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Navier-Stokes Regularity

The Mandate of Pressure and Navier-Stokes Regularity
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Shehu Musa Yar’Adua Foundation, Abuja, Nigeria; amara@yaraduafoundation.org

Abstract: We present a structural resolution of the global regularity problem for the three-dimensional
incompressible Navier-Stokes equations by reframing it not as a problem of bounding norms, but of
preserving logical coherence. We introduce the Mandate of Pressure: a fluid state is coherent if its
velocity field u possesses sufficient regularity to generate a well-defined and scale-appropriate pressure
gradient enforcing incompressibility. The associated Coherence Manifold X is defined as the set of all
finite-energy states with bounded L3 velocity norm. Within £, velocity coherence necessarily implies
pressure coherence. Our main contribution is a direct and independent proof that X is invariant
under the Navier-Stokes flow. Starting with initial data ug € L2 N L?, we show that the global
energy inequality yields a time-integrated L% bound, which, via a nonlinear Volterra estimate (Bihari’s
inequality), upgrades to uniform L boundedness on any finite time interval. This establishes the
perpetual invariance of X without appealing to any external regularity criterion. Once this invariance is
established, the Escauriaza-Seregin-Sverédk theorem is applied as a final step, upgrading boundedness
to smoothness. Thus finite-time singularities are revealed not as suppressed possibilities, but as
structurally incoherent states excluded by the system’s own logic. Global smoothness follows as a
necessary consequence of the invariant Coherence Manifold.

Keywords: Navier-Stokes equations; global regularity; partial differential equations; Coherence
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Seregin-Sverdk Criterion
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1. Introduction: A New Epistemology for Flow

The incompressible Navier-Stokes equations (NSE) stand as a monument of classical physics,
describing phenomena as varied as the currents of the ocean and the turbulence of the cosmos [1,2].
Yet, they harbor a profound and unresolved question: the problem of global regularity. The Clay
Millennium Prize Problem asks whether smooth initial data can evolve into a finite-time singularity - a
state of infinite vorticity - in three dimensions [3].

Traditionally, the problem has been approached through the paradigm of analytical control, seeking
a priori estimates strong enough to tame nonlinear vortex stretching. Our approach departs from
this tradition. We propose that the regularity problem is not primarily one of bounding growth, but
of preserving structural self-consistency: the system cannot evolve into incoherent states where its
defining elliptic-parabolic logic ceases to apply.

The central construct of our framework is the Coherence Manifold X, defined by the boundedness
of the critical L3 norm. This space is not merely an analytic convenience: by the Escauriaza-Seregin-
Sverak theorem, it is precisely the boundary between weak and strong solutions. Inside ¥, a weak
solution is automatically strong. The regularity problem is therefore reduced to a structural one: can a
finite-energy solution ever escape >?

Our main theorem answers this decisively: no. We prove directly - using only the global energy
inequality, the mild formulation of Navier-Stokes, and a nonlinear Volterra-Bihari estimate - that
¥ is invariant under the flow. This independent invariance result then feeds seamlessly into the
Escauriaza-Seregin-Sverdk criterion, yielding smoothness for all time. The logical order is thus:

Energy Inequality = Invariance of X (proved independently) = Global Smoothness.

This removes any circularity: the invariance of X is established before invoking the regularity theorem
that acts upon it.

2. The Minimal Mandate and the Structural Loop

This section establishes the system’s most fundamental law - the conservation of energy - as the
Minimal Mandate, ensuring the system always retains at least distributional coherence. Our analysis
begins not with the complexities of the nonlinear term, but with the system’s most fundamental law:
the conservation and dissipation of energy, which we frame as its minimal mandate for coherence.
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2.1. The Minimal Mandate: Finite Kinetic Energy
A Leray-Hopf weak solution [10] satisfies the fundamental energy inequality:

1 2 ' 2 1 2

S B +v [ IVu() B2 ds < ol ®
This ensures that the total kinetic energy is bounded for all time, providing the Minimal Mandate of
the system:

u(t) € L*([0,0); L*(R?))

As detailed in Section A, this anchor guarantees that the source term for pressure, F, = =V -V - (u®u),

and therefore the pressure gradient Vp, are always well-defined distributions. The energy inequality
is a permanent guarantee of the minimal structural integrity of the system.

2.2. The Mandate of Pressure and the Structural Loop

While the minimal mandate guarantees distributional coherence, smoothness requires more. The
pressure mechanism must be able to counteract vortex stretching at the critical scale. This leads to our
central principle.

Principle 1 (The Mandate of Pressure). A fluid state is coherent if and only if its velocity field, u, permits
the existence of a pressure gradient, V p, with sufficient regularity (critical boundedness) to function as the
scale-invariant force required to maintain the system'’s structural integrity.

The argument of this paper rests on identifying a fundamental structural coherence. Energy,
velocity, and pressure are bound together in a self-consistent triad. Finite energy constrains velocity
at the critical scale; velocity in turn determines a pressure field with exactly the regularity required
by scaling; and pressure maintains consistency with the energy law across the system. This is not a
feedback mechanism in the dynamical sense, but a structural interlock that guarantees the system’s
definability. The subsequent sections will make this interdependence mathematically precise.

2.3. The Atemporal and Scale-Invariant Role of Pressure

A crucial conceptual observation is worth recording. While the velocity field u(x, t) evolves in
time under parabolic smoothing and nonlinear advection, the pressure p is determined instantaneously
by the elliptic relation

Ap=-V -V -(u®u).

Remark 2.1 (Pressure as Atemporal Governor). Unlike velocity, pressure has no dynamics of its own. It is
solved at each instant from the current configuration of u, acting as an instantaneous elliptic constraint that
enforces incompressibility. This distinguishes pressure as the structural substrate of the Navier-Stokes system: it
does not respond to the flow’s history; it underwrites its immediate possibility.

Moreover, the critical regularity coupling u € L*> = Vp € L3/2 shows that pressure operates
precisely at the scale-invariant threshold of the system. Velocity can concentrate or dissipate across
scales, but the pressure field is always present to restore coherence at exactly the level required by
scaling symmetry.

In this sense, the Navier-Stokes equations evolve not on a void, but upon a platform: the timeless,
scale-invariant substrate defined by the pressure law. The Mandate of Pressure is therefore not
merely an analytic lemma but a recognition that the structural integrity of the system is continually
underwritten by this invisible, atemporal governor.
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3. The Coherence Manifold X: The Horizon of Regularity

This section formalizes the philosophical Mandate of Pressure into a precise mathematical object
- the Coherence Manifold X-defined by the critical velocity norm that separates weak from strong
solutions. We now construct the Coherence Manifold X by connecting the philosophical Mandate to
the precise quantitative requirements of critical regularity theory.

3.1. Defining Critical Coherence: The L3 Criterion

The theory of regularity has identified "critical" function spaces whose boundedness prevents
singularities. We define the Coherence Manifold directly via the critical velocity space L.

Definition 3.1 (The Coherence Manifold X). The Coherence Manifold, %, is the set of all divergence-free,
finite-energy velocity fields bounded in the critical L3 space:

£ = {1 € L3y (®) | [ull o0 < oo

Remark 3.2 (The Ontological Status of X). Though defined analytically as a subset of L3, we interpret . as
the structural horizon of definability itself: the set of states where the equations’ logic remains meaningful and
self-consistent.

3.2. The Critical Scaling Constraint

The choice of the L3 space is dictated by the intrinsic scaling properties of the NSE. The L3 norm
of velocity is invariant under the transformation:

up(x,t) = Au(Ax,A%t) and py(x,t) = A2p(Ax, A%t)
Our definition of X is therefore grounded in the fundamental symmetries of the equation.

4. Structural Consequence: Pressure Boundedness in

Here we demonstrate a key structural consequence of the manifold: that any flow within X
necessarily enforces the required critical regularity on the pressure gradient, fulfilling the Mandate of
Pressure. We now show that our velocity-based definition of coherence has a critical consequence for

the pressure gradient, demonstrating that pressure regularity is a structural property of states within
L.

Proposition 4.1 (Pressure boundedness from critical velocity). Let u be divergence-free with u € L3(R3).
Then

||VPHL3/2(R3) < C”M@MHLS/Z(RS) < C||M||%3(R3).

In particular, ifu € £ = {u : |lul| s < oo}, then Vp € L¥2 with | Vp|| 32 S |Julf?5.

Proof. The pressure gradient Vp is related to u ® u via a composition of Riesz transforms. The
Calderén-Zygmund theorem (see, e.g., [9]) guarantees this map is bounded from L3/2 to L3/2. The
second inequality is a standard application of Holder’s inequality. This result confirms that within
the Coherence Manifold, bounded velocity norms necessarily enforce the system’s internal structural
integrity through the pressure mechanism. In this way, the Mandate of Pressure manifests concretely:
critical velocity control is not merely sufficient but structurally self-enforcing through the pressure
field. O

Remark 4.2 (On the reverse direction). The reverse implication ||V p| 32 < 00 = ||lu|;s < oo generally
fails without additional non-cancellation assumptions on the quadratic stress u @ u. We therefore take X to be
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defined via ||u||;s < oo and regard Vp € L3/? as a structural consequence of coherence. Thus, coherence flows
outward: from velocity to pressure, but not back. This asymmetry clarifies why % is velocity-defined: it is the
velocity field that sets the horizon of coherence, while pressure expresses its consequence.

5. The Landscape of Critical Regularity Criteria

To contextualize our argument, this section briefly reviews the landscape of modern regularity
criteria, culminating in the Escauriaza-Seregin-Sverék theorem which gives our Coherence Manifold
its profound significance.

5.1. The Prodi-Serrin Conditions

The foundational results in this area were established by Prodi, Serrin, and Kato (see, e.g., [12]
for a review). They showed that a weak solution u is regular on the time interval (0, T] if it satisfies a
condition of the form:

u € LP([0,T];L7(R%)) where ;27+:;:1 for g € (3,00].

These conditions are "critical” in the sense that the L} L] norm is invariant under the natural scaling of
the Navier-Stokes equations.

5.2. The Endpoint Case: The Escauriaza-Seregin-Sverdk Theorem

The borderline case, g = 3, requires p = oo. This was definitively resolved in the affirmative by
Escauriaza, Seregin, and Sverak. Their result stands as one of the deepest and most powerful in the
field.

Theorem 5.1 (Escauriaza-Seregin-Sverédk Regularity Criterion [14]). Let u be a Leray-Hopf weak solution
to the Navier-Stokes equations on R® x [0, T]. If u belongs to the space L ([0, T]; L>(R?)), then u is smooth
(in fact, C®) for t € (0, T.

Remark 5.2 (The Manifold as the Space of Strong Solutions). The Escauriaza-Seregin-Sverdk theorem
provides the critical insight into the nature of our Coherence Manifold, X.. The theorem essentially states that the
condition defining Y—boundedness in L3—is precisely the dividing line between weak and strong solutions.
Therefore, inside the Coherence Manifold, a weak solution is no longer weak. The manifold ¥ can be
understood as the subspace of all finite-energy flows that are guaranteed to be smooth and classical. The theorem
thus confirms the ontological role of X.: analytically the dividing line between weak and strong, structurally the
horizon beyond which the equations would lose meaning. This reframes the global regularity problem entirely:
instead of proving that a potentially ill-behaved weak solution can be "tamed,” we must simply prove that the
solution is logically confined to the space where only well-behaved solutions can exist in the first place.

6. Proof of the Invariance of the Coherence Manifold

This section presents the core technical result of the paper: a direct proof that the Coherence
Manifold X is an invariant set. This invariance is the key to global regularity. The argument is built
on a series of lemmas that form an unbreakable chain from the global energy budget to the uniform
boundedness of the critical L? norm on any finite time interval.

Lemma 6.1 (Pressure work controls local energy flux). Let 5 € C*(R3) and u be a Leray~Hopf solution
on [0, T]. The local energy identity in distributional form yields

T ul? T 2 2
/0/nat%+v17|Vu|2:/0/(%—Fp)an—H/V(%)-Vn.
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Consequently,
T T
[ [ pu-vn| < 19l [ pCOllpa 0l

If moreover u € L(0, T; L?), then by Calderon-Zygmund and ||p|| 52 < |Jul|7,,

T
‘/0 /pu-Viy‘ < CUVHlie Tl oo 100)-

Lemma 6.2 (Global time-integrated L3 bound from energy). For any Leray—Hopf solution and any T > 0,

T T 3/4
| @R < Clluolf ([ 1vu@Rade) T < Crw, ul),2),

where we used Ladyzhenskaya’s inequality || u||3i3 < u||ié2 |Vu ||3L’é2 (see [11]) and the global energy inequality.

~

Here the Minimal Mandate of finite energy already seeds coherence at the critical scale: even
without uniform bounds, the system integrates into L? finiteness across time.

Lemma 6.3 (Heat kernel bound with divergence). Let f € L3/2(R3) and t > 0. Then
1" PV - flls@s) < Ct V21 fll 5.

The constant C depends only on dimension.

VEA

Proof. The operator e¢"*® is convolution with the heat kernel

Gi(x) = (4rvt)~3/2 exp(— %)
Its gradient satisfies the scaling bound
IVGH(x)| < C+2 (14 |x|/VE) e WP/ (D),

Consequently, VG; € L'(R3?) with

1 3
VGl < Cr-30-1m,

Now apply Young’s convolution inequality (see, e.g., [9]) with 1 + % = 31% + %, which forces v =1,

and gives
IV fllia < IVGellgs If o

Since || VGt||;1 ~ t~1/2, the desired bound follows.
Finally, the Leray projector PP is a Fourier multiplier bounded on L? for 1 < p < oo (see, e.g., [1]),
so inserting [P does not change the estimate. [J

Proposition 6.4 (Bridge: from integrated to uniform L3 on finite horizons). Let u be a Leray~Hopf solution
on [0, T] with initial data ug € L*> N L3. If

T
/0 lu(s) |13, ds < oo,

then in fact

sup [[u(t)[|ps < eo.
te[0,T]

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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In particular, the argument requires only the mild formulation of Navier—-Stokes and a nonlinear Gronwall/Bihari
estimate; it does not invoke any external reqularity criterion such as Escauriaza-Seregin—Sverdk.

Proof. We use the mild (Duhamel) formulation:
t
u(t) = e""ug — / APY L (u @ u)(s) ds,
0

where P is the Leray projector.

Step 1: Linear bound. By contractivity of the heat semigroup on L3,

le"*®uoll s < lluollps, ¢ =0.

Step 2: Bilinear estimate. Let f(s) = u(s) ® u(s). Then || f(s)|| ;32 < ||u(s) ||%3 By Lemma 6.3,
le"E=IABY - £(5) 3 < Ct—5) 7 u(s) I35

Hence

| [ty weweas] , < ¢ [ =) 2 lu(o)lfds

Step 3: Volterra inequality. Define y(t) = ||u(t)||;3. Then
t
y(t) < luollps + C/O (t—s)"12y(s)* ds. )

Step 4: Contradiction setup. Suppose y(t) blows up at some finite t* < T. Then necessarily

limsup y(t) = oo.
Hhte

By standard results for Volterra inequalities (see, e.g., Bihari [16]), blow-up can only occur if

t*
/0 y(s)?ds = co.

Intuitively, the kernel (t — s)~1/2 is locally integrable, so the only way the nonlinear convolution term
can diverge is if [|u(s)||?; is non-integrable in time.

Step 5: Exclusion of blow-up. However, by Holder’s inequality,

/t* y(S)zdS < (/Ot* y(s)3d5>2/3(t*)1/3'

0

By hypothesis, fOTy(s)ads < 09, S0 in particular fot* y(s)?ds < co. This contradicts the necessary
condition for blow-up.

Conclusion. Therefore y(t) = ||u(t)||;s cannot blow up on [0, T], and we must have

sup [[u(t)[|ps < eo.
t€[0,T]

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Remark 6.5 (The Keystone Bridge). This proposition is the keystone of the entire argument, formally bridging
the gap between the system’s global energy budget and its uniform control at the critical reqularity scale. This is
the keystone step where structural energy control becomes full regularity control.

Theorem 6.6 (Invariance of Coherence). The Coherence Manifold % is an invariant set under the Navier-
Stokes flow. That is, if ug € X, then the solution u(t) remains in X for all t > 0.

This invariance is established using only the global energy inequality, the mild formulation of Navier-Stokes,
and a nonlinear Bihari estimate. It does not rely on any external regularity criterion such as Escauriaza-Seregin-
Sverdk.

Proof. Let 1y € X and let T > 0 be an arbitrary finite time.

() By Theorem 6.2, the global energy inequality guarantees that the time-integrated L3 norm is
—_ T
finite: [y [[u(s)[|3sds < co.
(ii) By Theorem 6.4, this finite integral is sufficient to guarantee that the L3 norm is uniformly

bounded on the interval: sup,_, [[u(t)||;s < .

(iii) By the definition of the Coherence Manifold (Theorem 3.1), this means u(t) € X forallt € [0, T].
Since T was arbitrary, we conclude that the solution remains within X for all finite time. The
manifold is invariant.

O

Remark 6.7. Note that the uniform bound established is an essential supremum in time, precisely matching the
hypothesis of Escauriaza-Seregin-Sverdk (Theorem 5.1).

Remark 6.8 (The pressure-velocity—energy triangle inside ¥.). On every finite interval [0, T| we have the
chain

T Prop. 6.4 Prop. 4.1
Energy = [ [lulfs < oo "7 sup u(t)];2 < 0o " sup [ Vp(b)llpan < .
0 t<T t<T
Thus, within ¥, energy controls velocity at the critical scale, which in turn controls pressure in the dual critical
scale; and pressure contributes to local energy flux via the L3/2~L3 duality (Lemma 6.1). This closes the
structural loop without circularity.

7. Global Regularity as a Necessary Consequence

With the invariance of the Coherence Manifold established, this section demonstrates that global
regularity is its direct and necessary consequence. The connection, formally established in Section 5, is
now direct and inescapable.

Corollary 7.1 (Global Regularity). Let ug € C®(R?) be a smooth, compactly supported, divergence-free
initial velocity field. The corresponding solution u(t) to the incompressible Navier-Stokes equations exists for all
time t € [0, 00) and remains smooth.

Proof. The proof is a direct application of the invariance result together with the Escauriaza-Seregin-
Sverék criterion.

(1) Perpetual Coherence: By the Invariance of Coherence (Theorem 6.6), proven independently of
any regularity criterion, a solution starting in ¥ remains within X for all finite time ¢ € [0, o).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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(ii) Uniform Critical Boundedness: From the definition of % (Theorem 3.1), this means that for
any finite horizon T > 0, the solution’s L3 norm is uniformly bounded:
sup |[u(t)|ps < co.
0<t<T
Hence u € L°([0, T]; L3(R3)).
(iii) Application of Escauriaza-Seregin-Sverak: At this point we invoke Theorem 5.1: any weak

solution belonging to L ([0, T]; L3(R?)) is necessarily smooth on (0, T]. This step upgrades
the invariance of X into full smoothness.

(iv) Conclusion: Since the above holds for every finite T, the solution is smooth for all t > 0.
Global regularity follows as a necessary consequence of the system’s own invariant Coherence
Manifold. The argument is non-circular: invariance of X is proven first, and only then do we
appeal to Escauriaza-Seregin-Sverak to conclude smoothness.

O

8. Closure: The Singularity That Never Was

We have arrived at a resolution that is both analytical and logical. By re-casting the problem in
terms of structural self-consistency, we have argued that a finite-time singularity is not a physical
eventuality to be controlled, but a structural impossibility. The timeless, scale-invariant nature of
pressure acts as an unbreakable governor, ensuring the system can never evolve into a state where its
own laws are no longer meaningful.

8.1. The Illusion of the Finish Line

The classical image of a singularity is one of profound violence: a vortex stretching to an infinitely
sharp point. Our framework reveals this image to be an illusion. The illusion arises from imagining
scale collapse as a race toward a terminal event. But shrinking in the continuum is not a task with
a final state, but an infinite process of geometric refinement. This is the essence of Zeno’s paradox:
to reach scale zero, a structure must pass through an unending sequence of smaller scales. Such a
process cannot complete in finite time, not because it is too slow, but because its limit is not part of the
continuum’s accessible states. The singularity, then, is the illusion that such a destination exists.

8.2. The Ultimate Fate: The Viscosity Tax and Thermodynamic Equilibrium

What, then, is the ultimate fate of a turbulent flow? The energy inequality (Equation (1)) provides
the definitive answer. The system is globally dissipative. An energy level that perpetually remained
above zero would imply a persistent "viscosity tax." Such an endless series of payments would result in
an infinite total expenditure, contradicting the finite energy budget. The only possible reconciliation is
for the motion itself to cease. The turbulent storm does not break; it subsides, because the unbreakable
logical chain - from the Minimal Mandate of energy to the invariant Coherence Manifold - forbids any
other outcome. Thus the arc is complete: from the Minimal Mandate through invariant coherence to
final stillness, the system fulfills its own logic with no need of external enforcement.

Thus, as time tends to infinity, the velocity field must decay towards a state of complete rest:

tim [Ju(t) 2 = 0

This is the only true “singularity” the system admits: not a violent explosion, but a quiet fading into
thermodynamic equilibrium. The ultimate event is not a moment of infinite complexity, but one of
final, perfect simplicity.
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8.3. A Universe of Logic

This resolution suggests a broader philosophical principle: that the fundamental equations of
nature are not arenas for competing forces to be bounded, but self-contained logical systems. The
mandate of a system like the Navier-Stokes equations is to preserve the definability of its own terms.
The law does not forbid immense energy concentration or violent change - it forbids only what is
incoherent with its logic. This dissolves the image of a system teetering on the edge of catastrophe.
The fluid is revealed to be profoundly self-consistent, its capacity for evolution inseparable from its
internal logic - because that logic is its final, and only necessary, bound.

The storm may rage with limitless intensity, for the law that gives it form is not concerned with
violence, only with coherence. The system is its own bounds. Its mandate is not to constrain divergence
for the comfort of its observers, but to forbid the nonsensical.

Outlook: The Mandate of Coherence

The proof presented here resolves the Clay Millennium Problem in the affirmative: smooth,
physically reasonable solutions to the Navier-Stokes equations exist for all time. This resolution of
global regularity, by showing a singularity to be a logical impossibility, does not close the book on the
Navier-Stokes equations. Rather, it removes one profound illusion, only to reveal deeper and more
subtle uncertainties - not in the system’s survival, but in the nature of its guaranteed evolution, its
uniqueness, its geometry, and its computational representation. The resolution of a long-standing
problem is not an end, but a liberation.

First, we must ask the question of generality. Is the “Mandate of Pressure" a particular manifesta-
tion of a more universal law - a “Mandate of Coherence" that governs all physical theories? Could the
foundational issues of General Relativity or quantum measurement be re-examined through a lens
that insists on the unwavering self-consistency of the underlying reality?

Second, we are led to the question of uniqueness. We have argued that an unbreakable logic
guarantees a coherent evolutionary path. But does it guarantee only one? This reframes the uniqueness
problem: is the system’s logic perfectly deterministic, or does it allow for a branching of coherent
futures from a single state?

Third, there is the question of geometry. What is the intrinsic character of the Coherence Manifold,
2? Is it a serene landscape, or a fractal labyrinth of unimaginable complexity? The chaotic nature of
turbulence may be a direct reflection of the profound richness of this underlying space of possibilities.

Finally, this perspective raises the question of computation. Our numerical methods have long
been designed to tame instabilities which this framework deems illusory. What new algorithms might
emerge if we build them on a foundation of absolute trust in the system’s coherence?

These questions are no longer about preventing a failure. They are about understanding the
nature of a success. The journey forward is not to prove that the system survives, but to explore the
boundless and beautiful universe of logic that its survival guarantees.

A. Functional Analysis of the Mandate of Pressure

Remark on assumptions. Throughout, we assume 1y € L? N L3. The L? condition ensures finite energy
(the Minimal Mandate), while the L3 condition places the initial state within the Coherence Manifold
Y, allowing the critical pressure-velocity-energy loop to close. This is not a restrictive assumption:
smooth, compactly supported data lies in L2 N L3.

This appendix formalizes, at the level of Sobolev and Calderén-Zygmund theory, the coherence
chain used in the main text. It provides the supporting functional analysis results for the arguments
in the main text, demonstrating the rigorous connection between the velocity field and the resulting
pressure gradient. The results cited here are standard in the theory of Sobolev spaces and elliptic
regularity [6,7,9].
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A.1. Minimal Coherence: From L% to H™!

This subsection justifies the minimal level of coherence guaranteed by the Minimal Mandate
(u € L2). The logical chain is:

ucl*(R?) = u®uecl}(R®) = F, € H?R?) = Vpec H {(R? 3)
Lemma A.1 (Finite Energy Implies Integrable Stress). If u € L?(R3), then u ® u € L'(R3).

Proof. By the Cauchy-Schwarz inequality (see, e.g., [7]): |lu;ujl|p1 = [ [ujuj|dx < [Jugl|p2]jujl| 2 < oo.
Summing over components shows ||u @ ul|;1 < 3[[u]|2, < co. O

Proposition A.2 (Integrable Stress Implies Well-Defined Pressure Source). If T € L'(R?), then V - V -
T € H2(R3).

Proof. To show F, = —V -V - (1 ® u) € H 2, we show it’s a bounded linear functional on H2. For
any test function ¢ € C®(R3): (F,, ¢) = — J (uiuj)(9;0;¢) dx. By Holder’s inequality and Sobolev
embedding: |[(F,, ¢)| < ||u® ul|;1]| V2P| < Cllu @ ul|;1]/¢|| y2- Since u @ u € L, this extends to a
bounded functional on H2. [

Proposition A.3 (Elliptic Regularity Guarantees a Well-Defined Gradient). IfF, € H~2(R?), the solution
to Ap = F, has a gradient Vp € H™1(R3).

Proof. Standard elliptic regularity theory shows that the inverse Laplacian A~! is a bounded map
from H* to H**2. Thus, p = A~'F, maps H~2 to H? = L. Since the gradient operator V is a bounded
map from H¥ to H*1,itmaps p € L2to Vpe H™!. O

To complement the Minimal Mandate, we now establish the Critical Mandate, which precisely
characterizes the Coherence Manifold X.

A.2. Critical Coherence: From L3 to L3/2

The Minimal Mandate shows that finite energy already ensures Vp € H~!. To reach the critical
threshold of coherence, we combine Calderén-Zygmund theory with the algebraic structure of the
quadratic stress.

Proposition A.4 (Critical Pressure Regularity). Ifu € L3(R3) is divergence-free, then the associated pressure
gradient satisfies
Vp e L2®%), | Vpllsn < Clluls.

Proof. The pressure is given (up to a constant) by p = }¥; ; R;R;(u;u;), where R; are Riesz transforms.
Since R; are bounded on L7 for 1 < q < oo, we have ||p||;32 < C|lu ® ul|3/2. Differentiating adds
another Riesz transform, so || Vpl|;32 < Cllu ® ul| s/ Finally, |lu @ ul s> < [[ul|?;, by Holder’s
inequality. [

Thus, the Minimal Mandate (u € L?) ensures distributional coherence, while the Critical Mandate
(u € L3) ensures scale-invariant coherence.
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