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Abstract

We investigated the diffusive dynamics of a Lévy walk subject to stochastic resetting through com-
bined numerical and theoretical approaches. Under exponential resetting, the process mean squared
displacement (MSD) undergoes a sharp transition from free superdiffusive behavior with exponent
Yo to a steady-state saturation regime. In contrast, power-law resetting with exponent 8 exhibits
three asymptotic MSD regimes: free superdiffusion for § < 1, superdiffusive scaling with linearly
B-decreasing exponent for 1 < B < g + 1, and localization characterized by finite steady-state
plateaus for B > o + 1. MSD scaling laws derived via renewal theory-based analysis demonstrate
excellent agreement with numerical simulations. These findings offer new insights for optimizing
search strategies and controlling transport processes in non-equilibrium environments.

Keywords: stochastic resetting; brownian motion; Lévy walk

1. Introduction

In nature, random motion manifests ubiquitously across microscopic to macroscopic scales, with
Lévy walk emerging as a fundamental paradigm alongside Brownian motion. Characterized by
heavy-tailed jump-length distributions, Lévy walk facilitates efficient long-range exploration through
its distinctive combination of localized search and sporadic abrupt relocation [1]. This dynamical
strategy has been observed in diverse biological systems [2—4], including albatross foraging patterns
[2], bacterial chemotaxis [3], and cell migration in vivo [4], and theoretically validated as an optimal
search mechanism in sparse environments [5,6]. Unlike Brownian motion, whose diffusive behavior
is governed by short-range fluctuations, Lévy walk’s power-law statistics enables it to overcome the
“curse of dimensionality” in target search, establishing it as a cornerstone for modeling transport in
non-equilibrium systems [7].

When searching for a target in a crowd, if one cannot find it within an affordable time interval,
then a more efficient way to complete the task is to go back to the beginning and start the process
again. Stochastic resetting (SR) - defined as the stochastic re-initiation of a system to a reference state -
represents another ubiquitous mechanism in natural search processes [8]. For instance, animal foraging
often involves periodic returns to shelter or nesting sites [1], effectively “resetting” the search trajectory
to balance exploration and resource exploitation [9]. Similarly, microbial cells navigating chemical
gradients may periodically abandon fruitless paths via spontaneous resetting, a strategy that optimizes
nutrient acquisition in heterogeneous environments [10,11]. Current research had recourse to SR
mainly to optimize search strategies [9,12-16]. For example, Nagar and Gupta explored the optimal
search of Brownian motion under SR with waiting times following a power-law distribution [12];
Kusmierz et al. investigated search strategy optimization for heavy-tailed Lévy flights combined with
SR [13]. Such resetting events, whether driven by energy constraints, environmental cues, or internal
behavioral rhythms, impose a hierarchical organization on random walks, transforming diffusive
dynamics into controlled transport processes.
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Recently, attention has shifted to the impact of SR on diffusion dynamics. Liu et al. investigated
the diffusive behavior of Lévy walks under SR with rests [17]; Kusmierz et al. [18] and Zhou et al. [19]
studied the subdiffusive dynamics of continuous-time random walks (CTRW) under exponentially
distributed stochastic resetting times, respectively. Bodrova and Sokolov explored diffusion under
power-law resetting [20], but focused on CTRWs with finite step lengths, thereby neglecting the inter-
play between long-range jumps and power-law resetting. Targeting the long-range jump properties of
Lévy walks, our study examines their behavior under power-law resetting [12,20,21], aiming to reveal
novel phenomena beyond the scope of CTRW models [18-20]. Indeed, in natural systems, processes
such as animal foraging [2] and cellular transport [4] exhibit both Lévy-type long-distance migration
and power-law resetting (e.g., periodic returns to nesting sites). Our approach provides quantitative
explanations for such phenomena, adding to a more realistic representation of biological and physical
system dynamics compared to CTRW models.

2. Lévy Walks Under Stochastic Resetting

One dimensional (1D) unbiased Lévy walks constitute a class of random walks characterized by
step lengths distributed according to a Lévy distribution [7]. Analytically, symmetric Lévy distributions
are defined through their characteristic function,

F(k) = exp[—clk]*], 0<a<2, (1)

where the scale parameter ¢ may be conveniently set to unity (c = 1) and the (Lévy) index « spans the
interval (0, 2]. This characteristic function corresponds to analytical expressions in the spatial domain
only for three specific a values: Lévy distributions for « = 1/2, Cauchy distributions for « = 1, and
Gaussian distributions for & = 2.

Lévy-distributed random number generation necessitates numerical methods such as the Cham-
bers-Mallows-Stuck algorithm [22] or the Mantegna algorithm [23]. The latter generates Lévy-
distributed step lengths through two sets of normally distributed random numbers, providing simpli-
fied formulation and computational efficiency, though limited to symmetric distributions, such as those
in Eq. (1). Consequently, we had recourse to the Mantegna algorithm for all numerical simulations
presented herein.

We conducted systematic MSD simulations for Lévy walks and compared numerical results
with theoretical predictions. For each generated step length s;, we calculated the corresponding step
duration A; = |s;| /v for a particle with constant speed v. In our simulations, we conventionally
set v = 1. Iterative application of this procedure generates 1D Lévy walk trajectories (Figure 1).
Specifically, we fixed the Lévy index « and generated N = 10° independent trajectories originating
from the initial condition x(0) = 0. For each trajectory, we recorded its position-time series and
computed the ensemble-averaged MSD

2 1 a 2
(x*(t)) = ﬁk;m(t)—xk(())l : 0

For an untruncated Lévy walk, the asymptotic MSD [i.e., the t — co limit of Eq. (2)] is known to
scale like [24,25]
1—-a)t?, 0<a<l,

t2
Mo(t) = lim (<2(8)) ~ { Int’ v=1 3)
fe LB, 1<a<2,
2t, a=2,

with Fy = [T(1 —a)|(« —1)?/[aT(4 — a)] and I'(... ) denoting the Gamma function. We note that by
setting ¢ = v = 1, we implicitly established dimensionless units for both x and ¢.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Except for « = 1, the 1D asymptotic Lévy walk diffusion can be formulated as
Mo(t) = Kt™, (4)

where the free diffusion prefactor K and exponent -, are functions of « that can be directly obtained
from Eq. (3). However, in view of Eq. (1), at short times, ¢t < 1 (i.e., t < 1), the particle propagates at
constant speed, v = 1, yielding (x?(t)) ~ t? independently of &, as demonstrated by the short-time dat
fits in Fig. 2. This effect is an artifact of our Lévy step generator and is not further considered in the
following.

We employed Eq. (4) to fit simulated MSD curves and extract numerical estimates for K and -y,
as summarized in Table 1. Notwithstanding increased systematic errors in the Mantegna algorithm
near &« = 1 and 2, all relative errors remain below 20%, confirming numerical reliability. In particular,
simulated exponents consistently match theoretical predictions across repeated trials, validating our
numerical code for subsequent Lévy walk simulations under SR conditions.

Table 1. MSD for free Lévy walk (no SR): Numerical simulations versus theoretical predictions.

« Theory Simulation = Relative error
0.25 0.75 2 0.74 12 1%
0.5 0.5 2 0.5 2 0%
0.75 0.25 #2 0.26 2 4%
1 112/ Int 112/ Int 0%
1.1 0.11¢%9 0.13t19 18%
1.25 0.3t17° 0.31417° 3%
14 0.59 16 0.56 1 5%
1.5 0.89 15 0.76 1> 15%
1.6 1.34 114 1.08 14 19%
2 2t 1.76 ¢ 12%

4+
N
\ 4

Figure 1. Schematic of Lévy walk under SR. xy denotes a random starting position, while X, represents the
resetting position.

Under SR, the Lévy walker is reset to the initial position X, at random time intervals 7 (as
illustrated in Figure 1) drawn from a distribution function (), to be specified. In 1D, its coordinate
can be expressed as

x(t) = Xy + %(t —ty—1) for t€ [ty_1,tu), ()

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202512.1667.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 18 December 2025 d0i:10.20944/preprints202512.1667.v1

40f16

where t,,_1 and t, denote the times of two consecutive random resetting events and %(t) represents
the same Lévy walk reinitialized with ¥(0) = 0 (Method I in notation of Ref. [18]) and truncated after
the resetting interval 7, = t, — t,,_1. In our simulations, we set X, = 0 and, contrary to the authors of
Ref. [26], we allowed resetting to occur at any time, i.e., also during Lévy steps (continuous SR).
As an Ansatz for our analysis, we postulate that the asymptotic MSD under resetting obeys the
same scaling law, Eq. (4), as for a free Lévy walker, that is
M(t) = lim (2%(1)) =K't (6)
— 00
with appropriate prefactor K and diffusion exponent 1y to be determined based on the specific choice

of (7). Logarithmic corrections to the aforementioned scaling law, occurring for « = 1, according to
Eg. (3), and for certain power laws of the 7 distributions, will be treated separately.

3. Lévy Diffusion Under Exponential Stochastic Resetting

In this section, we revisit Lévy walks subject to SR with exponentially distributed resetting times
[17-19]. Our goal is twofold: first, to develop and validate the renewal theory framework, which
will be extended in Section 4 to the more complex case of power-law resetting; and second, to use
exponential resetting as a benchmark to illustrate how the interplay between the power-law statistics
of Lévy walk steps and resetting times gives rise to distinct diffusive regimes.

We begin by assuming that the resetting times, 7, follow an exponential distribution,

P(r) = 2o/, (7)

Te

with finite first and second moments, respectively,
(1) =7, and (1?) =272 8)

Figure 2 illustrates how exponential resetting influences the temporal evolution of Lévy walk
MSD for various a values. Colored symbols represent MSD data for different resetting parameters .,
while black symbols denote corresponding MSD in the absence of resetting. For t < 7., low resetting
probability results in MSD closely approximating free diffusion. More significantly, for t ~ T, frequent
resetting induces MSD curve deviations from free growth, ultimately leading to horizontal saturation
plateaus for t >> T,. Plateau heights depend on both the Lévy index a and resetting parameter ..
This phenomenon demonstrates that regardless of underlying dynamics (ballistic, superdiffusive,
etc.), exponential stochastic resetting establishes an upper bound for MSD at long times, preventing
unbounded diffusion [9,15].

Exact expressions for the dependence of Lévy walk MSD on the tunable parameters « and 7, are
derived using a renewal theory method and numerically validated in the following subsection.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Figure 2. MSD of Lévy walks under exponential resetting, Eq. (7), for different « and 7, (see legends). Asymptotic
fits of the free-diffusion data (black symbols) are reported for a comparison with the analytical predictions of Eq.
(3): the t scaling laws appear in close agreement, while discrepancies in the prefactors are minimal. The ballistic
MSD growth, MSD ~#? for t < 1, is a numerical artifact of the Lévy step generator of Eq. (1) for c = v = 1 - see
discussion following Eq. (4).

3.1. Scaling Analysis and Diffusion Transition Times

By handling the resetting process of Eq. (5) as a renewal process [27], the contribution of each
resetting event to the MSD can be accounted for individually. The renewal theory provides a concise
and straightforward analytical framework. The general renewal equation for the MSD in the asymptotic
regime is

t
M) = S(OMo(t) + [ p(r) M(t =7 dr, ©)
where Mj(t) is the known free MSD of Eq. (3) and (7) is an arbitrary resetting time distribution

function. S(t) is the survival function associated with ¢(7), i.e., the probability that resetting happens
after a waiting time larger than ¢,

S(t) = /t () dr. (10)

When the mean (7) of the resetting time distribution 1(7) exists (i.e., is finite), one can make use
of the closed form of the asymptotic “age distribution”,

S
fage(t) = <§_t>)r (11)
to formally solve Eq. (9) for t > (7) [28], that is
M(t) = / t ! Nt 12
- 0 fage(t )MO(t) £ ( )

In this way, the asymptotic MSD is formulated in terms of the average Lévy diffusion within single
resetting events.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202512.1667.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 18 December 2025 d0i:10.20944/preprints202512.1667.v1

6 of 16

Equation (12) provides the most direct way to calculate the plateau Mgt = tlim M(t) for the
— 00

asymptotic Lévy MSD under exponential resetting. From the exponential distribution in Eq. (7), we
obtain the survival function S(t) = e~!/% and the corresponding age distribution fage(t) = ¢!/ % /.
Accordingly, for & # 1, Eq. (12) can be rewritten as

Mgt = lim M(t) = E/ 10~/ % dt, (13)
t—co Te JO

where we used the formal expression for My(t) introduced in Eq. (4). This integral can be easily
performed in terms of Gamma functions, to obtain

Mg =Kt°T(1+70), a#1 (14)

For « = 1, the Lévy walk MSD in Eq. (3) does not follow a power law, so we must handle it
separately. Inserting the free MSD expression, My(t) = #?/Int for & = 1, into Eq. (12), we end up with
an integral expression for Mg, namely

Mg = / 1t Ll dt. (15)
0 T Int

[We recall that x and t are expressed in the dimensionless units corresponding to ¢ = v = 1.] This integral
can be separated into two distinct integrals by introducing the auxiliary variable y = ¢/, that is,

2 )
Te lny 2 —
— 127 y

M Int, /0 ( In T)y e dy, (16)
where [;"y2eVdy = 2and [;°y*InyeVdy = 2¢(3), with ¢(z) = % InT(z). For an integer n,
Y(n) = —yg + Z;‘;ll 1/z, where vg ~ 0.5772 is the Euler-Mascheroni constant; hence, for n = 3,

¥(3) ~ 1. In conclusion, Eq. (16), can be approximated to
Myt ~ 21; (1— ! ) a=1. 17)

Int, Int/’

Deriving the superdiffusive regime of M(t) is generally a more complex task, requiring the solution
of the full renewal equation (9). In the case of exponential SR, we need to extract the time dependence of
M(t) for t < 1. Upon Laplace transformation, Eq.(9) can be equivalently reformulated as

o) — Eols) 4 G(e) I Y So(s)
M(s) = So(s) +9(s) M(s) = M(s) = ——="—, (18)
1=9(s)
where So(s) = L{S(t)Mo(t)} = L{So(t)}. The large-t (short-t) behavior of M(t) can be readily
determined by analyzing Eq. (18) in the limit of small (large) s.

Using Eq. (4) for M(t) with « # 1 and the explicit expression for S(t) reported above, calculating
M(s) reduces to evaluating the Laplace transform of elementary functions (powers and exponentials);
hence, M(s) = K T(14 70)7°/[s(1 + s7)70]. Inverse transforming M(s) yields

M(t) = My(t), t< 1, (19)

as anticipated in Fig. 2. Of course, in the opposite limit, t >> 1. one recovers the plateau value of
Eq. (14). The same conclusion is readily extended to the case of logarithmic corrections to the scaling
equation (4) for My(t), which corresponds to the marginal case « = 1 in Eq. (3).

To validate our analytical predictions, in Figure 3 we display the datasets from Fig. 2 with ¢ and
MSD rescaled respectively by 7, and Mg;. For Mg, we utilized the appropriate analytical expressions
from Egs. (14) and (17), employing numerical values for K obtained from simulation data fitting

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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[rather than theoretical values from Eq. (3)]. This approach ensures greater consistency, accounting
for numerical inaccuracies inherent in Mantegna’s method for Lévy step generation (Table 1). For
comparative purposes, we include in each panel (i.e., for all « values) the corresponding superdiffusive
curve (black) in the absence of SR. For graphical convenience, t and the no-resetting MSD data have
been rescaled by 7, = 10* and the corresponding Mg, respectively. All colored curves for finite 7
converge asymptotically to MSD/Mg; ~ 1 for t >> T, in close agreement with theory. This occurs
because, when the observation time exceeds the mean SR time, 7,, accumulated reset events drive
the system from free superdiffusion into a regime of reset-governed localization. In contrast, Lévy
diffusion remains largely insensitive to SR for ¢ < 7,. This establishes a robust reference framework for
subsequent comparisons under varying reset distributions.

10Y(a)  a=05 (b) a=1
___________ _ |10t
I , 7
! No Resetting | = | No Resetting
10* | Te=1 2 ! 1.=1
S ! 10 p= | 10
é . 100 | 100
I 1000 i 1000
p | 10° !
» 1+ 10000 |+ 10000
10 ! 1
10° t/t, 10° 10° 10° tlt, 10° 10°
. (¢) a=15 10%{(d) a=2
: No Resetting )
Lo -1 102 I No Resetting
10 e F ' =1
7 | 10 g : Te_
£ ! - 100 Q 10
2 |+ 1000 = 4 ' v 100
= |+ 10000 107 S y + 1000
10-10 > | : | 10000
|
10 t/t, 10° 108 10 t/t, 10° 108

Figure 3. Rescaled data from Fig. 2, MSD /Mg, vs. rescaled time, t/ 1., for different a. Mg was computed from
Egs. (14) for & # 1 and (17) for « = 1, by inserting the numerical values of K obtained by fitting the simulation
data for free Lévy walks, see Table 1.

Finally, Figure 4 illustrates, for various Lévy indices «, the dependence of M on the mean
resetting time 7,. Colored points represent simulation-measured asymptotic MSDs;; solid lines of the
same color denote the corresponding theoretical predictions for Mgt from Egs. (14) and (17). Our
Lévy walk simulations result to closely overlap the theoretical curves for My(t) in Eq. (3) only for
t 2 100 (see Figure 2). Therefore, not surprisingly, substantial discrepancies between numerical data
and analytical predictions are observed in Figure 4 for 7, < 100, while excellent agreement is achieved
for 7, 2 100 across the entire « range.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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10°{w =0.25 —— M_(0.25)
1e a=05 —— M, (05)

10744 a=0.75—— M (0.75)

G 1v asl  ——My()

8 105{¢ @=1.25——M(1.25)
2

10°
101_2 < 0a=1.5——M(L5)
> 0=1.6 —— M(1.6)
10_1? * a=2 ——My(2)
1 10 T, 100 1000 10000

Figure 4. Lévy walk MSDs; vs. 7. under exponential SR for different a: numerical simulation data (symbols) vs.
theoretical predictions from Egs. (14) and (17) (solid curves).

4. Lévy Diffusion Under Power-Law Stochastic Resetting

Resetting times in numerous complex systems are characterized by heavy-tailed distributions.
For instance, animal foraging-pause durations often exhibit approximate power-law or multiscale
characteristics [29], and inter-spike intervals in neuronal network activity may also demonstrate
multiscale dynamics [30]. Therefore, we next examine the case of resetting times distributed according
to a power-law.

Let the Lévy walker be now instantaneously reset to X, = 0 after a random time 7 drawn from a
Pareto (Type I) distribution,

:B Ty 1"",5
—\ T 7 T 2 T 7

(1) ={ T (%) ’ (20)
0, T < T,

where Ty denotes a scale parameter and exponent § characterizes the distribution tail decay. The 7 first
and second moments,

(1) = ﬁﬁfol, B>1

2
_ By

(% = 52

diverge for B < 1 and 8 < 2, respectively. In our simulations, unless otherwise specified, we assumed

(21)

B>2,

a small resetting timescale, namely 175 = 0.1. The principal findings of this section can be readily
generalized to Lomax distributions with identical 15 and  parameters, and extended in principle to
other heavy-tailed 7 distributions.

Figure 5 illustrates the temporal evolution of Lévy walk MSD under Pareto-distributed resetting
times for various Lévy indices «. Colored curves for different B values are plotted in each panel; black
curves for f = 0 represent free Lévy diffusion. In each panel, MSD curves for f < 1 run parallel to a
black curve for = 0, exhibiting approximate free Lévy superdiffusive scaling. As 8 increases, the
diffusion exponent gradually decreases until, above a critical B threshold, MSD reaches an asymptotic
plateau, indicating complete diffusion suppression. This critical B threshold appears to decrease with
«. All curves of all panels coincide at short times, as for ¢ < 1y = 0.1 resetting has not yet commenced,
while for t < 1 the walk is purely ballistic and « insensitive. At long times, the curves in each panel
diverge demonstrating specific SR diffusion behavior.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Figure 5 graphically demonstrates the strong correlation between exponents « and 3, which will be
analyzed in detail in the forthcoming subsections. As anticipated in Section 2, we aim to determine how
SR modifies the prefactor and exponent of the free MSD, M (t) from Eq. (4). For this purpose, we must
exclude from our analysis Lévy walks with « = 1, where Eq. (3) indicates that additional logarithmic
time dependence must be incorporated. Cases with « = 1 will be treated separately in Section 4.4.

107
* B0t B2 =05 (a) =0 - p=2 o=1 (b) e
. B=01 - p=21 ! B=0.1 + p=2.1 /
+ B=05 - B=25 + B=05 - B=25 e
103 © B=0.9 - B=26 p=0.9 - p=2.6 e
i B=1 . B=2.8 « B=1 a =3 a3+t >
0 B=1.1 B=1.1
L
1201 COEELS et B :;:ﬁ
e = H I TTIIIVOIN . — 2 HI T IO
P l“?ii i iiﬂ%ﬂﬁﬁ%ﬂmtmm P lgwﬁuﬂﬂﬁﬁaiﬂum‘ﬂddﬂ
L
+ B=3 <« PB=35 oo + B=3 <« pB=35
o ¢ PB=3.1 » B=4 o ¢ PB=3.1 - B=4
10-5 2 1 0 1 2 3 105 2 1 0 1 2 3
102 100 10° t 10' 10®° 10 102 100 10° t 10' 10®> 10
gng: Eiil a=15 (c) N Bf;.s o=2 ,(.?v)"‘""
.+ B=05 - p=25 5 . /
3.
10% . p=09 - p=26 2
8 ¢ B=1 =1 - -
= p=1.1 1o ! “““ mii!!!m“""
] B=1.5 . B=15 e TTTIEL Ll bbb bbad
0%, g 5;;; mﬁﬁﬂﬁﬁn e i ﬁuﬂﬂﬂh ..... s
0‘“ . B=2.6 ¢+ B=3.1
_.“ v B=83 <« pB=35 ..‘ s+ B=28 <« PB=35
. + B=3.1 > p=4 - B=3 > B=4
10° 10°
102 10'  10° t 10 102 10° 102 10'  10° t 10 102 10°

Figure 5. MSD vs. time t for Lévy walks under power-law SR for (a) « = 0.5; (b) « = 1; (c) & = 1.5; (d) « = 2.
Different colors/symbols denote different 8 exponents of the Pareto distribution with 79 = 0.1 (8 = 0 corresponds
to no resetting).

4.1. 0 < B < 1: SR Independent Diffusion Exponent

As the mean resetting time in Eq. (21) diverges for < 1, we start our analysis from the Laplace
transform of the full renewal equation in Eq. (18). Here, the survival function of the Pareto distribution
of Eq. (20), reads

JEp@dr= ()P, 1>,

S(t) =
1, t < 1.

(22)

Using Eq. (4) for My(t) and neglecting contributions to S(t) for t < Ty, we can approximate So(t) =
S(t)My(t) to Sp(t) = KT(’)3 t70=P for a # 1 and calculate its Laplace transform,

So(s) = TT(1+ 79 — p)sP~(1+70), (23)

The Laplace transform of the Pareto distribution is special at § = 1 (critical point) and needs to be
calculated separately. Let’s calculate first the Laplace transform of the Pareto distribution for 0 < g < 1

and s — 0:

F(s) =1—=T(1— B)tbsP +o(sP). (24)
Substituting Sy (s), Eq. (23), and ¢ (s), Eq. (24), into Eq. (18) yields

ey o LA +7% = B) —(14q)

M(s) = K T p) s~ U+0), (25)

Finally, taking the inverse Laplace transform of M(s) in Eq. (25), we obtain an analytical expression
for the asymptotic Lévy walk MSD under power-law resetting of the form anticipated in Eq. (6), with

Y = Yo, 0<B<l, (26)
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and

;. r(1+70*ﬁ)
= T Ta o)

We immediately observe that, while the diffusion exponent for 0 < f < 1 remains invariant, the

(27)

prefactor K’ strongly depends on B.
Next, we consider the special case of § = 1. For s — 0, the Laplace transform of the Pareto
distribution with g = 1 reads

P(s) =1-s79 [In<1> +9E — 1] +O(s*Ins). (28)
ST

Inserting Egs. (23) and (28) into Eq. (18), we obtain

NI(s) ~ KT(vg) SV 29
whence, upon inverse Laplace transformation,
Yo t'YO .
M(t) ~ K nE p=1 (30)

In Figure 6 we compare our analytical predictions for the relative prefactor change, f = K'/K, with
extensive numerical simulation results. The overall agreement is satisfactorily close. We observe
that as § — 0, resetting events become increasingly rare, and f approaches unity, indicating that SR
becomes ineffective. Conversely, as 3 increases from 0 to 1, f decreases monotonically to 0, suggesting
suppression of unbounded diffusion. The § dependence of f varies with the index «; in particular, for
« = 2 (Brownian walk), f decreases linearly with B, as first reported in Ref. [31].

= 0=05
v a=1
a=1.25
A a=15
a=2

1.0

0.5+

0.0

I ! I ! I
0.0 B 05 1.0
Figure 6. Relative change of the MSD prefactor, f = K'/K, vs.  in the range 0 < < 1 for different «. Symbols:
simulation results; solid lines of the same color: analytical predictions from Eq. (27). Resetting timescale, 1y = 0.1,
as in Figure 5.
4.2. 1 < B < 7o + 1: Diffusion Exponent Attenuation

When > 1, the mean value (7), Eq. (21), of the Pareto distribution is finite. This means that,
as discussed in Section 3.1, the renewal equation (9) can be solved in terms of the age distribution to

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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obtain the approximate solution of Eq. (12). The age distribution for the Pareto distribution can be
readily obtained by inserting Egs. (21) and (22) into Eq. (11), namely,

(?)ﬁ, T2 T,

—~
[ [
A=

fage(t) = (31)

T < T,

—~]

T)’

Upon substituting My (t) from Eq. (4) and fage(t) from Eq. (31) into Eq. (12) for « # 1, M(t) can
be written as p
K [ Kty rt
Mt:—/ g +—°/ 1Py, 32
B =77 fy Vi+y [ vy (32)

0
In the limit ¢t — oo, this integral expression must be treated differently based on the value of B. When
1 < B < 79 +1, the second integral does not converge. Neglecting the first integral, the asymptotic
expression for M(t) can thus be formulated again according to Eq. (6) with

Y=7+1-8 1<B<r+1, (33)

and

I _ Bl p-1
A oy ) e

In contrast, for B = o + 1, the second integral in Eq. (32) diverges logarithmically, so that

M(t) ~ kP ; 115*1 Int, B=1y0+1 (35)
Unlike Section 4.1, in this B regime, SR attenuates the diffusion exponent from yptoy = yo+1— . In
Eq. (6), the limit y — 0+ when B — o + 1 from below, disguises a logarithmic divergence of M(t).
As demonstrated in the following subsection, when the same limit of § is approached from above,
v — 0— indeed implies localization.

Figure 7 illustrates the dependence of diffusion exponent -y on Pareto exponent f for various «
values. For B < 1, all curves are horizontal, indicating that the diffusion exponent remains constant.
When 1 < B < 79 + 1, the diffusion exponent decreases linearly, as predicted by Eq. (33). The transition
from superdiffusion to localization is clearly evident as § increases beyond 7y + 1, with MSD from
numerical simulations saturating to a constant plateau for g > g + 1.

, 0 Y0 | 5 a=0.5
a=1.25

s 0o=1.5
a=2

1.5+
>

1.0-—>ﬁﬁr~:—ﬁ—ﬁ—ﬁ
0.5

004 -~ - -~

Figure 7. Diffusion exponent -y vs. B for different Lévy indices a. Symbols: simulation results; solid lines of the
same color: theoretical prediction of Eq. (33) (color code in the legend). Pareto resetting timescale 19 = 0.1.
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4.3. B > o + 1: Localization

When B > g + 1, both integrals in Eq. (32) converge as t — o, so that the Lévy MSD under SR
now approaches a plateau. Direct integration of Eq. (32) yields

— 70 ﬁ_l
A O VT 0

Figure 8 compares diffusion plateaus MSDg; in the localization regime, f > g + 1, with the analytical

estimate M from Eq. (36). The agreement is excellent across the entire « range. It can be observed that
the plateau appears to diverge as § — 7o + 1 from above, which is consistent with the logarithmic
divergence of M(t), Eq. (35), when the same limit is approached from below. The inset shows Mg; for
large pand 19 = 0.1. As B — oo, (T) — 19 [Eq. (21], which implies a high resetting frequency with T
close to 1. Consequently, the plateau onset time is also of order 1y. With ¢ = v = 1 in the Lévy step
generator [Eq. (1)], frequent resetting events with T < 1 confine the walker to the short-time ballistic
diffusive regime M(t) = t? (independent of &) described in Section 2. This technical limitation can be
circumvented by setting 79 > 1; in Fig. 8, consistently with the discussion of Fig. 4, we set 15 = 100.
However, it is possible to validate Eq. (36) even for 1p < 1. Indeed, adopting ballistic parameter values,
K =1and 79 = 2, in Eq. (4), Eq. (36) predicts M = 0.0033, in close agreement with the simulation

result 0.0035.
- a=05 10° 701
* 0=1 gﬁ
104] ° a=1.25 = —""!"“—-Ob-oé-é
1 4 a=1.5 5 B 50

Dﬁ * Q=2

o) | T,=100

2 -

10? : : : . , : :
2 3 B 4 5

Figure 8. MSD plateau vs.  for § > 9 + 1, 7o = 100, and different x. Symbols represent the numerical results
for MSDg;, solid lines the corresponding theoretical predictions, Mgt from Eq. (36). Inset: MSDy; for large 8 at
T = 0.1.

4.4. The Case x = 1

For « = 1, My(t) exhibits logarithmic divergence as shown in Eq. (3). This implies that asymptotic
power-law scaling is untenable for the Lévy walk MSD both in the absence [Eq. (4)] and presence
[Eq. (6)] of SR. For this reason Lévy walks with « = 1 must be treated separately. Simulation data for
0 < B < 1in Figs. 5(b) and 6 suggest the convergence of the t function M(t)/My(t) toward a finite
ratio, f, also for « = 1. To explain this result, we repeated the analytical procedure of Eqs. (23) - (27)
for My(t) = t?/ Int instead of M(t) = Kt70. In the limit of small s, one obtains

v So(s) _T(B3-p) s°

1—¢(s) T(1—p) —Ins’ (37)
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whose inverse Laplace transform,

2
MU%vi%bj%;F a=1,0<p<1, (38)
scales with time exactly like My(t). The relative change in the prefactor, f = I'(3— )/ [2T'(1 — B)]
coincides with that obtained from Eq. (27) for 0 < « < 1, i.e., for vy = 2, as shown in Fig. 6.
Stochastic resetting diffusion attenuation for « = 1 is expected to occur in the Pareto exponent
range 1 < B < 3 - we remind here that y9 — 2 as « — 1 from both below and above. Adopting the
procedure of Section 4.2 for My(t) = t2/ Int leads to replacing Eq. (32) with

B 2—
1oyt T [fyrP

On following the integration procedure adopted in Section 3.1, one recognizes immediately that the
asymptotic regime of M(t) is governed by the diverging second integral, that is,

~ p—1 .B_l tB_ﬁ =11 4
M(t) =~ 1, BG_p) Int’ a=11<p<38 (40)
Comparing this result with the input free MSD, My(t) = t?/ Int, indicates that the t-exponent and the
prefactor in Eq. (40) coincide with 7 and K’, respectively, from Egs. (33) and (34), for K = 1 and 7y = 2.

Finally we consider SR localization in the range f > 3. An estimate for the MSD plateaus, MSDs;,
is also analytically tractable. One simply needs to take the limit t — oo of Eq. (39) to obtain

(B —1
MS’(ZB 0(‘3 )

3G g VA>3 (41)

This estimate for Mg is also in good agreement with the simulation, as demonstrated in Fig. 8.

The special cases = 1 [Eq. (38)] and B = 3 [Eq. (40)] for « = 1 required solving Eqs. (18)
and (12), respectively, for the specific memory kernel My(t) = #?/ Int. Through laborious analytical
calculations, we obtained approximate expressions for M(t) in the large-t regime,

M~ L B a1 gt 42)
T2 (Int)2” T h=1
and
21’3
M(t) ~ KN In(Int), a=1,B=3, (43)

which are consistent with the data from numerical simulations displayed in Fig. 5(b).
We conclude this subsection remarking that, as in the case of @ # 1, SR tends to weaken the
superdiffusive behavior of the Lévy walk for 8 > 1, while for 0 < g < 1 it only modifies the prefactor.

5. Conclusions

In this paper we investigated the diffusive dynamics of Lévy walks under stochastic resetting with
Pareto distributions of the resetting times. Analytical expressions for the asymptotic mean squared
displacement (MSD) of Lévy walks under power-law resetting are derived using renewal theory, and
validated through numerical simulations.

Our main results are summarized in the 2D phase diagram of Figure 9. There we display
the dependence of the diffusion exponent <y as a function of the Lévy index &, and resetting-time
distribution exponent . The horizontal axis &, ranging from 0 to 2, is divided into two segments: for
0 < a < 1, the MSD of the free Lévy walk (8 = 0) exhibits ballistic growth, i.e., <x2> ~tforl <a <2,
the free MSD behaves as <x2) ~ 30 finally, « = 2, corresponds to the regular Brownian motion with
(x?) ~ t. This defines the free diffusion exponent yy. On the vertical axis, the exponent 8 characterizes
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resetting event frequency: smaller B indicates fatter tails in the resetting time distribution and less
frequent resetting; larger  indicates thinner tails and more frequent resetting. As shown by the figure
color code, in the B < 1 region, regardless of a value, v = 7. As  enters the 1 < § < 79 + 1 range,
the diffusion exponent decreases linearly as v = 9 + 1 — B, until it reaches zero at § = ¢ + 1. When
B > 7o + 1, the diffusion exponent vanishes, corresponding to the MSD converging to a constant
plateau (or logarithmic divergence for singular values « = 1 and g = 1).

4 Y

w

N

0
0.5 10 o 15 2.0

Figure 9. Diffusion exponent 7y vs. Lévy index a and stochastic resetting exponent § (see color bar). The gray
region corresponds to resetting induced localization.

The results presented herein demonstrate robustness against variations of the fundamental model
outlined in Section 2. For instance, following Refs. [17,32], we examined the more realistic scenario
of non-instantaneous stochastic resetting with ballistic return dynamics characterized by finite large
speed. We found that short finite return times do not significantly modify the diffusion exponents 7,
but slightly enhance the diffusion prefactors, K'.

Beyond their fundamental significance in stochastic process theory, studies of Lévy walk diffusion
under stochastic resetting provide a foundation for optimizing biological foraging strategies, analyzing
population dynamics, and enhancing financial risk assessment methodologies.
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