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Abstract: This study introduces a fragmentation-based linear-scaling method for strongly correlated 1

systems, specifically the divide-and-conquer Hartree-–Fock-–Bogoliubov (DC-HFB) approach. Two 2

energy gradient formulations of the DC-HFB method are derived and implemented, enabling efficient 3

optimization of molecular geometries in large systems. This method is applied to graphene nanorib- 4

bons (GNRs) to explore their geometries and polyradical characters. Numerical results demonstrate 5

that the present DC-HFB method has a potential to treat the static electron correlation and predict 6

diradical character in GNRs, offering new avenues for studying large-scale strongly correlated systems. 7

8

Keywords: quantum chemistry; electronic structure theory; electron correlation; large system; static 9

correlation; diradical) 10

1. Introduction 11

A simple yet accurate description of the static electron correlation, especially in large systems, is 12

still a challenging problem in the electronic structure theory. The static electron correlation is often 13

closely related to the chemical structure. For example, the bond-alternating polyene chain has a weaker 14

static correlation than the chain with a uniform bond length. The transition-state structures often suffer 15

from stronger static correlation than the stable structures. Polyacenes [1] and graphene nanoribbons 16

(GNRs) [2] exhibit different strengths of static correlation depending on their size, shape, and topology 17

(sheet, moebius, or twisted) [3]. In these systems, the strength of the static correlation is related to the 18

diradical character [4]. The diradical character was originally defined in the context of the valence 19

configuration interaction wavefunction [5]. The definition based on the natural orbital occupation 20

numbers obtained from the unrestricted Hartree–Fock (UHF) density matrix was also proposed [6,7]. 21

In particular, Nakano has conducted detailed research into the relationship between the diradical 22

character and excited state properties such as the optical response [8–10]. 23

The standard method for describing the static electron correlation is the active-space self-consistent 24

field (SCF) method, typified by the complete active-space SCF (CASSCF) method [11]. These methods 25

require the specification of the active space that defines the strongly correlated orbitals and electrons. 26

Although the recent advent of the density matrix renormalization group method [12–15] allows much 27

larger active space to be handled than before, its application is still limited to medium-sized systems. 28

Another way to account for the static correlation is based on the two-electron wavefunction, called 29

geminal [16–18]. These schemes, including generalized valence bond methods [19]. only treat two 30

opposite-spin electrons in the variational way, and the other dynamical correlation may be incorporated 31

in the perturbational manner [20,21]. Although the formal computational scaling for these methods can 32
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be lower than the CASSCF method with large active space, the simultaneous optimization of orbitals 33

and CI coefficients usually causes serious convergence problems. Note that the geminal method is also 34

related to the pair coupled cluster theories [22,23]. 35

An alternative approach to static correlation problems inspired by the geminal-based method 36

is the Hartree–Fock–Bogoliubov (HFB) method reformulated for quantum chemical problems [24]. 37

Since the HFB wavefunction is related to the antisymmetrized geminal power wavefunction by the 38

particle-number projection [25], the HFB method can effectively describe the static electron correlation, 39

although the obtained as-is HFB wavefunction is contaminated by the different particle-number 40

wavefunctions. The formal computational scaling for the HFB method is similar to that of the Hartree– 41

Fock (HF) method with doubled basis functions. However, we have proposed a method to apply the 42

linear-scaling divide-and-conquer (DC) scheme [26–28] to the HFB method [29]. 43

To predict molecular geometry from the quantum chemical calculations, energy gradient must be 44

formulated and implemented in the computational code [30]. One of the authors (MK) has formulated 45

the HFB energy gradient [31]. Note that Chai and coworkers have proposed thermally-assisted oc- 46

cupation density functional theory (TAO-DFT) [32–34]. This method can consider the static electron 47

correlation by introducing fictitious electronic temperature and its energy gradient is available. On the 48

other hand, in the DC method, the energy gradient was proposed in the earliest Yang and Lee paper 49

in HF and DFT frameworks [26]. Since this DC energy gradient expression includes an approxima- 50

tion, MK and coworkers delived the exact DC-HF/DFT energy gradient and proposed an improved 51

approximate energy gradient expression [35]. 52

In this paper, we derived two energy gradient expressions for the DC-HFB method in accordance 53

with Refs. [26,35]. The accuracy of these two gradient expressions is investigated in calculations of 54

GNRs including polyacenes. In addition, the strength of the static electron correlation is discussed from 55

the natural orbitals of the HFB wavefunction and their occupation numbers, which are closely related 56

to the diradical, tetraradical, and hexaradical characters. Although the simultaneous consideration 57

of the dynamical electron correlation as well as the static correlation is necessary for the quantitative 58

discussion, we focus here only on the static correlation for the basic evaluation of the method. The 59

organization of this paper is the following. The theoretical perspective of the present method is given 60

in Section 2. The numerical assessment in calculations of GNRs are presented in Section 3. Finally, 61

Section 4 gives the concluding remarks. 62

2. Theory 63

2.1. Restricted DC-HFB Method 64

We here focus on the restricted HFB method for simplicity [31]. Through this paper, Greek-letter 65

indices {µ, ν, · · · } refer to the basis functions [i.e., atomic orbitals (AOs) that can be non-orthogonal] 66

and {i, j, · · · } refer to the quasiparticle orbitals with negative eigenvalues. The restricted HFB energy 67

can be expressed as the functional of the density matrix D̄ ≡ D↑↑ and the paring matrix K̄ ≡ K↑↓ = 68

−K↓↑: 69

EHFB = 2 ∑
µν

hµνD̄νµ + ∑
µνλρ

(2⟨µν|λρ⟩ − ⟨µν|ρλ⟩)D̄λµD̄ρν − ζ ∑
µνλρ

⟨µν|λρ⟩K̄µνK̄λρ + 2Λ

(
N − ∑

µν

SµνD̄νµ

)
, (1)

where ⟨µν|λρ⟩ =
∫∫

µ(r1)ν(r2)r−1
12 λ(r1)ρ(r2)dr1dr2, h is the one-electron integral matrix, S represents 70

the overlap matrix of the non-orthogonal basis functions, and ζ is a scaling factor introduced by 71

Staroverov and Scuseria [24]. Λ is the chemical potential that is tuned to keep the number of electrons 72

in the system to be 2N. The density and pairing matrices constitute the generalized density matrix R̄: 73

R̄ =

(
D̄ K̄
K̄ S−1 − D̄

)
. (2)
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Variation of the energy (1) with respect to the generalized density matrix (2) leads to the restricted HFB 74

Hamiltonian 75

H =

(
F̃ ∆

∆ −F̃

)
(3)

where F̃ is the shifted Fock matrix, 76

F̃µλ = hµλ − ΛSµλ + ∑
νρ

(2⟨µν|λρ⟩ − ⟨µν|ρλ⟩)D̄ρν

= h̃µλ + ∑
νρ

(2⟨µν|λρ⟩ − ⟨µν|ρλ⟩)D̄ρν, (4)

with h̃ = h − ΛS, and ∆ is the pairing-field matrix, 77

∆µν = −ζ ∑
λρ

⟨µν|λρ⟩K̄λρ. (5)

The eigenvectors of the HFB Hamiltonian (3), (YT
i XT

i )
T, 78(

F̃ ∆

∆ −F̃

)(
Y i

X i

)
= −

(
S 0
0 S

)(
Y i

X i

)
εi, (6)

represent the quasiparticle orbitals with negative eigenvalues (εi ≥ 0), which are connected to the 79

density and pairing matrices as follows: 80

D̄µν =
M

∑
i

YµiYνi, (7)

81

K̄µν =
M

∑
i

YµiXνi =
M

∑
i

XµiYνi. (8)

Here, M represents the number of quasiparticle orbitals. Note that the generalized density matrix R̄ of 82

the converged HFB solution is idempotent, namely, 83

D̄SD̄ − D̄ = −K̄SK̄, (9)
84

D̄SK̄ = K̄SD̄. (10)

In the DC method, the entire system is spatially divided into disjoint subsystems called the central 85

region, where the set of AOs in subsystem α is denoted by S(α) and the union of S(α) becomes the set 86

of basis functions over the entire system denoted by T as follows: 87

S(α) ∩ S(β) = ∅ ∀α ̸= β, (11)
88⋃

α

S(α) = T . (12)

When constructing MOs for subsystem α, the AOs of atoms adjacent to the central region, called the 89

buffer region denoted by B(α), are taken into consideration in addition to S(α). The union of the central 90
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and buffer regions of subsystem α is called the localization region, in which the set of AOs is denoted by 91

L(α): 92

S(α) ∪ B(α) ≡ L(α). (13)

In the DC-HFB method [29], the generalized density matrix of Equation (2) is approximated as sum of 93

subsystem contributions: 94

D̄µν ≈ D̄DC
µν = ∑

α

Pα
µνD̄α

µν, (14)

95

K̄µν ≈ K̄DC
µν = ∑

α

Pα
µνK̄α

µν, (15)

where Pα is the partition matrix defined by 96

Pα
µν =


1 (µ ∈ S(α) ∧ ν ∈ S(α))
1/2 (µ ∈ S(α) ∧ ν ∈ B(α), or vice versa)

0 (otherwise).

(16)

Using the submatrices of F̃ and ∆ for L(α), denoted by F̃α and ∆α, subsystem density and pairing 97

matrices are obtained with the subsystem quasiparticle orbitals obtained as the eigenvectors of the 98

following subsystem HFB equation 99(
F̃α

∆α

∆α −F̃α

)(
Yα

i
Xα

i

)
= −

(
Sα 0
0 Sα

)(
Yα

i
Xα

i

)
εα

i , (17)

as 100

D̄α
µν =

Mα

∑
i

Yα
µiY

α
νi, (18)

101

K̄α
µν =

Mα

∑
i

Yα
µiX

α
νi =

Mα

∑
i

Xα
µiY

α
νi, (19)

with the number of quasiparticle orbitals in subysystem α, Mα. Another expression that is consistent 102

to the DC-HF method with the finite electronic temperature of 1/(kBβ) is the following: 103

D̄α
µν = ∑

p
fβ

(
εα

p

)
Yα

µpYα
νp, (20)

104

K̄α
µν = ∑

p
fβ

(
εα

p

)
Yα

µpXα
νp = ∑

p
fβ

(
εα

p

)
Xα

µpYα
νp, (21)

where fβ(x) = [1 + exp(−βx)]−1 is the Fermi distribution function. Note that the summation over p 105

runs all the quasiparticle orbitals regardless of the sign of the eigenvalues. 106
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2.2. DC-HFB Energy Gradient with Respect to Atomic Coordinate 107

According to Ref. [31], the differentiation of Equation (1) with respect to atomic coordinate Q 108

gives 109

∂EHFB

∂Q
= 2 ∑

µν

∂(hµν − ΛSµν)

∂Q
D̄νµ + ∑

µνλρ

∂(2⟨µν|λρ⟩ − ⟨µν|ρλ⟩)
∂Q

D̄λµD̄ρν − ζ ∑
µνλρ

∂⟨µν|λρ⟩
∂Q

K̄µνK̄λρ

+2 ∑
µν

(hµν − ΛSµν)
∂D̄νµ

∂Q
+ 2 ∑

µνλρ

(2⟨µν|λρ⟩ − ⟨µν|ρλ⟩)
∂D̄λµ

∂Q
D̄ρν − 2ζ ∑

µνλρ

⟨µν|λρ⟩
∂K̄µν

∂Q
K̄λρ

+2
∂Λ
∂Q

(
N − ∑

µν

SµνD̄νµ

)

= GQ
H–F + 2tr

(
F̃

∂D̄
∂Q

+ ∆
∂K̄
∂Q

)
. (22)

The first term, GQ
H–F, represents the Hellmann–Feynman (H–F) force that relates to the derivatives 110

of the Hamiltonian matrix elements, and the second term is the so-called Pulay force. In case of the 111

variational solution, the evaluation of D̄ and K̄ derivatives with respect to Q can be avoided by using 112

the idempotency condition of the generalized density matrix, R̄, as [31] 113

2tr
(

F̃
∂D̄
∂Q

+ ∆
∂K̄
∂Q

)
= −2tr

(
W̄

∂S
∂Q

)
, (23)

where W̄ is the energy-weighted density matrix defined by 114

W̄µν = −
M

∑
i

εiYµiYνi. (24)

Note that the eigenvalues of Equation (6) are {−εi}. 115

As similar to the DC-HF energy gradient [35], the Pulay force of the DC-HFB energy gradient 116

cannot be simplified to the form of Equation (23) because the DC-HFB density and pairing matrices 117

are not variationally determined. However, as Yang and Lee [26] proposed, the Pulay force can be 118

approximated in the similar manner to the DC density and pairing matrices of Equations (14) and (15) 119

as 120

W̄µν ≈ W̄DC
µν = ∑

α

Pα
µνW̄α

µν, (25)

121

W̄α
µν = −

Mα

∑
i

εα
i Yα

µiY
α
νi, (26)

Therefore, the DC-HFB energy gradient can be approximated as the following: 122

∂EDC-HFB

∂Q
≈ GQ

H–F − 2tr
(

W̄DC ∂S
∂Q

)
. (27)

According to Ref. [35], this formula is referred to as the YL formula throughout this paper. 123

Alternatively, the Pulay force in the DC-HFB energy can be reformulated as the following: 124

2tr

(
F̃

∂D̄DC

∂Q
+ ∆

∂K̄DC

∂Q

)
= 2 ∑

α
∑

µ∈S(α)

(
F̃α ∂D̄α

∂Q
+ ∆α ∂K̄α

∂Q

)
µµ

. (28)

On the analogy to the formulation in Ref. [35], we here assume that the subsystem generalized density 125

matrix, 126

R̄α =

(
D̄α K̄α

K̄α (Sα)−1 − D̄α

)
, (29)
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also satisfies the idempotency condition, leading 127

D̄αSαD̄α − D̄α = −K̄αSαK̄α, (30)
128

D̄αSαK̄α = K̄αSαD̄α. (31)

Furthermore, we regard that the subsystem generalized density matrices, {R̄α}, are variationally 129

determined. Then, any simultaneous solution of the derivatives of Equations (30) and (31), 130

∂D̄α

∂Q
SαD̄α + D̄α ∂Sα

∂Q
D̄α + D̄αSα ∂D̄α

∂Q
− ∂D̄α

∂Q
= −∂K̄α

∂Q
SαK̄α − K̄α ∂Sα

∂Q
K̄α − K̄αSα ∂K̄α

∂Q
, (32)

131

∂D̄α

∂Q
SαK̄α + D̄α ∂Sα

∂Q
K̄α + D̄αSα ∂K̄α

∂Q
=

∂K̄α

∂Q
SαD̄α + K̄α ∂Sα

∂Q
D̄α + K̄αSα ∂D̄α

∂Q
, (33)

gives the same force [36]. A simple set of solutions is the following [31]: 132

∂D̄α

∂Q
= K̄α ∂Sα

∂Q
K̄α − D̄α ∂Sα

∂Q
D̄α. (34)

133

∂K̄α

∂Q
= −K̄α ∂Sα

∂Q
D̄α − D̄α ∂Sα

∂Q
K̄α. (35)

Applying Equations (34) and (35) to the Pulay force of Equation (28) and considering the subsystem 134

HFB equation of Equation (17) leads to 135

2 ∑
α

∑
µ∈S(α)

(
F̃α ∂D̄α

∂Q
+ ∆α ∂K̄α

∂Q

)
µµ

= −2 ∑
α

∑
µ∈S(α)

(
SαW̄α ∂Sα

∂Q
D̄α + SαV̄ α ∂Sα

∂Q
K̄α
)

µµ

, (36)

where V̄ α is the subsystem energy-weighted pairing matrix defined by 136

V̄α
µν = −

Mα

∑
i

εα
i Xα

µiY
α
νi. (37)

Finally, the following approximated DC-HFB energy gradient can be obtained: 137

∂EDC-HFB

∂Q
≈ GQ

H–F − 2tr

[
∂S
∂Q ∑

α

(Aα + Bα)

]
, (38)

where 138

Aα = D̄α[L(α)×S(α)]Sα[S(α)×L(α)]W̄α, (39)
139

Bα = K̄α[L(α)×S(α)]Sα[S(α)×L(α)]V̄ α. (40)

Here, the superscript [L(α)× S(α)] represents the submatrix whose row and column indices are L(α) 140

and S(α), respectively. This formula is referred to as the KKASN formula [35] throughout this paper. 141

As similar to the DC-HF energy gradient [35], Aα and Bα matrices in Equation (38) can be Hermitized. 142
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3. Numerical Application to Graphene Nanoribbons 143

Single-layer graphene sheet shows characteristic electronic properties such as fractional quantum 144

Hall effect [37] and ultrafast carrier mobility [38] due to its special band structure derived from the 145

electronic structure confined in a plane. Graphene-based spintronics devices are also expected to 146

be developed, [38,39] although the band gap has to be generated for realizing these devices. GNRs 147

were theoretically expected to generate band gap [40,41] and have also been experimentally reported. 148

Since the electronic properties of GNRs depend on the geometrical factors such as width, length, 149

and edge shape, it is essential to understand their relation with the electronic structure in order 150

to design GNR-based nanodevices. To obtain the correct electronic structures of GNRs, known as 151

strongly correlated systems, high-level ab initio multireference methods such as the density matrix 152

renormalization group (DMRG) [4,42] and the second-order reduced density matrix-based variational 153

method [43] are required. However, due to their large computational demands, their applications to 154

larger GNRs are difficult. In addition, at the current stage, the geometry optimization based on these 155

high-level ab initio methods is not tructable. 156

Here, we performed the geometry optimizations of GNRs with the DC-HFB energy gradient 157

and investigated the polyradical character of GNRs from the HFB natural orbital occupation. After 158

a (DC-)HFB calculation, the natural orbitals can be obtained by diagonalizing the density matrix, D̄. 159

The eigenvalues correspond to the natural orbital occupation numbers (NOONs), which has been 160

discussed as the indicator of diradical character in UHF calculations [44]. For single-reference systems, 161

NOON is either 0 (unoccupied) or 2 (two-electron occupied), while for singlet diradical systems 162

with Ne electrons, the highest occupied (i.e., Ne/2-th) and lowest unoccupied (i.e., (Ne/2 + 1)-th) 163

natural orbitals (HONO and LUNO) are degenerate, resulting in NOON being 1 [45]. Throughout this 164

paper, the modified version of the GAMESS program package [46,47] was used for computations of the 165

standard and DC-HFB energy and gradient. 166

3.1. Determination of Parameter ζ 167

Before applying the HFB method to GNRs, the scaling factor, ζ, has to be fixed. Here, this 168

parameter was determined by comparing the optimized geometries of phenalenyl cation, anthracene, 169

and phenanthrene (Figure 1) with those by reference all-π CASSCF calculations, which were performed 170

with the OpenMolcas 24.10 program [48]. No dynamical correlation correction was introduced to 171

the CASSCF reference since the HFB method basically cannot account for the dynamical correlation. 172

Throughout this paper, the 6-31G** basis set [49,50] was adopted. The obtained CASSCF geometries for 173

phenalenyl cation, anthracene, and phenanthrene have the D3h, D2h, and C2v symmetries, respectively, 174

the stabilities of which are confirmed by the frequency analysis. 175

C3

C2

C1

C4

H1

H2

C4

C5 C6

C2

C3 C1

H1H2

H3

C1C2

C3

C8 C9

C4

C5

C6 C7

H1

H2

H3

H4 H5

Phenalenyl cation Anthracene Phenanthrene

Figure 1. Structures of phenalenyl cation, anthracene, and phenanthrene.

Tables 1 and 2 summarize the optimized C–C and C–H bond lengths, respectively, for these 176

molecules obtained with CASSCF and HFB methods. For HFB calculations, the parameter ζ is varied 177

between 0.75 and 1.0. The mean absolute deviations (MADs) of the HFB results from the CASSCF 178

reference results are also listed. The deviations of the C–C bond lengths are one-order (or more) larger 179

than those of the C–H lengths. The HFB results with ζ = 1.0 include obviously larger deviation than 180

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 3 February 2025 doi:10.20944/preprints202502.0118.v1

https://doi.org/10.20944/preprints202502.0118.v1


8 of 18

the others. For both the C–C and C–H lengths, the HFB results with ζ = 0.85 gives the smallest MADs 181

from the CASSCF ones. Hereafter, ζ = 0.85 was adopted. 182

Table 1. Optimized C–C bond lengths (in Å) of phenalenyl cation, anthracene, and phenanthrene obtained with
CASSCF and HFB methods.

HFB
Molecule Position CASSCF ζ = 0.75 0.80 0.85 0.90 1.00

Phenalenyl cation C1–C2 1.4178 1.4107 1.4164 1.4228 1.4297 1.4487
C2–C3 1.4141 1.4087 1.4121 1.4157 1.4198 1.4344
C3–C4 1.3921 1.3834 1.3873 1.3921 1.3982 1.4173

Anthracene C1–C2 1.4008 1.3894 1.3893 1.4009 1.4106 1.4299
C2–C3 1.4385 1.4359 1.4359 1.4252 1.4218 1.4343
C3–C4 1.3649 1.3473 1.3473 1.3671 1.3863 1.4156
C4–C5 1.4337 1.4324 1.4325 1.4183 1.4114 1.4213
C2–C6 1.4287 1.4246 1.4245 1.4330 1.4409 1.4557

Phenanthrene C1–C2 1.3557 1.3386 1.3386 1.3479 1.3730 1.4080
C2–C3 1.4424 1.4405 1.4405 1.4356 1.4269 1.4329
C3–C4 1.4166 1.4084 1.4084 1.4100 1.4163 1.4341
C4–C5 1.3780 1.3656 1.3656 1.3707 1.3856 1.4134
C5–C6 1.4090 1.4017 1.4017 1.4022 1.4048 1.4188
C6–C7 1.3802 1.3677 1.3677 1.3730 1.3886 1.4165
C3–C8 1.4127 1.4043 1.4043 1.4127 1.4324 1.4570
C7–C8 1.4192 1.4106 1.4106 1.4119 1.4177 1.4370
C8–C9 1.4634 1.4612 1.4612 1.4576 1.4520 1.4589

MAD 0.0080 0.0073 0.0057 0.0113 0.0251

Table 2. Optimized C–H bond lengths (in Å) of phenalenyl cation, anthracene, and phenanthrene obtained with
CASSCF and HFB methods.

HFB
Molecule Position CASSCF ζ = 0.75 0.80 0.85 0.90 1.00

Phenalenyl cation C3–H1 1.0752 1.0758 1.0753 1.0752 1.0755 1.0791
C4–H2 1.0734 1.0731 1.0736 1.0741 1.0747 1.0784

Anthracene C1–H1 1.0769 1.0768 1.0768 1.0768 1.0773 1.0818
C3–H2 1.0763 1.0762 1.0762 1.0763 1.0767 1.0806
C4–H3 1.0756 1.0756 1.0756 1.0757 1.0760 1.0796

Phenanthrene C2–H1 1.0761 1.0761 1.0761 1.0761 1.0765 1.0806
C4–H2 1.0763 1.0763 1.0763 1.0763 1.0767 1.0806
C5–H3 1.0755 1.0755 1.0755 1.0755 1.0759 1.0794
C6–H4 1.0756 1.0757 1.0757 1.0757 1.0760 1.0797
C7–H5 1.0727 1.0727 1.0727 1.0728 1.0732 1.0776

MAD 0.0001 0.0001 0.0001 0.0005 0.0044

3.2. Polyradicality of Graphene Nanoribbons 183

The HFB calculations were performed for GNRs of different widths (W) and lengths (L) to 184

investigate the effect of edge structure on polyradicality. The width W and length L are defined as 185

shown in Figure 2. For this sample molecule, we denote {L, W} = {4, 2}. NOONs for (HONO−2) to 186

(LUNO+2) were examined as a measure of polyradicality. The geometries were also optimized at the 187

HFB/6-31G** level of theory. 188
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W = 2

L = 4

Figure 2. Structure of GNRs and definitions of length L and width W.

First, we fixed the width W = 2 and varied the zigzag edge length L = 2 − 8. NOONs for six 189

frontier natural orbitals are summarized in Figure 3. The occupation number difference between 190

HONO and LUNO rapidly decreases as L increases, indicating that the diradical character of the 191

system is increasing along L. In addition, the differences between (HONO−1)/(HONO−2) and 192

(LUNO+1)/(LUNO+2) also decreases gradually, indicating the increase of tetra- and hexa-radical 193

characters in these systems. 194

Figure 3. NOONs for (HONO−2) to (LUNO+2) of GNRs with {L, W} = {2 − 8, 2}.

Next, we fixed the length L = 2 and varied the armchair edge width W = 1 − 7, of which 195

the results are depicted in Figure 4. Again, the occupation number difference between HONO and 196

LUNO decreases as W increases, but the rate of decrease is slower than the W = 2 result in Figure 3. 197

The reason can be deduced from the shapes of HONO and LUNO. The HONOs and LUNOs of the 198

GNRs with {L, W} = {8, 2} and {L, W} = {3, 4} are illustrated in Figures 5 and 6, respectively. Since 199

the occupation numbers for these NOs are ∼ 1, the electron distribution represented by these NOs 200

corresponds to the distribution of the singlet diradical. It can be confirmed that the radical electrons 201
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are mainly localized on zigzag edges. Therefore, diradical character is enhanced when the zigzag edge 202

is elongated than when the armchair edge is elongated. 203

Figure 4. NOONs for (HONO−2) to (LUNO+2) of GNRs with {L, W} = {2, 1 − 7}.

Figure 5. (a) HONO and (b) LUNO obtained from the HFB calculation of GNR with {L, W} = {8, 2}. The value in
parentheses is the occupation number.
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Figure 6. (a) HONO and (b) LUNO obtained from the HFB calculation of GNR with {L, W} = {3, 4}. The value in
parentheses is the occupation number.

Figure 7 (a) shows the HONO-LUNO occupation number difference of GNRs plotted against the 204

number of carbon atoms. For the same number of carbon atoms, the W = 1 series, in which the zigzag 205

edge increases with the smallest armchair edge fraction, has the highest diradical character. Conversely, 206

the L = 2 series, in which the armchair edge increases with the smallest zigzag edge fraction, has 207

the lowest diradical character. The difference in the occupation numbers between HONO−1 and 208

LUNO+1, which is an indicator of tetraradicality, is shown in Figure 7 (b), and a similar trend is seen 209

especially in W-constant series. In the L-constant series, if the number of carbon atoms is taken as the 210

horizontal axis, the L = 2 and L = 3 series are reversed in the middle. This is probably due to the fact 211

that radicals tend to localize at the armchair edge compared to the center of the GNR. 212
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Figure 7. Occupation number differences of GNRs between (a) HONO and LUNO and (b) (HONO−1) and
(LUNO+1) against the number of carbon atoms, NC.

3.3. DC-HFB Optimization of GNR Structures 213

In this subsection, the geometry optimization of the GNR with {L, W} = {15, 1} was performed 214

by the standard and DC-HFB method. In the DC-HFB calculations, two different gradient formalisms, 215

namely KKASN and YL formulas, as well as two different fragmentation schemes, namely type A and 216

B as shown in Figure 8 were investigated. 217
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Figure 8. Two fragmentation schemes adopted in the DC-HFB calculations of GNR with {L, W} = {15, 1}.

First the fragmentation scheme was set to type A. Figure 9 shows the optimized C–C bond lengths 218

at the zigzag edge with respect to the sequential position. In the DC calculations, up to nb-th nearest 219

fragments were included in the buffer region. Although alternating single and double bond structure 220

can be found around the end points, the bond alternation rapidly decreases around the center. For 221

DC with nb = 3, the structure obtained with the YL formula significantly differs from the standard 222

one. The difference significantly diminishes when adopting KKASN formula. The mean absolute 223

deviations (MADs) from the standard HFB result are 0.0246 Å and 0.0043 Å for YL and KKASN 224

formulas, respectively. As the buffer size increases to nb = 4, the structure deviation decreases by 225

about one order of magnitude both for KKASN and YL formulas. The MADs are 0.0040 Å and 0.0004 Å, 226

respectively. 227

Figure 9. C–C bond lengths of GNR with {L, W} = {15, 1} optimized with DC and standard HFB methods.
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Figure 10 shows the energy convergence process in the geometry optimization of GNR with 228

{L, W} = {15, 1}. The initial structure was set with the uniform bond lengths and angles, namely, 229

1.4 Å, 1.1 Å, and 120◦ for C–C bond lengths, C–H bond lengths, and bond angles, respectively. For the 230

DC-HFB results with nb = 4, the energy convergence process is almost equivalent to the standard 231

HFB one. The deviations of the energy at the optimized structure are −1.12 mEh and −0.07 mEh for 232

KKASN and YL formulas, respectively. At first glance, the YL formula seems to produce better result 233

than the KKASN one, but the energy difference between the DC and standard HFB results for the 234

initial structure is −1.14 mEh, so this is due to the error cancellation caused by the slightly poorer 235

structure by the YL formula. For the combination of smaller buffer size of nb = 3 and the YL formula, 236

the energy gradually increased from the third iteration and converged to higher energy structure after 237

more than 20 iterations. However, when combined with the KKASN formula, the energy converged as 238

smoothly as the nb = 4 case, while the energy is 28.77 mEh lower than the standard HFB result. 239

Figure 10. Energy convergence process in the geometry optimization of GNR with {L, W} = {15, 1} in DC and
standard HFB calculations.

Finally, the dependence on the fragmentation scheme was investigated. Figure 11 shows the 240

optimized C–C bond lengths at the zigzag edge with respect to the sequential position. The type 241

A results are equivalent to those given in Figure 9. Especially for the small buffer size of nb = 3, 242

the trend is different between different fragmentation schemes, namely, the type A fragmentation 243

emphasizes the bond alternation than the type B one. However, for the large buffer size of nb = 4, the 244

geometry is almost identical. For the type B fragmentation, the MADs from the standard HFB result 245

are 0.0026 Å and 0.0001 Å for nb = 3 and 4, respectively, which are slightly smaller than for the type A 246

fragmentation. 247
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Figure 11. xxx GNR with {L, W} = {15, 1}.

4. Concluding Remarks 248

This study presented the divide-and-conquer Hartree—Fock-–Bogoliubov (DC-HFB) method 249

as an effective approach for the treatment of static electron correlation in large molecular systems. 250

The analysis of natural orbitals obtained from the HFB denstiy matrix revealed that GNRs exhibit 251

strong polyradical character, particularly in structures with extended zigzag edges, which is consistent 252

with previous computational reports. The proposed two approximate energy gradient formulations, 253

specifically the YL and KKASN methods, demonstrated their utility in the geometry optimization of 254

graphene nanoribbons (GNRs). In general, the KKASN method gives more accurate gradient and 255

geometry than the YL one. These results highlight the DC-HFB method’s scalability and accuracy 256

for large-scale systems, making it a promising tool for quantum chemical calculations in strongly 257

correlated systems. As mentioned in the introduction, incorporating dynamical electron correlation is 258

required to further enhance the quantitative accuracy of the method. A simple scheme to incorporate 259

dynamical electron correlation is to combine the HFB method with the Kohn-Sham density functional 260

theory (DFT), which has already been accomplished by Tsuchimochi et al. [51]. Its DC-based linear- 261

scaling implementation as well as its energy gradient formulation will be straightforward, since the 262

DC method was originally proposed in DFT. 263

Recently, we have proposed a time-dependent (TD) HFB method for the excited-state calculation 264

of molecular systems [52]. Since the real-time propagation scheme is adopted in this excited-state 265

calculation method, the DC-TD-HFB formulation will be possible, opening up the excited-state calcu- 266

lation of large-scale statically correlated systems. In addition, the HFB wavefunction (and of course 267

the DC-HFB method) suffers from the contamination of the different particle number wavefunctions, 268

which is related to the spin contamination in the UHF wavefunction. The projected HFB or UHF 269

method, which extracts the desired particle-number or spin states, respectively, from the contaminated 270

wavefunction, has been proposed [25,53]. The application of the DC scheme to these projected HF 271

theories is currently underway and will be presented in the near future. 272
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