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4+1 Gravitation in the SHP Formalism

Martin Land

Jerusalem Multidisciplinary College (Formerly, Hadassah College); martin@mc.ac.il

Abstract

The Stueckelberg-Horwitz-Piron (SHP) formalism describes particles and fields traced-out as spacetime
events functionally dependent on an external evolution parameter 7. This approach addresses a
number of difficulties associated with the problem of time. In SHP general relativity, the state of
the unconstrained phase space variables {x#(7), p,(7)} specifies a 4D block spacetime M (7) that
evolves to an infinitesimally close 4D block spacetime M (7 + 67) under a scalar Hamiltonian. As
the configuration of matter and energy evolves with 7 it induces changes in the spacetime metric
Y (X, T), leading to T-dependent geodesic equations for the phase space variables. The 4+1 approach
in gravitation generalizes 3+1 formalism of Arnowitt, Deser, and Misner (ADM) to construct 7-
dependent Einstein field equations, a canonical Hamiltonian formalism, and an initial value problem
for v, (x, 7). To conform to known gravitational phenomenology, we must respect the 5D gauge
symmetries associated with the free fields — the geometrical constructs relevant to M(7) as an
embedded hypersurface — and the O(3,1) symmetries of 4D matter. The 4+1 formalism has been
discussed in a series of publications. The goal of this paper is to provide a systematic review of the
subject, make a few corrections and some significant additions, and present the theory in a concise and
orderly fashion.

Keywords: Stueckelberg-Horwitz-Piron gravitation; ADM formalism; Hamiltonian systems; Kaluza-
Klein theory

1. Introduction

The Stueckelberg-Horwitz-Piron (SHP) formalism for classical and quantum relativistic dynamics [1-4]
addresses a number of difficulties in relativity associated with the problem of time [5-7]. These difficulties are
often attributed to the conceptual conflict between general relativity (GR) and quantum theory (see, for ex-
ample, [8]), but the fundamental issue was already explored by Stueckelberg [9,10] in his foundational work
on classical and quantum electrodynamics. In relativity, as in natural language, time refers to two distinct
aspects of nature: instantaneous location and evolving chronology [11]. As one of four spacetime coordi-
nates, time is determined by equations of motion, but it also serves as the evolution parameter by which
these equations are posed and solved. The SHP framework explicitly separates these roles by introducing
an external evolution parameter 7, independent of the phase space coordinates, providing the chronological
“arrow of time” by which the equations of motion may be integrated.

In a series of recent papers [12-18] the author has developed a 4+1 approach to 4D gravitation
within the SHP formalism. In this paper, we review this work, make a few corrections and some
significant additions, and present the theory in a concise and orderly fashion.

The principal goal of the 4+1 approach is to formulate generalized field equations for a local
4D spacetime metric v,y (x, T) that evolves under the influence of matter and field sources Ty, (x, T),
themselves evolving as spacetime events x*(7) trace out worldline trajectories under the monotonic
advance of T. As we shall see, attention to the gauge and spacetime symmetries required for such field
equations leads to a 4+1 formalism analogous to the 3+1 geometrodynamics of Arnowitt, Deser, and
Misner (ADM) [19]. The resulting formalism recovers standard Einstein GR in the equilibrium limit of
no T-evolution, and is compatible with standard Kaluza-Klein theory in this limit. Following a brief
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review of the SHP formalism, motivating the 4+1 approach, we will discuss the geodesic equations in
this framework and develop the field theory for the metric.

1.1. Hamiltonian Structure on 8D Phase Space

In 1937, Fock [20] generalized the phase space of nonrelativistic classical mechanics to 4D
Minkowski spacetime as

(it} i=1--3 — {dEepe} n=0--3 ®

where n = 1,---,N. Here, x(s) = ct,(s) represents the time registered on a laboratory clock, and
Fock identified the monotonically advancing scalar parameter s with the proper time of the motion.

Writing the velocity
sy = L @)
ds
and the Lorentz scalar action
1
S= /ds L(x,%,s) = /ds(ZMJ'c”xy + i;‘c;ﬁl“) 3)
he showed that the covariant Euler-Lagrange equations
d oL JL
dsoir  axr @

lead to the classical Lorentz force in Maxwell electrodynamics.

In 1941, Stueckelberg [9,10] proposed that a particle-antiparticle interaction could be described by
a single evolving event interacting with an electromagnetic field in such a way that its energy becomes
negative and it reverses direction in coordinate time x°. This description, central to quantum field
theory, became known as the Feynman-Stueckelberg formalism [21,22]. But Stueckelberg observed
that for classical worldlines, the evolution parameter cannot be identified with the proper time. While
crossing the spacelike region that separates future-oriented trajectories from past-oriented trajectories,
the sign of #2 will change twice, and so the computed proper time interval

%, [ —Hudxtdx’ = % —x2(s) ds N = diag(—1,1,1,1) (5)

cannot provide a consistent parameterization. Therefore, Stueckelberg argued for the introduction of
an external evolution parameter 7, analogous to the Newtonian time f and related to the proper time s
through the dynamical relation c?ds?(t) = —x2(7)dt?. Implicit in the form of Fock’s action (3) is that
2

%“ is not a priori constrained, but it is nevertheless conserved under the electromagnetic interaction as

Mt = eFWx, —s %xz = %wayxv =0. (6)

To overcome this restriction, Stueckelberg proposed a modified Lorentz force that included a new
vector field, but found no satisfying way to justify its presence in classical relativistic mechanics.

In 1973, Horwitz and Piron [23] advanced Stueckelberg’s work, constructing a manifestly covari-
ant relativistic mechanics with interactions on an unconstrained phase space, effectively demoting
constraints associated with the presumed dynamics to the status of conservation laws. For example,
one may introduce a scalar potential V(x) to the action (3) producing the modified Lorentz force

oV

Mk — opivy OV .
¥ = eFM'x, ax, @)
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sought by Stueckelberg. More generally, by making the potentials T-dependent and introducing a
scalar gauge field as(x, T)
1, . €. e
Ssup = /d’L’ EMx”xH + Ex”ay (x,7) + 2505 (x,7) 8)
the Fock action is made maximally U(1) gauge invariant [3,24] as
1
ay — ay+9,A(x,T) as — as + C—arA(x, T) )
5

where we introduce a constant fifth velocity c5 to write x> = c57 in analogy to the notation x* = ct.
Partitioning the Greek indices as

«,B,76=01273"5 Auwv,p...=0,1,23 (10)
we see that the O(3,1) scalars x#x,, #"a,, and a5 leave the action
1. . e
SSHP = /dT EMXVXH + Exﬁaﬁ (x, T) (11)

4D Lorentz invariant, despite the 5D gauge invariance a,(x, T) — a4 (X, T) + 0a A(x, T).
The canonical momentum is

oL . e
leading to the O(3,1) scalar Hamiltonian
1 e e e
= .y —_ = —_— y —_— = ]’t —_— —_——
K=put —L 2M (P ¢’ )(p” ca”> 3 (13)
subject to the canonical equations of motion
dxt  JK dp oK
(= g, = - T 14
* dt  dpy Pr= dxH (14)

and 4D Poisson bracket structure. The Stueckelberg-Schrodinger equation

ihdrp(x, 7) = [2]1\/[ (p” — gaV) (py — ga;,) — iC5LI5:| P(x,T) (15)

provides a covariant quantum mechanics with relativistic generalizations to the standard central force
problems [34].

1.2. Motivation for a T-Dependent Local Metric

In the Stueckelberg-Horwitz-Piron (SHP) formalism, particle worldlines are traced out by the
evolution of classical events x#(7) or quantum events ¥(x, T) as the external evolution parameter T
advances monotonically. Even a “static” classical particle in its rest frame is characterized by its uniform
evolution along its t-axis as

x(T) = (xO(T),x(T)) = (c7,0) (16)

and event trajectories carrying electromagnetic charge induce five T-dependent gauge fields a,(x, T).
In curved spacetime, these worldlines and fields produce a scalar event density p(x, 7) and an energy-
momentum density T, (x, T) that evolve with T and act as sources for the gravitational field. Following
Wheeler’s description of geometrodynamics, “spacetime tells matter how to move; matter tells space-
time how to curve” [25], the T-evolution of the mass/energy/momentum distribution associated with
these events entails the T-evolution of spacetime curvature described by a local metric v, (x, 7). In
the presence of T-dependent matter and fields, a T-independent 4D metric would have the character of
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an absolute background field, contradicting the goals of general relativity. Evolution of the metric with
T naturally leads to generalized geodesic equations, and requires generalized field equations.
General relativity (GR) begins with consideration of the squared interval

ox? = Yudxtox" = (xo — x1)2 17)

between two neighboring points of the spacetime manifold M viewed as a 4D block universe. The
spacetime trajectory of a material event is a continuous sequence of events x* (s) of timelike separation
in M, so that s may be the proper time. Writing the invariant interval (17) as

dxt dxv

Ox% = v dxtoxY = vy —— —— 85 = %M1V 652 (18)
# W ds ds #

suggests a dynamical description of the trajectory by the action

1 s
S = /ds 5 Yy XH & (19)

to which the constraint ¥2 = —¢?

may be imposed a posteriori.

In the SHP framework, a physical event x/(7) is an irreversible occurrence at T with spacetime
coordinates x*. Thus, the 4D block universe M (7) similarly occurs at T, representing the instanta-
neous manifold of general relativity. The scalar Hamiltonian K generates evolution of M(T) to an
infinitesimally close 4D block universe M (T + d7) occurring at T + d7. We may therefore consider

the interval

dx(t) dx(t)
T T
which introduces a notion of 5D distance that combines the geometrical distance 5x between any

(T +67) — x1(T) ~ x2(7) + 0T — x1(T) = dx + 0T (20)

two arbitrary points in M (7) and the dynamical distance between events generated by the Hamiltonian
that evolves M (1) — M(T +47).

We may regard the event X = (x,x°) = (x%,---,x3,¢c57) as a point in a pseudo-spacetime M5
obtained as the image of an injective mapping

PM — Ms=MxR X =®(x,7) = (x,057) . (21)

For two neighboring points X;, X, € M5 we may write

X, = (x1 (1), CST) X, = (xz(r +07), c5(T + (51)) 22)
so that p
6X = Xy — X; = (59( + ﬁé*{, c55r> (23)
suggests a 5D invariant interval of the form
u v
5X* = (596” + 55;5”[) <5xv + Lf;;&) + 0367 = gup(x, T)OX"6XP (24)

where o = £1. This squared interval leads to the general Lagrangian

L= %Mg“ﬁ (x*,°)X*XF  u=0,123 «p=01235 (25)

from which we may find equations of motion in the manifold determined by some local metric
gup- This structure permits us to characterize 4D spacetime M as a hypersurface embedded in Ms.
The natural foliation of M5 into equal-T spacetimes M|(7) is then analogous to the foliation of 4D
spacetime into equal-t spacelike hypersurfaces in standard GR. As shown in Section 3, this facilitates
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the generalization of 3+1 geometrodynamics to a 4+1 formalism for the field equations describing the
induced 4D metric v,y (x, T).

1.3. Overview of Paper

The remainder of this paper is structured as follows. In Section 2 we find the equations of motion
from a Lagrangian of the form (25), noting the requirement to preserve 5D gauge symmetry but only
O(3,1) symmetry for particle motion. Section 3 presents the generalized Einstein field equations for
the T-dependent local metric. Once again, these equations must respect the 5D symmetries of free
fields as geometric objects, while respecting the 4D symmetries of the matter terms. In Section 4
we generalize the 3+1 formalism [19] developed by Arnowitt, Deser, and Misner (ADM) to 4+1. In
this approach we decompose the generalized field equations into an initial-value problem, posed as
first order evolution equations for the induced 4D metric 7, (x, T) along with the extrinsic curvature
Kuy(x, 7). Section 5 presents the 4+1 formalism as a canonical Hamiltonian theory. As in ADM,
strategic combinations of 7, (x, T) and K, (x, T) lead to a canonical Hamiltonian formalism for SHP
GR derived from a scalar action. Section 6 discusses the perturbative theory for weak gravitation
and shows that in this approximation the initial value problem can be obtained directly from the
5D Ricci tensor. In Section 7 we compare this 4+1 formalism to the Kaluza-Klein model [26,27] for
4D gravitation and electromagnetism, and establish the compatibility of the two approaches only in
T-independent equilibrium. Section 8 discusses some examples and some prospects for gravitation in
the SHP formalism.

2. SHP Particle Dynamics

Varying the scalar event Lagrangian
1 e
L= EMg“ﬁX“Xﬁ X*eMs apB,v=0123,5 (26)
with respect to X7 leads to 5D geodesic equations

DX .\ oo 1
7:X7+rZﬁX"‘Xﬁ:0 x gaé(

(27)

Dt Pr— 2

98sp | 986y 98y
0X7 = 9XP  9X?

with 5D Christoffel symbols in standard form. The apparent 5D symmetry of these equations is broken

to O(3,1) by imposing ¥°> = cs — %> = 0 as a constraint, so that
Dxt Bova B s T ooy, 2rH
D = i+ F“ﬁX XP = &M + Ty a7 + 2c5T5, %" + c5l'55 = 0 (28)
Di®
D—"T — =0 (29)

describe the dynamical degrees of freedom. In case g5, = 0 and d-gyv = 0, the connection components
Fg ., vanish, recovering the standard 4D GR geodesic equations. Writing the canonical momentum

oL

Pu= 5 = M(guv X" + c58u5) (30)

the Legendre transformation produces the Hamiltonian

Lo 1 5 1 A L 20n ot L2
K= S iP” T 5658558 Pu = 56585u8" P + 5 Mesgsug! gas + 5 Mesgss (31)

representing the total 5D mass of the motion. It is useful here to think of mass as arising from
p? = M?#? which is not constrained to be a constant of the motion. Thus, particle energy may change
with no corresponding change in 3-momentum, producing an change in the mass p? associated with
the trajectory.
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For ¢°* = 0 the Hamiltonian takes the simple form

1
K= + EMcg 955 (32)

T H
ZMP Pu

with gs5(x, T) appearing as a T-dependent scalar potential on 4D spacetime. While such a potential
would be non-geodesic in standard GR, it follows simply from the 5D geodesic equations. The
Hamilton equations (14) permit us to write the Poisson bracket relations

oF oG  dF 9G oF oG  oF 0G

G = 5 aps  apaoxs ~ axiap, ap,oxt (38)
where the second equality follows from ps = 0. Since
dF oF
o7 =B K+ (34)

for any scalar function F on phase space, the Hamiltonian is conserved unless it depends explicitly on
T through g,4(x, 7). Nevertheless, the mass m = —p#p, /2M associated with the event trajectory may
vary under gs,. For a discussion of geodesic equations and quantum mechanics with a T-independent
local metric, see [28,29].

In the Newtonian limit, neglecting ¥’ /c < 1 fori = 1,2,3 and taking g, p to be t-independent, the
equations of motion reduce to

d’t  dt . 1 ,/at
ﬁ = EaTgOO X = 2 2<d ) Vg00—|— c5Vg55 (35)

which deviate from the standard nonrelativistic case if ggo is T-dependent, producing an acceleration
in the time coordinate t. A simple post-Newtonian expression is found by putting Vgs5s = 0 and
introducing an additive perturbation dM(7) to the mass parameter M in the Schwarzschild metric
900 = —1+2GM/c?R. The t equation admits the solution

dt 2G
FE =e p( 5M> (36)

which recovers = 0 in the absence of the perturbation. In spherical coordinates, angular momentum
L = MR?¢ is conserved and the radial equation is

. 12 4G GM
R - VER® + exp( (5M> =0, (37)

which becomes Newtonian gravitation for M = 0. We find the Hamiltonian for the test event in this
coordinate system to be

1 TS P 2GM 4G 1. ., 1 12
K= 2MgwﬁX XP = 2Mc (1 2R ) &P 5M + 2MR + > MR (38)
with T derivative )
d ., 4G GM 4G"MMy\ d
d—K exp( 5M) ( p + 2R2 ) d—TéM (39)

so that the total mass K is not conserved in the presence of a variable mass gravitational source.
The scalar event density p(x, 7) is defined as the number of events per spacetime volume. The
5-component event current is

j*(x,7) = Mp(x, 1)i"(7) (40)
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where > = Mcsp(x, T) is an O(3,1) scalar and not the 5-component of a vector. Therefore, the continuity
equation is

X O d ‘
Vaf* = a]? +jT, = £ + V=0 (41)

and by virtue of the continuity and geodesic equations, the mass—energy-momentum tensor

TH = MpxtxY,
T = Mpx"if — (42)
T = x5x5Mp = C5j/3

is conserved as
VT =0. (43)

As shown in [30] the spacetime components of T, have the usual interpretation, with Ty the energy
flux and Ty; a 3-momentum flux for i = 1,2, 3, while Ts5 is the mass flux and T5, is a 4-momentum flux
for u =0,1,2,3. Varying the electromagnetic action (11) with respect to x* provides the Lorentz force

Mzt (1) = g[fyv(x/T)xV(T) +C5fy5(x,T)} = gf”a(x,r)x“(r)

d 1 .2 L1 o €Cs 8
_Z = — hg, = = s
dT( 2Mx ) Mt 3, . foux

(44)

where
f“ﬁ = a,xa,g — a'BIZ,X (45)

is the field strength. We see that f5, can change the mass M3? of an evolving matter event, as
anticipated by Stueckelberg. The mass-energy-momentum tensor for the electromagnetic field
satisfies [24,30]

o € B & 1 ® L ‘ ‘
8ani€ld = _gfﬁ ()0 (x = x(7)) Tfild T (f - 4 i fJS) "

which together with the Lorentz force (44) leads to

% U dx T+ (;szﬂ =0 (47)

expressing conservation of the combined mass of particles and fields. In these expressions, the
scalar Tj?iil ; represents the spacetime density of mass associated with the fields, in analogy to the

energy density Tj}?gl 4+ Similarly, Tfoél 4 is a Poynting 4-vector describing the flow of electromagnetic

4-momentum into spacetime, in analogy with the standard Poynting vector TJQI’: -
Since the 5D Ricci tensor, obtained in the usual manner from the metric g, ﬁ(x, T), is invariant
under translations x'* = x* + A%(x, T), the Bianchi identity [31]

Va <R’Xﬁ - % g“ﬁR) =0 (48)
must hold. In the absence of the matter current, the first of (46) provides
ap
V"‘Tfield =0 (49)

and so together with (43) we may write 5D Einstein equations

1 8nG jeld
Rep = 38a5R = 27 (Taﬁ + Ty ) (50)
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with the mass-energy-momentum tensors as sources. Nevertheless, the spacetime symmetry of T*#
should be no larger than O(3,1) as a matter of principle, and so the apparent 5D symmetry of (50) must
be broken to 4+1. This symmetry breaking is most conveniently accomplished in a quintrad frame.

3. SHP Field Equations
3.1. Quintrad Frame
The tangent space 7 (M5) of the pseudo-spacetime M5 can be given the standard coordinate basis

B == oy (51)
while the dual space 7*(M5) has the basis 1-forms
g" = dX® (52)
which satisfy
g"(8s) = 8" -85 = I 81 8 = 8up g g’ =g, (53)

Extending the vierbein formalism [32] to 5D we define the constant quintrad frames {e,} for 7 (Ms5)
and {e”} for 7*(Ms5) which satisfy

e, e, ="My e el =y dsep = 9,6 =0. (54)
By convention the Latin letters
abc,=0,1,2,35 Nap = diag(—1,1,1,1,0) (55)

55 _

indicate reference to the quintrad, where ¢ = 7755 = 7 =£1 provides a metric pseudo-signature on

M. The position-dependent coordinate bases are related to the quintrad through the vielbein field

8« = E"(X)eq g" = E%y(X)e" (56)
which is invertible as
€ = elxa(X)gtx el = e_ocﬂ(X)g’X . (57)
Consistency requires that
o (X)Eg"(X) = dg ¢ (X)E(X) =4 (58)

with similar relations for £%, and é,%. Duality imposes the conditions
a 14 p

0 = el ey =2,7g" b gg = 2,70 3% = g%t )
6% =g gy = E%e" - E Ve, = E*E /58 = E“E,]
which together with (58) put the transformation equations into the form
8 = Etxaeﬂ €; = €“aga
(60)
gzx — e:xaeu et = Eaugrx .
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The vielbein field thus induces the local metric through
8ap = Bn 8 = flab E"Ef’ g =gt gf =yt et )
Nab = €q - €p = glxﬁeaaeﬁb Nt =e-el = gaﬁEaaE/sb
where we use (56) and (57). Since any vector in 7 (M5) can be written
V =V, = [V*E,"(X)]es = Ve, (62)
we may view
Xj = E,"e,” X§ X3 =", B’ X} (63)

as transformations between the coordinate frame and the vielbein frame.

The mapping of M x R — M5 in (21) provides a natural foliation of the tangent space into
spacetime hyperspaces of equal-7. Thus, we further partition the quintrad indices, as for the coordinate
indices, so that the index convention becomes

«,B,7v6=012735 Auv,pe...=0,1,23
(64)
ab,c,d,=0,1,2,3,5 k1l,mmn,. ..=01,273

where the five index with respect to the quintrad frame will be denoted 5 when necessary to avoid
confusion. In this notation the frame transformations can be expanded as

& = Eykek + Efes ey = e”kgy + e5kg5 -
g5 = Es'e, + E55‘*5 es = eyggy + 35585

and
gl =eef +efe® e =Efgl +Efg
, _ (66)
g% = 5 .ek + 655e5 o5 — EVSgy +ESg
where the orthogonality relations (58) are required for consistency. In the quintrad we expect the
spacetime hypersurface to be spanned by {e;} and normal to e5 which points in the direction of
advancing T. We therefore denote the unit normal to spacetime and its associated 1-form as

n=es ii=ce (67)

with normalizations

n=es-e5=0 ?=e-ed=0. (68)

Introducing the ADM parameterization [19] we express the fifth basis vector for 7 (Ms5) as a linear
combination of n and {g, }
g5 = NVfg, + Nn (69)

where the 4-vector N¥ generalizes the shift 3-vector in 3+1 formalisms and N is the lapse function with
respect to T. Designating the spacetime part of the 5D coordinate frame metric as

Yuv = uv = & " 8v (70)

we can express the 5-components of the coordinate metric as

!
850 = 8u " 85 = '7;4;4’1\”4 = Nl‘
, , 71)
g5 = (N'gy+ Nn) - (N¥'gyy + Nn) = 7, NN 4 oN?
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so that
Yuv Ny
Sap = (72)
N, oN?+ 7, NFNY
with 1 1
M 4+0-—NFNY —c—NH
N2 N2
g = ) ) (73)
02 NH N2
as its inverse.
With these choices we have
1
es =n= N(—N"gy + 85) e =0i=0’Ng>=Ng’ (74)
so that comparison with (65) and (66) determines four vielbein components
oL S ES=0 ES=N (75)
5N 55N o= 5 =NV
Orthogonality in the quintrad frame provides two additional conditions
1 ,
0=er-e5= (e”kgﬂ + €5kg5) . ﬁ (_N}l 8 + g5)
1 /
=5 (—e”kNy + el gus — gusNI + eSkg55) (76)
and
k k k k k
0=e-e® = (Efg" + E'g’) - N g” = N(E/fg" + Es'g™) , 77)
which combined with (71) provide the components
S, =0 Es* = E,‘N". (78)
Inserting eSk = 0 into (65) leads to
= e”kgy + e5kg5 = e”k (Eyk,ek/ + Eyge5) (79)
from which we conclude that
5 K k'
ES =0 MES =6 . (80)
The transformations between coordinate and quintrad frames take the final form
gx=E"e; = 5£‘Eykek +62 (EykNVek + Ne5)
(81)

1
eq = .8 = Ol g + ‘5ZN(_N;48P’ +85)

providing a quintrad basis for 7 (M) with a 4+1 foliation built-in by construction. The vielbein field
may be summarized as

B, = OO0E )} + 63 (EFNMof + Nt )
. (52)

%, = ool — 5255ﬁ NF + 6362

1

N
and since " = E! « by orthogonality, the vielbein is constructed from EF w N and N¥. As shown in
Sections 4 and 5, the T-dependent lapse N and shift N¥, play the role of Lagrange multipliers, enforcing
the constraints on g, associated with the Bianchi relations, but they are not subject to second order
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evolution equations. Thus, the dynamical content of the vielbein field is entirely contained in the
spacetime part E k where uk=0,123.

3.2. Field Equations

The standard Einstein field equations

1 871G
Ry = 58mwR = =T (83)

enjoy O(3,1) covariance, general diffeomorphism invariance, and the translation invariance of the Ricci
tensor that guarantees the Bianchi identity as a 4D gauge symmetry. It follows from the Bianchi identity
that of the ten components of (83) six represent dynamical degrees of freedom and four represent
constraints [31]. This distinction is made explicit in 3+1 ADM formalism which decomposes the field
equations into a pair of coupled t-evolution equations for the geometry of 3D space, along with 3-vector
and scalar constraints among the initial conditions. As articulated by Wheeler [33], “A decade and
more of work by Dirac, Bergmann, Schild, Pirani, Anderson, Higgs, Arnowitt, Deser, Misner, DeWitt,
and others has taught us through many a hard knock that Einstein’s geometrodynamics deals with the
dynamics of geometry: of 3-geometry, not 4-geometry.”

The 3+1 ADM decomposition is most conveniently performed using the trace-reversed form

of (83) found from
1 871G
8" Ry = 58" guR = = 5=8" Ty ®4)
and using g"¥ ¢,y = 4 to obtain
871G 1
Ry = e Ty — Eg,u,T (85)

which expresses the relationship between spacetime geometry on the LHS and the distribution of
matter on the RHS. But in 5D we have g%/ Sup = 5 # 4 leading to the trace-reversed form

87G lg . 87G 1

As we shall see in Section 6, this form cannot be made consistent with standard phenomenology in
weak SHP gravitation, where the metric may be found as an additive perturbation h,g to the flat space
metric 77,5. Correct perturbative solutions require the replacement 17,5 — 7,5 = (—1,1,1,1,0) in the
trace-reversed matter terms, which breaks the apparent 5D symmetry of the source to O(3,1). For the
full field equations we expect a similar substitution g,5 — g on the RHS of (86) where the modified
metric remains to be determined. By requiring ¢*# Sap = 4 we recover the form

8nG 1. -~
Rlxﬁ = CT (Ttxﬂ - zga/ST> (87)

where T = (/g\“ﬂTaﬁ.
To find an expression for g, we write unbroken 5D Einstein equations in the quintrad frame

1 871G 870G M ow
Ry—-nyR=""T, —s Ry =—"|T,+ 212 pddr, , 88
ab 277ab A ab ab ! ( abt 71— %UCdUCdW c'd (88)

where the metric 7, is flat, while R,; and T, are related to the coordinate frame tensors through the
vielbein field. We break the 5D symmetry in the matter terms by replacing

Nab — flap = (—1,1,1,1,0) = 555} 7w (89)
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on the RHS of (88), leaving the Ricci tensor R, unchanged. The gravitational Einstein equations in the
SHP formalism now take the form

871G 1. ~
R = (T = 30T %0

where T = 7T,y = " Ty;. Using the vielbein field (82) we may transform (90) back to a coordinate
frame, leading to

81G 1. ~
Raﬁ =1 <Tuc/5 - goc/ST> 1)
c 2
providing the symmetry-broken local metric as
§0¢ﬁ = EaaEﬁbﬁab = ga/g — 525;17551\]2 = gvcﬁ — O'Tlan/g = Pa/g . (92)
We notice that P, is a projection operator onto the spacetime hypersurface in 7 (M5), and satsifies
Py =0 PysPPT = Py (gl” - anﬁ;ﬂ) =gl —ongn’ =P (93)
from which we may write the completeness relation
of = ¢f = PP+ onunP . (94)

The breaking of 5D symmetry can thus be understood as replacing the metric in the matter terms of
the field equation with the projector onto the 4D hypersurface.
Using the completeness relation (94), we may decompose the mass-energy-momentum tensor into

Tap = Tup (Po‘f/ n U_nvax/na> (pg/ n anﬁ’nﬁ> = Sup — 20Mapp + Natigk (95)
where , ,
Sup = PE' P Ty pp = —n"Pl T,p K = nPnt Ty (96)

representing the 4D energy momentum tensor S,z found by projecting T, onto the spacetime hyper-
surface, a 4-momentum vector pg describing the flow of mass into spacetime, and an invariant form «
of the scalar mass density Tss. The trace of T,p is

T =Ty =S+ox (97)
but the symmetry broken trace is
T= §“5Ta[5 = PaﬁTaﬁ = Pﬂﬁ(S“ﬁ +20n,pp + nanﬁx) =35 (98)

where we used P*Pn, = 0. The SHP field equations in a coordinate frame now take the form
8nG 1

4. Decomposition, Projection, and Initial Value Problem

As we will see in this section, the fifteen degrees of freedom in the symmetric 5D Einstein tensor
1
GlXﬁ = szﬁ - igtxﬁR (100)
can be decomposed into ten components G, satisfying unconstrained second order differential

equations, and five components Gs,, that impose T-dependent constraints satisfying algebraic equations.
The differential equations require as initial conditions 7, (x, T) and 97, (x, T0) at some 7.
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A plausible argument for this decomposition can be seen [34] by writing the Bianchi relations as
VG* = 9,G* + Christoffel Symbols x G** =0 (101)

forming a set of relations among the field entities. Expanding 9,G*? = 9,,G"f + 95G°F to rewrite the

Bianchi relations as 1

?aTG5ﬁ = —9,G"P — Christoffel Symbols x G*/ (102)
5
we see that since the LHS cannot be more than second order in d;, we must conclude that G°# cannot

be more than first order in ;. Now, if G*?(x, 1) = 0 then 9,,G*F(x, 79) = 0 which leads to
ClaTGSB(x, T) = —aﬂG”ﬁ(x, T9) — Christoffel Symbols x G*(x, 1) = 0 (103)
5

and so any terms contained in G must be constraints on the initial conditions that propagate to future
times with 7, but whose form does not evolve.

The formal decomposition of the field equations is accomplished by way of projection of the
relevant geometric structures defined on M; onto M (7). Among these are intrinsic curvature, which
appears in the parallel transport of a vector tangent to the surface, and extrinsic curvature which
appears in the parallel transport of a vector normal to the surface. As an intermediate step we define
the scalar field S(X) = T whose level surfaces provide the natural foliation of pseudo-spacetime

%(1) € Ms = {x € Ms | S(X) = X°/cs5 = TO} (104)

implied by the construction of M5 in (21). Since X(1p) is homeomorphic to M(1) for any 1, we
may drop reference to 7y. Thus, for any vector V = V*g, € T (Ms5), where g, = 9, is the coordi-
nate basis given in (51), the projection operator (92) provides the vector V{ = Pg VP € T(Z). The
homeomorphism is expressed by way of the vector v € T (M) for which

Ve = ot (g )" = ot OXT _ g (105)
1 gy oxH u
and so
VI =0 — o =iV = siPgvF = ngﬁ . (106)

To express the projection operator (92) we transform the unit normal #n = es5 defined in (67) for
the vielbein frame to a coordinate frame as

ne = [GL61E,F + 63 (EFNYGE + N6t [as = oN &3 (107)

where we used 1, = 1 - ey = es5 - ey = #],5. Similarly,

1 « 1
= g = s = - (~NPg, +g5) = 1 (NS +a8) (108)

The extrinsic curvature Ky, will be defined as the projection of the covariant derivative of the unit
normal onto M (7). We will see that K, is closely related to d7;.

In the Legendre transformation from Lagrangian to Hamiltonian mechanics, the canonical mo-
mentum is introduced as an auxiliary variable, so that the phase space (x, X) becomes (x, p) containing
no explicit T-derivatives. This transforms the equations of motion from one expression involving
the second order derivatives X¥ to a pair of expressions involving only the first order derivatives
x# and p¥. By analogy, the ADM approach to geometrodynamics introduces the extrinsic curvature
Ky as an auxiliary variable, transforming the second order field equations (99) in g,p into a pair of
first order differential equations for ,, and K, in spacetime. Using standard methods from the
theory of embedded surfaces, the initial value problem is posed in two stages. First, we study the
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evolution of the spacetime hypersurface through the Lie derivative in the direction of the unit normal
to X, leading to an expression relating dry,y to Kyy. We then decompose the Ricci tensor R,p into
components tangent and normal to ¥, providing an expression relating d:Kj,, to the matter terms in
the field equations and a pair of constraints on the initial conditions.

4.1. Projected Covariant Derivative and Curvature

With the compatible connection Fzﬁ the covariant derivative of g,5 on M5 vanishes, leading to
the Ricci identity
[V, Va] X5 = Xy Riys (109)
with Riemann tensor
R = %FZ;; - %rgx +Tgulg — TgT, (110)

and associated Bianchi relations. The projected covariant derivative is defined as

VoVg = Pg/Pg'va, Vi 111)
and since
VaPgy = Va(gpy — ongny) = —cVa(ngn,) = —c[(Vang)ny, +ngVan, | (112)
we have the compatibility condition
Vobg, = —oPX PL P [(v“,nﬂ/)m/ n nﬁ/Va/n7/} =0 (113)

where we used Pgng = 0. We notice that for a vector V = V+ € T (%)

VoV = Ve (P V) = PE Va (Vi) = PE (P V) Vi = V¥ (114)
by comparison with (111). This compatibility justifies regarding V, as the intrinsic covariant derivative
on 7 (X), denoted as

Dy =V, =PV, Dy = PyDy = PyP/V, = PV, (115)

where we used (106), leading to Dy, ), = 0. The projected curvature R

Ay 1s defined through the
projected covariant derivatives

[Dy, D] X3 = XpRf,, (116)
and will be given an explicit form below.
For vectors V,U € T (X) C T (M), the Weingarten map is defined as
x(V)=Vyn=V-(Vn) X4(V) = VPVgn® (117)

and the extrinsic curvature on 7 (X) is defined as the projection onto a vector U of the Weingarten map
along a vector V

KU, V) ==U-x(V) = —U-Vyn = —gu VUV gn" (118)
K,X/g = —gmvﬁrﬂ = —Vﬁn,x . (119)
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This definition is extended to 7 (M) as
K(ub,vE) =K(PU,PV) = gy (PIV) (PRUP ) Vn? (120)
KeoUP v = VoUP (—g,0, P P ) Vg (121)
Kyp = —Po‘f/Pg/ Vo (122)

where although 7, is normal to 7 (X) the covariant derivative V1, may have both normal and
tangent components. Using n?> = ¢ we have

0= Vun? = 2nP (V,np) (123)
so that
PY Vg = (gg/ - an,xn“’)vﬁn,xl = Ve (124)
and so (122) becomes
Kup = —PD‘Z‘/V,X/nﬁ = —Vang +ony (n“lva/n;;) (125)
with the contracted form
— A~ 0B — ~app g — A~ OB _ a
K Y K"‘ﬁ 0% Pa Pﬁ V,x/n,g/ Y Vgﬂ’lﬁ V,Xn . (126)

Using (107) for the unit normal 1, we expand

n n
(7Vy15) = an7V, (NVgT) = on7(V,N) L + on" NV (21)

ocN
1 Y 7 1 7 Y
= (171N = 08V, N| = —0%; (6] — onng| v, N
1, 1
= —0PIVyN = —0DgN (127)

to obtain the extrinsic curvature (125) in the useful form
1
Kuc‘B = —Vai’lﬁ - n“ND‘BN . (128)

4.2. Evolution of the Hypersurface %
With the parameterization (69) the fifth basis vector is

d5 = N'g, +Nn =N+ Nn (129)

and we define the normal evolution vector m = Nn, noting that for the time function S(X) which
defines the foliation (104), we have

1
dS(X) - m = 63(Nn)* = JEN(g“ﬁaN 52) = N20g™ = N2¢ (am) =1, (130)
Under a displacement
X — X' = X+ m 61(X) (131)
the time function evolves as
S(X) — S(X') =S(X+mét) = S(X) +dS(X) - m ot = S(X) + 67 (132)
showing that for X € X
X'=X+mdS(X) € Zrise (133)
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so that the hypersurface £, 5; is obtained from £; by the displacement of each point by m 6S. The
evolution of the hypersurface X can thus be characterized through the Lie derivative in the direction of
the normal evolution vector

Ly =Ls—LN. (134)

The Lie derivative of a second rank tensor A, pis
LnAwp =m"NyAwp+ AygVam? + Agy Vgm? (135)
where in the absence of torsion V, can be replaced by d,, and we have

L 5% = —Vﬁm“ + Vﬁm“ =0 Emgzx‘B = Vam‘[; + Vﬁm,x (136)

1
L5A48 = 60, Aug + Aypdudd + Any0p6) = 95A45 = aaTAa,3 ) (137)
For X € ¥ C M5, the squared interval is

L axeaxe
x ~ 88B Yy Oy

oX>? .= g,Xﬁ(SX"‘éX/8 Oxtox" = guﬁélpjég&x’*éx” = Yuwoxtox" (138)

and since
Pyy = guv — onyny = vy (139)

we may find the Lie derivative of the metric 7,y on M by evaluating L, P,s and pulling back the
result to M. Writing

L Paﬁ = mﬂrv,ypaﬁ + PWgVamV + vaﬁm”’ (140)
we find
MmN o Pyg = NnVV o (gup — ttang) = —oN (7 (Voyng)ng + nen’Voyng) (141)
and using (128) to obtain
Vs = NVgng + 1y VgN = —NKgy — ngVeN + 1,V gN (142)
we finally arrive at
L Yuv = Ls Yuv — LN Yuv (143)
from which we can write 1
%afmv = LNYw — 2NKyy (144)

as the evolution equation for the metric.

4.3. Decomposition of the Riemann Tensor

The 4+1 decomposition of R”; g s accomplished by projecting onto X and n. Using the complete-
ness relation (94) to write

Rlyp = (P +onan) (PF +ongnt) (P + onnyy ) (P +omn® )RT, (145)
we obtain products of the type

53 0f 82 89 PY' PL P P Rywpry = Rl

B
i ’ ’ / ’ ’ ’
Rl = 0% 8 67,08 Ry — {0800 &) Pnd PY' PE R, = N R, (146)
51 8 Py n® PG n7 RY, = N2 RE o
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where the symmetries of the Riemann tensor lead to R} 8 n’n*nP = 0. To expand the projected
curvature defined in (116), we write

DDV = Dy (DpV?) = Pg’Pg'P;'va, (Dﬁ/V7I> (147)
and use (112) to find
DuDgV'" = 0Kyg Pl Vg VT + oK KV + Pg’Pg" Pl (Vo Vg V") (148)
Thus,
[Da, D) VT = R, gV = —a(KM;KWI5 - Kﬁgm) Ve 4 P“;Pﬁﬁ;PWV,RW;/a, g PV (149)

which by the quotient theorem on X leads to

’ ’
Plxlx P'B

ng,Y,Y/P(S&R,Yya//g/ = F}txﬁ - O'(KZK/SJS - KWKM) (150)

p

generalizing the Gauss relation. Acting on this expression with 5551‘55?“55 we find

M _ pH M #
Ry = Ry = o (KK — KE K ) (151)
providing an expression for the projected curvature R" v defined in (116) in terms of the spacetime

components of the 5D intrinsic curvature R” A and the extrinsic curvature K,,. Contracting on « and
v in (150) leads to

P"‘;P%R g — UPW/n‘S,Pﬁ};nV’R“/ gy = Rup — a(KKaﬁ - KﬁKﬁ5> (152)

and contracting on « and j gives
R —20R,gn*nf = R— U(KZ _ K“ﬁK,xﬁ) (153)

known as the scalar Gauss relation. Some insight into (150) may be found by considering that the
curvature R" v1p Of a hypersurface embedded in a flat space with R" wp = 0is determined entirely by
the extrinsic curvature.

Applying the Ricci identity (109) to the vector n as

(VpVa—VaVp)n" = RY, o1, (154)
projecting the LHS onto X as
P PP (v“, Vi — Yy va,)m , (155)
and using the identity (125) leads us to
DyKI — DK} = PLn P PART (156)

which is called the Codazzi relation. Using (107) for the unit normal 7, provides an interpretation of
this expression as

1
n(stw \= aN(Sg’wa A R = N (DAKvy — DyKyy) (157)
recalling the role of the extrinsic curvature K, as the curvature of M mapped to the hypersurface X
and embedded in the larger manifold M5. Contracting on « and v in (156) produces

/

DgK — DoKf = n"‘PﬁﬂRaﬁ/ (158)
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known as the contracted Codazzi relation.
Returning to the Ricci identity for n*, we apply (128) twice to terms V;V,n" and project onto (154)

with P,m/rﬂ/ Pg ' to obtain

1 1B
~KayK' + 05 DpDuN + PPy

1YV Kyg = Pagn? P Rig n . (159)
Writing the Lie derivative of K, g and using (142) for Vg,
the last two equations combine as

1 l 5 / !
£ Ko + 0 DaDpN + Kuy Ky = Py Pﬁﬁ TR (161)

to provide an evolution equation for K,g. Rewriting the contracted Gauss relation (152) as

P, n’ PP

51" R g = ap“;PﬁﬁR wp — 0Rup + KKop — KSKps (162)

we can put (161) into the form

!
Pup

/ 1 1 —_
"R wp = ~;Lm Kap + 0 DuDpN + Rop — 0KKqp + 02K Kps (163)

in which only R,z on the LHS refers explicitly to the 5D geometry of Ms.

4.4. Decomposition of the Field Equations

Moving from the mathematics of embedded surfaces to the physics of gravitation, we introduce
the field equations (99) into (163) by projecting

'8 . 8nG B’ 1 . 8ntG 1
P""XP /5R Wp = CTP"(? P/S (T“/Ig/ — EPIX',B'S = a Slxﬁ - EP“[;S (164)
and pulling back to M to obtain the evolution equation for K, in the form
1
C—BTKW = LnNKyy — oDy DyN
5
— 8nG 1
+N [—URW + KKyy — ZK;}KM + i (SHV - Z'WVS)] (165)

where again we used £, = L5 — Ln.
The double projection of the field equation onto the unit normal # is

8G 1 871G
Rypn“nf = = (Taﬁ - zpaﬁs> n*nP = K (166)

where we used P,gn”" = 0 and the definition of x in (96). Using the scalar Gauss relation (153)
R —20Rygn"nf = R — a(K2 -~ K“’gKaﬁ) (167)
we evaluate R by acting on the field equations (99) with the symmetry-broken metric P*f leading to

8nG 1 8nG
P*Ryp = CTp“ﬁ (saﬁ — 2Pa,;s) =-=75. (168)
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Finally, the double projection onto 7 of the field is
871G 1 871G 871G
Ropnnf = == <T,,43 - 2P,,éﬁs) ntnf = = FTypnnf = ==« (169)
so that the scalar Gauss relation becomes
_ 8nG
R- (7(1(2 - K’“’KW) =5 (5+ox) (170)

known as the Hamiltonian constraint. Since this expression has no T-derivatives, it will be satisfied at
all times if it is satisfied by the initial conditions.

The mixed projection of the field equations with PP l; and n* is

g 8nG 1 g 8mG g 8nG
Rtxﬂn“P ﬂ — CT <TIX[S’ - EPaﬁ,S n‘XP ‘5 — CTT‘X,B,n’XP ,B — _CTPﬂ (171)

where we used the definition of pg in (96). Combining this with the contracted Codazzi relation (158)
and pulling back to M leads to the momentum constraint

8nG
DK — D,K = i (172)

referring to the flow of mass into spacetime. This expression again has no T-derivatives and remains
form-invariant as T advances. We notice that the evolution equations contain only objects defined on
M and so the connection components Ffw appear only implicitly through the extrinsic curvature Ky, .

Collecting the evolution equations (144) and (165) with the constraints (170) and (172), the initial-
value problem takes the final form

1
Ear')’;u/ = LN Yuv — ZNKyv

1
—0:Kyy = LnKyw — oDuDyN
5
— 871G 1
+N _URHV + KK]JV — ZK;}KV}\ + U'CT <Syv - 2’)/MVS):|

_ 871G
R—0(K = KIKy) = =220 (S + o)

871G
DyKy = DK = =3=py

5. The ADM Hamiltonian Formulation

The 4+1 ADM formalism can be put into Hamiltonian form with phase space variables y,, and
conjugate momentum 7t,,. This formulation follows the general outline for the 3+1 formalism in
standard GR, and so only the most important steps will be summarized here.

The ADM parameterization (69) splits the configuration space variable g, in the field equations
into Sup ('y,w, NH N ) Because N and N* are not dynamical, the phase space consists of Yy and
FYuv = 957y where from (144) we write

1
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with the sign in the definition of K, reversed by convention. Contracting on « and f in (163) and
combining with the scalar Gauss relation (153) leads to

R=R—0(K = K%Ky ) +20Va (nPVpn* —n*Vnf ) (174)
so that discarding the total gradient, the Einstein-Hilbert action for GR in the absence of matter becomes
Sapm [1a Vs NU,N] = [ ddtx yaN[R = o (K Ky — K2 (175)

where y = |det v,y |. The DeWitt metric is defined as
GHP = %('ﬂ‘"'ﬂp + ey = 2y (176)

with inverse in D dimensions

Guvap = % <7Ampx + YaxYpr — Dz_l’mﬂ@c) (177)
in terms of which
GH M KywKnp = % (749 + 9109 = 2919 M ) KKy = KKy — K2 (178)
so that
L apm [V Ty NF,N] = ﬁN[—UGVW\PKWKAP +K] . (179)

Because K" is first order in derivatives, the first term has the form of kinetic energy. The canonical
conjugate momentum to 7y is

d ADM A of :éx
iny - _9 QrAp 1
Y = Ea%w — 20/ TNGIM¥K,, o (180)

so that using (173) to obtain
Ky _ 1

= —0ol6y 181
we find
" = —o\/y(KF — y*'K) (182)
with trace -
Writing K#¥ in terms of 7T#¥
o 1
Kv— % (nzﬂ/ g n) (184)
VT (D-1)
and lowering the indices of 77"
Guupp ™ = ! = K 185
uvAp U T = Ty — m'hwﬂ = —0/7Kuw (185)
we see that Ky, represents the momentum conjugate to 7,,. Replacing K, in (173), we can write the
velocity as
, 2N Ap
Y = _UWGVV)\‘DT[ + LN’)/]M/ (186)

in terms of the momentum and configuration variable. Because R is independent of the lapse N
and shift N¥# the Lagrangian £ 4pym ['YIW' Yuv, N¥, N ] contains no derivatives of N, N# and these act
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as Lagrange multipliers enforcing as constraints their conjugates. Thus, we find the Hamiltonian
constraint from

_ _ a‘CADM _ nv 2 R| —
0=py =0 = V7|0 (K"K~ K?) —R| =# (187)
and the momentum constraint is
_ _9Lapm _ Vi HK) — HH
0=— N, 20,/7(DyK"" — D¥K) = HF . (188)
I

Using (182), we can also write
HY = 20/7D, (G”")‘PKAP) — 02D, " . (189)
Performing the Legendre transformation to the Hamiltonian density

Hapm ="V — Lapm [ Yuvs Yuvs N¥, N
= —oN/7G" KKy, + 270" DN, — \/YNR (190)

where the Lagrange multipliers N, N¥ do not require kinetic terms. Integrating by parts and discarding
the total gradient provides

and using (187), we arrive at
Hapm = NH+ NHY. (192)

Writing the Hamiltonian in the form
Hapm = 5 + pnHApNeHY — Lapm (193)

the Hamiltonian and momentum constraints # = 0 and H" = 0 are seen to be secondary constraints
arising from the requirement that the primary constraints py = 0 and py# = 0 are preserved under
time evolution,

PN =A{pn,Hapm} =0 pne = {pnw, Hapm} =0. (194)
The Einstein equations
Ryy — %’wa =0 (195)
then follow from
Yuv = { Vv, Hapm} it = {7, Hapm} (196)

for the canonical variables 1
{mw e} =2 (8480 + 56y - (197)

The equation for 7, simply reproduces the definition of 77", since R does not contain 7y, and so
{7, R} = 0. The Einstein equations are thus equivalent to 77"

6. Weak Gravitation in the SHP Formalism
6.1. Weak Field Approximation

The weak field approximation poses the metric as a small perturbation of the 5D flat metric

Sep =Map+lap > 998up = Oylag (hap)® ~ 0 (198)

Nap = diag(—-1,1,1,1,0) (199)
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with inverse
g =P — b (200)
so that the 5D Ricci tensor reduces to the linear terms
~ 1 v Y 04
Rop ~ 5 (9601 + 000y} — 970, — Dudph) (201)

Invariance of R,z under a coordinate translation x'* = x* + A%(x) allows us to impose the Lorenz
gauge condition

1 1
oP (h,xﬁ — Enaﬁh> =0 — Phyp = 50t (202)

putting the 5D Ricci tensor into the form

1
Ryp = —Eavayh,xﬁ (203)
and so we obtain the 5D wave equation
167G 1.
—8787}1,,‘/5 = 6—4 (Taﬁ — 517“/55) . (204)
A Green'’s function satisfying
979,G(x,7) = —6*(x)d(7) (205)
provides the generic solution
167G 1.
hap = I /d4xdTG(x —x,t—1) (T,Xﬁ(x’,r’) - QU“BS(’C/'T/)> ) (206)
Introducing the notation
1 1dx*
o — g« — -
£ (1) = cut (1) = (207)

the mass-energy-momentum tensor (42) is
T = mo(x, 7)%%%P = mp(x, T)u*uP = mc*o(x, T)*&F (208)
for some spacetime event density p(x, 7). Denoting
Q[p(x,r)] :/d4xdTG(x—x’,T—T')p(x’,T’) (209)

we have LG .
hap = 752 mg[p(x, T)] <Ca§ﬁ - §ﬁaﬁ 5?2> (210)

where 2 = 7ePE p- Considering a source distribution evolving along the t-axis in its rest frame,
we have
_ _ ¢ = auxf
u=(,0,000c) — = 1,0,0,0,? — MapG r = -1 (211)

from which the perturbation becomes

hoo = Sﬂccz;mg[P(xr T)} hos = 16722Gm%5 [p(x, T)}

(212)
_ 8nGm 16tGm

hij 02 g [p(x, T):| 51']' ]’l55 = 02 z—gg [p(x, T):|
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where electromagnetic phenomenology [3] indicates that c5 /¢ < 1. Writing the approximate Green’s
function used in electrodynamics [35]

G(x,7) = %5(%)5(7) (213)

and taking a uniform density p(x) = 6%(x) evenly spread along the t-axis leads to the spacetime metric

. 2Gm 2Gm
which becomes the Schwarzschild metric when expressed in the isotropic spherical coordinates [36]
defined through
GM\?
R=rl{14+-—5]). 21
r( + 2c2r) (215)

It is worth noting how this result would be different if we had not broken the 5D flat metric 7,5 — 7ap
in constructing the field equations in Section 3. We would then have (86) for the field equations which
produce the perturbation

2 4nGm 2 4nGmcj

=3 =@ 9le ] =5 =520 et m)

X (216)
1 47Gm 1 4nGmc
hij = 3 2 g[p(x, T)Pij hss = 3 2 c%g[p(x’ T)}

leading to the phenomenologically unacceptable result gy = 2h;;. This shows that preserving the
O(3,1) covariance of the mass terms is not only physically reasonable, but actually required for a
reasonable theory.

6.2. The 4+1 Decomposition for the Linearized Theory

Discarding terms of order (haﬁ)Z ~ 0, the ADM decomposition allows us to identify the terms of
the perturbed metric as

Yuv Ny Huv + h;w hyS
18apll = ) = (217)
Ny oN?+ 9, NFN hus 1155 + hss
from which
1
ON? + 9y NFNY ~ oN? = 0+ hss — N = /1+0hss ~ 1+ E(7}155 (218)
and the unit normal is
1
ny =0N&> = o+/1+ ohszés = 0(1 + 20h55) 5 (219)
n® = —ho% + (1 - ;ah55) 5. (220)

Inserting these into (125) and discarding terms of the type I Zﬁ X hyg =~ 0, we may calculate the
extrinsic curvature directly as

1 1
Ky = Eaah555g + (Tl"iﬁ + 03 (235}1555?; + Urgﬁ) (221)

which using &3 = 0 provides
Ky = I'spy (222)
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showing explicitly that the extrinsic curvature recovers the 5-components of the 5D connection not
present in the 4D intrinsic curvature. By definition

(avh5y + ayh5v - a5hw,) (223)

N =

FS]M/ =

and so (222) shows that K,y X hys = 0. Discarding all terms of order (h,,qg)2 ~ 0, the initial value
problem reduces to

1
Ear')/;u/ = —2Kyy + dyhsy + avhSy
1 1 — 871G 1

— 8nG

(224)

8nG

Writing d5 = (1/c¢5)d¢ in (223) we see the the evolution equation for 7, simply restates (222).

6.3. Insights from the Linearized Theory

In the linearized theory, the initial value problem can be derived directly from the definition of
the 5D Ricci tensor 1
Rup ~ 5 (050" hyn + 0207 Ty g — 0707 yg — 00 9ph) . (225)

We expand the spacetime components as
1
RW:Rﬁ+§@@%w+%$%fwﬁ%w—ﬁﬁmﬁ) (226)

where R%) is the standard 4D intrinsic curvature. Explicit calculation of the projected Ricci tensor

using the contracted Gauss relation (152) with the unit normals (219) and (220) shows that in weak
gravitation Eﬂ, = RSIV). Using (222) and (223) in (226) we obtain

— 1

and writing the field equations (99) for Ry, this becomes
1 1 — 8nG 1
EBTKW = anathS — 0 |:R;“/ — ? (T]u/ — 2P]41/S>:| (228)

which recovers the evolution equation for K, in (224). Thus, as expected, the evolution equations,
representing the dynamical degrees of freedom, follow from the spacetime components of the 5D field
equations along with the definition of K.

Imposing the Lorenz gauge condition on the 5-components of the Ricci tensor

1 1
Rsp = —5070"hsp + 5 (9697 hy5 + 3507 ho — ds0ph) (229)

where h = ry"‘ﬁhaﬁ, we obtain from (99)

1 8ntG
RS‘B - —53787}15‘5 = CTTSﬁ (230)
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and neglecting Tyg X hy g ~ 0 we can write the sources as
K= nanﬁT“ﬂ ~ T Py = —n,XPW/T"‘”/ ~ —O'T; (231)
satisfying wave equations
1 8nG 1 8nG
58787h5y = C—4py 58787}155 = — C4 K (232)
Taking the trace of (228) with the induced metric v,y = #,v + hyy and rearranging leads to
= 8nG 1
R=—=—1"5—005K- Eaﬂayh55 . (233)

We may evaluate the trace of K, using (222) along with the Lorenz gauge condition in the form
aﬁh,xﬁ = %a,xh to find

K= —1aa5h55 = Loy (234)
2 2
so that (233) becomes
R= S”GS + ~00950°h% 4 = 08”8 nS = —@5 + 019,k . (235)

Now inserting the second of (232) we obtain

R= —87CT—G(S + 0k) (236)

which we recognize as the Hamiltonian constraint in the linearized form. Combining

0K = —%ava5h55 (237)
and . .
any,' =5 (—856%,”, + 00, hs, + ana5h - 8V85h55) (238)
with the Lorenz gauge we obtain
1 871G
aﬂKff — ayK = za'ya,yh&, = C—4py (239)

which we recognize as the momentum constraint. Thus, as expected, the 5-components of the field
equations (99) provide the non-evolving the constraints.
The equilibrium condition for the initial value problem is 0; — 0 so that

0 = —2Kyy + dyhs, + dyhsy (240)
0= %ayavhsg, - a[ﬁw 8mG (s,w ;qwsﬂ (241)
R= —87CT—GQ9 + o) (242)
0Kl —9,K = 87CT—4GpV ) (243)

Taking the trace of (241) we find

= —Uaﬂayh55 — @s = —8”65 — —08”8 h = —@(s + oK) (244)
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where we used the second of (232), so that the Hamiltonian constraint is implicit in the equation
relating R, to the sources. At equilibrium, (234) provides K = 0 and the Lorenz condition reduces to

1
0oy, = 500 (hZ n hg) (245)

so that using (240) we find
8tG

1
9K —9,K = Eaﬂayh5v =P (246)
where we used the first of (232). Thus, the momentum constraint is also implicit in the equation for K,
and we see that the fields h5y and K, decouple from the 4D metric 7, so that the extrinsic curvature
does not contribute to the metric at equilibrium.
We recognize the standard 4D equations in (241) along with a post-Einstein contribution from
hss. Writing
871G
A

1 = 1 5 ~ 1
anavh55 = SI‘V — ETIHVS — S= —Ea"ayh% = K (247)

where we used the second of (232) in equilibrium, we note that wave equation for /55 posesses
an unambiguous solution through the Green’s function for 4D wave equation. In this form, the
equilibrium field equations become

_ 871G 1 ~ 1 ~
Ry = 22| (S = g0 ) + (8w = 305 24

in which the contribution from hs5 now appears as an additional source term associated with a
background scalar mass density that could play the role of ‘dark matter” or ‘dark energy’.

7. Kaluza-Klein in SHP Formalism

In 1919 and 1926 Theodor Kaluza [26] and Oscar Klein [27] proposed a unification of gravita-
tion and electromagnetism by extending Einstein’s general relativity (GR) to five dimensions. They
introduced a 5D manifold with line element

ds? = g“/gdx“dxﬁ x® =20 x1 x% %3 x° (249)
and decomposed the metric as

Yuv +‘P2AyAv ‘PZAy ol —AH
8up = g = (250)
P?Ay ¢? —AY T+ ApAP

with index convention «, 8 = 0,1,2,3,5, and u,v = 0,1, 2, 3. They showed that the Einstein equations
extended to 5D 1
Rtxﬁ — Eg"‘ﬁR =0 (251)

decompose into standard 4D gravitation and Maxwell electromagnetism, expressed through the
Einstein-Hilbert-Maxwell action

S— / dxdxd /=g <R+ 1FWFW) (252)

where
R = g Ry (253)

is the 4D Ricci scalar and
Fy = BVAV — aVAV (254)
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is the Maxwell field strength. Kaluza and Klein found that the identification of F,, with the Maxwell
field requires that ¢ = constant, and that 7, and A, be independent of the coordinate x°. Moreover,
the x° dimension is assumed to be compactified so that the action remains finite despite the dx°
integration over x°-independent fields.

Comparing with the ADM decomposition (72) of the 5D SHP metric we notice that taking o = 1
and making the replacements ¢ — 1/Nand A, — —N,, we have

SHP Kaluza-Klein ap
(£57), = () @55)
suggesting a correspondence between SHP gravitation and Kaluza-Klein theory. But as we saw above,
in SHP gravitation N and N, play the role of non-dynamical Lagrange multipliers, and so we expect
that the electromagnetic field will not evolve with 7. In this section, we develop the Kaluza-Klein
theory in the general SHP framework and show that it is consistent with SHP gravitation only in
non-evolving T-equilibrium.

In the pseudo-spacetime we defined in (21) a displacement dX leads to the interval dX? which
Kaluza and Klein parameterized as

2
AX? = gupd X dXP = 7, dXPdXY + ¢? (AHdX" + dX5) : (256)
Following the notation of (8) we rewrite this interval in the more symmetric form
2 5\
dX? = gupdX*dXP = y,,dX"dX" + (ade” + asdX ) (257)

so that the metric becomes

Yuv + audy  ayas ™ _gall
Sup = ) g&f=1 1 1 (258)
1%
ayas a3 —%u a—% (14 ayat)
with the apparent correspondence
2 1 U
oN*" = — NP = —asay, (259)
a
5

between the Kaluza-Klein fields and the Lagrange multipliers of the ADM parameterization. As
an initial assumption we take g,5 = g4p(x, T) for all components. The line element (257) suggests
the action 1

5= / dr L(X,X,7) = / 4t S Mg X°XF (260)

where we parameterize by the external T and unlike Kaluza and Klein, make no reference to the proper
time of the motion. The Euler-Lagrange equations lead to geodesic equations

MX" + rZﬁX"‘Xﬁ =0 (261)

with the standard 5D Christoffel connection given in (27). The spacetime components of the geodesic
equations expand as
N A< 5 A "o
MXF + T X XP 4 2T5 X°X! + T5XE = 0 (262)

and we recall that SHP GR imposes

X =1 — X°=0 (263)
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as an a priori constraint. But here we follow Kaluza and Klein in writing the Euler-Lagrange equation
for v = 5 explicitly to obtain

<;raax5 - ;}@)L = % (muas X + a2X7) — %(85gw)X”‘Xﬁ =0 (264)
which we will use below. Writing the spacetime part of g,5 as
Tup = 0405 2p (265)
we combine the metric components as
8up = Vap T allp (266)

and readily decompose the connection into 4D metric and field terms

= 1
Ty =Tap+ 58" |5 (9pan + duag) + an fas + ag fus| (267)
where
fap = Oafip — dpan (268)
and . .
Lhup = 5 [aﬁm + aa?ﬁ«, — ayiaﬁ] =5 {(5‘,/}(5,’;8[37)\(, + ‘52‘5'pyaa'Yz\p _ 50)(\5Pa,y,y/\p} (269)

depends only on derivatives of the spacetime metric 7,,. The spacetime components of fayﬁ that enter
the equations of motion (262) are

= 1
Thp = 58" [52‘5%57@ + 65050072 — (5;\(59677;\4 (270)
which we split into
= 4 1 4 1
Fﬁp =1 A),? - Eg”585'mp —1 A)[,‘ - Ea”a5a5mp (271)

where F(4A)£ is the standard 4D Christoffel symbol,

—= 1 1
T)s = 58“ 7 [5%5%;) +08050u72p — 61 5537%;:} = Egﬂ Ad57uA (272)
and 1
U5 = 58" [036035m3 + 00050570 — 03050573 | = 0. (273)
Combining with the field parts in (267) we obtain
= Lomy Lard ) ! , 274
25 = 587951 + 5 | (95ar + 0aas) +arfs " +asfy (274)
= 1
Ths = Ths + 58”5 [a5(05a5 + 05a5) + a5 f55 + a5 f55] = at'dsas + asfs " . (275)

Considering the contribution of the 5-components to the geodesic equations, we have
2esTE M+ c3TE. = (" +ata) #1070
1 .
+2c5 {ﬂ”aws + 5 <““f5/\ +ayfst + “SfAH> } it (276)

+c3 (@905 + asf; ")
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and it is clear by inspection that the RHS will not be invariant under electromagnetic gauge transfor-
mations 4, — a4, + J,A unless we adopt the three conditions imposed by Kaluza and Klein

as = constant O5a, =0 — f}é = odsa’ — a5 =0 d5v,0 =0 (277)

which from (271) provides Tﬁ o — 1"(4/2;: . Under the Kaluza-Klein conditions, the fields behave as

standard Maxwell potentials A (x), rather than the SHP fields a,(x, T), and so we change notation as
ay — Ay fuw — Fu - (278)

Now (276) simplifies to
2e5TE, 2" + 2Ths = csasF, it (279)
where a5 = constant is no longer a gauge field, and the remaining Christoffel symbols are

_ 1 4 1
T, = Thy+ 37" (0aFpo + 3pFrs) = T30 + 2 (aaE, " +aF, ") . (280)

Combining (279) and (280) with (262) the geodesic equations take the form
, 4 1 A .
0 = M+ [r( W+ (AR + APFA”)] % + csasF, &t (281)
= M+ T8 (AmA + C5115> F, " (282)

where we used the index symmetry of ¥* . Since now 9s gup = 0, we see that the basis vector in the
5-direction is a Killing vector, so that the momentum Ps conjugate to X° is a constant. This is expressed
in the fifth Euler-Lagrange equation (264) as

d oL  dps d s
dtoX5  dr  dt (auas X+ a3X) =0, (283)

imposing the condition
Ayx! + ascs = constant . (284)

Taking this constant to be ¢/ ¢ puts (282) into the form
- Dy A e .
M 4+ T )gzlx)‘xp = EFP;,xP (285)

which we recognize as the standard Lorentz force in curved 4D spacetime.

Although we began by assuming that all components of g,5 may be 7-dependent as in SHP theory,
we found that identification of the geodesic equations derived from the Kaluza-Klein metric as the
Lorentz force associated with a gauge invariant field requires that

as = constant d58up = %GT (’Y,Xlg + a,xaﬁ) =0. (286)

In light of the correspondence (259) these are the equilibrium conditions under which the metric and
fields undergo no t-evolution and SHP GR reduces to standard 4D GR. Nevertheless, we see from (284)
that A, %" = constant, which is not a condition associated with the standard Maxwell theory.

In the framework of SHP electrodynamics, the standard t-independent Maxwell theory is recov-
ered by integrating the field equations over 7 as

Au(x) = /dray(x,T) Fu(x) = /drfw(x, T) Ju(x) = /drjy(x,f) (287)
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where a,(x, T) and j, (x, T) are the potential and current induced by an event a spacetime point x at
time 7, while A; (x) and ], (x) are the standard Maxwell potential and current. This process, known as
concatenation, is understood to sum the field contributions at a given spacetime point x over all times
7, and describes an equilibrium state of the particles and fields.

Summarizing the connection under conditions (277) and (284) as

1 1

rt‘\p = E'YHU (ap')/(r)\ + aA'YUp - arf’)’Ap) =+ 5 (aAFp F 4 apF/\V) (288)
I, = asf" (289)
s = 0 (290)

we calculate the diagonal components of the Ricci tensor

Rap = 04T s — 9pTdy + gfyriﬁ r}ﬁrfc'y (291)
to find
Rw = RU) - %(A,,VAF?, +AVAF)) + % (FyBa+ Flb )
—iA;,AVF,\pF/‘P (292)
Rss = 1FAPFM’ (293)

4

where R;ﬁ,) is the standard Ricci tensor in 4D, and the Ricci scalar is

R=R® 4 iPApFAP . (294)

The Einstein-Hilbert action is then
S—/dSXw/ 2R = /d5x,/ ( + FAPFAP> (295)

taking the form of 4D gravitation with the electromagnetic field as its source. Since the integrand
is independent of X°, it is here that Kaluza and Klein require that this fifth dimension must be
compactified. As we saw in (276), permitting the metric g, to depend on 7 introduces a variety of
new non-gauge-invariant terms to l"zﬁ. These terms would also appear in the Ricci tensor, disrupting
identification of the action with the 4D Einstein-Hilbert action.

8. Discussion

As seen in Section 6, we can obtain a solution to the SHP field equations in weak gravitation that
is recognizable as the Schwarzschild metric (214) by considering a source distribution evolving along
the t-axis in its rest frame. This result, which is at equilibrium in T and does not evolve, is induced
by a static matter density p(x) = 6°(x) describing matter evenly spread along the t-axis. We may
understand this density as the concatenation of a time-local distribution of the type described in (287)

= /dT p(x,7) = /dT 5(t—1)8%(x) (296)

where p(x, T) describes an event in its rest frame evolving uniformly along the t-axis. In SHP electro-
dynamics, it is useful to model a source particle as an ensemble of events [37] located at some point
x in space and narrowly distributed along the time axis according to some probability distribution
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¢(t — 7), where t(7) is the event’s nominal time coordinate and ¢(s) has its maximum at ¢(0). Using
the lowest order approximation to the Green’s function for the 5D wave equation with

p(x,7) = 9(t = 1)8°(x) (297)
this model leads to a Coulomb type potential

ao(x,T) = —W + 0<R12> . (298)

A test event at some spacetime point x = (ct, R®) will experience a potential whose support is centered
around the chronological time T = t — R/c, the retarded time of the source. An observer located at
this static point x will see the potential rise and fall in strength as the chronological time T approaches
and then retreats from the retarded time.

While this model has some intuitive appeal and is generally adequate in electrodynamics, it fails
as a generalization of Newtonian gravitation. Writing the perturbation to the flat metric as

2Gm
hyy =~ @(t = R/c = 7)o (299)

the geodesic equations for a nonrelativistic test event lead to the conserved angular momentum is
L = MR?¢ and the radial equation

2
R= —(;];/I(q)—RaRq)) —|—ﬁ. (300)
For a test event similarly evolving along its t-axis at a distance R and on the lightcone of the source at
t=1—R/c,wehave ¢ =1, so that g,y = 1 + hyv recovers Newtonian gravitation. However, under
the resulting gravitational force, the distance R will decrease, so that ¢ will deviate from its maximum
value. Given a narrow distribution, close to but away from its maximum, the term Ror¢ becomes
large at large R and will generally change the sign of the force term in (300). We must therefore reject
separable perturbations of type (299).

8.1. Ansatz Metric

As a first step in an alternative direction, we propose an ansatz for the metric possessing certain
expected properties. We can then use the 5D wave equation in the weak field approximation, to derive
the source that produces the ansatz metric, evaluate the Ricci tensor and extrinsic curvature, and
set up the 4 + 1 evolution equations for general mass—energy-momentum configurations. While the
ansatz metric for the derived source satisfies the evolution equations exactly, the procedure leads
to alternative metrics found as perturbations under general sources. The construction of general
expressions characterizing perturbed metrics is discussed in standard texts on numerical relativity,
such as [38].

We propose an ansatz in the form

gﬂfﬁ - H“ﬁq;(t, R,T) (301)

where H*F is a constant kinematic term, ®(t, R, T) is a spherically symmetric function containing the
dependence on t, R = |x|, and 7. We specify the component structure of H*# to be

g" = diag(—1+ HY®, (1 + HY®)s")
. (302)
gOS — 2€5H00q> gZS =0 g55 — ZC%HOOCD

as found from (212) for a source event evolving on the t-axis.
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We would like a function & that recovers the 1/R-dependence of Newtonian gravitation but
whose support is restricted to a neighborhood of 7 for a given test particle. We consider a source in its
rest frame evolving along its time axis as x’(7) = x° and a test event similarly evolving along its time
axis at a spatial distance R. This suggests the choice

®(t,R,7) (303)
1/R2 x5 \/R2+C2t—§5)
and we denote
p=\/R2+ 2t — 57)? (304)

for convenience. Evaluating the connection for this metric, we study the trajectory of a test event
determined by the geodesic equation (28) with the initial conditions

R(0O)=R  R(0)=0 t0)=0 {0)=2& (305)

for which p — R, and & takes on its maximum value. If the test event deviates from the trajectory
(x%, x) = (&°7, R%), then the strength of the metric will diminish. Because ®(t, R, T) has a maximum
at t = ¢>7 with respect to t but not with respect to R, this functional form does not suffer from the
difficulties associated with the geodesic equation (300).

Writing the derivatives

00 (-8 o0 A (t—21) 00 x; (306)
ot o3 ot o3 oxi  pd
leads to the connection
1 1
Iy = HY 5 M0 ( e )—l—é”kxk) (307)
11
B _ 1400 5.1 Oy
rh = H 573[ o(t—&7) +0"x] (308)
1 1
#o_ 00 p k 0 5
= —3H" [‘% xj + 8l x; — 87¥oypx; + o 51-]-c(t ¢ r)] (309)
1 1
Bo_ _ ~1300 ~ 5 suk 10 _ =5
M =—5H" 5 5 [208%6"x + 60 (1 — &7 ) | (310)
1 1
po_ L0 L (su (1 a5 5 c10n ...
Tt 2H p3( 5! c(t & r) 1855 20x1) (311)
Tt = HO = | o#*e2x; + 6M0cs (t — &1 (20 — &° (312)
=H ] (t-2) (20 - 27)]
and the equations of motion in time and space components
0o=i+polllo (t - §5T> 2 4 it — 1(t - §5r) 5wl
p3 2 2 ]
—ces (t - ijT)i — 20%x;3 + ccsi2 (t - g5r) (2(7 - gg) } (313)
0=i+H 53t c(t gr)—t— =S oL
K
—2082x5 + c5 (t - C5T> x7 + Céxk} . (314)
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In the neighborhood of the initial conditions, the equations of motion reduce to
¥ 00 Xi ﬁ P 2
0=F+HYZL> c(t 2(755) (315)
1 5] 1, R WEE .
ok o0 Lt 2 k2 ki 2.k 4.k
0=14% +H EC {th —x]??‘FEx CC—ZU€5xt+€5x} (316)
so that neglecting x/c < 1 in the nonrelativistic regime the time equation reduces to
0=F — i(1)=¢& (317)
and the space equation becomes
0=+ HO L2l Lok _opesi gkl oy Loz Lo (318)
B R3" %) 2 T T2 R

which recovers the form of Newtonian gravitation if we take H% = 2GM/2.
For a relativistic test event with the initial condition ¢ = &°7, the equations of motion become

2GM _ i

. 1. . .
O:H—Hooﬁﬁifct — ol > =T i (319)
0 gk OM [ (25 -2\ 2 320
BRI L R — ca2f’ (320

Since ¢/c5 > 1 by assumption, while for non-tachyonic particles ¥ < ¢, we see here that the event
trajectory may differ from standard post-Newtonian relativistic forms. Using the wave equation (204)
to calculate the source of the ansatz metric we find

167G 1, 1 .00 , 19 1 92
for any spacetime functional ®. Combining the derivatives of (303)
) 3 (t— §5T)2
Vi = —————~— (322)
0
102 rR-22(t— 1)
L ®= 323
c? ot? 0° (323)
and )
1 92 r2—2c%(t - &°1)
05—o=—0 (324)
c2 072 0°
we are led to
167G 1. 1 HW 2
— (Tw - 2%5) =55 [(0 —1)R? 4 (5 — 20)c? (t - §5r) ]5;”, (325)
and if we again take H% = 2GM/c?, then
_ M 2 2 5.\2 5
T = e [(a— 1)R? + (5 — 20)c (t _ r) }dlag(—l,0,0,0) (326)
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where only the energy component Ty is non-vanishing. The structure of this source is easiest to see for

o = 1, in which case
2

Ty = 3274;5 [c(t - g%)} ? diag(—1,0,0,0) (327)

where ¢?(t — &° T)z /0° has units of length~3, as expected for a particle density in space. Although
Tyy appears to vanish at t = @5 T, we recall that under this condition, p — R so that ® becomes
independent of t and 7. In this case, the wave equation (321) from which we derive the source
reduces to

379, (;) — V2 (;) = —47160) (x) (328)
which describes a point source evenly spread along the t-axis. In contrast, at a small spatial distance
R < c(t —&71), we have 2(t — &1)2/p°> — [c?(t — &7)] 7%, which describes a narrow particle
density along the t-axis centered at t = &°7. This localization at a coordinate time ¢ determined by
the chronological time T expresses the desired T-evolution. As expected, the source (327) describes a
matter distribution evolving with 7, leading to the metric (302), which similarly evolves with 7, and
the geodesic equations (313) and (314), whose coefficients evolve with 7.

The projected Ricci tensor is found using (227)

— 1 1 92 10 9 )
_ 00| _ -~ 2_ - Y 5+ Y v s
Ry =H [ zéyv(v 3 at2> + . (5V0 57 + 60 axv)]q> (329)

and the extrinsic curvature is

0 d 1 10
_ _ 1y00 5 _
Ky =—-H {UC <5voaxy +du0 axV) + 2(5’41, . BT} o (330)
from which
10 0 9 1. 1 92
_7700| 51 O o R T
095K,y = H l ¢ e ((51,0 oy + (5;10 Bx'/> Uzéw, c% 8721 b . (331)

We see that the off-diagonal terms in Ry, and 095K}, mutually cancel, leaving the source diagonal as
required.

Using any suitable functional ®(t,R,T) to derive an ansatz metric (302), its unperturbed
source (321), along with initial conditions (329) and (330), the weak field evolution equations are
satisfied exactly. Writing the unperturbed source as T,S?,), the perturbed source T, can be found using
standard approximation methods. For example, we may write a source parameterized by A as

Ty = T}

0 1 2
W) i AT;V) F AT 4 (332)

where A =0 — Ty = T}(,(v)), and we seek a perturbed metric
_ 1,(0) 1) 2,.(2)
hag —hM3 +)‘haﬂ + A haﬁ + - (333)

up to the desired order in A. For example, writing

= ! — ! (334)
\/rz Lt — 1) R2+ 2A(t,7)
where )
AtT) = (t-2°7) + Aa(t,T) (335)

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202603.0002.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 2 March 2026 d0i:10.20944/preprints202603.0002.v1

35 of 36
leads to . . N
t
@~ - 5= ‘;‘('T)5 . (336)
\/R2+cz(t—g5r)2 R*+c2(t — &°7)
to first order. In the linearized theory, we also have the first-order
0 1 0 1
Ry = R + AR(Y) Kuw = KI) + AK(Y (337)
where R;,(,J,) and K,(ﬁ,) are derived from TP(,(V)). And since the evolution equations are linear and solved

exactly by h](g,) for Tp(l?,), the evolution equations for the perturbed metric reduce to the evolution

equations for the perturbation itself.

ashiy) = —2Kiy) + bty + yh) (338)
81tG 1
35Kl = —o [RSV) - 721 (SE/) - 2’7;41/5(1)” (339)

where we may use (329) and (330) to express R;,%,) and KE,) in terms of the perturbation «(t, T). We note
that in order to preserve the structure of the evolution equations as an initial value problem, we must
preserve dsa(f, T) as an independent dynamical quantity and choose the initial values for «(t,0) and
dsu (t , 0) .
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The following abbreviations are used in this manuscript:

MDPI  Multidisciplinary Digital Publishing Institute
SHP Stueckelberg-Horwitz-Piron formalism
ADM  Arnowitt, Deser, and Misner formalism

LHS Left Hand Side

RHS  Right Hand Side
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