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Abstract: The use of hydrogen as a fuel for piston engines enables environmentally friendly and 

efficient operation. However, several challenges arise in the combustion process, limiting the 

development of hydrogen engines. These challenges include abnormal combustion, the high burning 

velocity of hydrogen-enriched mixtures, increased nitrogen oxide emissions, and others. A rational 

organization of hydrogen combustion can partially or fully mitigate these issues through the use of 

advanced methods such as late direct injection, charge stratification, dual injection, jet-guided 

operation, and others. However, mathematical models describing hydrogen combustion for these 

methods are still under development, complicating the optimization and refinement of hydrogen 

engines. Previously, we proposed a mathematical model based on Wiebe functions to describe 

premixed and diffusion combustion, as well as relatively slow combustion in lean mixture zones, 

behind the flame front, and near-wall regions. This study further develops the model by accounting 

for the combined influence of the mixture composition and engine speed, mixture stratification, and 

the effects of injection and ignition parameters on premixed and diffusion combustion. Special 

attention is given to combustion modeling in an engine with single injection and jet-guided operation.  

Keywords: hydrogen; internal combustion engine; modeling; premixed and diffusion combustion; 

Wiebe function  

 

1. Introduction 

Hydrogen is a promising fuel for piston engines due to its high heating value, molecular 

diffusivity, burning velocity in stoichiometric mixtures with air, its ability to combust over a wide 

range of air-fuel mixtures, and practically complete absence of hydrocarbons and regulated 

particulate matter in the combustion products [1,2]. The widespread production and use of hydrogen 

in piston engines will help preserve and further develop existing industrial clusters, auxiliary 

industries, jobs, and technologies.  

The improvement of hydrogen engines is closely related to the development of computational 

methods and mathematical models. Mathematical modeling enables a more detailed study of engine 

processes, helps identify existing challenges, and reduces costs and time required for engine design 

and optimization.  

A combustion model is an essential component of engine cycle simulations, and its accuracy 

affects the precision of the entire simulation process. Validation of combustion models is typically 

performed by comparing experimental and simulated combustion characteristics. These 

characteristics represent the fraction of fuel burned (or the heat released) during combustion as a 

function of the crank angle, either in integral or differential form. 

Various types of combustion characteristics observed in hydrogen engines are schematically 

illustrated in Figure 1 [3–7]. The most extensively studied is homogeneous combustion in the flame 

front, which occurs in engines with port fuel injection (PFI) or in direct injection (DI) engines when 
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fuel is injected during the intake stroke or shortly after the intake valve closes (Figure 1, Curve 1). In 

DI engines with late injection during the second half of the compression stroke, hydrogen does not 

fully mix with air before ignition, leading to the formation of lean and rich mixture zones. As a result, 

the burn rate at the onset of combustion increases compared to homogeneous combustion, while 

combustion in lean mixture regions is prolonged (Figure 1, Curve 2). In engines with dual injection, 

the first injection burns in the flame front after spark ignition. The second injection occurs directly 

into the flame front and combusts through a diffusion process (Figure 1, Curve 3). With single 

injection and ignition of fuel during injection (so-called jet-guided operation), the combustion process 

is similar to that of dual injection, but the mixture exhibits a higher degree of stratification (Figure 1, 

Curve 4).  

 

Figure 1. Examples of combustion characteristics in hydrogen engines: 1 – in PFI engines or DI engines with 

early injection; 2 – in DI engines with late injection; 3 – in DI engines with dual injection; 4 – in DI engines with 

single late injection and jet-guided operation. 

Thus, it can be seen that the hydrogen combustion depends on multiple factors and is 

characterized by the complexity and diversity of simultaneous processes. In general, a mathematical 

model of hydrogen combustion should account for mixture stratification in the cylinder, the 

characteristics of both premixed and diffusion combustion, as well as the relatively slow combustion 

occurring in lean mixture zones, near-wall regions, and behind the flame front. 

Currently, various mathematical models are used for hydrogen combustion simulation, each 

with its own advantages and limitations. Zero-dimensional (0D) models [8–13] are the simplest and 

most universal. In these models, hydrogen combustion characteristics are typically determined based 

on empirical functions. They lack spatial resolution and depend solely on the time coordinate. For 

example, the semi-empirical Wiebe model, originally developed for modeling combustion processes 

in gasoline and diesel engines [9,10], is widely used to simulate premixed combustion in PFI 

hydrogen engines. Empirical dependencies for the model coefficients, ensuring satisfactory 

calculation accuracy, are derived by processing experimental data for a specific engine.  

A significant drawback of zero-dimensional models is their purely empirical approach, which 

does not account for the complex physical phenomena occurring during hydrogen combustion, 

particularly in DI engines. 0D models cannot accurately describe the shape of the combustion 

characteristics for stratified mixtures, especially in cases of premixed and diffusion combustion (see 

Figure 1, curves 2–4). However, such models are simple to use, do not require complex experiments 

for validation, and, most importantly, can be easily adapted to describe different combustion 

processes in hydrogen engines. 

Quasi-dimensional (QD) models describe the propagation of a spherical turbulent flame front in 

the cylinder of a hydrogen engine [14–21]. It is assumed that the main combustion reactions occur 

behind the flame front, which expands outward with a laminar velocity. The rate at which the 

unburned mixture enters the flame front depends on the flame front area and the turbulent 

entrainment velocity. 

The primary focus in the development of quasi-dimensional models is to determine the laminar 

and turbulent burning velocities. Laminar velocity is typically defined based on empirical functions 

of temperature, pressure, mixture composition, and residual gas fraction [14]. Turbulent velocity 
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depends on laminar velocity and a range of other parameters, such as the Reynolds number [22], 

thermal diffusivity [23,24], Damköhler number [25], average piston speed, crank angle, gas density, 

and others [14,19,26,27]. 

When modeling the combustion of homogeneous mixtures in PFI engines or DI engines with 

early injection, these models yield satisfactory results. However, in DI engines with late injection, 

significant mixture stratification occurs [28,29]. For instance, in [28], as a result of hydrogen DI engine 

simulation, it is shown that with the start of injection (SOI) at 320°CA before ignition top dead center 

(BITDC), the standard deviation of the air-fuel ratio λ in the cylinder is approximately 0.01–0.03, 

depending on engine load. In contrast, with relatively late injection, where SOI is at 120°CA BITDC, 

this parameter ranges from 0.34 to 0.42. Neglecting the λ distribution in the cylinder of a DI engine, 

especially with late injection, can introduce significant errors in the calculation results.  

A significant challenge in using quasi-dimensional models is the difficulty in describing 

diffusion combustion, which occurs when the fuel is injected into the flame front. This combustion is 

determined more by injection parameters than by mixture composition [4,5,30,31]. Therefore, the 

mechanisms embedded in quasi-dimensional models do not fully reflect the actual conditions of 

diffusion combustion. For use in DI engines with late injection, and particularly with dual-injection 

or single injection and jet-guided operation, these models require substantial modifications. 

Computational Fluid Dynamics (CFD) models have gained wide popularity [3,19,28]. These 

models describe the flow of reacting components in the engine cylinder in a three-dimensional space. 

In this type of model, concentration, temperature, velocity fields, etc., within the engine cylinder are 

determined by solving partial differential equations for mass, momentum, and energy conservation. 

CFD turbulence models are supplemented by other models, such as combustion models, wall heat 

transfer models, knocking models, nitrogen oxide formation models, and others. To describe 

hydrogen combustion, quasi-dimensional models or models based on detailed chemical kinetics are 

widely used, such as the SAGE detailed chemistry combustion model [32], which is based on the 

Well-Stirred Reactor (WSR) assumption [33,34] and supplied with the commercial software package 

Converge. 

Despite the broad range of applications of CFD models, it should be noted that there are certain 

challenges in their implementation. CFD models are sensitive to setup and calibration, depend on 

third-party software, and require the selection of numerous empirical coefficients. They demand 

significant computational power and considerable machine time for calculations [35–37]. To select 

boundary conditions, preliminary calculations using zero-dimensional or quasi-dimensional engine 

cycle models are necessary. Consequently, the same problems arise as when using these models. 

In our opinion, for modeling combustion in hydrogen engines with late direct injection, and 

especially with diffusion combustion, zero-dimensional mathematical models are the most suitable. 

The setup and verification of models of this type require the least effort while still providing adequate 

results under certain conditions. 

We proposed a zero-dimensional mathematical model based on the Wiebe functions [38]. The 

model describes the combustion of the air-fuel mixture in the flame front, diffusion combustion, and 

relatively slow combustion in the wall zones, lean mixture zones, and behind the flame front. Based 

on the analysis of experimental data for a number of engines, empirical formulas for the model 

coefficients were obtained, or value ranges were recommended. 

However, it should be noted that the range of engine operating speeds for which the model 

coefficients were selected was limited (from 1000 to 2000 rpm). The effect of mixture stratification 

occurring with late hydrogen injection on fuel combustion was not assessed. Model verification for 

diffusion combustion was conducted only at one engine mode, where dual injection was used. Other 

dual-injection modes and cases of diffusion combustion with single injection and jet-guided 

operation were not considered. Accordingly, the proposed combustion model requires further 

development. 

The goal of this work is to further develop the proposed hydrogen combustion model for a wider 

range of engine operating modes, accounting for mixture stratification and the factors affecting 

diffusion combustion in engines with single and dual injection. 
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2. Research Methodology 

2.1. Mathematical Zero-Dimensional Model of the Engine Power Cycle 

In the modeling of in-cylinder processes, a zero-dimensional quasi-steady thermodynamic 

model was employed. This model assumes that the parameters in the system are uniformly 

distributed throughout the volume at any given moment. These parameters change due to heat 

transfer, work performed, mass flows through the system boundaries, and changes in the system's 

volume. The thermodynamic parameters of the system are determined by solving the system of 

equations for energy and mass conservation, as well as the equation of state, as proposed in [39]. 

The gas flow rates through the system boundaries are determined by solving the energy 

conservation equation, based on relationships between the pressures in the manifolds (or before the 

gas injector) and the pressure in the engine cylinder. The mass of gas entering or exiting the cylinder 

is determined using the law of conservation of mass. Wave phenomena in the manifolds are not 

considered. 

The heat release from combustion was determined using a modified Wiebe model. Heat transfer 

between the gas and the cylinder walls was calculated using Newton’s law, where the heat transfer 

coefficient was defined by the Woschni equation. 

Mechanical losses were computed as the sum of pumping and friction losses. Pumping losses 

were calculated based on the processes occurring in the cylinder during gas exchange. Friction losses 

were determined using an empirical equation that depends on engine speed, as proposed in [40]. 

The developed model has been implemented in the MATLAB software environment. 

2.2. Base Combustion Model 

The basis of the combustion model is the Wiebe function for the combustion rate: 

𝑑𝑥

𝑑𝜃
= −𝑎

𝑚+1

𝜃𝑍
(

𝜃̅

𝜃𝑧
)

𝑚

𝑒𝑥𝑝 (𝑎 (
𝜃̅

𝜃𝑧
)

𝑚+1

), (1) 

where х and dx/dθ are the fuel fraction burned and the heat release rate, respectively, 𝜃̅ = 𝜃 − 𝜃0 is 

the crank angle from the start of combustion, θ0 is the crank angle at the start of combustion, θ is the 

current crank angle, θz is the combustion duration angle, a is a constant, and m is the combustion 

characteristic exponent. 

The constant a in equation (1) characterizes the completeness of combustion and is determined 

by the following equation: 

𝑎 = 𝑙 𝑛(1 − 𝑥𝑧), (2) 

where xz is the fraction of fully burned fuel at the moment of combustion completion. Assuming that 

xz = 0.999, the constant a, determined by equation (2), equals -6.908.  

The coefficients m and θz indirectly characterize the kinetics of combustion. The combustion 

duration θz defines the time allocated for the combustion and the average rate of the process, while 

the combustion characteristic exponent m determines the shape of the burn rate curve.  

As shown above, in hydrogen DI engines, several types of combustion are possible, including 

partially or completely premixed combustion in the flame front, diffusion combustion, and relatively 

slow combustion in regions with lean mixtures, behind the flame front, and in wall zones. To account 

for the specific characteristics of different types of hydrogen combustion, we modified the Wiebe 

model, as described in [38]. According to the modified model, the combustion rate in the cylinder 

𝑑х

𝑑𝜃
= 𝑟𝐼 [𝑟𝐼1 (
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𝑑𝜃
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𝑑𝜃
)

𝐼2
] + 𝑟𝐼𝐼 (

𝑑х

𝑑𝜃
)

𝐼𝐼
, (3) 

where (
𝑑х

𝑑𝜃
)

𝐼1
 is the premixed burn rate of the first injection, (

𝑑х

𝑑𝜃
)

𝐼2
 is the diffusion burn rate of the 

second injection, and (
𝑑х

𝑑𝜃
)

𝐼𝐼
 is the burn rate in the lean mixture zones. The parameters rI1 and rI2 

represent the mass shares of the fuel supplied in the first and second injections, respectively, while rI 

and rII are the shares of the fuel burned in the rich and lean mixture zones. 

Each burn rate of the formula (3) is calculated using formula (1). However, the coefficients in the 

formula are determined either through empirical relationships or set within a specific range, 
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depending on the engine parameters and operating conditions. In certain cases of hydrogen 

combustion, some terms in formula (3) may be neglected. 

The combustion duration of the mixture in the flame front in the specified speed mode  

𝜃𝑍𝐼1
= 𝜃𝑍𝑝

𝜆𝑘1 (
𝑛

𝑛𝑝
)

𝑘2

, (4) 

where 𝜃𝑧𝑝
 is the combustion duration in the rated (nominal) mode, n and np are the engine speed at 

the specified and nominal modes, respectively, k1 and k2 are constants. 

In [38], it is proposed to choose the values of the coefficient k1 for PFI engines from the range 1.2-

1.3, and for DI engines from the range 0.77-1.0. The coefficient k2 was taken as 0.39. 

In dual-injection engines, the first injection occurs before ignition of the air-fuel mixture. The 

second injection typically occurs at or shortly after the ignition and burns in the diffusion process. 

After ignition, the combustion of the air-fuel mixture mainly occurs in the flame front. The 

combustion rate in this process depends on the local air-fuel ratio at the ignition timing and is 

described by the function (
𝑑х

𝑑𝜃
)

𝐼1
in formula (3). 

For simulating hydrogen diffusion combustion (represented by the function (
𝑑х

𝑑𝜃
)

𝐼2
 in formula 

(3)), the combustion duration is assumed to be proportional to the injection duration [38]. The 

injection duration is calculated based on data regarding the injection pressure (pinj), temperature (Тinj), 

engine speed (n), the area of the injector orifices (A), the cycle hydrogen supply (bc), and the share of 

fuel burned in the diffusion process (rI2). Thus, it can be expressed as  

𝜃𝑍𝐼2
= 𝑓(𝐴, 𝑝𝑖𝑛𝑗 , Т𝑖𝑛𝑗 , 𝜃𝐼2,  𝑟𝐼2, 𝑏𝑐 , 𝑛).  

In the case of mixture stratification and diffusion combustion, a significant share of the fuel burns 

in lean mixture zones, wall zones, and behind the flame front. The combustion process in these zones 

is relatively slow, and is described by the function  (
𝑑х

𝑑𝜃
)

𝐼𝐼
  in formula (3). Our calculations for 

hydrogen engines with diffusion combustion from [3–5,7] show that this share is relatively large and 

can reach 50-60%, especially with late extended fuel injection. It was assumed that "slow" combustion 

lasts until the exhaust valves open. 

The kinetics of combustion at the flame front are considered using the combustion characteristic 

exponent mI1. For PFI engines, this parameter takes values close to 2.8-3.5. For a more accurate 

description of heat release in PFI engines, a variable parameter mI1 can be used [38]. In DI engines, 

this parameter takes values from 1.8 to 2.5 depending on the injection timing. When modeling 

diffusion combustion, mI2 was chosen to range from 1.2 to 1.4, while for "slow" combustion, mI2 was 

selected from the range of 0.5 to 1.2. 

2.3. Evaluation of Combustion Duration from Experimental Data 

During the modeling process, the model parameters (primarily the combustion duration) must 

be validated against experimental data. Estimating the combustion duration from the experimental 

burn rate curve is a challenging task. Determining the point at which the burn rate reaches zero (i.e., 

where the burn rate curve intersects the abscissa) is difficult because the curve typically approaches 

the abscissa asymptotically and often exhibits fluctuations due to the nature of experimental data 

acquisition and processing. Another reason for the difficulty in quantifying the end of combustion is 

that the burn rate in the final stage becomes comparable to other ongoing energy transfer processes 

[40]. Therefore, in practice, the combustion duration is typically measured from 0% to 90% of the 

burned mixture [41] or from 10% to 90% of the burned mixture [40]. 

When modeling with Wiebe functions, this method of evaluation is not suitable, as the proposed 

model requires determining the combustion duration for various processes in which different 

amounts of fuel are burned. Consequently, we adopted the approach described in [8]. In this 

approach, Wiebe curves are fitted to the heat release rate curve in a way that minimizes the root mean 

square deviation between the two curves over the majority of the combustion process (Figure 2), 

while ensuring that the Wiebe curves closely replicate the shape of the heat release rate curve. 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 29 April 2025 doi:10.20944/preprints202504.2486.v1

https://doi.org/10.20944/preprints202504.2486.v1


 6 of 20 

 

 

Figure 2. Determining the combustion duration in the flame front (θzI1) and the diffusion combustion duration 

(θzI2) in an engine with dual injection. 

It should be noted that this approach to determining combustion duration is somewhat 

arbitrary, as different types of combustion often occur simultaneously in the cylinder of a hydrogen 

engine. However, for the purposes of modeling with Wiebe functions, this approach is justified. 

2.4. Engines, Operating Modes, and Modeling Features 

An analysis of the peculiarities of hydrogen combustion and its modeling was performed for the 

engines from [3–5,7,41]. The main engine parameters are presented in Table 1, and the operating 

modes for the engines from [3–5,7] are shown in Table 2. The engine from [41] was operated over a 

wide range of speed and load conditions, so its operating modes are not listed in Table 2.    

Table 1. Parameters of the engines from [3–5,7,41]. 

Parameter Value [41] Value [4,5] Value [3] Value [7] 

Number of cylinders 4 1 1 1 

Bore (mm) 84 83 84 84 

Stroke (mm) 88 92.4 90 90 

Compression Ratio 12.5 10 10 17.5 

Valve Number 16 4 4 4 

Hydrogen Injection Method PFI DI DI DI 

An analysis of the combined effect of engine speed and mixture composition on the hydrogen 

combustion duration was carried out for a PFI engine based on the research results presented in [41]. 

The engine parameters are provided in the study on maps covering engine speeds from 800 rpm to 

5000 rpm and Brake Mean Effective Pressure (BMEP) values ranging from 0 to 4.2 bar – 6.8 bar, 

depending on the engine speed. The ignition timing (θign) in the experiments was set within a range 

from 73°CA BITDC to -12°CA BITDC, while the start of injection (SOI) was varied with its end at 

180°CA BITDC. The engine operated with a fully open throttle, and the load mode was regulated by 

altering the mixture composition, with λ varying from approximately 5.5 to 1.43. 

Data from [41] were processed to derive functional dependencies of combustion duration on λ 

for each selected engine speed. In evaluating the combined influence of mixture composition and 

engine speed on the combustion duration of hydrogen engines, data from [42,43] were also used. The 

mathematical analysis of the obtained data allowed for refining the recommended model coefficients 

for a broader range of engine speeds (see Section 3.1). 

The analysis of the influence of mixture stratification on hydrogen combustion was performed 

using experimental data for a DI engine from [4]. That study presents hydrogen combustion 

characteristics for two mixture compositions, λ = 1 and λ = 2.5, and various SOI, ranging from 300°CA 

BTDC to 12°CA BTDC (modes 1–8 in Table 2). In all modes, the injection pressure was set at 200 bar 

and the engine speed at 1500 rpm. Modes 1 and 5 in Table 2 correspond to the combustion of a 

homogeneous mixture, while modes 2–4 and 6–8 correspond to the combustion of a stratified 
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mixture. In modes 4 and 8, the mixture ignited towards the end of injection, resulting in maximal 

mixture stratification.   

The combustion characteristics presented in [4] allowed for the assessment of the influence of 

SOI—and, indirectly, mixture stratification—on combustion parameters, which facilitated the 

appropriate adjustment of the mathematical model (see Section 3.2). 

Table 2. Modes of the engines from [3–5,7]. 
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1 [4] 5 1500 1 -1 300 - 100/0 200 - 

2 [4] 5 1500 1 -1 14 - 100/0 200 - 

3 [4] 5 1500 1 -1 12 - 100/0 200 - 

4 [4] 5 1500 1 9 12 - 100/0 200 - 

5 [4] 10 1500 2.5 8 300 - 100/0 200 - 

6 [4] 10 1500 2.5 -1 21 - 100/0 200 - 

7 [4] 10 1500 2.5 -3 16 - 100/0 200 - 

8 [4] 10 1500 2.5 8 12 - 100/0 200 - 

9 [5] 4.84 1500 1 8 8 - 100/0 190 low 

10 [5] 4.84 1500 1 4 8 - 100/0 190 low 

11 [5] 4.84 1500 1 0 8 - 100/0 190 low 

12 [5] 4.98 1500 1 8 8 - 100/0 190 high 

13 [5] 4.98 1500 1 4 8 - 100/0 190 high 

14 [5] 4.98 1500 1 0 8 - 100/0 190 high 

15 [5] 5.18 1500 1 8 8 - 100/0 80 low 

16 [5] 5.18 1500 1 4 8 - 100/0 80 low 

17 [5] 5.18 1500 1 0 8 - 100/0 80 low 

18 [5] 4.7 1500 1 8 8 - 100/0 80 high 

19 [5] 4.7 1500 1 4 8 - 100/0 80 high 

20 [5] 4.7 1500 1 0 8 - 100/0 80 high 

21 [7] 6.3 2000 2.5 11 27 -8 60/40 200 - 

22 [7] 7.1 1100 2 10 27 -10 50/50 200 - 

23 [3] 10 2000 1 13 120 5 45/55 150 - 

Significant attention in this work is devoted to modeling combustion in a hydrogen engine with 

single injection and jet-guided operation. This injection strategy is rarely addressed in the literature, 

and therefore, the experimental data published in [5] provide valuable information.  

In that study, the engine speed and IMEP were 1500 rpm and approximately 5 bar, respectively. 

In all operating modes (modes 9–20 in Table 2), a stoichiometric mixture was used, and the SOI was 

set at 8°CA BITDC. Injection parameters (injection pressure, injector needle lift) and ignition 

parameters (ignition timing) were varied. It should be noted that different needle lifts at the same 

injection pressure resulted in different effective injector nozzle areas and, consequently, different 

injection durations. In the modeling, the effective injector nozzle area was defined to ensure that the 

calculated injection durations matched the experimental data. The data presented in [5] allowed for 

the adjustment of the mathematical combustion model to account for the injection and ignition 

parameters under jet-guided operation (see Section 3.3). 

The influence of dual injection parameters on hydrogen combustion was studied for a single 

engine from [3,7] under various compression ratios, engine speeds, and loads (modes 9–11 in Table 
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2). In these modes, the ratios between the injections, injection pressures, ignition timings, and the 

start of the first and second injections were varied. This enabled the tuning of the mathematical 

combustion model to account for a wide range of influencing parameters (see Section 3.4). 

3. Results and Discussion 

3.1. Influence of Mixture Composition and Engine Speed on the Hydrogen Combustion  

An important parameter in the developed mathematical model is the coefficient k1, which 

accounts for the influence of the mixture composition on the hydrogen combustion duration at a 

given engine speed. The higher the value of this coefficient, the greater the influence of λ on the 

combustion duration relative to that of a stoichiometric mixture. 

Figure 3 shows the effect of mixture composition on hydrogen combustion duration in the 

cylinders of PFI and DI engines, based on data from [3,6,42,47]. The experimental data are represented 

by points, while the calculated results using equation (4) for defined values of coefficient k1 are shown 

as lines. For PFI engines or DI engines with early injection, the coefficient k1 takes higher values 

(Figure 3a) than for DI engines with relatively late injection (Figure 3b) at the same engine speed. 

Accordingly, the influence of λ on the combustion duration is higher for homogeneous mixtures than 

for stratified ones. 

  
(a) (b) 

Figure 3. Influence of mixture composition on hydrogen combustion duration: (a) PFI engines from [3,42] and a 

DI engine with SOI = 300°CA BITDC from [6]; (b) DI engines with SOI from 80°CA BITDC to 120°CA BITDC 

from [3,6,47]. Markers indicate experimental data, while lines represent calculation results using formula (4). 

From Figure 3, it can be observed that as engine speed increases, the value of the coefficient k1 

decreases. For example, for the PFI engine from [42], at a speed of 4000 rpm, the coefficient k1 is 1.1, 

while for the DI engine with hydrogen injection during the intake stroke (SOI = 300°CA BITDC) from 

[6], at a speed of 1200 rpm, the coefficient k1 is 1.29. This indicates that as engine speed increases, the 

influence of the mixture composition on the combustion duration decreases. 

Figure 4a shows the effect of engine speed on the value of coefficient k1 for the PFI engine from 

[41], selected based on the best agreement between experimental and calculated data. It can be seen 

that this coefficient varies from 1.32 at a speed of 1000 rpm to 0.83 at 5000 rpm. Thus, the influence of 

λ on combustion duration is significantly higher at low engine speeds than at high ones. 

The dependence of coefficient k1 on engine speed for the engine from [41] can be described by a 

second-degree function of engine speed (curve 1 in Figure 4):     
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(a) (b) 

Figure 4. Selection of the coefficient k1 in formula (4) (a) and the results of combustion duration calculations (b) 

for the PFI engine from [41]. Data for hydrogen PFI engines and DI engines with early injection from 

[3,4,6,28,42,43] are also presented. Markers indicate experimental data, while lines show the calculation results 

using formulas (4) and (5). 

𝑘1 =  1.07 × 10−8 ∙ 𝑛2  −  1.751 × 10−4 ∙ 𝑛 +  1.469. (5) 

In Figure 4a, the values of the coefficient k1 obtained during the modeling of hydrogen 

combustion for PFI engines and DI engines with early injection from [3,4,6,28,42] at various speed 

modes are also plotted. It can be seen that the values of the coefficient k1 for these engines are quite 

close to the curve 1. Thus, it can be concluded that the relationship between combustion duration, 

mixture composition, and engine speed for engine from [41] is quite typical for PFI hydrogen engines 

and DI engines with early injection. However, it still needs to be complemented with data covering 

a wider range of engine types.  

The coefficient k2 of the model accounts for the influence of engine speed on the duration of 

stoichiometric mixture combustion. In [38], it is shown that for the engine from [43], good agreement 

with experimental data is achieved when k2 = 0.39. When calculating the combustion duration for the 

engine from [41], this coefficient was kept unchanged. 

The results of the combustion duration calculation for the engine from [41] are shown in Figure 

4b (solid lines). In this case, the engine speed and combustion duration at the nominal mode were set 

to 5000 rpm and 22°CA, respectively. The coefficient k1 was determined using formula (5), while the 

coefficient k2 was taken as a constant value of 0.39. It can be seen that the proposed method provides 

satisfactory agreement between the experimental and calculated data over a wide range of engine 

speeds. 

In work [41], the combustion duration of the stoichiometric mixture is not specified. However, 

from Figure 4b, it is evident that the calculated values of this parameter match well with the 

experimental data for the engine from [43]. Therefore, it can be concluded that the effect of turbulence 

in the cylinder, caused by changes in engine speed, on the combustion of the stoichiometric mixture 

is approximately the same for both engines. This allows for a broader generalization of the results 

obtained for the engines from [41,42]. 

3.2. Influence of Mixture Stratification on the Hydrogen Combustion  

From Figure 3, it follows that the influence of the air-fuel ratio on combustion duration in DI 

engines is somewhat lower than in PFI engines. In DI engines, injection often occurs during the 

compression stroke, and by the time of ignition, the mixture does not have enough time to evenly 

mix with the air. This leads to the formation of zones with lean and rich mixtures. As a result, 

combustion in zones with a rich mixture occurs faster than in a homogeneous mixture at the same 

cylinder-averaged λ. Consequently, the combustion duration in DI engines increases to a lesser extent 

with growing λ compared to PFI engines.   
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In our previous study [38], for DI engines, it was recommended to select the coefficient k1, which 

accounts for the air-fuel ratio influence, in the range of 0.77 to 1.0. However, the relationship between 

the degree of mixture stratification and coefficient k1 was not identified. In this research, this 

relationship was examined in more detail. 

One of the main factors influencing the degree of mixture stratification is the start of injection. 

Figure 5a presents data on the influence of SOI and air-fuel ratio on the combustion duration, as 

determined from [3,4,6,44–46]. An analysis of the data shows that the effect of SOI on combustion 

duration becomes more pronounced when injection starts at less than 80°CA BTDC, and it becomes 

particularly significant when SOI occurs at less than 40°CA BTDC. A similar conclusion was made in 

[46]. Additionally, Figure 5a indicates that the influence of SOI on combustion duration increases as 

λ rises, especially in cases of late injection. 

  
(a) (b) 

Figure 5. Influence of the start of injection (a) and air-fuel ratio (b) on the combustion duration in the flame front 

in DI hydrogen engines based on the data from [3,4,6,44–46] (a) and [4] (b): 1 – SOI = 300°CA BITDC, modes 1 

and 5 from Table 3; 2 – SOI = 14°CA BITDC and 21°CA BITDC, respectively modes 2 and 6 from Table 3; 3 – SOI 

= 12°CA BITDC and 16°CA BITDC, respectively modes 3 and 7 from Table 3; 4 – SOI = 9°CA BITDC and 21°CA 

BITDC, respectively modes 4 and 8 from Table 3. The dashed line shows the combustion duration in the flame 

front at jet-guided operation (curve 4). 

Particular interest in this regard are the results of the study presented in [4], which allow a 

comparative assessment of the impact of a homogeneous and highly stratified mixture on the 

hydrogen combustion (Figure 5b) for two mixture compositions with λ = 1.0 and λ = 2.5.  

The influence of the mixture composition on the combustion duration of the homogeneous 

mixture during early injection (curve 1 in Figure 5b) is approximately the same as in PFI engines, 

with the model coefficient k1 in this case being equal to 1.2.  

During the combustion of a highly stratified mixture, the effect of the mixture composition on 

the combustion duration is significantly smaller. For curves 2 and 3 in Figure 5b, the coefficient k1 

takes values of 0.59 and 0.51, respectively. 

Thus, the obtained data suggest a somewhat wider range for the model coefficient k1  in DI 

engines, varying from 0.5 to 1.2 at engine speeds of 1500–2000 rpm. In this case, values of k1 closer to 

the lower boundary of this range should be used for DI engines with late injection (SOI less than 

80°CA BITDC) and strong mixture stratification. Conversely, values closer to the upper boundary 

should be applied to DI engines with early injection (during the intake stroke) and homogeneous 

mixture.  

It should be noted that the degree of mixture stratification is significantly influenced by the fuel 

injection pressure, the rate of relative movement of air and fuel in the cylinder, and several other 

factors. Therefore, the given ranges for k1 can be considered as approximate. The final value is chosen 

as a result of tuning the mathematical model to experimental data.  

If we assume that the influence of turbulence, caused by engine speed, on the combustion 

duration of hydrogen in DI engines is the same as in PFI engines, then with an increase in engine 
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speed, the value of the coefficient k1 should be reduced by the same degree as for PFI engines (see 

Section 3.1).  

Stratification of the mixture leads to an increase in the share of fuel that burns relatively slowly 

in areas with a lean mixture [30]. When calculating modes with mixture stratification (modes 2, 3, 

and 6, 7 from Table 2), satisfactory agreement between experimental and calculated combustion 

characteristics was achieved by setting the assumed proportion of fuel burning in the lean mixture 

zones at approximately 30%. The combustion characteristic exponents for the combustion processes 

in the flame front and in the lean mixture zones were selected from the ranges provided in Section 

2.2 for DI engines.  

The results of hydrogen combustion modeling at different degrees of mixture stratification in 

the DI engine from [4] for modes 1 and 2, 5 and 6 from Table 2 are shown in Figure 6. It can be seen 

that the proposed refinements to the model ensure satisfactory agreement between experimental and 

calculated data for various mixture compositions and degrees of air-fuel mixture stratification. 

 

 

Figure 6. Influence of mixture stratification on the combustion in the DI hydrogen engine from [4]: 1 – 

homogeneous mixture (Mode 1 in Table 2); 2 – stratified mixture (Mode 2 in Table 2); 3 – homogeneous mixture 

(Mode 5 in Table 2); 4 – stratified mixture (Mode 6 in Table 2). Solid lines represent experimental data, adapted 

from [4], while dashed lines represent simulation results. 

3.3. Influence of Single Injection and Ignition Parameters on Hydrogen Combustion at Jet-Guided operation 

Key parameters of combustion at single injection and jet-guided operation are shown in Figure 

7a. The combustion curve typically has two peaks, corresponding to the combustion in the flame front 

of a highly stratified mixture and diffusion combustion [4,5]. The rate and kinetics of combustion in 

the flame front are determined by the amount of fuel that has partially mixed with air during the 

period between the start of injection and ignition [4,5]. Since injection continues after the flame front 

has formed, new portions of fuel enter the flame front, burning in a diffusion-controlled process. This 

process is characterized by a slight increase in the combustion rate during the first half of the injection, 

followed by a slight decrease. After the injection ends, the combustion rate drops to a certain level, 

followed by a prolonged period of relatively slow combustion. Thus, this combustion process 

contains the same components as combustion with dual injection (Figure 7b), described in Sections 

2.2 and 2.4. 
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(a) (b) 

Figure 7. Key parameters of combustion at single injection and jet-guided operation (a) and at dual injection (b). 

In the mathematical description of combustion at single injection and jet-guided operation, 

unlike in the combustion at dual injection, the components of equation (3) need to be slightly refined 

and specified. For this process, the function (
𝑑𝑥

𝑑𝜃
)

𝐼1
 in equation (3) represents the burn rate in the 

flame front, while the function (
𝑑𝑥

𝑑𝜃
)

𝐼2
 represents the diffusion burn rate. The parameters rI1 and rI2 

represent the shares of the fuel supply that burn relatively quickly in the flame front and in the 

diffusion process, respectively. The other model parameters have the same definitions. 

The data presented in [4,5] allow us to assess the impact of various factors on the combustion 

parameters. Analysis of the data shows that the combustion rate and duration in the flame front, 

represented by (
𝑑𝑄

𝑑𝜃
)

𝐼1
 and θzI1, respectively, depend on the injection pressure, the effective injector 

nozzle area, the air excess ratio in the cylinder, and the relative ignition timing 

𝜃̅𝑖𝑔𝑛 =
𝑆𝑂𝐼−𝜃𝑖𝑔𝑛

𝜃𝑖𝑛𝑗
100%,  

where SOI is the start of injection, θign is the ignition timing, and θinj is the injection duration. 

The influence of the specified factors on the maximum combustion rate and duration in the flame 

front for the engine from [5] is shown in Figure 8. From Figure 8a, it can be seen that the ignition 

timing, with the other injection parameters held constant, practically does not affect the combustion 

duration in the flame front. In this case, θzI1 varies within a narrow range—from 6 to 10°CA, while 

the total combustion duration in the flame front and diffusion combustion ranges from 20 to 78°CA. 

The combustion duration in the flame front can be determined using equation (4) depending on the 

air-fuel ratio. From Figure 5b, it can be seen that the air-fuel ratio has a slight impact on the duration 

of this type of combustion (curve 4), which can be explained by the strong mixture stratification. At 

the same time, a satisfactory agreement with the experimental data is achieved when the k1 coefficient 

is set to 0.3. 
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Figure 8. Influence of injection parameters on the combustion duration (a) and on the maximum burn rate (b) in 

the flame front obtained by processing data from [5]: 1 – pinj = 190 bar and "high" needle lift (modes 12-14 in Table 

2); 2 – pinj = 80 bar and "high" needle lift (modes 18-20 in Table 2); 3 – pinj = 190 bar and "low" needle lift (modes 

9-11 in Table 2); 4 – pinj = 80 bar and "low" needle lift (modes 15-17 in Table 2). 

In this type of combustion, there is a significant delay in the onset of active heat release 

(parameter ∆θ1 in Figure 7) when the ignition timing and SOI coincide (Figure 9). This parameter was 

determined in this study according to the methodology outlined in Section 2.3 and differs slightly 

from the parameter "ignition delay," which is typically defined as the time from ignition to the 

combustion of 1%, 5% or 10% of the injected fuel [40]. From Figure 9, it can be seen that the parameter 

∆θ1 at ignition, when 10% of the relative injection duration is reached, is approximately 1°CA and 

then tends toward zero. In the mathematical model, this can be accounted for by a simple linear or 

quadratic dependence on the relative ignition angle. 

 

Figure 9. Influence of injection pressure, needle lift, and relative ignition timing on the delay in the onset of 

active heat release in a DI engine, obtained by processing data from [5]: 1 – pinj = 190 bar, "high" needle lift (modes 

12-14 in Table 2); 2 – pinj = 80 bar, "high" needle lift (modes 18-20 in Table 2); 3 – pinj = 190 bar, "low" needle lift 

(modes 9-11 in Table 2); 4 – pinj = 80 bar, "low" needle lift (modes 15-17 in Table 2). 

The intensity of heat release during the combustion in the flame front can be characterized by 

the parameter (
𝑑𝑄

𝑑𝜃
)

𝐼1 𝑚𝑎𝑥
  (see Figure 7a). From Figure 8b, it can be seen that this parameter depends 

almost linearly on the relative ignition timing and is primarily determined by the amount of fuel 

burning in the flame front. The fraction of fuel burned in the flame front can be determined from the 

fuel injection calculation, taking into account the combustion duration in the flame front using the 

following formula: 

𝑟𝐼1 =
𝑆𝑂𝐼−𝜃𝑖𝑔𝑛+∆𝜃1+𝜃𝑧𝐼1∙𝑘𝐼1

𝜃𝑖𝑛𝑗
,  

where kI1 is a coefficient that accounts for the reduction in the share of fuel burned in the flame front 

due to the simultaneous occurrence of diffusion, premixed, and "slow" combustion processes. This 

coefficient was set in the range from 0.6 to 0.9 during modeling. 

Accordingly, the fraction of fuel burned in the diffusion process 𝑟𝐼2 = 1 − 𝑟𝐼1. 

During the modeling of combustion in flame front, the characteristic exponent (mI1) was set in 

the range from 2.0 to 2.5.  

Figure 10 shows the influence of maximum injection pressure, injector needle lift, and injection 

duration on the duration of diffusion combustion, obtained by processing the data from work [5]. 

From Figure 10a, it can be seen that the duration of diffusion combustion decreases with increasing 

maximum injection pressure and needle lift. Both of these influencing parameters determine the 

intensity and duration of injection. Figure 10b shows the effect of injection duration at different 

pressures, ignition timings, and needle lifts on the duration of diffusion combustion (modes 11-20 in 

Table 2). It is evident that the duration of diffusion combustion is practically proportional to the 

duration of fuel injection, which confirms the conclusion we previously made in [38].   
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(a) (b) 

Figure 10. Influence of injection pressure and injector needle lift (a), as well as injection duration (b), on the 

duration of diffusion combustion, obtained by processing the data from work [5]: 1 – "low" needle lift (modes 9 

and 15, Table 2); 2 – "high" needle lift (modes 12 and 18 in Table 2). The points in (b) show the duration of 

diffusion combustion for modes 9-20. 

An analysis of the data from [4,5] shows that the rate of diffusion combustion sharply decreases 

after the injection ends, at some angle ∆θ2 (see Figure 7). For the engine in [5], when operating at 1500 

rpm, the value of ∆θ2 was in the range of 5 to 10° CA, with shorter and more intense injections 

resulting in a smaller value for this angle. When simulating the operation of this engine, the value of 

∆θ2 was assumed to be 7° CA for all modes. Thus, by calculating the duration of hydrogen injection, 

the duration of diffusion combustion can be relatively easily determined. 

As with the duration, the maximum rate of diffusion combustion depends on the intensity of 

fuel injection. From Figure 11a, it is evident that increasing the injection pressure and injector needle 

lift leads to a slight increase in the rate of diffusion combustion. However, as shown in Figure 11b, 

the influence of injection duration on the rate of diffusion combustion is much lower than on the 

duration of this type of combustion. When the injection duration increases from 8 to 64° CA, the 

maximum rate of diffusion combustion decreases from approximately 20 J/° CA to 12 J/° CA for 

modes with various combinations of injection pressure, ignition timing, and injector needle lift 

(modes 11-20 in Table 2).  

  

(a) (b) 

Figure 11. Influence of maximum injection pressure and injector needle lift (a), as well as injection duration (b) 

on the maximum rate of diffusion combustion in a DI engine, obtained from the data analysis in [5]: 1 – "low" 

needle lift (modes 12 and 18 in Table 2); 2 – "high" needle lift (modes 15 and 21 in Table 2). The points in (b) show 

the maximum rate of diffusion combustion for modes 9–20. 

The maximum rate of diffusion combustion typically occurs in the first half of the process. 

Accordingly, when modeling diffusion combustion, the combustion characteristic exponent was set 

to 1.5–2.0. 

An analysis of experimental heat release characteristics and comparison of the calculation results 

with experimental data shows that a significant share of the fuel burns at a relatively low rate. When 

modeling for an engine with single injection and J-guided operation, a satisfactory agreement with 
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experimental data was achieved by setting this portion in the range of 50% to 60% of the cycle’s fuel 

supply. The combustion characteristic exponent for this type of combustion was set to 0.6. 

The results of modeling hydrogen combustion in a DI engine with single injection and jet-guided 

operation from [5] are shown in Figures 12 and 13. It can be seen that the proposed mathematical 

model accounts for the influence of injection pressure, effective injector nozzle area, and the 

relationship between the injection and ignition timings on the hydrogen combustion. 

3.4. Influence of Dual Injection and Ignition Parameters on Hydrogen Combustion 

Hydrogen combustion at dual injection shares many similarities with combustion at single 

injection and jet-guided operation, but there are also some differences. The differences primarily lie 

in the characteristics of the combustion process in the flame front and the mutual influence of 

premixed and diffusion combustion. 

The diagram for determining the combustion parameters for dual injection is shown above in 

Figure 7b. The first injection in DI engines is often performed during the second half of the 

compression stroke. By the time the first injection ends, a lean mixture is formed in the cylinder. For 

example, if the air-fuel ratio, calculated based on the overall cycle fuel supply, is 2 and the fuel share 

in the first injection is 50%, the averaged air-fuel ratio in the cylinder at the end of the first injection 

will be 4. However, due to the stratification of the mixture, the burn rate in the flame front after 

ignition is somewhat higher than during the combustion of a homogeneous mixture at this λ.  

As shown in Section 3.2, the influence of λ on the combustion in this case will be less than in DI 

engines with early injection. For engine operating modes with dual injection (modes 21-23 in Table 

2), when the total λ changes from 1 to 2.5, a satisfactory agreement between calculated and 

experimental data was achieved with a model coefficient k1 ranging from 0.75 to 0.9. When modeling, 

the start of the active heat release was considered to coincide with the ignition timing, meaning that 

the angle ∆θ1 (see Figure 7) was assumed to be zero. 

 

 

Figure 12. Influence of injection pressure and injector needle lift on hydrogen combustion at jet-guided operation 

in a DI engine from [5]: 1 – pinj = 190 bar and "high" needle lift (mode 12 in Table 2); 2 – pinj = 190 bar and "low" 

needle lift (mode 9 in Table 2); 3 – pinj = 80 bar and "high" needle lift (mode 19 in Table 2); 4 – pinj = 80 bar and 

"low" needle lift (mode 15 in Table 2). Solid lines represent experimental data, adapted from [5], while dashed 

lines represent modeling results. 
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Figure 13. Influence of the ignition timing on hydrogen combustion at jet-guided operation in a DI engine from 

[5]: 1, 2, 3 – corresponding to modes 12, 13, 14 in Table 2, respectively; 4, 5, 6 – corresponding to modes 9, 10, 11 

in Table 2, respectively; 7, 8, 9 – corresponding to modes 18, 19, 20 in Table 2, respectively; 10, 11, 12 – 

corresponding to modes 15, 16, 17 in Table 2, respectively. Solid lines represent experimental data, adapted from 

[4], and dashed lines represent the simulation results. 

At double injection, the model coefficient k2, which accounts for the influence of engine speed on 

the combustion rate of the stoichiometric mixture, was assumed to be 0.39. The characteristic 

exponent for the combustion of the mixture in the flame front (mI1) was selected from the range 2.5 to 

2.7. 

After the start of the second injection and the onset of diffusion combustion, the average 

combustion rate in the cylinder generally increases. The maximum combustion rate during this 

period depends on the difference between the start of the second injection and the ignition timing 

(SOI2-θign). As this difference decreases, the peaks of the diffusion and premixed combustion rates, 

occurring simultaneously in the cylinder, approach each other, resulting in a sharp increase in the 

total combustion rate on the heat release characteristic. The maximum diffusion combustion rate in 

modes 21-23 in Table 2 was significantly higher than in the case of single injection and jet-guided 

operation (modes 9-20 in Table 2). 

As shown above, the duration and rate of diffusion combustion are primarily determined by the 

intensity of hydrogen injection into the flame front. An analysis of combustion characteristics in 

engines with dual injection from [3,7,30,44] shows that the assumed end of diffusion combustion 

occurs at an angle ∆θ2, which varies between 4°CA and 15°CA. The shorter and more intense the 

injection, the smaller this difference. In our modeling at dual injection for modes 21-23 in Table 2, the 

parameter ∆θ2 was chosen from the range 4°CA to 8°CA. 

Mixture stratification in engines with double injection can lead to part of the fuel burning in 

zones with a lean mixture. Calculations show that the greater the share of the second injection (rI2), 

the higher the assumed share of fuel burning relatively slowly (rII). This statement is confirmed by 

data from [30], where an increase in the share of the second injection was accompanied by a decrease 

in the maximum diffusion combustion rate, along with the appearance of a region of slow combustion 

on the burn rate curve. In the modeling of modes where the ratio of the first to the second injection 

was 60%/40% and 50%/50%, good agreement with experimental data was obtained when the rII share 

was approximately 30%. For the mode with an injection ratio of 45%/55%, the rII share was taken as 

approximately 40%. The characteristic exponent for "slow" combustion (mII) was set to 1.2. 

The results of hydrogen combustion modeling in a DI engine with dual injection from [3,7] for 

modes 21-23 in Table 5 are shown in Figure 14. It can be seen that the proposed combustion model 

allows satisfactory agreement between experimental and calculated data for various speed and load 

modes, injection ratio, and air-fuel ratios. 

0

50

100

150
B

u
rn

 R
at

e 
(J

/°
C

A
)

1

2
3

0

50

100

150

B
u

rn
 R

at
e 

(J
/°

C
A

)

4

5 6

0

50

100

150

-15 0 15 30 45 60 75 90

B
u

rn
 R

at
e 

(J
/°

C
A

)

Crank Angle (°CA)

7

8
9

0

50

100

150

-15 0 15 30 45 60 75 90

B
u

rn
 R

at
e 

(J
/°

C
A

)
Crank Angle (°CA)

10

11
12

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 29 April 2025 doi:10.20944/preprints202504.2486.v1

https://doi.org/10.20944/preprints202504.2486.v1


 17 of 20 

 

 

Figure 14. Results of combustion modeling for engines with dual injection: 1 - engine from [7], mode 21 in 

Table 2; 2 - engine from [7], mode 22 in Table 2; 3 - engine from [3], mode 23 in Table 2. The solid line 

represents experimental data, adapted from [3,7], and the dashed line represents the modeling results. 

4. Conclusions 

In this work, the mathematical model of hydrogen combustion was modified to account for the 

combined influence of engine speed and mixture composition, mixture stratification at late injection, 

fuel injection and ignition characteristics at single injection and jet-guided operation, as well as at 

dual injection. The following key results were obtained: 

• An approach to determining the duration of premixed and diffusion combustion based on 

experimental combustion characteristics using the Wiebe function is proposed. 

• It has been found that the influence of mixture composition on fuel combustion duration in PFI 

engines is greater at low engine speeds than at high engine speeds. This influence can be 

accounted for in the model by selecting the coefficient k1 in formula (4) from the proposed range 

or by using the empirical equation (5). 

• For two different hydrogen engines, the influence of engine speed on the duration of 

stoichiometric mixture combustion is approximately the same. Accordingly, the model 

coefficient k2, which accounts for this parameter, does not change significantly between these 

two engines. This allows for a broader generalization of the obtained results. 

• Significant mixture stratification in DI engines occurs when injection begins later than 80°CA 

BTDC, and the influence of late SOI on hydrogen combustion duration increases with λ. This 

effect is accounted for in the combustion model by selecting lower values of the coefficient k1 for 

late injection from the specified range.  

• Mixture stratification is sometimes accompanied by an increase in the fraction of fuel burning in 

lean mixture zones. Model coefficients have been proposed to account for the kinetics of 

premixed combustion and relatively slow combustion. 

• At single injection and jet-guided operation, strong mixture stratification occurs, and the 

influence of mixture composition on the combustion duration in the flame front is minimal. A 

methodology for determining the duration of premixed combustion and the amount of fuel 

burned in the flame front has been proposed.  

• The duration of diffusion combustion at single injection and jet-guided operation correlates well 

with the fuel injection duration at various injection pressures, ignition timings, and injector 

needle lifts. Values or ranges for the model coefficients accounting for the kinetics of different 

types of combustion at this injection strategy are provided. 

• At dual injection, the duration and rate of premixed combustion are determined by SOI and the 

mixture composition in the cylinder at the moment of ignition, while the characteristics of 

diffusion combustion are mainly influenced by ignition timing and the parameters of the second 

fuel injection. Values or ranges for the model coefficients that account for the kinetics of different 

types of combustion at this injection strategy are provided. 
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Abbreviations 

The following abbreviations are used in this manuscript: 

BITDC Before Ignition Top Dead Center 

BMEP Brake Mean Effective Pressure 

BSFC Brake Specific Fuel Consumption 

BTE Brake Thermal Efficiency 

CA Crank Angle 

CFD Computational Fluid Dynamics 

DI Direct Injection 

ITE Indicated Thermal Efficiency 

МFB50 50% Mass Fraction Burned 

NOx Nitrogen Oxides 

PFI Port Fuel Injection 

SOI Start of Injection 
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