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Abstract

This study concentrates on a higher-order Hadamard fractional differential equation defined on an
unbounded interval, which is subject to integral and discrete boundary conditions. Through the
employment of the upper and lower solution method combined with Banach’s contraction mapping
principle, we have successfully established distinct iterative sequences for the targeted differential
equation. To demonstrate the practical relevance of our theoretical findings, we provide a typical
example.
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1. Introduction

Fractional calculus has emerged as a powerful tool for modeling complex systems marked by
memory effects, nonlocality, and anomalous dynamic behaviors. Its applications extend across a broad
spectrum of disciplines, ranging from theoretical physics and electronic engineering to advanced signal
processing [2,3,11,12,18,23]. Among the various fractional operators, while the Riemann-Liouville and
Caputo derivatives remain the most widely adopted in practical applications, the Hadamard fractional
derivative defined through a logarithmic kernel presents a unique theoretical framework. This distinct
approach is particularly advantageous for addressing problems characterized by geometric invariance
or scale-dependent properties [1,4,5,14,17,19,21,24], thereby stimulating growing research attention
toward Hadamard fractional differential equations (HFDEs) and the exploration of their solvability
across different domain settings.

In recent years, many scholars have made substantial progress in establishing existence and
uniqueness results for HFDEs on unbounded intervals [7-10,13,15,16,20,22,25]. These studies typically
leverage fixed point theorems, operating under specific boundary conditions that incorporate both
integral constraints and discrete point conditions to ensure rigorous mathematical analysis. For
example, Wang and his colleagues [6] investigated a problem with integral and multi-point conditions:

"D"2(5) +a(@)f(5,2(5)) =0, 2<a<3, e (1 +o),

z(1) = 2/(1) = 0,"D"1z(c0) = af1Pz(y) + b iajz(gj). M
j=1
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Here D" denotes the Hadamard-type fractional derivative with order r; FIf represents the
Hadamard-type fractional integral of order > 0, where the sequence satisfies the condition 1 < 7 <
$1 <8< <& < +oo.

Based on the generalized integral boundary conditions of HFDE as formulated in (1), researchers
in [8] explored solvability results for the following HFDE:

"D"2(5) +a(@)f(E,2(5)) =0, 2<r<3, {e(l+w),

z(1) =2/(1) =0,D" 1z ZalHI/g’z —i—bZa (&)
i=1

(2)

It should be emphasized that the nonlinear components in equations (1) and (2) exhibit depen-
dence solely on the solution z(&). However, many advanced physical models require the nonlinear
terms necessitate dependence on fractional derivative components, specifically the highest-order
derivative term ' D"~1z(¢). Recognizing this critical characteristic motivates our investigation into the
solvability properties of the following higher-order HFDE:

HD"2(&) + £(&,2(8), "D 12(8)) =0, n—1<r<n, & €],

z1)=2Z(1)=---=2z""2(1) =0, ID" 12 ZwZHIﬁzz )+biAjz(§j), ®)
i=1 j=1

where "D" denotes the Hadamard-type fractional-order derivative, f € C(J x Ry x Ry,R),] =
(1,+00), Ry = [0, +0o0), Ifi are Hadamard-type fractional-order integrals of order 8; > 0,1 < 17 <
§1 <G < <¢gp<tooa;lb> 0(i=1,2,...,q; j=1,2,...,p) are given constants with

. |4
ﬁ(lnq)”ﬁf*l -bY A(ng)t=0q>0.
j=1

To the best of our knowledge, few authors have investigated the high-order HFDE given in (3)
over unbounded domains. This paper makes three primary contributions: Firstly, we analyze the
HFDE (3) where the nonlinear term f explicitly depends on the highest-order fractional derivative
Hpr=1z, generalizing the scope of earlier models [6-9]. Secondly, we extend the analysis of the HFDE
(3) to arbitrary fractional orders r € (n —1,n), generalizing common results limited to 2 < r < 3,
which differs from the equations[6,8]. To address this generalization, we derive new critical properties
of the associated Green’s function (as detailed in Lemma 2.2), which serve as the foundational basis for
our primary analytical framework.

The paper is structured as follows. Section 2 provides essential definitions and preliminary
lemmas from Hadamard calculus and introduces the key properties of the Green’s function. Section 3
presents our main results concerning the monotone iterative scheme for the HFDE (3). An illustrative
example is also provided. Finally, Section 4 contains concluding remarks.

2. Preliminaries

First we outline key definitions and review relevant theoretical background, these will be utilized
to prove our primary results.

Definition 1 (see [4]). The Hadamard-type fractional derivative of order r > O for an integrable function
q: ] — Ris defined as

. 1 d\" ¢ N ds
"D f(e) = 1"(71—r)(tdt> /1 (Ing —Ins) 1‘7(5)?/ ¢>1,

where n = [r] + 1, [r] represents the integer part of the real number r.
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Definition 2 (see [4]). The Hadamard-type fractional integral of order r > O for an integrable function
q: ] = Ris defined as

HIF) = s [ g s )%, > 1

Consider a space consisting of continuous functions denoted by

_ Hpyr—1 . 1z(S)] oo Hpyr—1 .
z={zec() D zeC(); P T (g T < ,sglgﬂ D" 2(8)] < +o},

endowed with the norm

— 2(¢)] Hpyr—1
Izllz = mas{ sup 1oy, sup D™ 2(2)1

which is a Banach space as [7].

b d
Lemma 1. If there exists a continuous function e(s) satisfying the conditions 0 < / e(s) ?S < ooand Q) >0,
1
then the high-order HFDE:

HD’Z((;") +e(@)=0n—-1<r<nge(l,+x),

_ _ 1 , d (4)
2(1) =2/(1) = - =2"2(1) = 0, "D "z(00) = Y& 1Fiz() + b ) Aj2(§))
i=1 =1
has a unique solution
Foo ds
)= [ GE9e T cel, ®
where
(Ing)r ¢ (Ing) ¢
G(g’,‘,s) = g(g’f,s,r) + T Z“ig(ﬂ/5;7+,3i) + T b}\jg(é‘jrslr)r gel,
i=1 j=1
with
1 (ln{;’)r_1 —(In¢ - lns)r_l,l <s <& < oo,
ﬂawﬁ_ﬂ;{&@Y%l§C§s<+m ©

Proof. Using "D"z(&) + (&) = 0, we have

2(8) = c1(Ing)" ™ +eo(Ing) 2+ -+ eu(Ing) ™" — I'e(?).

From z(1) = z/(1) = --- = z(""2)(1) = 0, we obtain ¢y = - - - = ¢, = 0, that is
¢
2(0) = e1ng) ™ = g5 [ ing = Ins)le(s) T
S
° Hpyr—1 ¢ ds
D d@zqﬂﬂ—ﬂdﬂ?,
4
HIP(E) = o (08P = s [Tng = sy (o)
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9 p
Utilizing #D"1z(00) =} a;1Piz(i7) + b ¥ Ajz(E;), it can be directly calculated that
i=1 =1

e d 1 1B ds
E—— - _ r+pi—1 -
1= 35 {/1 S E i r—l—ﬁ / (Iny —Ins) e(s) 5

ZF / (Ing; — lns)’_le(s)%}
2%/1% L g T [ s pe®

Eb/\ / Cj,s r)e(s )

ds

Then
n r—1 roo n r—1 14 )
2(9) :%/1 e(s)ﬁ—f—%i;zxi/j $01,5,7+ Bilels) S

(ln@’ )yt ds 1 ds

¢
Z bA; / g(j s 1)e(s) s T /1 (Ing —1Ins) " e(s) 5
+oo
-[¢ Socel.
This completes the proof. [
Lemma 2. The Green'’s functions G({,s) formulated in (5) possess the subsequent characteristics:
(A1) G(¢,s) are continuous and nonnegative for all (¢,s) € | x J;

G(¢&, 1 1 g 1 .
(A2) % < = m"— 6;“1(11'117) +Bi —|—a]§lb/\](ln€]) ,forall ((;‘,S) S I X ]

Proof. Characteristic (A1) is clearly satisfied. Observing (A2), it can be inferred through direct
calculation that

G(¢,s) 1 1 ¢ P (Ing) !
1+ (Ing)—1 S{F(r) +5§1 wig(n,s,r+ pi) ; Ai8(&j:s, V}H(mg)ﬂ
p

1 1 d
Sm+5§ vig(, 1,7 + Bi) Z i8(8j o)

=M, (&,s)eJx].
Thus, Characteristic (A2) is satisfied. [

Remark 1. The following results can be derived from Lemma 2.1

Motz = [ @ ses) L ?

1 S

where the function G*(g, s) is defined as

q
G*(¢,s) = Go(&,s) r(()) Y wig(n,s,7+ Bi) r
i=1

Z bAig(Ejs,7),
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and
0,1<s<¢ < +oo,

Go(CIS)Z{ . (8)

1,1 < ¢ <s < oo
Proof. Differentiating with respect to (5), it can be directly calculated that

HDHZ(Q‘):/w‘f(s)—JF_Z’)‘I/JFoo ”’Srﬂg)()ds

P +00 d
e [ s e

= [ Gofg e + ”Z S st e ©)
r & b S
+%Jg oy [ s(@ s me(9)S
© . ds
:/1 G(g,s)e(s)?.

the proof is completed. [

Remark 2. The functions G(&,s) and G* (¢, s) formulated in (5) and (7) possess the subsequent characteristics:
(B1) G(&s) < M(Ing)" ", for (¢, s) e IxJ
I'(r)

|4
(B2) 0 < G*(&,s) <N =1+ Z“ (In )™+ 4 T; jIngy)" = T(rM, for (¢,s) €
Jx]

Proof. From (6) and (8), we can directly observe that

(Ing)"*

g(gs,r) < ()

(Cs)€Tx],

and

4
G(g,s) < [ (1r) q - Ealg 1,5,7+ Bi) Z g(&s,7 } ) (ne)=! = Mne) 1, (&,5) € ] x J.

Thus, characteristic (B1) is satisfied. Similar to the proof of (A2), it is clear that characteristic (B2)
holds. O

Lemma 3 (see [7]). Let U C X be a bounded set. Then U is relatively compact in X if the following conditions
are satisfied:
2(¢)

14 (Ing)r—1
(ii) For any € > 0 and z € U, there exists a constant C = C(e) > 0 such that

z(t) B z(ta)
14 (Int))1 14 (Inty)r1

(i) Forany z € U, and HD"1z(&) are equicontinuous on any compact interval of J;

and [MDP=1z(t) — HD™12(t,)| < e for any t1,t, > C.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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3. Main Results

We define the cone U C Zas U = {z € Z|z(¢) > 0,"D"12(¢) > 0,¢& € J}, and the operator
F :U — Uis given by

+o0 d
FEE = [ 6E9f(s,2(6), "D 2(5) S (10
By Remark 2.1 and (10), forz € U, ¢ € |, we have
D)@ = [ 6069 (s,2(6), D 2(s) L an

Throughout this paper, we assume that f satisfies the following conditions:
(H1) The function f € C(J x R4 x Ry, Ry ) and the constant () > 0.

(H2) The nonnegative functions m;({)(i = 0,1,2) are integrable on | and the nonnegative con-
stants 0 < 1, 72 < 1 satisfy

If(E,2y)] < mo(8) +mi(S)|z[" +ma(E)|y|"2, VE €],
with

Foo dC:_ o0, rlldg * 00 e %_ * 00
@ F =i < oo, [T @+ ey E =i < e, [ ma(@)F = s < oo

(H3) The functions f(&,z,y) exhibit a monotonically increasing behavior with respect to the
variables z and y, and satisfy f(¢,0,0) is not identically zero for all { € J.
(H4) The nonnegative functions 11 (s), n2(¢) are integrable on | and satisfy

1f(&zy) = f(8 29 <m(@)lz -2 +mQ)ly -yl vE € ] 22 € Z

with

teo e e dE - &
L me ey = ni < oo [ Tma@F =g < e, [ 17(60,0)%F =7 < e

Lemma 3.1 If the conditions (H1) and (H2) are met, then
tee Hpr—1 dé’ 71 Y2
/1 1£(6,2(8), "D 2(8)) | = z < mg +myllzl|7' +myllzl|7, Vz € Z. (12)

Proof. From the conditions (H1) and (H2), it follows that
+co d +oo d
IR0, D @G < [ (@) + @107+ mal@) D)) F
ey 2@ dg
<m0+/ VO + (g " G B
H r— l 2%
+ [T m@P Do
<mg +mi|zl[7 +m3||z]|7, Vz e Z.
Thus, Lemma 3.1 is established.

Lemma 4. If the conditions (H1) and (H2) are met, then the operator | : U — U is completely continuous.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Proof. This proof is divided into four steps.

(I) We demonstrate that the mapping / : U — U is well-defined and carries bounded sets to
bounded sets. Due to G(&,s) > 0,G*(&,s) >0, f > 0, it follows that f (z)(&) > 0,7D"1f (z)(&) >0
forany z € U, ¢ € |, which implies F : U — U.

Set V. = {z|z € U,||z||z < ©}, where ® > 0 is a certain constant. By applying Lemma 2.2,
Lemma 3.1 and (10), we obtain

[F(2)(2)] /+°° G(&s) Hpyr—1, o)y 98
sup ———22L < 1 f(5,2(s), D" z(s)) —
T+ (ng) 1 5 ‘ 1+ (Ing)"— i/ s
00
<M [ 1f,2(9) HD 12(5) | 13
1
SM(ma +mj@" + mE@”’Z),Vz eV,
and using Remarks 2.2, (11) and Lemma 3.1, we get
sup D" (2)(@)] <sup | [ 6% (6,5)7(5,26), 1D 2(5)
geJ geJ
<N [+ ||zl [3F + 3|21 2] (14)

SN[ma +m;@N + mﬁ@”},Vz eV.

That is

IF @z = max {sup L sup 10717 ()(@)1) < (M8 o+ mi@7 4 mim]

(15)

Thus, /' V is uniformly bounded in V, which implies that the operator that /" maps bounded sets
into bounded sets.

(IT) We show that F is continuous. Let z,, and z be two elements of V such that z, — zasn — oo.
Thus ||zx||z < ©,]]z]|z < ©. Similarly to (13) and (14), we have

“ (Zn)(‘z”
LR SUATYVANEDY * *OT *en
sgléljol (Ing) 1 M[mo +m;O" +m;0 } < o0,

and

sup D" (z) (€)] < N [+ i@ + m507] < +oo.
S

Based on the continuity of the functions f, we get

F(Zn)(g) . +o0 ( ) N N
I T gyt B T e O )
T (e, D )
e
Flngy T

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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and
tim P07 () (@) = Jim, [ G1(@,5)f (5, 2a5), P e (5) &
= [T 6 @) (s 206, 1D 2o S
=D (2)()
Noticed that

|£(5,2a(5), "D" 2 (s)) — f(5,2(5), "D '2(s)) |
<|f(s,zn(s), "D zu ()| + |f (5, 2(s), TD"2(s))|
<2my(s) +2my(s))[1 + (Ins) "M@ + 21, (s)@72.

By the Lebesgue dominated convergence theorem, we have

1 (20)(§) = F (2)(0)]

T 1+ (g
oup [ S 6,206, 1D 250 — 52090107 12(9)|
<[ [T 520(6), B 29— £5,2(5), "D 2(61)| £ 50, 25 n o0,
and
sup 1D (20)(§) =D ()
<sup | "G 9) Fl5,za(), "D 24(5)) — £(5,2(5), D 2(s))| &
N [T [f(o2a5), D ) — f5,2(5), D 29| T 0, a5 s o
Then

IF o) = 2z =ma { sup (-G sup 1071 ) @) 1071 ()@} = 0 o0,

Thus, we can conclude that T is continuous.
. . z(¢) Hpyr—1
III) Let I b bit t int 1. Wi ————— and "D’
(III) Let I C ] be an arbitrary compact interva e prove T4 (Ingy 1 an z(&) are

equicontinuous on I. For any t,t, € I, t, > t; and for any z € V, we have
FQ)(t2) — F(z)(h) ’
1 + 11’1 tz)r_l 1+ (11‘1 tl)r_l

tZ/ ) G(fl, H 1
/ ‘1+ (Int)"1 1+ (Int;)'— 1“fsz(s D™ |—‘ (16)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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G(&s)
14 (Ing)r—1
fixed s € I with s < ¢, we have

The function is uniformly continuous for any (t1,s), (f2,s) € I x I. In fact, for a

G(i’z,S) B G(tl,s)
14 (Inty)™1 14 (Inty)r1

_ g(thS/ r) (In tz)ril q ‘ ‘ p ‘ ‘
1+ (Inty)rt * Q1+ (Inty)—1] x [Z; w;ig(1,s,7+ Bi) +]; bA;g(gjs, ”)}

g(tllsl 7’) (11’1 tl)r_l 1 ‘ ‘ P ‘ ‘
1+ (Inty)r—1 - Q1+ (Inty)1] X [;“18(77/5/7’ + Bi) —l—}; b)\]g((:],s,r)}

_(Intp)" ! — (Inty —Ins) 1 ~ (n t1) "' — (Int; —Ins) !
 I(r)[1+ (Inty)1] T(r)[1+ (Int) =1

(Inty) ! (Inty)"!

q
+ {Q[l + (lntz)"—l] o Q[l + (lntl)’—l] } X {izzltxi {(]nﬂ)‘f-&-/gi—l _ (1n17 o lnS)H_ﬁi_l]

P
+Y bA [(mg]-)H — (Ing; - 1ns)f*1} } 50, asty — H.
j=1

Furthermore, for any a certain s € [ such thats > ¢, the function is does not depend on s, that is

G(fz,s) G(tl,s)
1+ (Intp)1 1+ (Inty)!
o (11‘1 t2)r_1 (11‘1 tl)r_l (11‘1 fz)r_l (11‘1 tl)r_l
TT()[1+ (Int)""1]  T(r)[1+ (Inty)"—1] {0[1 +(Ink)"1] Q1+ (lntl)ffl]}

<

It should be emphasized that the function defined earlier exhibits independence from the variable
s for all values of ¢ € J/I under the condition that s > §. Additionally, the function G(&,s)/(1 +
(In &)™) demonstrates uniform continuity across the entire domain J. Consequently, for all & € ] and

q |4
thi(h‘lﬂ)ﬂrﬁ"il + Z b}\j(ln(’;j)ril} — 0, asty — t.
i-1 =1

t1,tp € I, we have

(tZI S) G(tlrs)

G
Ve > 0,36(e) suchthatif | —t| < J, then ‘1 T nG) T 1% (It

‘ <e. (17

Combining (12),(16) and (17) yields

‘ F)(t) — F(z)(t)
1+ (Intp)™1 1+ (Inty) 1!

’ < {mg +mijeO”" + mE@'yz]e,

forall¢ € ], z € Vand t,t, € I. Therefore the functions £ (z)(&)/(1 + (Ing&)"~!) are equicontinuous
on I.

Notice that N 4
_ © _ s
DR = [ G f(s(s), D () S
By the same method as above, using the representations of the functions G*({, s), it can be shown
that the fractional derivative "D"~1f (z)(¢) exhibits equicontinuity over the interval I. Therefore, the
hypothesis (i) of Lemma 2.3 holds.

(IV) We show that the operator T is equiconvergent at +-co. Owing to

; G(Ss)
lim ——%
§~1>T00 1+ (ln C)rfl

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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then, given any € > 0, there exists a sulfficiently large constant C = C(e) > 0, such that for any
t1,tp > Cand ¢ € |, we have

G(tp,9) B G(ty,9) e
1+ (11’1 i’z)rfl 1+ (11‘1 tl)rfl ’

It is straight forward to show that the function f (z)(&)/(1 + (In&)"~!) exhibits equiconvergence
at +oo through the application of Lemma 3.1 and (16). Moreover, by analyzing the structural form
of G(¢,s), it follows that "D"~1f (z)(¢) are also equiconvergent at +co. Thus the assumption (ii) of
Lemma 2.3 is satisfied.

By utilizing Lemma 2.3, we conclude that the operator T : V — V is completely continuous. So
the proof of the theorem is now complete. [

Theorem 1. If the conditions (H1),(H2) and (H3) are met, then the HFDE (3) possesses two approximate
solution sequences z, and y,, which converge to the positive extreme solutions z* and y* equipped with

0<|zllz <®and0 <|ly*[|lz <O,

where © is a given real constant. The sequences z, and y,, are defined as follows:

zn(§) = F (24-1)(8), with z9(¢) = ©(Ing)", (18)
and
Yn(8) = F (yn-1)(§), with yo(¢) =0, (19)
forn =1,2,---. Furthermore, these two sequences have the following monotonicity properties:
W(&) <yi(8) < - <yn(8) <y (6) <27(5) < zu(8) < -+ < 21(8) < 20(G)- (20)
and

Hpr=lyo (&) < HD 1y (8) < --- < HD" Yy, (8) < D™ 1y* (¢)
<HD125(E) <D™ 12, (§) < - <D 21() <D 20(§). 1)

Proof. From Lemma 2.1, it implies that a vector z € U is a positive solution of the HFDE (3) if and
only if it is a positive fixed point of the operator /. Therefore, we reduce to finding the fixed points of
the operator /.

Lemma 3.2 implies that / (U) is a subset of U. Let

® > max {3Am3, BAm)Y =1 (3Am3)V/ “*72)}, (22)

where A = max {M, N}.
Let Up = {z € U : ||z||z < ©}. For any z € Ug, direct calculation similar to that in (13) and (14)
yields

PG < *eMn e <
stlg) T+ (ng)y 1 M{mo +miO" +m;,® } Q)

and
sup |FD"12(¢)| < N[mg Fmien + m;@n} <o,
¢ej

which indicates that ||F (z)||z < ©.
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Combining equations (18) and (19), it can be concluded that both z (&) and yy(¢) € Ug. We next
introduce two sequences {z, } and {y, } where z,=F (z,_1) and y,=F (y,_1) forn=1,2,--- . Due to
I (Ug) CUg, it is evident that z,, y, € F (Ug) forn=1,2,--- .

By (18), conditions (B1) and (H2), for any ¢ € |, we obtain derive

21(8) = F(20)(§) < A[my +m®” 4+ m3072| (Ing) ™ < O(Ing)" ™" = 20(2).

By conditions (B2) and (H2), for any t € ], we have

D2 (6) =MD ()@ = [ GHE8)f (5 20(6), M 20(5) S
< A[mg +mien + mﬁ@“fz] <@ =Hprlz(p),
that is
21(&) < 20(8), "D 'z1(8) <MD" '=(8). (23)

By (23) and (H3), we perform the second iteration by repeating the aforementioned steps
2(8) = F (21)(§) < F (20)(8) = 21(0),
forall ¢ € J, and
HD"™12y(8) = D71 (1) (8) <MD" (20)(§) = D" 121 (2)-
For ¢ € ], iterating repeatedly yields
zn(§) < za-1(8), D2 (2) < FD" 12y (). (24)

Furthermore f : Ug — Ug is completely continuous, which guarantees that there exists a
z* € Ug and a subsequence S of N such that z, — z* as n — co in 5. By combining this convergence
result with equation (24), we can further conclude that the full sequence z, itself converges to z* as
n — oo. Leveraging the continuity of F together with the relation z, = F (z,,_1), it follows directly
that z* = f (z*), meaning that z* is a fixed point of /.

A similar argument applied to the sequence y, yields

“+o0

1@ = )@ = [ 6@ 5,30(5), "D o(s) T = 0= wo(@),

and

ds _
£ 2 0=y (@),

D) = [ G @) f 5900, M o)

By the condition (H3) we know

0@ = [ 6 @m0 ) T > F 0@ = (@)

and
D™ 1yy(8) = D" (1) (8) = D" () (§) = D" ().

Similarly, forn = 2,3, - and ¢ € ], repeated iteration yields
yn(€) > yu1(8), "D yn(8) > D"y, 1(8).

Due to the relation y, = F (y,—1) and the complete continuity of the operator /-, it follows that
yn — y*and F (y*) = y*. Therefore, y* is also a fixed point of F .
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Finally we demonstrate that z* and y* are two extreme positive solutions for the HFDE (3).
Suppose that 0(¢) represents a positive solution for the system (3). Then F (¢(¢)) = ¢(¢) and

yo(§) =0 < 0(¢) <O(Ing) ! = 2o(¢)

and
"D Myo(§) =0 <MD" o (§) <@ =MD"z (g).
The monotonicity of the operator T ensures this property
y1(8) = F (o) (&) < o(8) < F (20)(§) = z1(E),
and
"Dy (§) < D 1o(2) <MD"z (9).
Repeating the aforementioned steps, we have
Yn(8) = F Yn-1)(§) < (§) < F (20-1) () = 2u(Z),
and

HD° 1y (8) <D0 (§) < D™ 24 (@)

Due to nh_r)r.}o yn =y and nh_r}r(}o zy, = z*, the results presented in (21) hold.

It is clear that the HFDE (3) has no zero solution since f(&,0,0) # 0 for all § € J. By (21), itis
obvious that y* and z* are two extreme positive solutions of (3) which can be obtained by utilizing two
different monotone iterative sequences in (18) and (19), respectively. The proof is completed. [

Remark 3. Assumption the condition (H2) can be replaced by the following assumption: (H5) The nonnegative
functions mq (&), my(C) are integrable on | and the nonnegative constants y1,y2 > 1 satisfy the following
condition

&z )| <m)|z|" +ma(H)|y[",VE € ],

while all other assumptions are consistent with those stated in (H2), then the conclusion of Theorem 3.1 remains
valid. However, the constraint on © specified in (22) requires modification to the following form:

1 1 1 1
0<O< l’nin{(zqm*)ﬁfl,(2:‘m*)72*1}
=" =2

where E is defined as the minimum of M and N (i.e., 2 = min{M, N }). By implementing reasoning approaches
analogous to those applied in the demonstration of Theorem 3.1, identical outcomes can be derived through this
adjusted framework.

Theorem 2. Assume that the hypotheses (H1) and (H4) are hold. If
m = Amax{nj,ny} <1, (25)

then the high-order fractional differential equation (HFDE) given by formula (3) admits a unique positive
solution u(t) in U. Furthermore, there exists an iterative sequence u, such that u, converges uniformly to u on
any bounded subinterval of | as n — oo. The iterative sequence is defined by the recurrence relation

un:F(un—l)(C)i ‘:elr n=12---. (26)
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In addition, an error estimation result can be established for this approximation sequence

ml’l
L~ wollzn =12, @)

l[tn —ullz = 1=

Proof. Choose
r>At/(1—m),

where m is given by (25) and T is specified by hypothesis (H4).
First, we proceed to prove that F U, C U,, where U, = {u € U, ||u||z < r}. Foreachu € U,,
applying Lemma 2.1, Lemma 2.2, Remark 2.1 and Remark 2.2, we can derive the following result

sup it S [ T gy [ U0 D)~ £500)1+1£65,0,0)] T

Foo _ [u(s)] _ ds
< r—1 Hpyr—1
_M/O [nl(s)[l+ (Ins) ]1 T (ns)y— +na(s)[" D" u(s)| + |f(s,0,0)|} 5
<Amax{nj,ny}r+ At <mr+ At <r

and

sup D! (1] <sup 0+°° G*@,s)[|f<s,u<s>,HD’*1u<s>>> £(5,0,0)+ 1£(5,0,0)]
<N/ (5)]+ ma(s) D" Mu(s)] + 1£(5,0,0)]| £

<Amax{nj,n3}r+ At <mr+ At <r,

thatis ||F (u)||z < r, which implies F U, C U,
Now we demonstrate that / is a contraction. For arbitrary u;,u; € U,, in accordance with
hypothesis (H4), it follows that

|1 (u1) = F (2)]

w1+ (Ing)y!
<sup [ g @ D (e) — s ate) B 9)|

<M [ @)+ tn gy )RR o) D i) 1 D7 )| T

<Mmax{nj,n; }||(u1 — u2)||z

and
sup [AD" 1 (uy) —H D" (uy)|
¢ejJ
oo _ _ ds
SS(:UP A Gl(CrS)‘f(Srul(S),HDr Yy (s)) = f(s,uz(s)," D" lu(s))) -
€J

<Nmax{nj,ny }||(u1 — u2)||z,

which implies
1F(u1) = F(u2)|[z < Amax{ny, ny }{|ur — uallz < mffuy —uallz,Vur, uz € Us. (28)

Due to m < 1, it follows that /- satisfies the contraction condition. Consequently, by the Banach’s
contraction mapping principle, the operator / has a unique fixed point # in U,. In other words, the
equation (3) admits a unique positive solution u.
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Moreover, for arbitrary ug € Uy, ||uy — ||z — 0as n — oo, where u, = F (u,—1)(t),n =1,2,--- .
By (28), we obtain

itn — tn—1llz = |[F (un—1) = F (un—2)||z < m|[tty_1 — tn_o||z < -+ <m" |uy —ugl|z,

and
lfun —ujllz < |[(un = up—allz + [[un—1 — un—2llz + - + |[ujt1 — ujllz 9
m*(1—m/~"
< U2y w2

By allowing j to approach positive infinity on both sides of equation (29), we obtain

n

[|un —ullz < 1—m

[Jur = uol|z-
Hence the proof of theorem 3.2 is completed. [

Example 1. Consider a HFDE defined on an unbounded interval:

HD2(8) + £(8,2(),¢"D"12(¢)) = 0

2 3
_ . r'(5/2) (30)
1)=2(1) =0, D! =Y allPiz(eV/?) + =222 Y Az (E)).
=(1) = £(1) =0 1D a(eee) = TPz + =5 4y
Corresponding to the HFDE (3), where
r=>5/2,n=3q=2p=3u =1a=27n=e"?p = %,ﬁz = g,b = F(56/2)’
1 3 2
A :_l)\ = //\ = ’ =e, :ezl :esl
N R G1=¢e0 &

Y 02
2,520,707 12(0) = o+ gt e DI,

Through calculation, we obtained
. p
—)(ln n) TP —b Y A(Ing) Tt = }I\/E > 0.
j=1

Thus condition (H1) is satisfied. Choose

2
mo(g) = ﬁr my(§) = [14—(61;—@')15]02' my(§) = e %

Thus we get

1£(2,2(6), D" 12(8))| < mo(Z) + m1 (£)[2(2)[°2 + ma(2)[7D2(2)[*,

where y1 = 0.2, v, = 0.5, and

+00 d +oo d +oo d
= /1 mo(fj)?g — 0.100000, 1} = /1 m (&)1 + (1ng)1-5]0-2f§ — 0.183940, n} = /1 mz(g)?@ — 0.073576.

Therefore condition (H2) satisfied.
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It is straightforward to confirm that f is increasing with respect to the variables z,y and that
f1(£,0,0) # 0,V¢ € J. Thus, condition (H3) is satisfied. According to Theorem 3.1, it can be deduced
that the HFDE (30) has two positive solutions, which can be obtained through the two monotone
iterative sequences in (18) and (19).

Example 2. Consider a HFDE defined on an unbounded interval
"D2(8) + f(2,2(2),6"D"12(¢)) =
r(3/2) & @31)

z(1) =2'(1) =0, ED"1z(+00) = iaﬁlﬁfz(el/z) t— gAjz(é’j).
i= j=

Corresponding to the HFDE (3), where

1 2
- A =—— 8 =e& =e 8 =¢,
1 83 3\@(:1 ) ¢3

27 Ze ¢z(8)|

(9+¢)?2 1+ (Ing)Ld +ge %M D12(g)).

£(&,2(6), D" 2(¢)) =

Through calculation, we obtained

q . P
Q=r()- % s g Ly = Lo

Analogous to the methodology presented in Example 3.1, we can readily confirm that Hypothesis (H1) is
satisfied. Noting that

e gZ
(6, 2(2), "D 2(8)) — £(2,2(8), "D (@) < S 128 “Z O]y o r00 i1, ) Hp1sz ).

+ (In&)Ls
Choose
ny(s) = 1_’_%116)15, ny (&) = CeilOC.
Thus we get
n = / o )1+ (In&)'9] dg = 0367879, n} = /1 o nz(g)if — 0.036788,

this indicates that hypothesis (H4) is hold. Through direct calculation, we obtain
1
m = Amax{nj,ny} = Eﬁ x 0.367879 < 1.

Thus, all the conditions specified in Theorem 3.2 are fully satisfied. Consequently, the equation
presented in equation (31) admits a unique positive solution, which can be derived through taking the
limits of the iterative sequences provided in (26).

4. Conclusions

This paper investigates a novel class of higher-order Hadamard-type fractional differential equa-
tions, which generalizes and refines the results reported in existing literature. By employing the
upper and lower solution method, two iterative sequences of positive solutions to the HFDE (3) are
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constructed, and these sequences are shown to converge to the maximal and minimal solutions of
the equation, respectively. Additionally, via the Banach’s contraction mapping principle, an iterative
sequence corresponding to the unique positive solution is derived, with an explicit error estimate
provided between the iterative approximation and the exact solution. The proposed approach not
only extends existing theoretical frameworks but also provides practical computational pathways for
approximating solutions in fractional differential equation with complex boundary conditons.
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