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Abstract

This tutorial presents an illustrative overview behind the idea of the two time measurement protocol
scheme in connection with the method of Full Counting Statistics, a widely used tool in the context
of Quantum Thermodynamics and quantum noises. This article presents the mathematical tools to
derive the quantum master equation for the deformed reduced density operator for the system in
the most general way by tracing out the bath degrees of freedom for different types of interaction
Hamiltonians generally used to model the open quantum system problems in the limit of weak system
bath coupling. The derivation of the microscopic Q.M.E has also been described. Finally, the article
provides an application of the Full counting statistics method for the well known Resonant Level
Model of thermoelectric transport and its connection with the Fluctuation symmetry.
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1. Introduction

The method of Full counting statistics is extremely useful to describe the aspects of quantum ther-
modynamics and the problems related to quantum noise, a consolidated framework which provides
the groundwork to comment on the quantum fluctuations and higher order correlations, which the tra-
ditional framework cannot provide. In this article, we have presented the general idea of the two time
measurement protocol scheme which is the heart of this method to obtain the generalized probability
distribution for any arbitrary hermitian observable corresponding to the bath with which the system is
coupled. In the first section, we introduced the idea of basic statistical tools to anticipate the idea of the
Full counting statistics and their importance in the context of a given probability distribution of some
random variable. The next section describes the derivation of the generalized probability distribution
for any arbitrary bath observable and also derived the quantum master equation which describes the
time evolution of the reduced deformed density operator corresponding to the system in the weak
coupling limit with different types of interaction hamiltonians under the most generalized conditions.
Later we have derived the Q.M.E using the well known microscopic formulation. In the final part of
this article we applied the aspect of E.C.S to discuss the problem of Resonant Level Model analytically
to calculate the energy and particle currents along with the fluctuations and the higher order moments
of the probability distribution for the energy and particle currents. Quantities related to quantum
thermodynamics, such as entropy production rates and chemical works, have been calculated for the
setup. In the last part, we have extended our calculations for the driven quantum dot and derived the
results related to fluctuations symmetries.
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2. A Brief Introduction to Various Statistical Measures Related to Probability
Distribution
2.1. Central and Raw Moments of a Probability Distribution

The rth order raw moment with respect to an arbitrary point a of a Uni-variate probability
distribution for a discrete and continuous random variable say X are respectively defined as,

Hy(a) = E[(X —a)']

Now for Discrete and Continuous random variable we have,

) = (- a)P(X = x) 0
o) = [ -y pods ®

Where P(X = x) is called the Probability mass function (P.M.F) for the Discreet Random variable X
and f(x) being the probability density function ( PD.F) if the random variable X is continuous in
nature such that due to normalization we can write,

Z P(X = 1 for Discreet case 3)
/ f(x)dx = 1 for Continuous case 4)

If we put a = 0 then we can define the rth order raw moment with respect to the origin such that for
the discreet and continuous case we can write,

1 (0) = E[X"] = Zx’P (5)

i) = [ ¥ ©
The r th order central moment of the probability distribution for a continuous random variable X is

defined as,

e = E[(X — )] = / (x — )" f(x)dx

—00
Where, i being the mean or expectation value of the Random Variable or in other words the first order
raw moment with respect to origini.e. a = 0.

2.2. Measures of Skewness and Kurtosis

In most of the situations we are particularly interested up to the forth order central moment for a
given probability distribution of a random variable to obtain an idea about the shape of the distribution
by using the measures of Skewness and Kurtosis. The measures of skewness and kurtosis are defined
as,

:B ‘Zg/’)/l \/1871

2
:BZ:%/'YZ:ﬁZ_?’

We can alternatively use either 1, 82 or 1, 72 as the measure of skewness and kurtosis respectively
with both being the standard set of measures. For example in case of the Gaussian distribution all the
odd order central moments vanishes such that with 5,11 = 0 the coefficient of skewness either 1 or
71 will vanish which will make the distribution symmetric and in case of Gaussian distribution it is
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symmetric with respect to its mean u. As a result of a symmetric probability distribution the quartiles
becomes equidistant making the measure of quartile deviation being zero with,

Q- Q=0 = Q= ,(Qi+Q) 7)

Where Q's for i = 1,2,3 defines the quartiles of the probability distribution. And for any such
symmetric probability distribution all the odd order central moments vanishes making the quartiles
equidistant and as a result we can write,

Mean=Median=Mode ‘ (8)

Now if the distribution is both symmetric and Mesokurtic i.e.(8; = 3) the value of 71, 72 will be 0. Let
us summarize the significance of those defined measures and the characterization of the probability
distributions. It is important to note that the measures are defined here for the case of a uni-variate

Table 1. Characterization of the probability distribution

Skewness Coefficient | Nature of the distribution | Kurtosis Coefficient | Nature of the distribution
1 >0 Positively Skewed B2>3,72>0 Leptokurtic
11 =0p8=0 Symmetric B2=372=0 Mesokurtic
71 <0 Negatively Skewed B2 < 3,72 <0 Platykurtic

probability distribution. For the joint probability distribution of more than one random variable there
is no such particular measure of skewness and Kurtosis, those can be defined in terms of the elements
of the covariance matrix in general which is beyond the scope of our present discussion.

3. Introduction to the Moment Generating Function, Characteristics Functions and
Cumulant Generating Function

The Raw and Central Moment generating functions respectively denoted by, My (t) and My (t)
along with the Characteristics Function for the uni-variate Probability distribution of a discreet or
continuous random variable X is defined as follows,

Mx(t)=E[¢*] = ) t—m'E[X’”]
m=1
Wix(t) = E[0] = 3 DE[x gy
m=1""

we=E[(X—p)] = %L .

(R
Cx(k) = E[¢*] = /_oof(x)eikxdx = Zl (ZTI;)' E[X"]
r 4 Cx (k)

1#,(0) = E[Xr] = (—1) T‘k:o

from the above relations we can obtain moments of different orders from either Mx (t) or, Mx(t) and
from the Characteristics function Cx (k) respectively.
From the above relations we get,

p2 = E[(X — pu)*] = E[X?] = E*[X] = p5(0) — u(0)
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The Cumulant Generating Function for a probability distribution is defined as,

Fx(t) = InMx(t) = InE [e'¥]

| =EX] =

d*Fx(t) )
dtz  li=0

=Var(X) = E[X*] - E*[X] = m»

Just to mention that we can alternatively define the Cumulant generating function function Fx (k) as
the logarithm of the characteristics function as well. Such that we can write,

alternatively Fx (k) = In[Cx (k)] = In{E[e*X]} )

In general the rth order derivative of the Cumulant Generating function evaluated at ¢t = 0 will gives
the r th order cumulant of the probability distribution with the third and fourth cumulant relates with
the measure of Skewness and Kurtosis of the probability distribution.

4. Basic Idea about the Projective Measurement in Quantum Mechanics

In standard quantum mechanics we are interested in the idea of projective measurement. In
general the state of a quantum system can be spanned using the eigen-basis of any hermitian operator
say, M in the underlying system Hilbert space such that the general state of the quantum state if
represented by a pure state, the state vector can be written as a linear combination of the eigen
states of the hermitian operator. So that we can write, |¥) = Y, ¢ |¢n) along with, (¢ |Pn) = mn
and M |pm) = Am |pm).Let us denote the projection operator corresponding measurement outcome
Am be, IT, = |Ay) (Ay|. Then the probability of getting a measurement outcome A, when the
hermitian observable M is measured on state |¥) and the post measurement system state just after the
measurement is carried out will be respectively given by,

A

Py = (Y11 [¥) = Tr[plTn] = |cw|* with, p = [¥) (¥| (10)
Hm—|47m < Om an—l
2, =11,
1T, |¥)
(PITEZ,|¥)

|P.M) = (11)

Here, P, denotes the probability of getting the outcome A, and |P.M) denotes the post measurement
system state immediately after the measurement is carried out.

5. Full Counting Statistics Set Up
5.1. Two Time Measurement protocol and the Generalized Probability Distribution

In the context of FCS we assume the most general setup with a quantum system interacting with
a single Bath described by the Hamiltonian,

H= HS + HB + HSB (12)

For the given setup we assume that the initial state of supersystem i.e. the overall state of the system
coupled to the bath can be expressed as the product states of the system and bath state denoted by

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202511.1406.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 19 November 2025 d0i:10.20944/preprints202511.1406.v1

50f29

their respective density operators such that we can write along with the other necessary assumptions
the followings,

Hg, Ng] =0 (13)

By the above assumption it is clear that the Bath Hamiltonian is number-conserving in nature which is
the fundamental criterion to apply the full counting Statistics technique which is guaranteed by the
condition that, [Hp, Ng] = 0. To determine the generalized probability distribution using the two time
measurement [1] over any hermitian Bath observable Mp satisfying the condition, [ﬁ 5(0), M B] =0
we measure My at two times say, ' = 0 and #' = t leading to the measurement outcomes Mp, and
Mg, respectively. It is important to note that, Mp can be any arbitrary conserved quantity for the bath
i.e. some kind of conserved charge such that, we can define a complete set of commuting observable

{p 5(0), Hg, Ng, M3 } So, the members of the set will share the common eigen-state. The projection

operators corresponding to them are

I1) = [Mg,) (Mg, |, M|Mp,) = Mg, |Mp,), 113 =TT,
I = |Mg,) (Mg,|, M |Mg,) = Mg, |Mg,), 1B =11,
Y [Mg,) (Mg, | = Y [Mg,) (Mg,| = Ip
Mp, Mg,
Prot(t) = U(t,0)p10:(0) U (£,0) (14)

Now let us perform the two time measurement protocol over any arbitrary bath observable Mp.
The probability of getting the measurement outcomes Mp, and Mjp, respectively after measuring
the arbitrary bath observable M in the state described by py(0) at time t = 0 and later at time ¢
respectively when measured over the evolved state will be obtained by applying the Born interpretation
such that we can write,

P(Mp,, Mp,;t) = Tr|TLU(t,0)TT1pror (0) T, U (¢,0)TTn (15)

Now we are interested in the probability distribution corresponding to the difference of the mea-
surement outcome denoted by, M = Mp, — Mp, and the corresponding probability will be P(M =
Mg, — Mp,; t) defined as,

P(M = Mg, — Mg,;t) = ) ) P(Mg,, Mp,;t)0n,mp,— My,
Mp, Mp,

= Z Z Tr ﬁza(t,0)ﬁ1ﬁtot(0)ﬁla+(f,0)ﬁ2 5M’M327M31 (16)
Mg, Mp,

As discussed in the earlier section that, if we can find out the moment generating function and the
cumulant generating function corresponding to any probability distribution then we can easily find out
the different order moments. So, the next task is to find out the M.G.F of the probability distribution
corresponding to the difference in the measurement outcomes.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Now, the M.G.F of the probability distribution A (7, t) for the difference of measurement outcome
will be given by,

A(n,t) =Y P(M = Mg, — Mg,; t)e "™ (17)
Tr [ﬁza(t,O)ﬁlﬁtot( )ﬁ at (t 0)H2‘|€ M 5MM32 ~Msg,

M
-y Tr{ﬁzfl(t,o)ﬁlﬁs(O)®ﬁ3(0)f[ at(t, 0)} 1(Ms, =Ms,)

- Y YT [ﬁza(t,O)ﬁlpmt(O)a*(t,O)]e—'ﬂMBz—MBl)

=Y Y Tr {e”/ZMBﬁze”/ZMBl:le”/ZMBﬁle”/ZMBﬁmt(O)l:ﬁ
Mp, Mp,

=Tr e*”/ZMBe*”/ZMBﬁ(t,O)e”/ZMBe”/ZMBptot( 0)Ut(t,0)

= Tr [ /2ML1(1,0)" 2V 2 pyoy (0) I (1, 0) /218

=Tr e*”/ZMBl:I(t, O)EW/ZMBpmt(O)e”/ZMB U (t, O)E*”/ZMB (18)

= T | 100, )0ra )8 1,11 = T 1,1
Where we have defined a non-hermitian time evolution operator such that,
lfI(;y,t) = e*”/ZMBCI(t,O)e”/ZMB

. The M.G.F of the generalized probability distribution is A(r,t) = Tr [ﬁtot(n, t)] where we have
introduced the Tilted Density like operator which is not trace preserving due to the non-unitary time
evolution. Now, we can define the dressed version of any operator incorporating the counting field
parameter 7 such that, we can write for any arbitrary operator A,

A(y) = e 2 Aot (19)
We can write down the following equations,
Bror (1,) = U, 1pror(0) U (1,1 (20)
Tr [Brot (1, £)] = Tr [pror (0) Ut (=17, ) U (1, 1) ] (21)
U (= UG, # T = Trlpuo(1,0)] # Tr[pror (0)] 22)

Now, as we can see that though p¢ (77, t) is Hermitian, it is not a valid Density Matrix because it does
not obey the CPTP mapping. Now we can define a Valid density matrix ¢ (1, ) which is hermitian as
well as trace preserving such that we can write the deformed trace preserving density operator,

Prot(11,£)  Prot(17,1) (23)

ﬁtot(nft) = Tr[ﬁtot(ﬂr t)] = A(ﬂ, t)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Now, the cumulant generating function corresponding to the generalized probability distribution will
be,

F(n,t) = InA(y,t) = fror(n,t) = e T ooy (1, 1) (24)

Now using the divisibility property of the total trace due to separability of the system and bath Hilbert
space, we can write

Al 1) = Trs | Tra punl,0)| | =T ps(,)| 5)

For, most of the situations we are interested to find out the particle number fluctuations and current
fluctuations along with their mean values using the Full counting statistics and the two time measure-
ment protocol scheme. So, to be more precise we are interested to calculate the probability distribution
for the difference in energy measurements and Particle number measurements obtained using the
two time measurement protocol i.e. E = Ep, — Eg and N = Np, — Np, such that, the M.G.F or, C.G.F
of probability distribution for the difference in energies and number of particles will be obtained by
replacing My by Hp and Njp respectively. Such that we can write,

Ai(n,t) = Tr [e”/ 2N51(t, 0)e/2N8 by (0)e/2NB (T (£, 0)e 1/ ZNBl (26)
Aol t) = Tr [e"“ 285 01(1,0)e/ 28 pyop (0)e1/ 25 01 (£, 0)e 1/ 2’%1 27)

Where, we have obtained two different M.G.F’s corresponding to the probability distributions cor-
responding to the differences in the measurement outcomes of the number of bath excitations and
the difference of energy. In other words this probability distributions are defined corresponding to
the particle and energy currents. From the generating functions A1 (1, t) or, Ay(7,t) we can extract
different moments corresponding to the particle and energy currents.

Now, if the system Hamiltonian is not explicitly time dependent then with, U(t,0) = el we can
write for the case of energy currents i.e. with Mp = Hp,

fI(ry,t) — ¢ iH! (28)
Prot (1, 1) = e_iH(")tﬁtot(O)eiH(_”)t (29)

Now using the fact that,
peAp—1 = LAPT!

We can define the following operators appearing in the exponents as,

H(iy) = e‘WzHBI:Ie”/ZHB (30)
A=) = o2 fem1/26n = [A ()]

Brot (1,£) = e g, (0)HO' (31)

H(n) = Hs + Hp + Hsp(17) (32)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Now, the time evolution of Py (77, t) can be described as follows,
d,\ 0 /t | oA > > N
) — i oy, ) ) ~ L) 0,1
= i[ﬁtot(ry,t), Hs + HB] +i {ﬁtat(ﬂ, t)Hsg(—17) — Hsp(17)prot (17, f)]
= 1,007+ 7,0 s () — B )pn .1 )
Where we have defined,
Hsp (1) = Hsp (i) — Asg (34)
Now, for the cumulant generating function F(7, t) we can write,
dF(y,t) 1 o Tdpror(1, 1)
at Ay, t) dt
= iTr | Brot (1, t) Hsp (—17) — prot (1, t)HSB(U)] =i (Hsp(—1) — Hsg(1)) (35)

where we have used the definition of the trace preserving valid density operator (1, t). Now for
any operator O we can define,

Tr [Ptat(ﬂ, )O]
<O> =Tr |:p~t0t(77/ t)O} = (36)
Ir [Ptot 10t ]
Now, for the valid density operator we can again write,
Prot(1,1) = €_F("’t)ﬁtot(77, t) (37)
dp , PN A NS A A
% = Z[Ptot(ﬂ/f)/H] +i {Ptot(ﬂ/f){HSB(—U) — (Hsp(=1)) H
i { Fisnlor) = (Frsatn) 1| @)
Now to describe the typical non-hermitian evolution of ps¢ (77, t) we can write the master equation as
follows,
Aptor (1, t NN - At A
% =i [Ptot(ﬂl t)Hp — Hpprot (1], t)] (39)
=, ), 85| + {100, 5} (40)

Where, we have introduced a non-hermitian Hamiltonian Hp = H(—#) which is the dressed Hamilto-
nian in the presence of counting field and the non-hermiticity is captured through the anti-commutator
term in the above equation describing the time evolution of Py (77, t). We have defined two hermitian
hamiltonians such that,

Ap = I:Ig) —iI:II(DZ) ,H,(jl) = ;(HD-FHD) and Hg) = (HD _HD) (41)

N

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Now, the reduced deformed density operator for the system is, ps(1,t) = Trp [ﬁtat(ﬂ, t)] along with

the fact that, A(1,t) = Trg [ﬁs(q, t)} .

The above results derived above can be generalized for the situation when the system Hamiltonian or
the system bath coupling hamiltonian carries an explicit time dependence such that in the first case we
have, H(t) = Hs(t) + Hp + Hsp and in the other case where the interaction Hamiltonian carries an
explicit time dependence such that, FI(t) = Hs + Hp + g(t) Hsp with, g(t) being the strength of the
time periodic drive. For both the cases the construction of the unitary time evolution operator will be
given by the time ordered form such that,

((t,0) = ie*ffot A gy (42)
ML) — _ifa(y, i, 3)

For the first case with Hs being time dependent we can write,

H(y,t) = Hs(t) + Hp + Hsp(1) (44)
% = i[ﬁtot(ﬂ,t),Hs(t) + HB} —l—i[ﬁtot(ﬂ,t)HSB(—;y) — HSB(’?)ﬁtot(U/t):| (45)

For the other case with H(t) = Hs + Hp + g(t)Hsp we can write,

dprot(n,t) _ [ s + g | +ig(t)|p £
% = 1|:Ptot(77/ t), Hs + HB} +ig(t) {Ptaf(ﬂf t)Hsp (1)

N

- HSB(nmm(n,t)] (46)

5.2. Generalization of the FCS Exercise for System Connected to Multiple Baths

The scheme of two time measurement protocol in connection with the Full counting statistics
can be generalized when the system is connected to multiple baths. Let us assume that the system is
connected to multiple baths which are independent (non-interacting) in nature and if we are interested
to carry out the two time measurement protocol simultaneously over all of them for the energy say,
then with the usual assumptions,

N
Ptot pS ®ﬁ
=1

and [ﬁgl (0),HBI} =0, [ﬁgl (0),NBI] = 0 the idea of the two time measurement protocol can be

generalized such that we can write the following,

A(ﬁ, t) =Tr |:ptot(ﬁ/ t):l = TT’S [ﬁs(ﬁ, t):| (47)
Pror (71, £) = UL, £)pror (0) LI (—77, ) (48)
lfl(ff,t) — ¢ -3 1’71HBlu( t,0)e %Z LomHAp, _ o)t (49)
pop o 1 ~ \ A 1
H(ij) = exp <—2 Y mHp, |Hexp <2 Y. 771H81> (50)
=1 1=1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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We assume that the baths can be described by the Grand Canonical setup at the initial time such that,

) N N~ (A, —Np)
P8(0) = @05 (0) = Q ——cc—— Gl
1=1 =1 l
26 = Try | P/ 52)

For, any arbitrary operator O the corresponding dressed version with the counting fields can be defined

. N 1 . AN 1 .
7) = {HGXP (_ZWZHBZ> }O{ [exp (2771H31> } (53)
=1 1=1

Here, ij defines the set of counting field variables. Then in general we can write,

as,

Apror(,t) [ - .\ A N B A - R
= I[Ptot(ﬂ,t),Hs +) HB,] +i) [Ptot(ﬂ,f)HSB,(—m) - HSBI(WI)Ptot(W/t)} (54)
=1 =1

For the case of particle current we have to replace FHp by Nj in the exponents to define the Tilted
operators.

5.3. Derivation of Quantum Master Equation of the Reduced Tilted Density Operator of the System for the
Single Bath Case in the Weak Coupling Limit
5.4. General Derivation of the Q.M.E with HAsg =Y, $:B;

Here we derive the Master equation for the reduced tilted density operator for the system in the
weak system-bath coupling regime for the interaction with a single bath such that with the following
are satisfied.

Hsg =) 5B, [ﬁB(O)rHB} =0 (55)
1

Any arbitrary operator A!(t) in the interaction picture is defined as,

Al(t) _ ei(HS+HB)tAe—i(H5+HB)t (56)
We can write the following,
Plor(17,8) = &/ 50 gy (i, 1))t (57)
Hsp(n,t) = Y_S1(t)By(n,1), with §;(t) = eifst§ o= iHst (58)
1
Bi(1,£) = e~ /215 B 1)1/ 2o (59)
harl010) — ot 0,0 (—.1) — Fss )0k, (60)
Such that we can write,
Pha1,0) = plu(,0) +4 [ ol ) Bn (0,8~ Bisa 0l ) a1

Invoking Born Approximation we can write,

t
Pho1,) (7, 0) + | [ﬁfotw,omsg(—m ¢) — As (i, t')ﬁzotw,m] ar ©2)
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Such that
dAI /t [N PN Y & A
2D — it 1,0) (1, 1) — Bsar, )t (1,0
t t
- /0 810 (7, 0) Asg (=17, ) s (—n, £)dt’ — /O Ass (7, ) Ass(— 11, )plos (7, 0)dt
t t
+/0 Hsp(n,t')prot(n,0)Hsp(—n, t)dt’ +/0 Hsp(n,t)phos(17,0)Hsp(—n,t')dt’ (63)
Along with,
8L, t) = Trg [pfotw, tﬂ (64)
Prot (1,0) = prot (0) = ps(0) ® pp(0) = p&(17,0) ® p5(0) (65)

Now, with the assumption Trp [ﬁ B (O)Em} = 0 and taking the partial trace of the above equation at

both sides we can write,

Trg | Hsp(y,t)Hsg(—1,)p5(17,0) ® pp(0) | dt’

)
+/Ot Trp :HSB(W/ t')p5(1,0) ®ﬁB(0)HSB(_’7't): at’
| v | Bsn,068(1,0) @ pa(0) Bsn(—, 1) (66
Now, using the above assumptions we can write,
Try [pwt(o)HSB(—q, t)} = ps(0) ;eiﬁsféle—iﬁszrB {pg(o)é,] =0 (67)
similarly, Trg [Hsg(ﬂ,t)ﬁtot(O)] =0 (68)

Invoking Markov approximation i.e.05(17,0) &~ pL(1, ) we get the Born-Markov(Redfield) Q.M.E for
the tilted reduced density operator for the system given by,

dAI ¢ t ~ 2
ps(nt) _ Trg |ps(n,t) @ pp(0)Hsp(—1,t' ) Hsp(—1, t) | dt’
dt 0

t

_/o Trg [HSB(W/t)HSB(Urt/)pé(ﬂrt)®pB(0)]dtl
t

+ [ [Hsgw, )85, 1) ®p3<o>HSB<—n,t>]dt'

t
+ /0 Trp [HSB (17, 1)p5 (17, 1) @ pp(0) Hsp(—1, fl)] at’ (69)
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Now, the equation can be further simplified term by term by using putting Hsz = Y $;B; such that
we cxan write,

First Term: with B (57, t) = e~/ 2Hs¢iHst B o—iHlpt g1 /2Hs
- /Ot Trp [ﬁé(m t) © pp(0)Hsp(—1, t')HSB(iy,t)] dt'
== le;ﬁé(n,t) /Ot S$i()Trp {ﬁB(O)Bl(—U, t)Bu (1, t)}dt’ém(t)
— ;;ﬁé(ﬂ, t) /Ot Si(t)Trg [ﬁB(O)B,(t’ - t)Bm] 'Sy (t) (70)
Second Term:

— [ 7m0, )0k 1) @ (0|
t
== TS0 [ Su(e) | pal0) B, 0B, o 1,1
| m 0

==YY St /t Sm(t)Trg [pB(o)Ele(t’ — t)} dt'ok(n, t) (71)
I m 0

Third Term:

O\N
=3
[~ ]
—
>

5507, DL, 1) @ 3 (0) Hsa(—1, t’)} v

t

=32 5i(1)p5(n,t) ; Sm(t')Trp [ﬁB(O)Bm(—Zﬁf'—f)Bz]dt' (72)
| m

t
= ZZ/O Si(t)Trp [pB(O)Bm(—zq,t—t’)Bl]dt’pg(U,t)ﬁm(t) (73)
] m

Now, Converting the Q.M.E in the Schrodinger Picture with, pL (77, ) = eiflstpg (7, )eHst we obtain
individual terms. We also define for any arbitrary Bath operator G we can define,

(G)p =Trp [@(0)@} (74)
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Now we can simplify the above equation in the interaction picture term by term such that we can write
in Schrodinger picture,

First Term:

=LY ps(n,)A (75)
T m
Similarly Second Term
“X XS [ 8- Bi(-)Bugdrostn, )
I m 0
T Y S Al s ) 76
T m
Fourth Term
2 Sups(n,t) ; Si1(=7) (B(=2y, —7)Bu)pdt
T m
=YY Sups (1, ) B () 77)
T m
Third Term:
YL [ 8i(=0) (Bu(=20,m)B1) s i, 05
T m
=Y Y Bl (mps(n, )8 (78)
1 m
Then, the Q.M.E for ps(7, t) in Schrodinger picture will be,
d 0 7 t g N 2 R
psg ) 1[95 ,t) } ZZps 1,8 ApnSm — 33 SmAl s (1, 1)
T m
+ L s (1,0 Bun (1) + L LBl (1)ps 01, 6)m 79)
| m | m
Where we have defined the following,
A / $1(—1) (By(—1)Bu)p dt (80)
B () / $1(~7) (By(~29, ~7)Bu) p T (81)

Its evident from the above Q.ML.E that if we set 7 = 0 we get back the usual Redfield Q.M.E in the
weak coupling limit as, Blm (n=0) = Alm

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202511.1406.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 19 November 2025 d0i:10.20944/preprints202511.1406.v1

14 of 29

5.5. A Microscopic Derivation of the Q.M.E with Asg =Y, $:B;

Now, we will discuss the microscopic derivation [2] of the Master equation for ps(7,t), the
approach is useful when the spectrum of the system Hamiltonian is known or obtained by the
denationalization of Hg. We can write,

Hsp = Zgaéix = ZZSAMUBM with S, = ZSAM, (82)
o ) w
St=8=Y 5, Hsp=Y Y Sl Ba (83)
w X w
Su = 3 ) le1) (e1] Sule2) (e2] = Y} e, Sute, (84)
€1 €2 €1 €
= Ezﬁe-&-wgaﬁe = Zgaw ; with gaw = Z ﬁe-ﬁ-wéaﬁe (85)
€ w w €

Again we can write,
[HS, fce] =0, with S, =Y e Sate = Su—ww
€
{HSISALU] = _wélw (86)
=Y HsferwSafte = Y (€ + W) et wSate
€

€

SAawHS = Z€ﬁ€+w§aﬁe with {HS/ §u¢w] = wgtxw
€

Suw(t) = oSt Gy e Fist (87)
dSA,,;‘;(t) _ i[HS,SAW(t)} — Seu(t) = €18, (88)
Hsp(— ZZSW .t )
Hsp(— ZZSW 1:t) .
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Now substituting the form of the interaction Hamiltonian in the Redfield quantum master equation
we can once again simplify the master equation term by term such that we will get using the above
equations,

The First Term:

[ $400.1) @ Pal0) Hsn (1" sal—n, )|
t
=oL(n, t)ZZZZ/ Suw(t')Trp [ﬁB(O)E’a(t’ - t)Bﬁ} at'Sg i (t)
77/ ZEZE SIXUJ aﬁ(t _t)dt Sﬁ ( ) (91)

w !

where , Cop(t' —t) = Trp {pB(O)Ba(t’ - t)Bﬁ] (92)

Second Term:

t
[ [HSB(W, O Bss(n,¢)ob(n, 1) ®ﬁs(o>]dt’

t
:ZZZZS;w(t)/O Sﬁw/(t’)TrB [pB(O)BaBﬁ(t’t)]dt’pé(n,t) (93)
x g w W
t
= DXL LS00 [ Spur (GG~ 05001 o1
B w o
Third Term:
t
R [HSB(W, DPL(1,t) @ p5(0) Hiss (1, t’)} ar
t
=L L $a00h0) [ St [me)Ba(—zn, = t)B,g] ar
w,B w,w!

:Zzzzsﬁw( pé (m,t /Szxw/ C~ (ﬂ,tl—t)dtl (95)
x B W

Similarly, the fourth term will be H.C of third term. Converting back in Schrodinger picture along with
T =t — t’ and setting the upper limit of integral to infinity we get,

dps(1,
PS{Z? 2 = 1[95(’7, } 2 Z ps(,t Sawsﬁw/raﬁ( w)
w,B w,w!
- Z Z g“w‘éﬁw’rﬁa )+ Z Z gtxﬁ i, w ‘Wﬁs(ﬂ’ t)SAﬁw'
w,B w,w’ w,B w,w!
Z Z gﬁ“(”'w )SlwaS(ﬂ/ t)gﬁw’ (96)
B w,w!
Where we have defined the following,
Thp(w) = C,xlg(—r)e_i“”dr 97)
0
Gup(, ") /0 e_i“’,T@a,;(n, —T)dT (98)
Cap(—T) = Trp {pB(O)Ba(—r)Bﬁ} (99)
Cap(n, —7) = Trp [pg(o)é,x(—z;y, —r)Bﬁ} (100)
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5.6. General Derivation of Q.M.E with Hsg = ¥;(S¥B; + h.c)

Now, if we consider the most general form of System Bath coupling Hamiltonian given by,

=Y (s;é, + B;sy) 101)
1

then along with the same set of assumptions as before i.e.
950017 = [00(0), 8] = [ 10, 8] 0wt s (0181 =0 (102)
We obtain the Q.M.E for ps(#,t) in the Schrodinger picture for either Energy or particle currents as,

dos(n,t R N
% = 1[Ps(f7lf),Hs]
Im

b
+ [B}}J (1)ps(1,5m + BE ()ps(n, L] + h.c}

|
Im
+{ > B0 0,153+ B2 )0 0, )3 + e (103)
Where we have defined the following set of quantities,
A = [ 810 pw 8] (-8 [ ae (104)
AP~ /O TS ) Try [ﬁB(O)Bl(—’r)Bm_ dr (105)
AP = /0 Y 8(—0)Trg {AB(O)Ef(T)Em- dr (106)
A = [ St pu0)By () B e (107)
B3 = [ $i(=0) | pa(0)BL B 2, ) (108)
B () = /Ow SH—1)Trp [pB(O)BmBI(ZU, . (109)
B0 = [ Si(=0) | pa(0)BB 25, ) (110)
B = [ SH(-0)Tra pw(0 B B2y, —) e a1

6. Application of F.C.S for the Resonant Level Model

Now, we will apply the above formulation for the problem of basic quantum thermoelctric
transport known as Resonant Level Model. We assume a single quantum dot is connected to two
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independent fermionic reservoirs characterized by p;, ; for I = 1,2. The system is described by the
Hamiltonian given by,

A= HS + HB + HSB (112)
Hg = wyete (113)
Hp =Y Hp, = )Y wrmbfybrm (114)
m r m
HSB = ZHSBm = ZZ <K7m6+i7rm + K:ml;:mé\> (115)
m r m
Prot(0) = ps(0) ® pp, (0) ® 05, (0) (116)
—Bi (HB —HNp ) . .
o5, (0) = ez+ with ZG-C = Try, [eﬂl (HBz”’NBI)} (117)
1
Np, =Y blib, with N = Nop + Ny =é'e+ YY" bf by (118)
r r m
{6, 6*} =1 {é,é} =0= {6*,6+} with, Nbeing conserved (119)
{z;m,zmﬁ} —0- {B:,X, @;ﬁ} (120)
{bm,bmﬁ} = [6rmbup, {a, bm} =0= {a, B:a} = {a*,iam} (121)

Now for case of particle current calculation from both baths we can write the following,

A(Ul/ 772/ t) =Tr |:pt0t(77]/ 772/ t):| - T”S |:p5(771/ 772/ t):| (122)
Brot (1,112, 1) = U (1,172, 1) 1ot (0) UT (=171, =172, ) (123)
G, 1o, ) = &2/ 2o =/ 2Ny (1 (1, 0) /2 112/ 2, (124)
dplor (2, t) o [ 5 . )
ptot(;zilt 12, 1) =iy [P{ot(’h,ﬂzl t)Hsp, (—#a,t) — Hsp, (ﬂa,t)pfot(m,nz,t)] (125)
®

From the above derivation we can write the Q.M.E for ps(#1, 72, t) in the Schrodinger picture.

apL (1,12, 1)
dt

t
=~ X [T, 1) 50 0 s, (1o ) s, (<15, 1)

I
]
c\»
=~

w
)

58, (1, t) Hspg (1, £ )05 (111,72, 1) © ﬁB(O)] at’
t
3 [ | O, )05 012 1) @ pu0) s ()

t
+ 2/0 Trg {HSB,X(W/ 1§ (11,172, t) © P (0) Hsp, (15, t')] dt’ (126)
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We list down some useful identities and results to simplify the master equation term by term given as,

Trp, [TVBZ {ﬁé(’hr’?zf t) ® pp(0)Hsp, (—11,t")Hsp, (—12, t)” =0 (127)

Trp, [T”B {PA (11,12, t) ® pp(0)Hsp, (—172, ') Hsp, (—11, t H 0 (128)

Trp, [TT’BZ|: s, (11,05 (171,172, t) ® Pp(0) Hsp, (—12, t H (129)

Trg, [T7’82|: B, (12, )05 (11,12, t) @ p5(0) Hsp, (—11, t H = (130)

Trg, [me (O)BI‘,‘ISW] = 7(Wr,, Has Ba)Orm (131)

o, |, (O | = [1= P tas o) (132)

175, o5, OB | = 0 = T, [0, (0| ~0 133)

Tra, |0, (06| =0 = T |pn, )01 (134

Hgp, (11a,t) =) [Kra6+e_i“’°tlsrae_i“”“te”“/2 + Kfae_iwoteiw’“te_”“/219:2,‘6} (135)
7

Now after converting the equation for the reduced tilted density operator for the system in the
Schrodinger picture we can write the final form of the master equation for ps(#1, 72, t) by dropping
the Lamb-Stark shift B,

% =1 [ﬁs(ﬂl, m2,t), HS]

A U U,
+ Y ymfim {e”mfps(m,ﬂz, t)e — 2{C0+fps(’71/'72r tH

A 1 4, 4
+) ym(1—7im) [e‘”mws(ﬂl,nz,t) {c ¢, ps(n1,12,t) H (136)
Where we have defined,
-1
Ya = jlx(wo)rﬁlx = ﬁ(WOr ,Ba; ,uoc) = [1 + eﬁ“(wo_ya)] (137)
Ta(w) = 2772 [Kra |76 (w — rac) (138)

Where we have denoted the Bath spectral function of the ath bath by 7, (w).

6.1. Conventional Ways of Calculating Mean Energy Currents

Let us consider the most general situation where the system is connected to multiple baths such
that one is interested to define the average of particle current and energy current flowing from the
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system to any of the baths with which it is connected. Now the usual and conventional way to define
the Energy and particle currents from the system to the ath bath is generally defined as,

d

Jssb, =~ (Hp,) = i ([Hp,, Hsp,]) (139)
d A
Is—p, = = (Npa) = i ([Np,, Hsp,|) (140)
. d A DA - , - -
in general Js ., (t) = - (Hsg,) + i ([Hss,, Hs]) +1 ) _ ([Hss,, Hsp)] (141)
B#a
Where we have defined,
() = Tr[pror(£) ()]
An alternate way to define energy currents is given by,
d dps(t) A . A - A ra N
T (Hg) = Tr[ pr;t( )Hs} = lTr{[ps(t),Hs]] + ZTr [Dm [ps(t)]HS] (142)
m

Where we have considered that the dynamics of the reduced density operator pgs(t) here for the
quantum dot for example is being described by the usual Lindblad type of Master equation such that,

dﬁ;t(t) — i[ps(t),HS] + ;'ymﬁmﬁ [e"]ps(t) + ;'ym(l — i) L[] ps () (143)
L[A)ps(t) = Aps(t) AT — ;{A*A,psu)} (144)
Such that we can write,
D [ps(t)] = ;ymﬁmﬁ[é*}ps(t) + ;7,11(1 — 7im) L[€] ps(t) (145)
Now, at steady state
dp;t(t) _o— 2 5 (Hs) =0 (146)
;“YmﬁmTr[f[ "os(t Hs} +va 1— i) T { } =0 (147)

such that J§-5, = —{%ﬁm {E [6*];35(15)?15} + Ya (1 — 714) Tr [.c ¢] ps(t)Hs] } (148)

With each term calculated at steady state. Here J2-5 p, denotes the steady state energy current from the
system to the ath bath. And in this context we can see that, ), ]SS 33, =0

In general we can erte,a (Hs) = — Yo Js s, (1)

After simplifying the above expressions at steady state for the Resonant Level model setup we obtain,

]SaBa T1wWo [Pn - ”'X]

For Hs(t) being time dependent writing the Q.M.E in rotating frame we can define the average power
as,

Pyyg = iTr [ﬁs(f) [ﬁRot/ Hs]]

We will show that the mean currents calculated by the conventional method and the same by FCS
matches each other at steady state but the drawback is we can’t calculate the higher order moments
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from here for example the current fluctuations!! When we set #7; = # = 0 it becomes traditional
Lindblad Master Equation.

dﬁjt(t) = i[ﬁs(t)r As] + Y v L[] ps(t) + Y vm(1 — fim) L[] ps (¢) (149)
£lAlos(t) = Aps(0A" - 3{ A*A,ps(0 | (150)

6.2. Calculation of Mean Currents and Fluctuations for Resonant Level Model Using FCS

Calculation of Particle currents: From the above Q.M.E for pg(11, 172, t) we get,

_ PA(n 2t s (111, 172, 1) B A o Aba _
Is—p, (t) = — T omat  |m=o r[amat} =0 1 Tr [Ps(f)c C} — () (151)
172=0 172=0
=71 (¢'¢) — iy = rpn (t) — 1 (152)
_ 82A<771' 12, t) asz (771r 7721t) . ~ JEN _
Isp,(t) = — T omot ,71:8 ’{aqzat] I 12Tr [Ps(t)c C] — Y2fin (153)
= =
= 72 (¢"¢) — 12fin = y2p11(t) — Y22 (154)
Pmn(t) = (m| ps(t) [n) (155)

Now, from the Lindblad equation we have,

do11(t)

TR (11711 4+ 7127i2] poo (t) — [11(1 — 1) + 72(1 — 72) ] p11 (t) (156)
d t
p(ziot( ) __ (71711 + Y2712 poo (t) + [71(1 = 7i1) + 72 (1 — 7i2) | p11 (¢) (157)
d t . 1
P(()ilt( ) — {zwo ~3 (11 + 72)] po1 () (158)
— pp1(t) = po1 (0)eiw0te=2 (M)t
d t . 1 . "
pilof ) __ [lwo +t3 (11 + ’Yz)} p10(t) with p19(t) = po1(f) (159)
Now at steady state,
1855 = mpii — mftsand I§%, 5 = Y207} — 727l (160)

From above equation at steady state i.e. t — cowe have dﬁ% =0= dg% and we can see that the off
diagonal elements of ps(t) exhibit decaying oscillation. At steady state we obtain,

{717'11 + ’Yzﬁz] 005 = {71(1 — 1) +72(1 — ip) | o3}

P + o1t =1 (161)
iy + Y2fl Y1(1 —71) + 72(1 — 7
S5 — Y1ty T Y2t and pSS = ( ) ( ) (162)
Y1+ 72 Y+ 72
Y172 (712 — 711)
I, = —————~ 163
575 Y1+ 72 (165)
Y172(711 — 712)
I8, =—"— 164
525 71+ 72 (164
15,5 +1855 =0 (165)
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Now for the deformed density operator we can write,
don(mat) [ - 7o'l _ — 7
= | e+ yaitae™ | poo (1,72 8) = |71 (1= 71) +2(1 = 7i2) | pra (11, 72, )
d 4 It —_ —_ — p— — —
—pOO(let nt) {71111 + Wznz] poo(1,72,) + [71(1 —fip)e "+ 72 (1—fiz)e ”2]911(771,17% t)
(166)
d M2t . 1
Pm(fzilt 12, 1) _ |:1W0 _ E(fh +72)]p01(;71,;72,t) (167)
d 7 /t . 1
PlO(’Zilt ot [WO Fime 72)} o100, 112, £) (168)
= P01 (71, 12,t) = por (71,172, 0)e0’e 21121 (169)
10(711, 712, ) = po1 (171, 72,)* (170)

The above coupled differential equations can be written as, W MV V= Poo(171, 72, t) Where we
“ p11 (11, 12,t)

have,

M= 171)

— (R1 + Rz) (Lle_’“ + Lze_’72)
(Rle’h + Rze’72) — (Ll + L2)

Where we have defined, Ry = 71711,Ry = 72fip,L1 = 71(1 — 711),Lo = 72(1 — 7ip). Now we can write
the followings from the above matrix equation,

V=Y Ce™ |Ay) with M|Ag) = Ag[Ag) (172)
k=12
Ve~ Cmaxe/\m”x(m'W)t |Amax) let |Amax) = [zll (173)
2
000 (771/ 12, t) = Cmaxple/\maxwl'm)t/ 011 (771/ 12, t) = CmapoEAmux(m'm)t (174)
A1, 12,t) = o11 (71, 112, 8) + 000 (171, 112, £) = Conaxe’ w12t (py 4 py) (175)
F(n1,m2,t) = InA(1,12,t) = 1n[Cinax(p1 + p2) | + Amax (71, 12)t

. J1 _

Jim [;F(m,nz, t)} = Amax(11,112) = F(111,172) (176)

So for the long time limit the C.G.F per unit time F(#,17,) is just the largest eigenvalue of M i.e.
Amax (11, 172). Differentiating F(171,72) i-e. Amax (171, 772) once with respect to either #; or, #7; and evalu-
ating it at #; = 12 = 0 we get mean particle current from system to either bath and twice to get the
current fluctuation!!
With, 7, = 0 we get,
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Amax () = —RatRetlitly | %\/(R1 + Rp)2+ (Ly + Lp)? + 2Ry Ly + 2RyLy + 2Ry Ly (2e7 — 1) +2RpLq (2e7 — 1)
Then we can write,

o _a)\max(’?lﬂh) o _a/\mux(ﬂ)
<IS—>Bl> - a”ll 71=0 - 877 0 (177)
12=0 U
_ 717;(1‘2 ;27‘11) (178)
Var(Is_p,) = (Mls_p,)° (179)
A ,
= (I3_,p,) — (Is>p,)* = —’"“"(21 2) (180)
any =0
172=0
A max (111, 172) Y172(711 — 7i2)
o) — _ M7l M) 181
< S%Bz) 8712 7]1:8 ,)/1 +,)/2 ( 8 )
1=

The mean particle currents are equal and opposite with the sum of them being zero at the long time
limit. If By = B2 and p; = o then (Is_,p,) = (Is—p,) = 0 then 7i; = 7, which leads to thermalization
i.e. equilibrium steady state at long time limit.

Now similarly for the other bath we can write,

2
Var([sﬁgz) = (AIS—)BZ) (182)
%A ,
— (Z5,) — (Issp,)" = —’"”(.;‘(T 12) (183)
13 1711=0
172=0
Cov(Is_sp,, Is—p,) = (Is—p,Is—,) — (Is—B,) (Is—B,) (184)
Cov (IS%BV IS%BZ)

R = 185
fsomlsots = (Alsp,) (AlsSp,) (18)

Here, covariance i.e Cov (I s—By, Is— Bz) the measure of correlation between the particle currents and

R sy, 555, is the usual Karl-Pearson correlation coefficient, the dimensionless measure of current-

current correlation. Calculation of particle current fluctuations leads to

2
Vm’(ISHB]) = (Alsﬁgl) (186)
B [Z(Rle —RyL1)?>  (RaLy + Rle)] 187
- 3 - ( )

(11 +172) (11 +72)

12 [2n72(i — )’
= [ 5 — (71 + iy — 2ﬁ1ﬁ2)} (188)
nEnL (4 72)
Var(Is—,g,) = Var(Is—p,) (189)
<IS%Bl> + <IS—)32> =0= <IS~>B> (190)
2 2

Var(Is_,g) = 0= (Als_p,)" + (Als_p,) (191)
COU(IS%BVISﬁBz) = —Vﬂ?’([sﬁgl) (192)

. _ Cov(Is—p,, Is—B,)
Is—p,/Is—B, (AISﬁBl)(AIS*)BZ)

=1 (193)

The correlation coefficient of particle currents Is_,p, and Is_,p, is —1 which means perfectly negative
correlation!! We can write in general,

82)\max (771/ 7’]2)
on101 771:8
—

Cov(Is—p,, Is—B,) =
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The third order derivative of C.G.F gives the measure of skewness of a probability distribution here
we have,

33AmaX(’7)
8173 n=0

With, i3 = (13,5 ) =3 (Isp,) (12 p) +2(Is5,)°
This indicates that the probability distribution is strictly non-Gaussian and asymmetric either positively

p3 = — #0

or negatively skewed in nature.
A little algebra leads to,

~1 (194)

3 = Y172(711 — 712) [671’)’2(771 + 171y — 2fy1y)  129393(7iy — 7ip)?

(11 +72) (11 +72)? - (11 +72)*

depending on the system parameters 1, ¥, 1,72 the above coefficient will be either positive or
negative but can’t be zero without the condition, f; = B and y; = y2 which leads to equilibrium

steady state.

For the C.G.F of the joint probability distribution of particle currents we can write,

F(r,1m2) = Amax (1, 12) = —RtReglatle 4 %\/(Rl + Ry + Ly + Lp)? — 4Ry Ly (1 — en=12)) — 4Ry Ly (1 — e~ (n—12))
Which means that,

F(n1,1m2) = F(nm —12) (195)

The above being the mathematical signature in the CGF that encodes the particle current conser-
vation law a direct consequence of Global U(1) symmetry of H.

6.3. Retrieving the Fluctuation Symmetry Relations at the Long Time Limit

First by replacing 777 — (—in;) and 17, — (—in,) along with a little bit of algebra we found the
following relations,

F(n1,1m2) = F(—n1 — ip1p + ifrwo, —112 — ifapt + ifawo) (196)
F(n1,1m2) = F(i1 — iBapn + iBrwo, =12 — —iPapia + iPowp) (197)
F(n1,1m2) = F(—n1 — iBp1, —112 — iBu2) (198)
c = . 1
with F(r1,772) = lim [tC (’71/772rt)} (199)
C(,m,t) = E[exp{i ) qumH (200)
m=1,2

By introducing the quantity A known as thermodynamic affinity we can generalize the above relations
as,F(y) = F(—y —iA). Where A = (B1p1 — Bap2) — (B1 — B2)wo The above results shows the
Fluctuation symmetry with A defines the thermodynamic affinity i.e. the invariance of the C.G.F
at the long time limit under the general transformation, 177 — (—#1 — if1p1 + if1wp) and 17, —
(=12 — ifp2 + ifawy).

The above relation is known as the Gallavotti-Cohen fluctuation symmetry relations [3]

6.4. Implications of the Realtions

In equilibrium situation we have F(y1,12) = F(—n1, —12) with A = 0. Fluctuation symmetry
encodes the Second Law at the level of fluctuations with A being the measure of the change in entropy of
the environment for each transfer of particles between baths,(AS) = (B1p1 — Bap2) — (B1 — B2)wo = A.

Probability of forward transition of N bah quantas _ P(N) _ AN
We can see that, Probablhty of backward transition of N bath quantas — P(—N) — €
, —i N,
P(Ny,Nz) = 2n)2 R Flnm2) e~ T 1N dyy, dy, Forward events are exponentially more probable
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than the backward events by the entropy produced!!

The following fluctuation symmetry relation leads to Onsager reciprocity relations, Pyr = Pry, with
PnE, PEN being the thermoelectric cross coupling or, Seebeck effect and the reciprocal thermoelectric
coupling i.e. Peltier effect respectively at the regime of Linear response theory.

6.4.1. Time Reversal Symmetry and Modified Fluctuation Symmetry Relations

Hamiltonian of the quantum dot connected to two fermionic leads in the presence of a static mag-
netic field, HQD = wé@‘L@ with w6 = wg — X Bext .From the largest eigenvalue of the tilted Liouvillian
we obtained,
F(1,1m2) = Amax(1, 1) = —JtRetlatle o %\/(R1 +Ro+ L1 + Lp)2 — 4R Ly (1 — e(n=m)) — 4Ry Lo (1 — e~ (1 —12))
With the modified DBP realtion,

R _ e PalwWi—ta) — oPalwo—pa) pBuxBext (201)
Ly
Now we can write,
F(111, 112, Bext) = F(—m1 — i1p1 + i1y, —1j2 — iPapa + ifowiy, —Bext) (202)
F(#, Bext) = F(—1 — iA, —Bext) (203)
But F(i], A, Bext) 75 F(—}] — iA, Bext) (204)
In general with spin d.o.f F(#, Bext,0) = F(—#5 — iA, —Bext, —0) (205)
Including spin d.o.f we get,
n 1 ~
Hop =} (€0 — 508H5Bext)dsdy (206)
UZT/\L
Hp = Z Z Z Wi brme (207)
r m o
Ay =YY Y (K,Wd“;z;rm(, + K:m(,f,:m(,d;) (208)
r m o

The master equation for pg(#1, 772, t) with the inclusion of spin D.O.F will be,

W = i[ﬁs(’hrﬂz/ t)/HQD}

i c 1
+ Y3 Yioftm {EW”Zd“}ps(m, Mo, e — 5 {dad“f,, ps(n1,12,t) }]
m o
s 1 P
+ 20 Yme (1= 7im) [e Mdeps (1,12, t)dg — Z{d:];dm Ps (1,12, t)H (209)
m o

When Beyt # 0 then, Pyg(Bext) = Pen(—Bext) which gives the modified Onsager reciprocity relation.
In general we can write,

d‘OAS (171/ 12, t)

dt = L (11,12, Bext, 0)ps (11,772, 1) (210)
T Ly (—m — iBap + i1y, — 12 — ifapia + iBawy, —Bext, —0)*S (211)
= Lhiag (1,172, Beat, @) (212)
1 A N
T = exp ( - E Z(HQD - ,uaNQD)> (213)
4
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Then as £ Diag and Lrii; shares the same spectrum then invariance of trace and determinant will also
ensure that the Largest eigenvalue will obey the symmetry relation.

F(”/ Bext/ U) = F(_ﬂ - lA/ _Bextr _U) (214)

Now using the fluctuation symmetry relation we can write in general that,

1 .

Pe(W) = o [ Clpe ™ (215)

using C(y7) = ef ) and F() = F(— —iA) (216)
PE(W) _ _aw

(W]~ ° (217)

A= —B(W—AF) = Pp(—W) = e PIW-2F)p (W) (218)

/ Pr(—W)dW = ePAF / Pe(W)e PWdaw (219)

(e PW)p = e POF (220)

This leads to 217 and 220 which are respectively called Crooks and Jarzynski fluctuation relations [4].

6.5. Connection to Quantum Thermodynamics and Thermoelectric Transport

For the problem of Resonant level model we can write for Energy currents,

dp ’ ’t Al ]
% = 1[p5(111,172r f),Hs]
A A i 1 o8 0
N E'ymﬁm [eﬂmwoCJrPS(Ul/UZ’ t)e — 5 {Ccf,PS(’ﬁ/’?Z, t}]
m
p— AA c 1 o ¢, 0
+Y (1 —7m) [3 M0 &g (111, 172, £)E" — 2{C+C'p5(’71'172/t)}] .
m

along with A(n1,12,t) = Trs {ps(m,nz, t)} (222)

Carrying out the same steps for the average energy currents we can write,

PA(i1, 12, 1) o (1ata .
Js—sp, (1) = — T omat |m=o wo{'ler [Ps(t)c+c] - 71”1} (223)
172=0
= wo {71 (e'e) — 71771] = won [Pll(t) - ﬁl} = wols_,p, () (224)
_ PAp, it _ U
Js—B,(t) = — Tomat |m=0 ’Yzwo{TV [Ps(t)c C] - ”2} (225)
112=0
= Y2wo [ (e'e) — ﬁz} = Y2wo {Pn(f) - ﬁz] = wols_,p,(t) (226)
Js—B, = wols_p, (227)
(AJs-8,)* = wo(Alsp,)? (228)

The Principle of detailed balance is the necessary condition for the existence of Fluctuation symmetry

given by,
Ry _ The rate of upward transit'ic?n _ ”yaﬁa_ _ o Balwo—pa) (229)
Ly Therate of downward transition 7, (1 — iy)
F(m,n2) = F( — 72) = Perfect anti-correlation !! (230)
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We also found ](1) — T2z — i) ](2) — T172( — 7ia) (231)
M+ 71+ 72
W) _ wonr(ie—1) _q) 2 _ wonr(ii—) ) -~
IE 71+ 72 wO]N /IE 7+ 72 Wo N (232)
18 =1 — paJ ) fora = 1,2 (233)
1 _ mryl—m), @ _ mrlm-—), 34
Jo P (wo—m1),Jg P (wo — p2) (234)
]8) + ]g) = ]1(\})(600 —p1) + ]1(\?)(600 —H2) = ]1(\})(#2 — 1) (235)
: @) _ 7172(f1 — 7ip) Y1172(11 — 72)
Stor = = N ) gy 2l =) g, 236
tot ;,BaIQ p——— (Bip1 — Bap2) P——— (B2—P1) (236)
Stot = INAN + JEAE With, [y = ]ﬁ),AN = (Bip1 — B2p2), Ag = (B2 — B1). JE = ];(52) (237)
At steady state ],(51) + ] }(52) =0, ]I(\} ) + ]1(\?) =0 (238)
I(Ql) + ]8) =\ (2 — 1) # O except g = iz (239)
J g )~ 0for wo = Mg for any terminal (240)
Stot = INAN + JEAE > 0 (241)
11 = pia, B1 # Baie. (AT) # 0leads to J{*) # 0 (242)
for By = Bo, 1 # Haie. (Au) # 0leads to J&*) # 0
From Onsager relation we can write,
In general, [y = PNNAN + PNEAE (243)
JE = PENAN + PEgAE = PENAN (244)
for f1 = Bo and p1 # upy we have |y = PynAn and Jp = PEnAN (245)

P P
IT= Je _ Pev _ Dne due to Onsager reciprocity (2406)

JN  Pun  DPan

Along with the following we can also write,

woy172(1 — 7ip)
Pyre = Pry = 247
N = PN = 2B — ) )
= L Py = II =TS ; Kelvin (Thompson) relation (248)
eT PNN

We found that the particle conductance will be

_ me(i — o)
PN = 2B — ) (249)

In general, at steady state with (Apu) # 0, ¥, ]8 ) # 0 which is physically allowed and typically
indicates dissipation. We also obtained after a little bit of algebra that,

YIS = =l = —Weem (250)
4 o
And the efficiency of the thermal engine will be,

_ (p2—m) T
He = m < |1 Tl < Hearnot (251)
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For (AS) = 0 we have the reversibility condition i.e. & = %
Qc _ (p2—m) T
—1_ - =1-2%2= 252
e QH (wo — ,ul) T, Ncarnot (252)
T,
p2 = wo — (wo — Hl)ﬁ = Po(wo — p2) = P1(wo —p1) = M2 =1 (253)
] Q- 0 = output power Po,; =0 (254)
We found that,
Stot = Y Bty = Y AaJu 20 (255)
4 o
dStor = Y And]o & dU =Y Fadixy (256)
14 14
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Appendix A. Onsager Reciprocity Relation, It’s Realization for the Resonant Level
Model and Fluctuation Symmetry

Onsager Reciprocity Relation: For long time we can write,F(1, A) = Apax(1, A)t. Then,

O max (771 A)

(A) = : Al
T R “y
F(’]; A) = Amax(’]: A) = )\max(oz 0)
'a/\max(ﬂ,A) ‘a)\mux 7]1A) 0 )\mux(ﬂ/ )
R e I Alaza\ ] MM R S
A=0 gp=0
1 . . .
E ZZszﬁ(lﬂa)(mﬁ) + ZELaﬁ<”7a)Aﬁ (A3)
® 14 ‘B
_ OAmax(n,A) B
Then J,(A) = T (i) |y %Paﬁ‘qﬁ (A4)
E)2)\max , A - = -
Pup = a(iﬂa)<E;1A,g) 7=0 — = (A9)
A=0

Now, for the measurement of N, and Hp, respectively over respective baths we can write the C.G.F

per unit time at the long time for the joint distribution function of particle current in B and Energy
current in B; as,

F(7,7E) = Amax (g, 1) = —RERELELR 4 3 /(Ry 4 Ry + Ly + Lo)? — 4Ry Ly (1 — e~ 0 —120)) — 4Ry Ly (1 — el —10))
We can write by using linear response theory;

INY _ (Pnn Pne) (AN (A6)
JE Pen Pee ) \ AE

With, Ay = (B1p1 — Bapz) and Ap = (B2 — 1) are the respective thermodynamic affinities or general-
ized forces for isothermal transport and situation y; = po.
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The fluctuation symmetry relation F(y, A) = F(—y — iA) obtained earlier leads to,
Pyp = Pgy fora # B

g
along with to the definition of Onsager Matrix P . For our system the fluctuation symmetry is also
satisfied which means that,
Pyg = Pen (A7)

F(yn,ne) = F(—nn — iB(ur — u2), —ne — in(P1 — P2) + (B1 — B2)wo)

Where we can define the matrix elements as,

Pyn= Particle Conductance

Ppg= Thermal Conductance

Png=Cross coupling coefficient between Particle and energy currents

Prn=Reciprocal cross coupling coefficient between particle and energy currents. The general master
equation for simultaneous measurement of energy and number of particles over all the two baths will

be,
dps (if,t .
Psﬁ(l? ):1[P5<77/t)/H5]
o Uk P N (Y
+ 2 Yt {e”'"“’“ﬁﬁs(m £e - z{cf,ps(n, t)}] + L m (1= i) [e e eps (i, et — 2{c+c,ps(f7,f)}]
A § SO 14
+ 2 Yt {e”'"@*ﬁs(ﬂ,t)c - z{cc*,ps(mt)}] + L m(1 = 7im) [e s (7, )E" — 2{6*@95(% t)}]

For the above measurement protocol we will set 17, = 15 = 0 and 3 — (—in;) and 1] — (—in}) to
obtain F(#y, ng) with proper renaming for the particle and energy currents. We obtain he following,

F(in,12) = F(m —12) (A8)

With F(—11 — i1 + ifrwo, —1j2 — ifapa + ifawo) (A9)

= F(=(n —12) — i{(Bip1 — Bap2) — (B1 — B2)wo}) (A10)
F(in1,12) = F(—m — ip1pn +iPrwo, —12 — iPopiz + ifawo) (A11)
F(in —12) = F(=(m —n2) — i{(Bip1 — Bapa) — (B1 — B2)wo }) (A12)
F(y) = F(—n—iA) (A13)

With i =11 — 2 and A = (B1p1 — Papiz) — (B1 — B2) wo (A14)
F(y,A) = F(—y—iA,A) (A15)

for temperature biasing we have, A = (1 — B2) (4 — wo)
for chemical potential biasing we have,A = B(y1 — pi2)
for biasing in both we have, A = (B1p1 — B,12) — (B1 — B2)wo

Appendix B. Effect of Lamb and Stark Shift Hamiltonian
If the imaginary part of the integral say,
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is not being neglected it gives rise to lamb stark shift hamiltonian with a modified master equation for
0s(n1,12,t) such that we have,

dps(n1,1m2,t . N _ AF A ~ L4 4
% = Z[PS(WL ;72/ t)/ Hgff:| + Z'Ymnm |:e;7mc+p5(111/ 772/ t)C - 2{CC+, PS(771/ ’72/ t}:|
m

o a 14,
+ ) ym (1= 7im) [e M eps (71,172, )" — 2{6 ¢ Ps(1m, 12, t)H (Al6)
m
with HT = w1676 ; oy = wo + (81 + 63 — 62 — 6y) (A17)

Where we have defined,

AY = Ay + Ay (A18)

5 —P/ dw Ji( w(ww/zlrﬂl) (A19)
5 = 79/ dw ]1 (w)( 1w—0n_(w ,B1, 11) (A20)
5 —P/ dw Lo w(“’wiz’m (A21)
5y = 79/ dw ]2 (w)( 1w_0 n_(w,,Bz,Vz) (A22)

So, the Lamb-Stark shift hamiltonian will be,
Hys = (61463 — 6y — 85)¢'e
The term only shifts the on-site frequency of the quantum dot.
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