented as

_ {(dInCi(a) -

One can also conjecture a similar relation between OTOC and complexity for the
exponentially rising region keeping in mind that complexity and OTOC are related by
C = —In(OTOC). Hence for the exponentially rising region, the out-of-time ordered
correlation function can be written as

OTOC = exp(—c exp(Aa)) (7.3)

In reference [20], the authors identified the slope A as the quantum Lyapunov exponent
which captures the effect of chaos in the quantum regime and showed the existence of a
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universal relation between the different measures of complexity. It is represented as

C=—In(OTOC)~C V i=1,2 (7.4)

The above universal relation between the complexities can be translated to the Lyapunov
exponent through the MSS bound. Thus,

This relation can further be used to estimate the lower bound on the equilibrium tem-
perature, which can be done using the following relation

Yy , 1 [/dInC;(a) :
~ 27T v ? ? ~ 27T < da, > S v ? Y (7 6)

For our purpose, we have numerically estimated the values of the Lyapunov exponents
for the both the models of scale factors using the following relation

)\i _ ln Oi(apeak) - ln Ci(a’r’ise) (77)

Qpeak — Qrise

The use of the above relation simplifies our task and prevents the complications of im-
plementing numerical differentiation. Furthermore, using the relation between the circuit
complexity and entanglement entropy, we numerically plotted the entropy with respect to
the scale factor.

7.1 Islands in recollapsing FLRW (Cosine Scale factor)

In Fig. 7.1 and Fig. 7.2 the squeezed state parameter r; and the squeezing angle ¢, are
plotted with respect to the scale factor. The behaviour of the squeezed state parameters
determines the nature of complexity.

e In Fig. 7.3 and Fig. 7.4 the behaviour of the circuit complexity computed from the
linearly weighted and geodesically weighted cost functional are shown with respect
to the scale factor. Although the overall behaviour of the complexity measures are
identical, some noticeable differences do occur, which are appended below

— The complexity measure C; (linearly weighted measure)is larger than C, for the
entire range of scale factor.

— At the transition point, a slight dip in C; is observed, whereas, for the same
point, there is a peak for C,.
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Figure 7.1: Squeezed state parameter r; plotted against scale factor.
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Figure 7.2: Squeezing angle ¢, plotted against scale factor

e Fig. 7.5 and Fig. 7.6 shows the plots of the Qut-of-Time-Ordered correlation func-
tions. Up to a certain value of scale factor the OTOC decreases exponentially as
expected from [23]. However after a certain transition scale factor it starts increas-
ing exponentially.

Table 7.1 shows the value of the Lyapunov exponents calculated for the initial exponen-
tially rising region before the transition scale factor. The interesting feature to notice from
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Figure 7.3: Linearly weighted Complexity value plotted against scale factor
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Figure 7.4: Geodesically weighted Complexity value plotted against scale factor

the values of the Lyapunov exponents is that they obey the universal relation estab-
lished in [20] which states that the Lyapunov exponents of complexity measures computed
from different cost functionals are of the same order.

e In Fig. 7.7 and Fig. 7.8, we have plotted the entanglement entropy, viz. Von-Neumann
entanglement entropy and Renyi entropy of the two modes with respect to the scale
factor. The entanglement entropies increases linearly with the scale factor suggesting
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Figure 7.5: Predicted OTOC from linearly weighted cost functional plotted against scale
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Figure 7.6: Predicted OTOC from geodesically weighted cost functional plotted against

scale factor

that the entanglement between the two modes increases linearly with the evolutionary
scale. From the similarity of the nature of entropies with the circuit complexities
atleast upto a certain evolutionary scale suggests that there might be a connecting
relation between circuit complexity and entanglement entropies. An important point
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Complexity An An, An, An, Ans
measures
Il ¢ [9.44 x107* ]| 9.37x10~* [ 9.35x10~* [| 9.35x10~* | 9.34x10~* []
Il C | 10.66x10~* ]| 10.59x10~[| 10.58x10~* || 10.57x10~* || 10.56x10~* ]

Table 7.1: Lyapunov exponenets calculated from the In(C) vs a plots for all the different
chosen values of the Cosmological constants. The symbols A; in the table denotes the five
chosen values of the cosmological constant as visible in the plots.
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Figure 7.7: Von-Neumann entanglement entropy plotted as a function of the scale factor.

worth raising at this point is whether the entanglement entropy between the two
modes of the squeezed state computed from the squeezed state formalism can be
related to the generalized entropy of the quantum extremal island in FRW spacetime.
Though, not directly but some information about the quantum extremal islands is
indeed encoded in the entanglement entropy of the two modes of the squeezed state.
This is because, the information of the model is provided by the solution of the
scale factor which has been used as the dynamical variable in solving the evolution
equations of the squeezed parameters.

e In Fig. 7.9, we have plotted the behavior of the equilibrium temperature of the two
modes squeezed state with respect to the scale factor. We observe that for intial
evolutionary scales, the equlibrium temperature rises sharply. This rise slows down
for the intermediate scales and moves towards saturation at the large evolutionary
scales. Thus, we can see that the equilibrium temperature is not a constant but has
different values at different phases of the evolutionary scales.

40


https://doi.org/10.20944/preprints202105.0626.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 May 2021 d0i:10.20944/preprints202105.0626.v1

Cosine

2) (Renyi entropy)

Su(a)(ﬂ

Figure 7.8: Renyi entanglement entropy plotted as a function of the scale factor
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Figure 7.9: Entanglement entropy computed from Cs plotted against scale factor in the
chaotic region.

e In Fig. 7.10 and Fig. 7.11 we have plotted the complexity measures in a different
parameter space, precisely for extremely small values of the cosmological constant.
We observe that unlike the parameter space where the values of the cosmological
constants were taken to be large, the complexity in this parameter space just shows
an exponentially rising behavior throughout the entire evolutionary scale. The de-
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Figure 7.10: Behaviour of C; against scale factor in a different parameter space.
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Figure 7.11: Behaviour of C; against scale factor in a different space.

creasing behavior that was observed for large values of Cosmological constants is not
observed in this case suggesting that the behavior of the complexity is not indepen-
dent of the parameters of the chosen model.

e Fig. 7.12 and Fig. 7.13, shows the behavior of the OTOC predicted from the circuit
complexities in the parameter space where the cosmological constant values are very
small. We again observe a feature that is different from the OTOC’s computed in
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Figure 7.12: Behaviour of OTOC predicted from C; against scale factor in a different

space..
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Figure 7.13: Behaviour of OTOC predicted from Cy against scale factor in a different
space.

the other parameter space. Unlike the previous case, in this parameter space, the
OTOC’s saturates at large evolutionary scales. The initial decreasing behavior at
the early evolutionary scales is however identical in both the parameter space. This
suggests that the behavior of the circuit complexity and the OTOC’s are not universal
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for a given model and depends on the choice of the parameter space.

7.2 No Islands in recollapsing FLRW (Sine Hyperbolic Scale factor)
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Figure 7.14: Squeezed state parameter r; plotted against scale factor.
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Figure 7.15: Squeezing angle ¢ plotted against scale factor.
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In Fig. 7.14 and Fig. 7.15 the squeezed state parameter r; and the squeezing angle ¢, are
plotted with respect to the scale factor. The behaviour of the squeezed state parameters
determines the nature of complexity. In Fig. 7.14 we see there are cut-off values of the scale
factor, so we start observing deviations from the linear graph. Moreover, in Fig. 7.15, we see
an initial rise, followed by saturation and then a sharp upward deviation at particular values
of the scale factor. We expect complexity measures also to experience similar deviation
near particular values of the scale factor.
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a

Figure 7.16: Linearly weighted Complexity value plotted against scale factor

e In Fig. 7.16 and Fig. 7.17 the behaviour of the circuit complexity computed from
the linearly weighted and geodesically weighted cost functional is shown with respect
to the scale factor. Although the overall behaviour of the complexity measures is
identical, some noticeable differences are mentioned below:

— The complexity measure C; (linearly weighted measure) is larger than Cy for the
entire range of scale factor.

— The peak in C; is a non-uniform double peak, whereas for Cy, this becomes a
more uniform and smooth peak at the top.

— The initial rise in C; is more linear when compared to the initial rising part of

C>. We also observe the rise begins a little later in the case for C,.

e The general trend that we observe for the family of complexity values is that it
initially rises, reaches a peak and then falls. The most peculiar difference is the
deviation at particular values of scale factor for each cosmological constant. We
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Figure 7.17: Geodesically weighted Complexity value plotted against scale factor
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Figure 7.18: Predicted OTOC from linearly weighted cost functional plotted against scale
factor

observe some cut off values of the scale factor in this model. The values become
unsolvable, signifying a blow-up or erratic behaviour after a point.

e Fig. 7.18 and Fig. 7.19 shows the plots of Out-of-Time-Ordered correlation functions.
Up to a certain value of scale factor, the OTOC decreases exponentially. However,
after a certain transition scale factor, it starts increasing exponentially. Here too,
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Figure 7.19: Predicted OTOC from geodesically weighted cost functional plotted against
scale factor

we observe the deviations of the curve after a given value of scale factor for a chosen
value of the cosmological constant.

Complexity A An, Ans A, Ans
1] ¢ | 6.017 [ 6.01699 [ 6.01699 [ 6.01696 | 6.015 ll
1l C | 6.0611 | 6.0611 | 6.0611 | 6.0610 [ 6.058 ll

Table 7.2: Lyapunov exponenets calculated from the In(C) vs a plots for all the different
chosen values of the Cosmological constants.

Table 7.2 shows the value of the Lyapunov exponents calculated for the initial expo-
nentially rising region before the transition scale factor. The family of complexity curves
follow a very similar trend during the rising portion. The estimation of the Lyapunov
exponent from different complexity measures gives very similar values. There are slight
differences in the values in the 3" or 4" decimal places as we go to smaller values of the
cosmological constant.

We observe deviations only after a few decimal places, and they are only significant in
smaller values of the cosmological constant and higher cost functional family. This shows
a higher sensitivity in smaller cosmological constant and higher-order cost functional.

e In Fig. 7.20 and Fig. 7.21, we have plotted the behaviour of the entanglement entropy
i.e Von-Neumann entanglement entropy and Renyi entropy between the two modes of
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Figure 7.20: Von-Neumann entanglement entropy plotted as a function of the scale factor.

Sinh

2) (Renyi entropy)

Su(a)(ﬂ

O,
0.01 0.10 1 10 100
a

Figure 7.21: Renyi entanglement entropy plotted as a function of the scale factor

the squeezed states. We again observe, the increasing behavior with the evolutionary
time scales. However, for this model, it can be seen that for different values of the
parameter (Cosmological Constant) the entanglement entropy can be probed upto
different evolutionary scales. This is due to the existence of some cut-off values of
the scale factor beyond which the squeezed parameters cannot be solved. This values
of the evolutionary scales (cut off values) upto which the entanglement entropy can
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Figure 7.22: Entanglement entropy computed from C, plotted against scale factor in the
chaotic region.
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Figure 7.23: Behaviour of C; against scale factor in a different space.

be probed is larger for smaller values of the cosmological constant.

e A similar increasing behavior followed by saturation is observed for the equilibrium
temperature, as was seen for the cosine model case. However, the difference again
lies in the existence of the cut off values of the scale factor for the sinh model beyond
which for that particular parameter, one cannot probe the equilibrium temperature.
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Figure 7.24: Behaviour of C, against scale factor in a different space.
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Figure 7.25: Behaviour of OTOC predicted from C; against scale factor in a different
space.

e In Fig. 7.23 and Fig. 7.24 we have plotted the complexity measures for a different
parameter space i.e choosing extremely small values of the cosmological constant. We
see the behavior of the circuit complexity in this region is drastically different than
that was observed in the earlier parameter space. For the earlier and intermediate
part of the evolutionary scales, the circuit complexity measures shows a decreasing
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Figure 7.26: Behaviour of OTOC predicted from C; against scale factor in a different
space.

behavior while at large scales it just shows a random fluctuating behavior. This
feature was not observed in the earlier parameter space.

e The behaviour of the OTOC’s in this parameter space is also remarkably different
from the ones that we observed in the earlier parameter space. In this regime, the
OTOC shows a slowly increasing behavior in the early evolutionary scales, followed by
a sharp increase in the intermediate regions. However, at late time scales, the OTOC
shows a similar fluctuating behavior as the circuit complexity. Another important
feature is the absence of the cut off values of the evolutionary scales in this parameter
space which was observed in the earlier case.

In 7.3, a comparative analysis of the two models has been done in the two different pa-
rameter space chosen in the paper. The remarkable difference in the properties of the circuit
complexity and OTOC in the two different parameter spaces shows the non-universality of
the complexities and the OTOC’s and suggests that they are dependent on the parameters
of the chosen model and also on the regime of the evolutionary scale in which it is studied.

Table 7.4 summarizes all our important conclusions from the study of the two cosmo-
logical scale factors, one with island and the other without island.

8 Conclusion and Prospects
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Measures

H Parameter space I H

Parameter space 11 m

Values of Parame-
ters

High wvalue of Cos-
mological constant i.e
early time scale (<
10719)

extremely low value of
cosmological constant
i.e late time scale.
(10720 — 10789)

Complexity behav-
ior of Cosine model

increases and then de-
creases

always increases

Complexity behav-
ior of Sinh model

increases and then de-

creases but with cut
offs

decreases and then os-
cillates

OTOC behavior of || decreases and then in- || decreases and then
Cosine model creases saturates

OTOC behavior of || decreases and then in- || increases and oscil-
Sinh model creases with cutoffs lates

Table 7.3: Comparative study of the two models of scale factors in the two different
parameter space chosen in the paper.

From our study of cosmological Islands, we have the following final remarks:

e Remark I:
The notion of circuit complexity and OTOC can be used as a useful tool for eluci-
dating many unknown aspects of gravitational and cosmological models. One can
comment on the difference between the two cosmological models considered in this
paper by computing the circuit complexity within the framework of spatially flat
FLRW cosmology in the presence of quantum extremal Islands, having AdS with
radiation and dS with radiation.

e Remark II:
In any chosen parameter space, the complexity behavior in spatially flat FLRW
cosmology in the presence and absence of islands shows remarkably different features.

e Remark III:
The behavior of the Out-of-time-ordered correlation functions are also drastically
different for the two different cases considered in this paper.

e Remark III:
Circuit complexity and OTOC’s are universal in the entire region of the parameter
space of the chosen model. This can be seen from the different behavior of the com-
plexity measures for different ranges of the cosmological models.
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M AdS+Radiation dS+Radiation
CASUEes FLRW FLRW
Complexity  plots exponential rise before || exponential rise before

in parameter space

I

a characteristic scale
factor followed by a
smooth decay

a characteristic scale
factor followed by de-
cay with cut offs.

Complexity plots
in parameter space
II

increasing  behavior

throughout

decreasing feature ini-
tially followed by ran-
dom fluctuations.

OTOC plots in pa-
rameter space I

exponential decay ob-
served before a char-
acteristic scale factor
followed by increasing
behavior

exponential decay ob-
served before a char-
acteristic scale factor
followed by increasing
behavior with cut-offs.

OTOC plots in pa-
rameter space II

decreasing feature ini-
tially followed by sat-
uration

increasing feature ini-
tially followed by ran-
dom fluctuations.

Lyapunov
nent

expo-

obeys the universal re-
lation

obeys the universal re-
lation

Von-Neumann en-
tanglement entropy
of the modes of
squeezed state

increases through-
out the evolutionary
scales

increases through-
out the evolutionary
scales

Renyi entropy

increases through-
out the evolutionary
scales

increases through-
out the evolutionary
scales

tem-
the

Equilibrium
perature of
squeezed state

increases initially and
saturates at late evo-
lutionary scale

increases initially and
saturates at late evo-
lutionary scale

Table 7.4: Comparative study of the two models of scale factors considered in this paper

e Remark V:
The Quantum Lyapunov exponent and equilibrium temperature calculated from dif-
ferent complexity measures satisfy the universality relation established in ref. [20].

e Remark VI:
The entropy of the modes of the squeezed states shows an increasing behavior for
both the models with some minute differences, showing that the presence or absence
of islands in FRW cosmology does not effect the entropy of the modes of the squeezed

state. The equilibrium temperature of the two mode squeezed state also shows
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identical overall behavior irrespective of the presence or absence of islands.

e Remark VII:
In the Sine hyperbolic model (without islands), one can see the initial portion of the

complexity curve resembling the cosine model (with islands). However, due to the
deviation at different cut-off values of the scale factor, the behavior in the decreasing
part at late evolutionary scales is not identical.

Some of the prospects can be in the following direction:

e Prospect I:

As discussed earlier, apart from the quantum extremal surface or Island prescription,
other proposals have also been suggested to solve the black hole information paradox.
However, none of them has been studied using the notion of circuit complexity and
OTOC. A very intuitive study will be to try and predict the entanglement entropy
from the computation of circuit complexity for the other proposals. One can then
comment on the best proposal for reproducing the page curve from the perspective
of Circuit complexity and OTOC.

e Prospect II:
It is a well-known fact that black holes are highly chaotic systems. One can then ask
the question from the perspective of black hole chaos about which one is a better
proposal in reproducing the page curve and revealing the chaotic features of black
holes. This question can be addressed from the study of circuit complexity and
OTOC, which are the most relevant probes of quantum chaos.

e Prospect III:

An extension of the present work can be done for the primordial gravitational waves,
requiring the inclusion of the tensor mode fluctuations generated from cosmological
perturbations in the spatially flat FLRW background rather than the scalar modes
considered in this case. It would be an interesting study as to how the two-mode
squeezed state formalism brings about the phenomenon of chaos and complexity in
primordial gravitational waves.

e Prospect 1V:

A model-independent notion of circuit complexity can be given from the perspective
of Effective Field theory, where one starts from a single EFT action and derives
all models under various constraints satisfied by the action’s parameters. Squeezed
state formalism for such a universal action can be developed to generalize an give a
model-independent prescription of complexity.

e Prospect V:
Recently there has been a study of the Islands contribution in the Entanglement neg-
ativity [108]. This motivates us to rethink various entanglement-related phenomena
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studied in [109-112] and whether those aspects can be studied from the perspective
of Islands.

e Prospect VI:
Recently, there have been many studies in the field of Open Quantum Systems (OQS)
[113-115]. It is natural to expect that an OQS will exhibit chaotic behaviour due to
its constant interaction with its immediate surroundings. One can utilize the concept
of circuit complexity and OTOC to probe the chaos shown by an OQS.

95


https://doi.org/10.20944/preprints202105.0626.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 May 2021

Acknowledgements

The research fellowship of SC is supported by the J. C. Bose National Fellowship of Sud-
hakar Panda. Also, SC takes this opportunity to sincerely thank Sudhakar Panda for his
constant support and huge inspiration. SC also would like to thank the School of Physical
Sciences, National Institute for Science Education and Research (NISER), Bhubaneswar,
for providing a work-friendly environment. SC also thank all the members of our newly
formed virtual international non-profit consortium “Quantum Structures of the Space-
Time & Matter” (QASTM), for elaborative discussions. SC also would like to thank all the
speakers of the QASTM zoominar series from different parts of the world (For the uploaded

d0i:10.20944/preprints202105.0626.v1

YouTube link, look at https://www.youtube.com /playlist?list=PLzW8A JeryManrTsG-4U4z9ip1J1d Wol

for supporting my research forum by giving outstanding lectures and their valuable time
during this COVID pandemic time. Satyaki Choudhury, Nitin Gupta, Anurag Mishra,
Sachin Panner Selvam, Gabriel D. Pasquino Ciranjeeb Singha and Abinash Swain would
like to thank NISER Bhubaneswar, NIT Rourkela, BITS Hyderabad, University of Water-
loo, IISER Kolkata, CMI Chennai, respectively for providing fellowships. SP acknowledges
the J. C. Bose National Fellowship for support of his research. Finally, we would like to
acknowledge our debt to the people belonging to the various part of the world for their
generous and steady support for research in natural sciences.

26


https://doi.org/10.20944/preprints202105.0626.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 May 2021

A Horizon constraints on the FLRW cosmological Islands

In Sec. 5.4 we have imposed the constraint k7p = —1. It is important to note what
constraint this places on the scale factor, when we consider the Cosmological Horizon for
Islands. The cosmological Horizon is given by

k k dlna(t)  d(7)
WD A e RO = =y (A1)
This along with the constraint gives us
1

Model I (AdS+Radiation):

. 1 -1 a/2 . .o 1 1 CL2
—EllipticF | = cos — |, 2| JacobiDN | EllipticF | = cos — 1,2],2
2 ag 2 ag

1 2
tan (JacobiDN [ElliptiCF [5 cos ! <a_2> , 2] , 2] ) =1 (A.3)
a

0

The expression can be calculated for both models by using the expression for 7 and H that
we already calculated.
Model II (dS+Radiation):

1. ST (fia? 1 1
5 )((1—1—@) aElhptlcF{gcos (a_§>’2} - Elhptch{Q})

1
JacobiDN {ElhptlcF {5 cos™ ( ) , 2] , 2}

i
: : e
tan <2J acobiAmplitude |:Elllpt1CF [5 cos~ (—) } 2} )

For a given range of scale factor, one can then determine whether we are probing inside
or outside the event horizon of the space-time based on the Cosmological Horizon condition.

o7
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B Dispersion relation in Cosmological Islands

In this appendix, our prime objective is to derive the expression for the dispersion
relation in terms of the squeezed parameter 7 (7) and the squeezed angle ¢y (7), where the
dispersion relation appears in the Hamiltonian after quantization that we studied in the
paper explicitly.

Let us first write down the expression for the conformal time dependent dispersion
relation €2y in terms of the canonical field variable and its associated canonically conjugate
momentum that appears after performing the cosmological perturbation theory for a single
scalar field:

Qu(r) : = {]vmf + 1k, 7) rvkmf}

= {\ﬂk(ﬂ!z + k2 Jow(7)|” + Mi(7) (Wfi(T)vk(T) + vii(T)?fk(T)) }

Now, we plug in the expressions for mc(7) and vy (7), which are reproduced here for

convenience :

vk (7T) = v(70) (cosh k(7)) exp(ibi (7)) — sinhr(7) exp(i(Ok(T) + 2¢k(r)))>, (B.1)

(7)) = k(7o) (cosh Ti(7) exp(iby (7)) + sinh (1) exp(i(Ok(T) + 2¢k(7)))> , (B.2)

and after doing algebraic manipulation we get the following result:

() = (\Wk(70)|2 + k2 |vk(7'0)]2) (cosh2 71e(T) 4 sinh? rk(7)>
+ sinh r(7) - cos 2¢(7) <|7Tk(7'0)|2 — k? ‘Uk(70)|2>
(B.3)

+ )\k(T){ <7rf;(7'0)vk(ro) + vf;(To)Wk(To)>

+ i sinh 27y (7) sin 2¢ (7) (7?1";(7'0)7)1{(7'0) - U;:(To)Tl'k(To)> }

o8
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Here we have chosen the initial condition at the time scale 7 = 7y by considering, —k1y =
1. We impose this condition on the perturbation field variable and on the canonically
conjugate momentum obtained for scalar fluctuation. We finally get:

1 F(Vlsland) (T
e(T0) = ——= 2Visland 1 | Z BRG] o (—z{— Visland — 2 —1}), B.4
k(70) o F(%) P 2( land ) (B.4)
Vlsland)

\/E QVistand — 5 (§) exp (—z’ {g (Vistand — 2) — 1})
2

1 1
(Visland - §> <Visland + 5 + 7/) it
1—-v2 1 exp (_Z) . (B.5)
(Visland + 5)

the general mass parameter for cosmological Islands can be computed as:

1 2(1 — wer)
island — - . B.6
Visland \/4 + (1 + Bweg)? (B6)

where the effective equation of state parameter w.g is defined for the two prescribed models

as:
31A a’
1 (1+167le| ) 1 <1+3<a_o>>
AdS FLRW + Radiation: wer = | AT’)O =3 Z|., B7)
1— (&
( 167’('60,00) (1 (&0) )
a 4
(o)) [ (E))
1 o
dS FLRW + Radiation: Werr = L0meopo/ | _ 1 (B.8)

where we use the fact that the radiation dominated epoch the radiation density scales with
the scale factor as, p = ppa~* where qq is given by:

16 1/4 3 1/4 1
ap=a(t=0) = ( T;Tpo) = ( |7]T\€’0) ,  where we fix py= 3 (B.9)

Further, one can recast the expression for the generalized mass parameter for the mentioned
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two models in the following simplified and compact form:

1
AdS FLRW + Radiation: aana(a) = 5v/1+ Anas(a), (B.10)

dS FLRW + Radiation: Visland (@) = =

where the newly introduced scale factor dependent factors, Axgs and Ags are defined as

' )
Anas(a) = ( (&) ) A (B.12)
(103(2))

AdS (a) =

5
(e (2))

Neglecting the phase contributions, we get a very simplified expression for Qi (7), which is
given by:

1+

2
r (Visland)

Oy (7_) — 92Visland —2
r(3)

[% (COSh2 ri(7) + sinh? rk(T)> — % sinh 7y (7) cos 2¢x (7)
(B.14)

_ %)\k(f) sinh 27y (7) sin 2¢k(7)] :

Now we consider a specific situation in the time line of our FLRW universe, where it
is expected to have very small contribution from the squeezed parameter, r(7) for which
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one can use the following approximations:
coshri(r) ~ 1,  sinhri(7) = re(7). (B.15)

Consequently, we get the following result for the Island dispersion relation:

2

L (vistana) (L+rE(r)+--),

r(3)

[\ J/

O (1) & 3k 22(istana=2) (B.16)

TV
Leading contribution

which is basically dependent on the co-moving wave number and the time dependent
quantity vigang. Further, if we assume that the contributions appearing through the factors
Apgs(a) and Ags(a) are appearing as a correction terms due to its smallness the by applying
the Binomial approximation the conformal time dependent generalised mass parameter
Visland can be approximately written by considering the contribution upto the next-to-
leading order term as:

1 1
AdS FLRW + Radiation:  vigana(a) ~ (5 + 78nas(a) +- ) . (B.A7)
1 1
dS FLRW + Radiation: yisland(a) ~ (5 + ZAdS(a) + - ) . <B18)

The similar approximation can also be realised in terms of the effective equation of state
parameter as well, which can written as:

T 41 — weg)
and & (= 4 ) ) B.1
Visland (2 + (1 4 Bweg)? + > (B-19)

where we have neglected the contributions of all higher order small correction terms ap-
pearing as --- from AdS+radiation and dS+radiation sectors respectively. Now after
substituting the above mentioned expression for the mass parameter vig.,q one can further
write the following simplified form of the dispersion relation, Qy(7), which is given by:

2 F(é)

o (G ) (1t Y

2

L)+

2

Q

(1 -+ 3weﬂ‘)2
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3 8(1 — weg) 1
~2k |1 e In?2 (ON 1 2 o) B.20
5 { +(1+3weﬁ)2<n +1 <2))+ }( +ri(r)+) (B.20)
Here for the above computation we have used the following important results for the series
expansion:
8(1 — weﬂ‘)
2 (+3ua)? ) _ |+ 8o L) (B.21)
(1 + 3weff)2 ’
1 41 — weg) 2 8(1 — weg) 1
P2+ " 4 )| =g+ " O (2 )| (B22
‘ <2+ 1+ 3wa)? > " 0B 2) 7T (B.22)

Now after substituting the above mentioned expression for the mass parameter vig.,q one
can further write the following simplified form of the dispersion relation, Q(a), in terms
of the FLRW scale factor for AdS+radiation and dS+radiation are given by the following
expressions:

2

1 1 1
3 (ZAAdS/dS<a) +o ) r (5 + 7 Badssas(a) + - )
— k2

()

Qk(a)

Q

(L+rp(r)+-)

2

(2namas(a) +-- )

—LAdS/ds\@

:%kQ 4 / ‘F<%+£AAds/ds<a)+"') (1+T12(<T)+"')

~ g l{? (1 + %LAAdS/dS(a) +> |:1 + ;lAAds/ds(a)lp(o) <%> + :| (1+7’12((T) +)

Here for the above computation we have used the following important results for the series
expansion:

1
(ZAAdS/dS(a) o ) 1
2 = <1+zlln2 AAdS/dS(a)+"') s <B24)

1 1 2 1 1
‘F (— + ZAAdS/dS(a) 4 ) = {1 + ZAAdS/ds(a)@/)(O) (5) +-- ] . (B.25)

2

62


https://doi.org/10.20944/preprints202105.0626.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 May 2021 d0i:10.20944/preprints202105.0626.v1

References

[1] L. Susskind, “Computational Complexity and Black Hole Horizons,” Fortsch. Phys. 64
(2016) 24-43, arXiv:1403.5695 [hep-th]. [Addendum: Fortsch.Phys. 64, 44-48 (2016)].

[2] G. Penington, “Entanglement Wedge Reconstruction and the Information Paradox,”
JHEP 09 (2020) 002, arXiv:1905.08255 [hep-th].

[3] A. Almbheiri, N. Engelhardt, D. Marolf, and H. Maxfield, “The entropy of bulk quantum
fields and the entanglement wedge of an evaporating black hole,” JHEP 12 (2019) 063,
arXiv:1905.08762 [hep-th].

[4] D. N. Page, “Information in black hole radiation,” Phys. Rev. Lett. 71 (1993) 3743-3746,
arXiv:hep-th/9306083.

[5] G. Penington, S. H. Shenker, D. Stanford, and Z. Yang, “Replica wormholes and the
black hole interior,” arXiv:1911.11977 [hep-th].

[6] A. Almheiri, R. Mahajan, J. Maldacena, and Y. Zhao, “The Page curve of Hawking
radiation from semiclassical geometry,” JHEP 03 (2020) 149, arXiv:1908.10996
[hep-th].

[7] A. Levine, A. Shahbazi-Moghaddam, and R. M. Soni, “Seeing the Entanglement Wedge,”
arXiv:2009.11305 [hep-th].

[8] A. Manu, K. Narayan, and P. Paul, “Cosmological singularities, entanglement and
quantum extremal surfaces,” JHEP 04 (2021) 200, arXiv:2012.07351 [hep-th].

[9] S. D. Mathur, “The Information paradox: A Pedagogical introduction,” Class. Quant.
Grav. 26 (2009) 224001, arXiv:0909.1038 [hep-th].

[10] S. D. Mathur, “The information paradox: conflicts and resolutions,” Pramana 79 (2012)
1059-1073, arXiv:1201.2079 [hep-th].

[11] S. Raju, “Lessons from the Information Paradox,” arXiv:2012.05770 [hep-th].

[12] C. Akers, N. Engelhardt, G. Penington, and M. Usatyuk, “Quantum Maximin Surfaces,”
JHEP 08 (2020) 140, arXiv:1912.02799 [hep-th].

[13] S. Ryu and T. Takayanagi, “Holographic derivation of entanglement entropy from
AdS/CFT,” Phys. Rev. Lett. 96 (2006) 181602, arXiv:hep-th/0603001.

[14] N. Engelhardt and A. C. Wall, “Quantum Extremal Surfaces: Holographic Entanglement
Entropy beyond the Classical Regime,” JHEP 01 (2015) 073, arXiv:1408.3203
[hep-th].

[15] V. E. Hubeny, M. Rangamani, and T. Takayanagi, “A Covariant holographic
entanglement entropy proposal,” JHEP 07 (2007) 062, arXiv:0705.0016 [hep-th].

[16] A. Lewkowycz and J. Maldacena, “Generalized gravitational entropy,” JHEP 08 (2013)
090, arXiv:1304.4926 [hep-th].

[17] T. Faulkner, A. Lewkowycz, and J. Maldacena, “Quantum corrections to holographic

63


http://dx.doi.org/10.1002/prop.201500092
http://dx.doi.org/10.1002/prop.201500092
http://arxiv.org/abs/1403.5695
http://dx.doi.org/10.1007/JHEP09(2020)002
http://arxiv.org/abs/1905.08255
http://dx.doi.org/10.1007/JHEP12(2019)063
http://arxiv.org/abs/1905.08762
http://dx.doi.org/10.1103/PhysRevLett.71.3743
http://arxiv.org/abs/hep-th/9306083
http://arxiv.org/abs/1911.11977
http://dx.doi.org/10.1007/JHEP03(2020)149
http://arxiv.org/abs/1908.10996
http://arxiv.org/abs/1908.10996
http://arxiv.org/abs/2009.11305
http://dx.doi.org/10.1007/JHEP04(2021)200
http://arxiv.org/abs/2012.07351
http://dx.doi.org/10.1088/0264-9381/26/22/224001
http://dx.doi.org/10.1088/0264-9381/26/22/224001
http://arxiv.org/abs/0909.1038
http://dx.doi.org/10.1007/s12043-012-0417-z
http://dx.doi.org/10.1007/s12043-012-0417-z
http://arxiv.org/abs/1201.2079
http://arxiv.org/abs/2012.05770
http://dx.doi.org/10.1007/JHEP08(2020)140
http://arxiv.org/abs/1912.02799
http://dx.doi.org/10.1103/PhysRevLett.96.181602
http://arxiv.org/abs/hep-th/0603001
http://dx.doi.org/10.1007/JHEP01(2015)073
http://arxiv.org/abs/1408.3203
http://arxiv.org/abs/1408.3203
http://dx.doi.org/10.1088/1126-6708/2007/07/062
http://arxiv.org/abs/0705.0016
http://dx.doi.org/10.1007/JHEP08(2013)090
http://dx.doi.org/10.1007/JHEP08(2013)090
http://arxiv.org/abs/1304.4926
https://doi.org/10.20944/preprints202105.0626.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 May 2021 d0i:10.20944/preprints202105.0626.v1

entanglement entropy,” JHEP 11 (2013) 074, arXiv:1307.2892 [hep-th].

[18] T. Barrella, X. Dong, S. A. Hartnoll, and V. L. Martin, “Holographic entanglement
beyond classical gravity,” JHEP 09 (2013) 109, arXiv:1306.4682 [hep-th].

[19] L. Susskind, “Three Lectures on Complexity and Black Holes,” 10, 2018.
arXiv:1810.11563 [hep-th].

[20] P. Bhargava, S. Choudhury, S. Chowdhury, A. Mishara, S. P. Selvam, S. Panda, and G. D.
Pasquino, “Quantum aspects of chaos and complexity from bouncing cosmology: A study
with two-mode single field squeezed state formalism,” arXiv:2009.03893 [hep-th].

[21] A. Bhattacharyya, S. Das, S. S. Haque, and B. Underwood, “Rise of cosmological
complexity: Saturation of growth and chaos,” Phys. Rev. Res. 2 no. 3, (2020) 033273,
arXiv:2005.10854 [hep-th].

[22] A. Bhattacharyya, S. Das, S. Shajidul Haque, and B. Underwood, “Cosmological
Complexity,” Phys. Rev. D 101 no. 10, (2020) 106020, arXiv:2001.08664 [hep-th].

[23] S. Choudhury, “The Cosmological OTOC: Formulating new cosmological micro-canonical
correlation functions for random chaotic fluctuations in Out-of-Equilibrium Quantum
Statistical Field Theory,” Symmetry 12 no. 9, (2020) 1527, arXiv:2005.11750
[hep-th].

[24] S. Choudhury, “The Cosmological OTOC: A New Proposal for Quantifying
Auto-correlated Random Non-chaotic Primordial Fluctuations,” Symmetry 13 no. 4,
(2021) 599.

[25] K. Y. Bhagat, B. Bose, S. Choudhury, S. Chowdhury, R. N. Das, S. G. Dastider,
N. Gupta, A. Maji, G. D. Pasquino, and S. Paul, “The Generalized OTOC from
Supersymmetric Quantum Mechanics: Study of Random Fluctuations from Eigenstate
Representation of Correlation Functions,” arXiv:2008.03280 [hep-th].

[26] K. Hashimoto, K. Murata, and R. Yoshii, “Out-of-time-order correlators in quantum
mechanics,” JHEP 10 (2017) 138, arXiv:1703.09435 [hep-th].

[27] Y. BenTov, “Schwinger-Keldysh path integral for the quantum harmonic oscillator,”
arXiv:2102.05029 [hep-th].

[28] J. Maldacena, S. H. Shenker, and D. Stanford, “A bound on chaos,” JHEP 08 (2016)
106, arXiv:1503.01409 [hep-th].

[29] T. Hartman, Y. Jiang, and E. Shaghoulian, “Islands in cosmology,” JHEP 11 (2020) 111,
arXiv:2008.01022 [hep-th].

[30] L. Susskind, L. Thorlacius, and J. Uglum, “The Stretched horizon and black hole
complementarity,” Phys. Rev. D 48 (1993) 3743-3761, arXiv:hep-th/93060609.

[31] G. ’t Hooft, “The black hole interpretation of string theory,” Nucl. Phys. B 335 (1990)
138-154.

[32] S. D. Mathur, “The Fuzzball proposal for black holes: An Elementary review,” Fortsch.

64


http://dx.doi.org/10.1007/JHEP11(2013)074
http://arxiv.org/abs/1307.2892
http://dx.doi.org/10.1007/JHEP09(2013)109
http://arxiv.org/abs/1306.4682
http://arxiv.org/abs/1810.11563
http://arxiv.org/abs/2009.03893
http://dx.doi.org/10.1103/PhysRevResearch.2.033273
http://arxiv.org/abs/2005.10854
http://dx.doi.org/10.1103/PhysRevD.101.106020
http://arxiv.org/abs/2001.08664
http://dx.doi.org/10.3390/sym12091527
http://arxiv.org/abs/2005.11750
http://arxiv.org/abs/2005.11750
http://dx.doi.org/10.20944/preprints202102.0616.v1
http://dx.doi.org/10.20944/preprints202102.0616.v1
http://arxiv.org/abs/2008.03280
http://dx.doi.org/10.1007/JHEP10(2017)138
http://arxiv.org/abs/1703.09435
http://arxiv.org/abs/2102.05029
http://dx.doi.org/10.1007/JHEP08(2016)106
http://dx.doi.org/10.1007/JHEP08(2016)106
http://arxiv.org/abs/1503.01409
http://dx.doi.org/10.1007/JHEP11(2020)111
http://arxiv.org/abs/2008.01022
http://dx.doi.org/10.1103/PhysRevD.48.3743
http://arxiv.org/abs/hep-th/9306069
http://dx.doi.org/10.1016/0550-3213(90)90174-C
http://dx.doi.org/10.1016/0550-3213(90)90174-C
http://dx.doi.org/10.1002/prop.200410203
http://dx.doi.org/10.1002/prop.200410203
https://doi.org/10.20944/preprints202105.0626.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 May 2021 d0i:10.20944/preprints202105.0626.v1

Phys. 53 (2005) 793-827, arXiv:hep-th/0502050.

[33] S. D. Mathur, “Tunneling into fuzzball states,” Gen. Rel. Grav. 42 (2010) 113-118,
arXiv:0805.3716 [hep-th].

[34] S. D. Mathur, “Fuzzballs and the information paradox: A Summary and conjectures,”
arXiv:0810.4525 [hep-th].

[35] S. D. Mathur, “How fuzzballs resolve the information paradox,” J. Phys. Conf. Ser. 462
no. 1, (2013) 012034.

[36] S. D. Mathur, “Fuzzballs and black hole thermodynamics,” arXiv:1401.4097 [hep-th].

. D. owdhury and >. D. Mathur, adiation from the non-extremal fuzzball, ass.
37] B. D. Chowdh d S. D. Mathur, “Radiation f h 1 fuzzball,” Cl
Quant. Grav. 25 (2008) 135005, arXiv:0711.4817 [hep-th].

[38] B. D. Chowdhury and S. D. Mathur, “Pair creation in non-extremal fuzzball geometries,”
Class. Quant. Grav. 25 (2008) 225021, arXiv:0806.2309 [hep-th].

[39] B. D. Chowdhury and S. D. Mathur, “Non-extremal fuzzballs and ergoregion emission,”
Class. Quant. Grav. 26 (2009) 035006, arXiv:0810.2951 [hep-th].

[40] A. Almheiri, D. Marolf, J. Polchinski, and J. Sully, “Black Holes: Complementarity or
Firewalls?,” JHEP 02 (2013) 062, arXiv:1207.3123 [hep-th].

[41] B. D. Chowdhury and A. Puhm, “Is Alice burning or fuzzing?,” Phys. Rev. D 88 (2013)
063509, arXiv:1208.2026 [hep-th].

[42] A. Almbheiri, T. Hartman, J. Maldacena, E. Shaghoulian, and A. Tajdini, “The entropy of
Hawking radiation,” arXiv:2006.06872 [hep-th].

[43] A. Almheiri, T. Hartman, J. Maldacena, E. Shaghoulian, and A. Tajdini, “Replica
Wormbholes and the Entropy of Hawking Radiation,” JHEP 05 (2020) 013,
arXiv:1911.12333 [hep-th].

[44] H. Z. Chen, Z. Fisher, J. Hernandez, R. C. Myers, and S.-M. Ruan, “Information Flow in
Black Hole Evaporation,” JHEP 03 (2020) 152, arXiv:1911.03402 [hep-th].

[45] Y. Chen, V. Gorbenko, and J. Maldacena, “Bra-ket wormholes in gravitationally
prepared states,” arXiv:2007.16091 [hep-th].

[46] Y. Ling, Y. Liu, and Z.-Y. Xian, “Island in Charged Black Holes,” arXiv:2010.00037
[hep-th].

[47] Y. Chow, “Towards a Resolution of the Black Hole Information Loss Problem,” Master’s
thesis, Imperial Coll., London, 9, 2020.

[48] C. Krishnan, V. Patil, and J. Pereira, “Page Curve and the Information Paradox in Flat
Space,” arXiv:2005.02993 [hep-th].

[49] A. C. Wall, “Maximin Surfaces, and the Strong Subadditivity of the Covariant
Holographic Entanglement Entropy,” Class. Quant. Grav. 31 no. 22, (2014) 225007,
arXiv:1211.3494 [hep-th].

65


http://dx.doi.org/10.1002/prop.200410203
http://dx.doi.org/10.1002/prop.200410203
http://arxiv.org/abs/hep-th/0502050
http://dx.doi.org/10.1007/s10714-009-0837-3
http://arxiv.org/abs/0805.3716
http://arxiv.org/abs/0810.4525
http://dx.doi.org/10.1088/1742-6596/462/1/012034
http://dx.doi.org/10.1088/1742-6596/462/1/012034
http://arxiv.org/abs/1401.4097
http://dx.doi.org/10.1088/0264-9381/25/13/135005
http://dx.doi.org/10.1088/0264-9381/25/13/135005
http://arxiv.org/abs/0711.4817
http://dx.doi.org/10.1088/0264-9381/25/22/225021
http://arxiv.org/abs/0806.2309
http://dx.doi.org/10.1088/0264-9381/26/3/035006
http://arxiv.org/abs/0810.2951
http://dx.doi.org/10.1007/JHEP02(2013)062
http://arxiv.org/abs/1207.3123
http://dx.doi.org/10.1103/PhysRevD.88.063509
http://dx.doi.org/10.1103/PhysRevD.88.063509
http://arxiv.org/abs/1208.2026
http://arxiv.org/abs/2006.06872
http://dx.doi.org/10.1007/JHEP05(2020)013
http://arxiv.org/abs/1911.12333
http://dx.doi.org/10.1007/JHEP03(2020)152
http://arxiv.org/abs/1911.03402
http://arxiv.org/abs/2007.16091
http://arxiv.org/abs/2010.00037
http://arxiv.org/abs/2010.00037
http://arxiv.org/abs/2005.02993
http://dx.doi.org/10.1088/0264-9381/31/22/225007
http://arxiv.org/abs/1211.3494
https://doi.org/10.20944/preprints202105.0626.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 May 2021 d0i:10.20944/preprints202105.0626.v1

[50] V. E. Hubeny, M. Rangamani, and M. Rota, “Holographic entropy relations,” Fortsch.
Phys. 66 no. 11-12, (2018) 1800067, arXiv:1808.07871 [hep-th].

[51] H. Verlinde, “ER = EPR revisited: On the Entropy of an Einstein-Rosen Bridge,”
arXiv:2003.13117 [hep-th].

[52] T. Hartman, E. Shaghoulian, and A. Strominger, “Islands in Asymptotically Flat 2D
Gravity,” JHEP 07 (2020) 022, arXiv:2004.13857 [hep-th].

[53] K. Hashimoto, N. lizuka, and Y. Matsuo, “Islands in Schwarzschild black holes,” JHEP
06 (2020) 085, arXiv:2004.05863 [hep-th].

[54] T. Anegawa and N. lizuka, “Notes on islands in asymptotically flat 2d dilaton black
holes,” JHEP 07 (2020) 036, arXiv:2004.01601 [hep-th].

[55] K. Narayan, “On aspects of 2-dim dilaton gravity, dimensional reduction and
holography,” arXiv:2010.12955 [hep-th].

[56] A. Lala, H. Rathi, and D. Roychowdhury, “Jackiw-Teitelboim gravity and the models of a
Hawking-Page transition for 2D black holes,” Phys. Rev. D 102 no. 10, (2020) 104024,
arXiv:2005.08018 [hep-th].

[57] T. J. Hollowood and S. P. Kumar, “Islands and Page Curves for Evaporating Black Holes
in JT Gravity,” JHEP 08 (2020) 094, arXiv:2004.14944 [hep-th].

[58] S. J. Suh, “Dynamics of black holes in Jackiw-Teitelboim gravity,” JHEP 03 (2020) 093,
arXiv:1912.00861 [hep-th].

[59] T. G. Mertens, “Towards Black Hole Evaporation in Jackiw-Teitelboim Gravity,” JHEP
07 (2019) 097, arXiv:1903.10485 [hep-thl].

[60] A. Almbheiri, R. Mahajan, and J. E. Santos, “Entanglement islands in higher dimensions,”
SciPost Phys. 9 no. 1, (2020) 001, arXiv:1911.09666 [hep-th].

[61] A. Almheiri, R. Mahajan, and J. Maldacena, “Islands outside the horizon,”
arXiv:1910.11077 [hep-th].

[62] H. Z. Chen, R. C. Myers, D. Neuenfeld, I. A. Reyes, and J. Sandor, “Quantum Extremal
Islands Made Easy, Part I: Entanglement on the Brane,” arXiv:2006.04851 [hep-th].

[63] H. Z. Chen, R. C. Myers, D. Neuenfeld, I. A. Reyes, and J. Sandor, “Quantum Extremal
Islands Made Easy, Part II: Black Holes on the Brane,” arXiv:2010.00018 [hep-th].

[64] J. Hernandez, R. C. Myers, and S.-M. Ruan, “Quantum Extremal Islands Made Easy,
PartIIl: Complexity on the Brane,” arXiv:2010.16398 [hep-th].

[65] D. Stanford and L. Susskind, “Complexity and Shock Wave Geometries,” Phys. Rev. D
90 no. 12, (2014) 126007, arXiv:1406.2678 [hep-th].

[66] A. R. Brown, D. A. Roberts, L. Susskind, B. Swingle, and Y. Zhao, “Holographic
Complexity Equals Bulk Action?,” Phys. Rev. Lett. 116 no. 19, (2016) 191301,
arXiv:1509.07876 [hep-th].

[67] T. Hartman and J. Maldacena, “Time Evolution of Entanglement Entropy from Black

66


http://dx.doi.org/10.1002/prop.201800067
http://dx.doi.org/10.1002/prop.201800067
http://arxiv.org/abs/1808.07871
http://arxiv.org/abs/2003.13117
http://dx.doi.org/10.1007/JHEP07(2020)022
http://arxiv.org/abs/2004.13857
http://dx.doi.org/10.1007/JHEP06(2020)085
http://dx.doi.org/10.1007/JHEP06(2020)085
http://arxiv.org/abs/2004.05863
http://dx.doi.org/10.1007/JHEP07(2020)036
http://arxiv.org/abs/2004.01601
http://arxiv.org/abs/2010.12955
http://dx.doi.org/10.1103/PhysRevD.102.104024
http://arxiv.org/abs/2005.08018
http://dx.doi.org/10.1007/JHEP08(2020)094
http://arxiv.org/abs/2004.14944
http://dx.doi.org/10.1007/JHEP03(2020)093
http://arxiv.org/abs/1912.00861
http://dx.doi.org/10.1007/JHEP07(2019)097
http://dx.doi.org/10.1007/JHEP07(2019)097
http://arxiv.org/abs/1903.10485
http://dx.doi.org/10.21468/SciPostPhys.9.1.001
http://arxiv.org/abs/1911.09666
http://arxiv.org/abs/1910.11077
http://arxiv.org/abs/2006.04851
http://arxiv.org/abs/2010.00018
http://arxiv.org/abs/2010.16398
http://dx.doi.org/10.1103/PhysRevD.90.126007
http://dx.doi.org/10.1103/PhysRevD.90.126007
http://arxiv.org/abs/1406.2678
http://dx.doi.org/10.1103/PhysRevLett.116.191301
http://arxiv.org/abs/1509.07876
https://doi.org/10.20944/preprints202105.0626.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 May 2021 d0i:10.20944/preprints202105.0626.v1

Hole Interiors,” JHEP 05 (2013) 014, arXiv:1303.1080 [hep-thl].

[68] M. A. Nielsen, M. R. Dowling, M. Gu, and A. C. Doherty, “Quantum computation as
geometry,” Science 311 no. 5764, (Feb, 2006) 1133-1135.
http://dx.doi.org/10.1126/science.1121541.

[69] R. Jefferson and R. C. Myers, “Circuit complexity in quantum field theory,” JHEP 10
(2017) 107, arXiv:1707.08570 [hep-th].

[70] S. Chapman, M. P. Heller, H. Marrochio, and F. Pastawski, “Toward a Definition of
Complexity for Quantum Field Theory States,” Phys. Rev. Lett. 120 no. 12, (2018)
121602, arXiv:1707.08582 [hep-th].

[71] M. Guo, J. Hernandez, R. C. Myers, and S.-M. Ruan, “Circuit Complexity for Coherent
States,” JHEP 10 (2018) 011, arXiv:1807.07677 [hep-th].

[72] R. Khan, C. Krishnan, and S. Sharma, “Circuit Complexity in Fermionic Field Theory,”
Phys. Rev. D 98 no. 12, (2018) 126001, arXiv:1801.07620 [hep-th].

[73] A. Bhattacharyya, P. Nandy, and A. Sinha, “Renormalized Circuit Complexity,” Phys.
Rev. Lett. 124 no. 10, (2020) 101602, arXiv:1907.08223 [hep-th].

[74] P. Caputa, N. Kundu, M. Miyaji, T. Takayanagi, and K. Watanabe, “Liouville Action as
Path-Integral Complexity: From Continuous Tensor Networks to AdS/CFT,” JHEP 11
(2017) 097, arXiv:1706.07056 [hep-th].

[75] P. Caputa and J. M. Magan, “Quantum Computation as Gravity,” Phys. Rev. Lett. 122
no. 23, (2019) 231302, arXiv:1807.04422 [hep-th].

[76] P. Caputa and I. MacCormack, “Geometry and Complexity of Path Integrals in
Inhomogeneous CFTs,” arXiv:2004.04698 [hep-th].

[77] A. Bhattacharyya, P. Caputa, S. R. Das, N. Kundu, M. Miyaji, and T. Takayanagi,
“Path-Integral Complexity for Perturbed CFTs,” JHEP 07 (2018) 086,
arXiv:1804.01999 [hep-th].

[78] L. Hackl and R. C. Myers, “Circuit complexity for free fermions,” JHEP 07 (2018) 139,
arXiv:1803.10638 [hep-th].

[79] D. W. Alves and G. Camilo, “Evolution of complexity following a quantum quench in free
field theory,” JHEP 06 (2018) 029, arXiv:1804.00107 [hep-th].

80] P. Bueno, J. M. Magan, and C. Shahbazi, “Complexity measures in QFT and constrained
g p y
geometric actions,” arXiv:1908.03577 [hep-th].

[81] E. Caceres, S. Chapman, J. D. Couch, J. P. Hernandez, R. C. Myers, and S.-M. Ruan,
“Complexity of Mixed States in QFT and Holography,” JHEP 03 (2020) 012,
arXiv:1909.10557 [hep-th].

[82] S. Chapman, H. Marrochio, and R. C. Myers, “Complexity of Formation in Holography,”
JHEP 01 (2017) 062, arXiv:1610.08063 [hep-th].

[83] S. Chapman, H. Marrochio, and R. C. Myers, “Holographic complexity in Vaidya

67


http://dx.doi.org/10.1007/JHEP05(2013)014
http://arxiv.org/abs/1303.1080
http://dx.doi.org/10.1126/science.1121541
http://dx.doi.org/10.1126/science.1121541
http://dx.doi.org/10.1007/JHEP10(2017)107
http://dx.doi.org/10.1007/JHEP10(2017)107
http://arxiv.org/abs/1707.08570
http://dx.doi.org/10.1103/PhysRevLett.120.121602
http://dx.doi.org/10.1103/PhysRevLett.120.121602
http://arxiv.org/abs/1707.08582
http://dx.doi.org/10.1007/JHEP10(2018)011
http://arxiv.org/abs/1807.07677
http://dx.doi.org/10.1103/PhysRevD.98.126001
http://arxiv.org/abs/1801.07620
http://dx.doi.org/10.1103/PhysRevLett.124.101602
http://dx.doi.org/10.1103/PhysRevLett.124.101602
http://arxiv.org/abs/1907.08223
http://dx.doi.org/10.1007/JHEP11(2017)097
http://dx.doi.org/10.1007/JHEP11(2017)097
http://arxiv.org/abs/1706.07056
http://dx.doi.org/10.1103/PhysRevLett.122.231302
http://dx.doi.org/10.1103/PhysRevLett.122.231302
http://arxiv.org/abs/1807.04422
http://arxiv.org/abs/2004.04698
http://dx.doi.org/10.1007/JHEP07(2018)086
http://arxiv.org/abs/1804.01999
http://dx.doi.org/10.1007/JHEP07(2018)139
http://arxiv.org/abs/1803.10638
http://dx.doi.org/10.1007/JHEP06(2018)029
http://arxiv.org/abs/1804.00107
http://arxiv.org/abs/1908.03577
http://dx.doi.org/10.1007/JHEP03(2020)012
http://arxiv.org/abs/1909.10557
http://dx.doi.org/10.1007/JHEP01(2017)062
http://arxiv.org/abs/1610.08063
https://doi.org/10.20944/preprints202105.0626.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 May 2021 d0i:10.20944/preprints202105.0626.v1

spacetimes. Part I,” JHEP 06 (2018) 046, arXiv:1804.07410 [hep-th].

[84] S. Chapman, H. Marrochio, and R. C. Myers, “Holographic complexity in Vaidya
spacetimes. Part II,” JHEP 06 (2018) 114, arXiv:1805.07262 [hep-th].

[85] A. R. Brown and L. Susskind, “Second law of quantum complexity,” Phys. Rev. D 97
no. 8, (2018) 086015, arXiv:1701.01107 [hep-th].

[86] D. Carmi, S. Chapman, H. Marrochio, R. C. Myers, and S. Sugishita, “On the Time
Dependence of Holographic Complexity,” JHEP 11 (2017) 188, arXiv:1709.10184
[hep-th].

[87] B. Swingle and Y. Wang, “Holographic Complexity of Einstein-Maxwell-Dilaton
Gravity,” JHEP 09 (2018) 106, arXiv:1712.09826 [hep-th].

[88] M. Flory, “A complexity/fidelity susceptibility g-theorem for AdS3/BCFTy,” JHEP 06
(2017) 131, arXiv:1702.06386 [hep-th].

[89] Y. Zhao, “Uncomplexity and Black Hole Geometry,” Phys. Rev. D 97 no. 12, (2018)
126007, arXiv:1711.03125 [hep-th].

[90] R. Abt, J. Erdmenger, H. Hinrichsen, C. M. Melby-Thompson, R. Meyer, C. Northe, and
I. A. Reyes, “Topological Complexity in AdS3/CFTs,” Fortsch. Phys. 66 no. 6, (2018)
1800034, arXiv:1710.01327 [hep-th].

[91] Z. Fu, A. Maloney, D. Marolf, H. Maxfield, and Z. Wang, “Holographic complexity is
nonlocal,” JHEP 02 (2018) 072, arXiv:1801.01137 [hep-th].

[92] P. A. Cano, R. A. Hennigar, and H. Marrochio, “Complexity Growth Rate in Lovelock
Gravity,” Phys. Rev. Lett. 121 no. 12, (2018) 121602, arXiv:1803.02795 [hep-th].

[93] J. L. Barbon and J. Martin-Garcia, “Terminal Holographic Complexity,” JHEP 06
(2018) 132, arXiv:1805.05291 [hep-th].

[94] L. Susskind, “Black Holes and Complexity Classes,” arXiv:1802.02175 [hep-th].

[95] K. Goto, H. Marrochio, R. C. Myers, L. Queimada, and B. Yoshida, “Holographic
Complexity Equals Which Action?,” JHEP 02 (2019) 160, arXiv:1901.00014 [hep-th].

[96] C. A. Agén, M. Headrick, and B. Swingle, “Subsystem Complexity and Holography,”
JHEP 02 (2019) 145, arXiv:1804.01561 [hep-th].

[97] S. Chapman, D. Ge, and G. Policastro, “Holographic Complexity for Defects
Distinguishes Action from Volume,” JHEP 05 (2019) 049, arXiv:1811.12549 [hep-th].

[98] M. Flory and N. Miekley, “Complexity change under conformal transformations in
AdS3/CFT,y,” JHEP 05 (2019) 003, arXiv:1806.08376 [hep-th].

[99] A. R. Brown, D. A. Roberts, L. Susskind, B. Swingle, and Y. Zhao, “Complexity, action,
and black holes,” Phys. Rev. D 93 no. 8, (2016) 086006, arXiv:1512.04993 [hep-th].

[100] V. Balasubramanian, M. Decross, A. Kar, and O. Parrikar, “Quantum Complexity of
Time Evolution with Chaotic Hamiltonians,” JHEP 01 (2020) 134, arXiv:1905.05765
[hep-th].

68


http://dx.doi.org/10.1007/JHEP06(2018)046
http://arxiv.org/abs/1804.07410
http://dx.doi.org/10.1007/JHEP06(2018)114
http://arxiv.org/abs/1805.07262
http://dx.doi.org/10.1103/PhysRevD.97.086015
http://dx.doi.org/10.1103/PhysRevD.97.086015
http://arxiv.org/abs/1701.01107
http://dx.doi.org/10.1007/JHEP11(2017)188
http://arxiv.org/abs/1709.10184
http://arxiv.org/abs/1709.10184
http://dx.doi.org/10.1007/JHEP09(2018)106
http://arxiv.org/abs/1712.09826
http://dx.doi.org/10.1007/JHEP06(2017)131
http://dx.doi.org/10.1007/JHEP06(2017)131
http://arxiv.org/abs/1702.06386
http://dx.doi.org/10.1103/PhysRevD.97.126007
http://dx.doi.org/10.1103/PhysRevD.97.126007
http://arxiv.org/abs/1711.03125
http://dx.doi.org/10.1002/prop.201800034
http://dx.doi.org/10.1002/prop.201800034
http://arxiv.org/abs/1710.01327
http://dx.doi.org/10.1007/JHEP02(2018)072
http://arxiv.org/abs/1801.01137
http://dx.doi.org/10.1103/PhysRevLett.121.121602
http://arxiv.org/abs/1803.02795
http://dx.doi.org/10.1007/JHEP06(2018)132
http://dx.doi.org/10.1007/JHEP06(2018)132
http://arxiv.org/abs/1805.05291
http://arxiv.org/abs/1802.02175
http://dx.doi.org/10.1007/JHEP02(2019)160
http://arxiv.org/abs/1901.00014
http://dx.doi.org/10.1007/JHEP02(2019)145
http://arxiv.org/abs/1804.01561
http://dx.doi.org/10.1007/JHEP05(2019)049
http://arxiv.org/abs/1811.12549
http://dx.doi.org/10.1007/JHEP05(2019)003
http://arxiv.org/abs/1806.08376
http://dx.doi.org/10.1103/PhysRevD.93.086006
http://arxiv.org/abs/1512.04993
http://dx.doi.org/10.1007/JHEP01(2020)134
http://arxiv.org/abs/1905.05765
http://arxiv.org/abs/1905.05765
https://doi.org/10.20944/preprints202105.0626.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 May 2021 d0i:10.20944/preprints202105.0626.v1

[101] R.-Q. Yang and K.-Y. Kim, “Time evolution of the complexity in chaotic systems: a
concrete example,” JHEP 05 (2020) 045, arXiv:1906.02052 [hep-th].

[102] H. Gharibyan, M. Hanada, B. Swingle, and M. Tezuka, “Quantum Lyapunov Spectrum,”
JHEP 04 (2019) 082, arXiv:1809.01671 [quant-ph].

[103] S. Sahu and B. Swingle, “Information scrambling at finite temperature in local quantum
systems,” Phys. Rev. B 102 no. 18, (2020) 184303, arXiv:2005.10814
[cond-mat.stat-mech].

[104] S. S. Haque and B. Underwood, “The Squeezed OTOC and Cosmology,”
arXiv:2010.08629 [hep-th].

[105] A. Albrecht, P. Ferreira, M. Joyce, and T. Prokopec, “Inflation and squeezed quantum
states,” Phys. Rev. D50 (1994) 48074820, arXiv:astro-ph/9303001 [astro-ph].

[106] L. P. Grishchuk and Yu. V. Sidorov, “Squeezed quantum states of relic gravitons and
primordial density fluctuations,” Phys. Rev. D42 (1990) 3413-3421.

[107] K. Adhikari, S. Choudhury, S. Chowdhury, K. Shirish, and A. Swain, “Circuit
Complexity as a novel probe of Quantum Entanglement: A study with Black Hole Gas in
arbitrary dimensions,” arXiv:2104.13940 [hep-th].

[108] J. K. Basak, D. Basu, V. Malvimat, H. Parihar, and G. Sengupta, “Islands for
Entanglement Negativity,” arXiv:2012.03983 [hep-th].

[109] S. Choudhury, S. Panda, and R. Singh, “Bell violation in the Sky,” Eur. Phys. J. C'77
no. 2, (2017) 60, arXiv:1607.00237 [hep-thl].

[110] S. Choudhury and S. Panda, “Entangled de Sitter from stringy axionic Bell pair I: an
analysis using Bunch-Davies vacuum,” Fur. Phys. J. C 78 no. 1, (2018) 52,
arXiv:1708.02265 [hep-th].

[111] S. Choudhury and S. Panda, “Quantum entanglement in de Sitter space from stringy
axion: An analysis using « vacua,” Nucl. Phys. B 943 (2019) 114606, arXiv:1712.08299
[hep-th].

[112] S. Choudhury, S. Panda, and R. Singh, “Bell violation in primordial cosmology,”
Universe 3 no. 1, (2017) 13, arXiv:1612.09445 [hep-th].

[113] S. Akhtar, S. Choudhury, S. Chowdhury, D. Goswami, S. Panda, and A. Swain, “Open
Quantum Entanglement: A study of two atomic system in static patch of de Sitter
space,” Eur. Phys. J. C 80 no. 8, (2020) 748, arXiv:1908.09929 [hep-th].

[114] H. Bohra, S. Choudhury, P. Chauhan, P. Narayan, S. Panda, and A. Swain, “Relating the
curvature of De Sitter Universe to Open Quantum Lamb Shift Spectroscopy,”
arXiv:1905.07403 [physics.gen-ph].

[115] S. Banerjee, S. Choudhury, S. Chowdhury, R. N. Das, N. Gupta, S. Panda, and A. Swain,
“Indirect detection of Cosmological Constant from large N entangled open quantum
system,” arXiv:2004.13058 [hep-th].

69


http://dx.doi.org/10.1007/JHEP05(2020)045
http://arxiv.org/abs/1906.02052
http://dx.doi.org/10.1007/JHEP04(2019)082
http://arxiv.org/abs/1809.01671
http://dx.doi.org/10.1103/PhysRevB.102.184303
http://arxiv.org/abs/2005.10814
http://arxiv.org/abs/2005.10814
http://arxiv.org/abs/2010.08629
http://dx.doi.org/10.1103/PhysRevD.50.4807
http://arxiv.org/abs/astro-ph/9303001
http://dx.doi.org/10.1103/PhysRevD.42.3413
http://arxiv.org/abs/2104.13940
http://arxiv.org/abs/2012.03983
http://dx.doi.org/10.1140/epjc/s10052-016-4553-3
http://dx.doi.org/10.1140/epjc/s10052-016-4553-3
http://arxiv.org/abs/1607.00237
http://dx.doi.org/10.1140/epjc/s10052-017-5503-4
http://arxiv.org/abs/1708.02265
http://dx.doi.org/10.1016/j.nuclphysb.2019.03.018
http://arxiv.org/abs/1712.08299
http://arxiv.org/abs/1712.08299
http://dx.doi.org/10.3390/universe3010013
http://arxiv.org/abs/1612.09445
http://dx.doi.org/10.1140/epjc/s10052-020-8302-2
http://arxiv.org/abs/1908.09929
http://arxiv.org/abs/1905.07403
http://arxiv.org/abs/2004.13058
https://doi.org/10.20944/preprints202105.0626.v1

	Prologue
	A brief review on Islands Paradigm
	Pedagogical details
	Technical details

	Circuit Complexity and its purposes
	Cosmological models for Islands
	Model-I
	Model-II

	Quantum Complexity from squeezed quantum states
	Squeezed states from perturbation FLRW cosmology
	Scalar mode function for Cosmological Islands
	Quantization of Hamiltonian for scalar modes
	Fixing the initial condition
	Squeezed state formalism in Island Cosmology
	Time evolution in squeezed state formalism
	Quantum complexity from squeezed quantum states in Island cosmology

	Entanglement entropy of two mode squeezed states
	Numerical study with Cosmological Islands
	Islands in recollapsing FLRW (Cosine Scale factor)
	No Islands in recollapsing FLRW (Sine Hyperbolic Scale factor)

	Conclusion and Prospects
	Horizon constraints on the FLRW cosmological Islands 
	Dispersion relation in Cosmological Islands
	References

