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Abstract

By revisiting two famous questions about the Copenhagen interpretation of quantum mechanics, this
article presents a concise analysis of the quantum measurement problem concerning both microscopic
and macroscopic objects. The method used here is mainly based on the concept “isolated point” in
“point-set topology”. The findings reported are as follows. (a) Einstein’s argument has been misun-
derstood; he was opposed to the so-called “inherently probabilistic nature of quantum mechanics” in
the Copenhagen interpretation rather than to the use of probability in quantum mechanics. (b) Proba-
bility used in Einstein’s ensemble interpretation is identical to the quantum-mechanically calculated
probability. (c) The wave-functions in Einstein’s ensemble interpretation neither describe any single
quantum object purportedly possessing mutually exclusive properties simultaneously when nobody
looks nor collapse abruptly when an observer performs a measurement.
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1. Introduction
This article revisits two famous questions about the Copenhagen interpretation of quantum

mechanics and presents a concise analysis of the quantum measurement problem concerning both
microscopic and macroscopic objects [1–3]. The method used here is mainly based on the concept
“isolated point” in “point-set topology”. Only familiar with real numbers and with the usual distance
function defined on the set of real numbers is needed to understand the point-set topological analysis
of the measurement problem.

The measurement problem involves experiments with quantum-mechanically described single
objects, including both microscopic and macroscopic objects. Both kinks of objects are expressed
by quantum superpositions. The legitimacy of quantum-mechanical descriptions is the essence of
the Einstein-Bohr debate [4,5]. When describing a single microscopic object in general, a quantum
superposition, namely, a wave-function, consists of orthonormal vectors spanning an n-dimensional
Hilbert space. The orthogonality of superposed vectors is associated with properties possessed by
the object. Representing alternative outcomes obtained by measuring the object, the properties are
exclusive. There is no limit to the number of superposed orthonormal vectors. For the purpose of the
present study, it is sufficient to consider a two-dimensional Hilbert space H.

The Copenhagen interpretation of quantum mechanics, which is defended by Bohr in the Einstein-
Bohr debate, may be summarized briefly as follows. Consider a wave-function ψ consisting of
orthonormal vectors ψ1 and ψ2 spanning H.

ψ = c1ψ1 + c2ψ2

where c1 and c2 are complex numbers. According to the Copenhagen interpretation, a single micro-
scopic object possesses exclusive properties represented by ψ1 and ψ2 simultaneously when nobody
measures (or observes) it. Once an observer performs a measurement on the object, ψ collapses abruptly
onto ψ1 or ψ2 according to the measurement outcome. The outcomes obtained by measurements are
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inherently probabilistic. The probability of finding the measurement outcome represented by ψi is
|ci|2, i = 1, 2.

2. Two Famous Questions
In the Einstein-Bohr debate, two questions concerning the Copenhagen interpretation of quantum

mechanics are very famous. The questions are famous, because they bothered Einstein very much in
his debate with Bohr.

• Question 1: Why are outcomes obtained by measuring a single quantum object inherently
probabilistic rather than deterministic?

• Question 2: Can a single quantum object possess exclusive properties simultaneously when nobody
looks?

The Copenhagen interpretation does not provide any reasonable answer to Question 1. For a
single object described by a quantum superposition, the Copenhagen interpretation gives an affirmative
answer to Question 2. Einstein disagreed with the Copenhagen interpretation and argued against
quantum superpositions used to describe any object in the real world. Regrettably, Einstein’s argument
has been misunderstood, mainly because the experimental results of testing Bell inequalities are
misinterpreted. Einstein was not opposed to the use of probability in quantum mechanics; he was
opposed to the so-called “inherently probabilistic nature of quantum mechanics” in the Copenhagen
interpretation. The present study concerns only Einstein’s argument in the Einstein-Bohr debate.
Bell inequalities and the corresponding experiments have been discussed intensively in the existing
literature [6–13] and will not be considered here.

Questions mentioned above not only disturbed Einstein; they also disturb some people nowadays.
For example, the answer to Question 1 given in the existing literature goes as follows [14]: “this is
simply the way the world is. Where is it written that the laws of nature have to be deterministic?”
Although this answer is standard and influential, it has not convinced everybody. Nevertheless,
because the calculations in quantum mechanics are indeed unbelievably successful, people who used
to worry the probabilistic nature of quantum mechanics now just “shut up and calculate.” They simply
avoid considering any disturbing question and do not bother themselves anymore.

However, the disturbing questions deserve reasonable answers. The study presented in this article
has found a reasonable answer to Question 1 and a negative answer to Question 2. The basic ideas
behind the study are as follows. Experimental verification of the Copenhagen interpretation is based on
an unjustified assumption. According to this assumption, time modeled by R, the set of real numbers
(or its subsets) endowed with the usual point-set topology, could be measured perfectly precisely.
This assumption is not practically meaningful, and the experimental verification of the Copenhagen
interpretation is questionable, as indicated by the point-set topological analysis (see below). But the
point-set topological analysis alone cannot reveal the origin of randomness observed in experiments
with single quantum objects. To observe random phenomena in any experiment with single quantum
objects, a further condition is needed, which is a banal fact: a large number of repetitions (i.e., runs)
of the experiment in question must be performed. In one repetition of the experiment, only one
measurement outcome can be obtained, which makes no sense statistically.

3. The Measurement Problem: Microscopic Objects
Consider first the affirmative answer to Question 2 given by the Copenhagen interpretation.

Denote by E = {qn, n ≥ 1} an ensemble of single microscopic objects, where qn is the object to be
measured in the n-th repetition of the corresponding experiment. The objects are all described by
the wave-function ψ. In other words, each element of the ensemble is characterized by the same
pure state, and E is a pure ensemble. Einstein’s argument can be better appreciated in this simple,
ideal situation. According to the answer given by the Copenhagen interpretation, each object qn ∈ E
possesses exclusive properties represented by ψ1 and ψ2 at any time before an observer measures
the object. The assumption behind this answer, namely, time can be measured perfectly precisely,
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does not hold in practice. Thus the answer given by the Copenhagen interpretation is not practically
meaningful.

To justify the above claim , denote by Hn(ψ1, τ) and Hn(ψ2, τ) two propositions, where Hn(ψ1, τ)

means “ψ1 is the outcome obtained by measuring qn at time τ.” The meaning of Hn(ψ2, τ) is similar.
In Hn(ψ1, τ) and Hn(ψ2, τ), the time τ is fixed. If time could be measured perfectly precisely, Hn(ψ1, τ)

and Hn(ψ2, τ) would hold simultaneously in the corresponding experiment, which requires τ to be
an isolated point of R. By definition, if τ is an isolated point of R equipped with its usual point-set
topology, then there exists a number r > 0, such that the distance between τ and any other element of
R is at least r. As can be readily verified, τ is not an isolated point of R. Actually, R does not have any
isolated point.

4. The Measurement Problem: Macroscopic Objects
The claim concerning microscopic objects can also be justified when a macroscopic quantum object

is considered. For example, let Q be such an object with two macroscopically distinguishable states
[1,2]: Q+ and Q−. For this macroscopic object, denote by (Qn)n≥1 a sequence of outcomes obtained
by measuring Q at time τ in the n-th repetition. Let Hn(Q+, τ) and Hn(Q−, τ) be two propositions;
Hn(Q+, τ) states “Q+ is observed by measuring Q at time τ in the n-th repetition.” The meaning of
Hn(Q−, τ) is similar. Analyzing the quantum measurement problem concerning this macroscopic
object is exactly the same as analyzing the measurement problem concerning the microscopic objects: if
time could be measured perfectly precisely, both Hn(Q+, τ) and Hn(Q−, τ) would hold simultaneously
in the corresponding experiment, which requires τ to be an isolated point of R. However, R does not
have any isolated point as shown by the point-set topological analysis. Therefore, for both microscopic
and macroscopic quantum objects, the experimental verification of the answer to Question 2 given by
the Copenhagen interpretation is indeed not practically meaningful, simply because time cannot be
measured perfectly precisely in practice.

5. The Origin of Randomness
Now consider the standard answer to Question 1 given in the literature [14]. Any answer like

this cannot be considered convincing, because it is actually not a reasonable answer. The point-set
topological analysis and the condition needed to observe randomness in experiments with single
quantum objects can provide a reasonable answer. Random phenomena can only be observed in
different repetitions of the corresponding experiment. Needless to say, any single quantum object can
possess mutually exclusive properties; it just cannot have such properties simultaneously. Because
time cannot be measured perfectly precisely in practice, mutually exclusive properties of a single
quantum object are actually observed in different repetitions of the experiment and correspond to
different measurement outcomes associated with different objects of the same kind. By no means can
the mutually exclusive properties be observed in only one repetition by measuring the object only
once. But such properties are attached to an imaginary object. The imaginary object does not exist in
the real world. Thus the origin of randomness observed in experiments with single quantum objects is
concealed by incorrectly interpreted experimental results.

6. Einstein’s Argument Grounded on Ensemble Interpretation
In the spirit of Einstein’s argument grounded on his ensemble interpretation of wave-functions

[15], single quantum objects of the same kind are measured in different repetitions of the corresponding
experiment; the objects form an ensemble described by the wave-function in question. Each element
of the ensemble possesses mutually exclusive properties; however, none of them possesses such
properties simultaneously. By revealing the origin of randomness observed in experiments with
single quantum objects, the study presented in this article is helpful to see why Einstein was not
opposed to the use of probability in quantum mechanics; he was only opposed to the Copenhagen
interpretation of quantum mechanics. In Einstein’s ensemble interpretation, the use of probability is
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still needed to characterize randomness observed in the experiments, and probability used in Einstein’s
ensemble interpretation is identical to the quantum-mechanically calculated probability. But the wave-
functions in Einstein’s ensemble interpretation neither describe any single quantum object purportedly
possessing mutually exclusive properties simultaneously when nobody looks nor collapse abruptly
when an observer performs a measurement.

7. Conclusion
Based on the point-set topological analysis together with the necessary condition needed to

observe random phenomena in experiments with single quantum objects, this article revisited two
famous questions about the Copenhagen interpretation of quantum mechanics and analyzed the
quantum measurement problem concerning both microscopic and macroscopic objects. The findings
reported are as follows. (a) Einstein’s argument has been misunderstood; he was opposed to the
so-called “inherently probabilistic nature of quantum mechanics” in the Copenhagen interpretation
rather than to the use of probability in quantum mechanics. (b) Probability used in Einstein’s ensemble
interpretation is identical to the quantum-mechanically calculated probability. (c) The wave-functions
in Einstein’s ensemble interpretation neither describe any single quantum object purportedly possess-
ing mutually exclusive properties simultaneously when nobody looks nor collapse abruptly when an
observer performs a measurement.
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