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Article

Nonconforming Finite Elements and Multigrid
Methods for Maxwell Eigenvalue Problem
Xuerong Zhong, Meifang Yang * and Jintao Cui *

Department of Mathematics, Jinan University, Guangzhou 510632, China
* Correspondence: Yangmf@stu2024.jnu.edu.cn (M.Y.); cuijintao@jnu.edu.cn (J.C.)

Abstract: In this paper, we demonstrate that the Maxwell eigenvalue problem can be solved by a
nonconforming finite element and multigrid method. By using an appropriate operator, the eigenvalue
problem can be viewed as a curl-curl problem. We obtain the approximate optimal error estimates
on graded mesh. We also prove the convergence of the W-cycle and full multigrid algorithms for
the corresponding discrete problem. The performance of these algorithms is illustrated by numerical
experiments.

Keywords: Maxwell eigenvalue problem; nonconforming finite element; multigrid method; curl-curl
problem

1. Introduction
Let Ω be a bounded polynomial domain in R2. We consider the following Maxwell eigenvalue

problem:
Find (u, λ) ∈ H0(curl; Ω) ∩ H(div0; Ω) such that

(∇× u,∇× v) = λ(u, v) ∀ v ∈ H0(curl; Ω) ∩ H(div0; Ω), (1.1)

where (·, ·) denotes the inner product in [L2(Ω)]2, and the function spaces are defined as follows.

H(curl; Ω) =

{
v =

[
v1

v2

]
∈ [L2(Ω)]2 : ∇× v =

∂v2

∂x1
− ∂v1

∂x2
∈ L2(Ω)

}
,

H(div; Ω) =

{
v =

[
v1

v2

]
∈ [L2(Ω)]2 : ∇ · v =

∂v2

∂x1
+

∂v1

∂x2
∈ L2(Ω)

}
,

H0(curl; Ω) = {v ∈ H(curl; Ω) : n × v = 0 on ∂Ω},

H(div0; Ω) = {v ∈ H(div; Ω) : ∇ · v = 0}.

Here, the vector n is the unit outer normal on ∂Ω.
Since the eigenfunction u has divergence-free constraint, it is not easy to achieve in numerical

approximations. [1–10] replace the Maxwell eigenvalue problem with the following by neglecting the
divergence-free condition:
Find (u, λ) ∈ H0(curl; Ω)×R such that u ̸= 0,

(∇× u,∇× v) = λ(u, v) ∀v ∈ H0(curl; Ω). (1.2)

However, (1.2) introduces a non-physical zero eigenvalue into the spectrum. It will add more complex-
ity when we analyze the eigensolvers.

In this paper, we present a numerical scheme by relating eigensolvers to a curl-curl problem. The
scheme was proposed early in [11]. Note that the curl-curl problem is solved by different methods
such as a nonconforming finite element [12], a mixed finite element methods [13] and a nonconforming
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penalty method [14]. In addition, [15,16] also give optimal order error estimates in L2-norm and energy
norm.

In order to simplify the problem into several scalar elliptic boundary value problems, we turn
to introduce the Hodge decomposition, which has been applied to many problems. For example, the
quad-curl Problem in [17], the Maxwell’s equations in [18] and the two-dimensional time-harmonic
Maxwell’s equations with impedance boundary condition in [19]. Besides, [5] and [18] discuss the
Hodge decomposition for three-dimensional vector fields. Furthermore, the multigrid method is
proposed for solving some boundary value problems in this work. It has been used in many works
such as quantum eigenvalue problems [21], nonlinear eigenvalue problems based on Newton iteration
[22] and coupled semilinear elliptic equation [23].

The rest of the paper is organized as follows. We analyze discrete problems based on graded
meshes in Section 2. Then we introduce multigrid methods and derive related convergence rates in
Section 3. In Section 4, we report the numerical results.

2. Discrete Problems Based on Graded Meshes
In this section, we present an eigensolver which is related to a curl-curl problem. Furthermore, by

applying the Hodge decomposition and the nonconforming finite elements, the convergence results
are given.

2.1. Construction of Maxwell Eigensolver

We introduce a bounded linear operator T : [L2(Ω)]2 → [L2(Ω)]2 for the Maxwell eigenvalue
problem (1.1). Given any function f ∈ [L2(Ω)]2, we define T f with the condition

(∇× T f ,∇× v) + (T f , v) = ( f , v), (2.1)

for all v ∈ H0(curl; Ω) ∩ H(div0; Ω). Obviously, T is a symmetric positive and compact operator from
[L2(Ω)]2 to [L2(Ω)]2. In addition, (u, λ) satisfies equation (1.1) if and only if

Tu =
1

1 + λ
u.

Note that the eigenfunctions of T are exactly the eigenfunctions of the Maxwell equations.

2.2. Hodge Decomposition

We define ξ = ∇× T f ∈ H1(Ω), where ξ satisfies

(∇× ξ,∇× ψ) + (ξ, ψ) = ( f ,∇× ψ) ∀ψ ∈ H1(Ω). (2.2)

Therefore, the Hodge decomposition of T f is

T f = ∇× ϕ +
m

∑
j=1

cj∇φj. (2.3)

Here
∂ϕ

∂n
= 0 on ∂Ω (2.4)

with the constraint
(ϕ, 1) =

∫
Ω

ϕ dx = 0, (2.5)

and m is a non-negative integer.
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Suppose that ∂Ω has m + 1 components. Γ0 denotes the outward boundary of Ω and Γ1, . . . , Γm

denote the m parts of the interior boundaries. The functions φ1, . . . , φm are defined as(
∇φj,∇v

)
= 0 ∀v ∈ H1

0(Ω),

φj
∣∣
Γ0

= 0,

φj
∣∣
Γi
=

1 if i = j

0 if i ̸= j
1 ≤ i ≤ m.

(2.6)

The function ϕ satisfies (2.5) and is determined by

(∇× ϕ,∇× ψ) = (ξ, ψ) ∀ψ ∈ H1(Ω). (2.7)

The constants c1, . . . , cm in (2.3) are determined by

m

∑
j=1

cj
(
∇φj,∇φj

)
= ( f ,∇φi) 1 ≤ i ≤ m. (2.8)

Thus, (2.3) can be solved by the following five steps:

(a) Compute the numerical approximation ξh of ξ by solving problem (2.2).
(b) Replace ξ with ξh and solve for the numerical approximation ϕh of ϕ by using (2.7).
(c) Compute the approximations φ1,h, . . . , φm,h of φ1, . . . , φm by solving the boundary value prob-

lems (2.6).
(d) Obtain the approximations c1,h, . . . , cm,h of c1, . . . , cm by solving the symmetric positive problem

(2.8).
(e) Compute the numerical approximation Th f of T f as

Th f = ∇× ϕh +
m

∑
j=1

cj,h∇φj,h. (2.9)

2.3. A Nonconforming Finite Element Method

Let τh be a family of triangulations of Ω. We define the weight Φµ(T) associated with T ∈ τh as

Φµ(T) =
L

∏
i=1

|cl − cT |1−µl ,

where c1, . . . , cL are the corners of Ω with interior angles ω1, . . . , ωL, and µl(1 ≤ l ≤ L) is the grading
parameter which is chosen by

µl = 1 ωl ≤
π

2
, (2.10)

µl <
π

2ωl
ωl >

π

2
. (2.11)

The graded mesh τh satisfies the following condition

hT = diam(T) ≈ Φµ(T)h ∀T ∈ τh, (2.12)

where h is the mesh parameter.
Define a weighted Sobolev space

L2,µ(Ω) =

{
ζ ∈ L2,loc(Ω) : ∥ζ∥2

L2,µ(Ω) =
∫

Ω
ϕ2

µ(x)ζ2(x) dx < ∞
}

,
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where the weight function Φµ is determined by

Φµ(x) =
L

∏
l=1

|x − cl |1−µl .

Clearly L2(Ω) ⊂ L2,µ(Ω) and

∥ζ∥L2,µ(Ω) ≤ CΩ∥ζ∥L2(Ω) ∀ζ ∈ L2(Ω). (2.13)

Hence (2.3) has a unique solution for any f ∈ L2,µ(Ω). Moreover, the norm of the dual space L2,−µ(Ω)

of L2,µ(Ω) is defined by

∥ξ∥2
L2,−µ(Ω) =

∫
Ω

ϕ−2
µ (x)ξ2(x) dx.

The nonconforming P1 finite element space Vh associated with Th is defined by

Vh = {v ∈ L2(Ω) : vT = v|T ∈ P1(T) ∀T ∈ τh,

v is continuous at the midpoints of the edges of τh,

v = 0 is continuous at the midpoints of the edges on ∂Ω}.

Let Πh : C(Ω) → Vh be a weak interpolation operator for the nonconforming P1 finite element.
Therefore, Πh satisfies the following interpolation error estimate for the Neumann problem (2.7) and
the Dirichlet problem (2.6), which are similar to [24–26]. We have

∥φ − Πh φ∥L2(Ω) + h|φ − Πh φ|H1(Ω) ≤ Ch2. (2.14)

Moreover,
∥β − Πhβ∥L2(Ω) + h|β − Πhβ|H1(Ω) ≤ Ch2∥g∥L2,µ(Ω), (2.15)

where β is the solution of the Laplace equation with Neumann Boundary condition and g is the right
hand side function (cf. [18]).

Let Eh be a set of all edges in Th. We define Ei
h = Eh \ ∂Ω be the set of all interior edges. Let e ∈ Ei

h
be the edge shared by two triangles T1, T2∈ Th and vj = v|Tj , j = 1, 2. Define the jump on e by

JvK = n1v1 + n2v2,

where n1, n2 are the unit outward normal vector.
If e is a boundary edge of Ω, then

JvK = vn.

Next we consider the nonconforming P1 finite element method for (2.2), which is to find ξh ∈ Vh

such that
ah(ξh, v) = F(v) ∀v ∈ Vh, (2.16)

where

ah(ξh, v) = ∑
T∈τh

∫
T
∇× ξh · ∇ × v dx + (ξh, v), (2.17)

F(v) = ( f ,∇× v) ∀v ∈ Vh. (2.18)

The nonconforming P1 finite element method for (2.7) is to find ϕh ∈ Vh such that

âh(ϕh, v) = (ξh, v) ∀v ∈ Vh, (2.19)
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where

âh(ϕh, v) = ∑
T∈τh

∫
T
∇ϕh · ∇v dx,

(ϕh, 1) = 0.

When m ≥ 1, the approximation φj,h ∈ Vh of the harmonic function φj in (2.6) is defined by(
∇φj,h,∇v

)
= 0 ∀v ∈ H1

0(Ω),

φj,h

∣∣∣
Γ0

= 0,

φj,h

∣∣∣
Γi
=

1 if i = j

0 if i ̸= j
1 ≤ i ≤ m.

(2.20)

To compute cj,h, we introduce the following system:

m

∑
j=1

cj,h(∇φj,h,∇φi,h) = ( f ,∇φi,h) 1 ≤ i ≤ m. (2.21)

Finally, we define the piecewise constant vector field Th f of T f as

Th f = ∇× ϕh +
m

∑
j=1

cj,h∇φj,h. (2.22)

2.4. Error Analysis

We start this section by defining a mesh-dependent energy norm ∥ · ∥h for any v ∈ H1(Ω) + Vh as
follows

∥v∥h =
√

ah(v, v).

Combining with the Cauchy-Schwarz inequality, we observe that the form ah(v, v) is bounded with
respect to ∥ · ∥h , i.e.,

|ah(ω, v)| ≤ ∥ω∥h∥v∥h ∀v, w ∈ H1(Ω) + Vh.

Next we turn to the error estimate. The following lemma, whose proof is similar to the proof of
Theorem 10.3.11 in [27].

Lemma 1. Let ξh be the solution of (2.16). Then the following discrete error estimate holds

∥ξ − ξh∥h ≤ Ch∥ f∥L2(Ω), (2.23)

where C is a positive constant.

Proof. Let ω ∈ Vh be arbitrary. Combining with (2.2), (2.17) and the partial integration, we obtain

ah(ξ, ω) = ∑
T∈τh

∫
T
∇× ξ · ∇ × ω dx + (ξ, ω)

= F(ω) + ∑
e∈εh

∫
e
∇ξ · JωK ds,

ah(ξ − ξh, ω) = ∑
e∈εh

∫
e
∇ξ · JωK ds.
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From Theorems 4.4.20, 10.1.10 and 10.3.10 in [27], we have

|ah(ξ − ξh, ω)| ≤ Ch∥ f∥L2(Ω)∥ω∥h, (2.24)

∥ξ − ξh∥h ≤ inf
ξh∈Vh

∥ξ − ξh∥h + sup
w∈Vh\{0}

|ah(ξ − ξh, w)|
∥w∥h

, (2.25)

inf
ξh∈Vh

∥ξ − ξh∥h ≤ ∥ξ − Πhξ∥h ≤ Ch∥ f∥L2(Ω). (2.26)

The estimate (2.23) follows from (2.24), (2.25) and (2.26).

Theorem 2.1. For the solution ξh of (2.16), the following discrete error estimate holds

∥ξ − ξh∥L2,−µ(Ω) ≤ Ch∥ f∥L2(Ω). (2.27)

Proof. Let the dual argument ζ ∈ H1(Ω) be defined by

(∇× ζ,∇× v) + (ζ, v) = (ϕ−2
µ (ξ − ξh), v) ∀v ∈ H1(Ω).

Hence
∥ξ − ξh∥2

L2,−µ(Ω) = (∇× ζ,∇× (ξ − ξh)) + (ζ, ξ − ξh)

= (∇× (ζ − Πhζ),∇× (ξ − ξh)) + (ζ − ΠTζ, ξ − ξh)

= ah(ζ − Πhζ, ξ − ξh)

≤ ∥ζ − Πhζ∥h∥ξ − ξh∥h.

In view of the definition of Πh, combining with Theorem 4.4.20 in [27], we have

∥ζ − Πhζ∥h ≤ Ch∥ f∥L2(Ω).

The estimate (2.1) follows from (2.23) and (2.4).

Corollary 1. Suppose the condition in Theorem 2.1 holds, we have

∥ξ − ξh∥L2(Ω) ≤ Ch∥ f∥L2(Ω). (2.28)

Lemma 2. Assume f ∈ [L2(Ω)]2. Then

|ϕ − ϕh|H1(Ω) ≤ Ch∥ f∥L2(Ω). (2.29)

Proof. It follows from Theorem 10.3.21 in [27], we have

∥ϕ − ϕh∥L2(Ω) ≤ Ch∥ξ∥H1(Ω). (2.30)

Since ∥ξ∥H1(Ω) ≤ C∥ f∥L2(Ω), we have

∥ϕ − ϕh∥L2(Ω) ≤ Ch∥ f∥L2(Ω). (2.31)
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Combining (2.28), (2.31), and the Cauchy-Schwarz inequality, we have

|ϕh − ϕ|2H1(Ω) = ∥∇× (ϕ − ϕh)∥2
L2(Ω)

= (ξ − ξh, ϕ − ϕh)

≤ ∥ξ − ξh∥L2(Ω)∥ϕ − ϕh∥L2(Ω)

≤ Ch∥ f∥L2(Ω)Ch∥ f∥L2(Ω),

which means
|ϕ − ϕh|H1(Ω) ≤ Ch∥ f∥L2(Ω).

Next we compare φj with φj,h in H1(Ω). Clearly, we obtain φj,h by solving the Dirichlet problem
(2.20).

Lemma 3. For 1 ≤ j ≤ m, we have
|φj − φj,h|H1(Ω) ≤ Ch. (2.32)

Proof. By using (2.14) , we know

∥φ − Πh φ∥L2(Ω) + h|φ − Πh φ|H1(Ω) ≤ Ch2. (2.33)

Let ζ2 ∈ H1(Ω) which is determined by

(∇ζ2,∇v) = (∇(φh − φ), v) ∀v ∈ H1(Ω).

There exists a unique solution φ̃h of (2.6) such that

|φ̃h − φ|2H1(Ω) = ∥∇× (φ̃h − φh)∥2
L2(Ω)

= (∇ζ2,∇(φ̃h − φh))

≤ ∥∇ζ2∥L2(Ω)∥∇(φ̃h − φh)∥L2(Ω)

≤ |ζ2 − Πhζ2|H1(Ω)∥φ̃h − φh∥H1(Ω)

≤ Ch∥φ̃h − φ∥H1(Ω),

which means
|φ̃h − φ|H1(Ω) ≤ Ch. (2.34)

By (2.33), we know
|φj − φ̃h|H1(Ω) ≤ |φj − Πh φj|H1(Ω) ≤ Ch. (2.35)

The estimate (2.32) follows from (2.34) and (2.35).

Combining with (2.8), (2.21) and (2.32), we have the following lemma with respect to the error
estimate of cj,h. The proof is similar to the Lemma 4.7 in [26].

Lemma 4. For 1 ≤ j ≤ m, cj,h is the solution of (2.21) , we have

|cj − cj,h| ≤ Ch∥ f∥L2(Ω). (2.36)

Theorem 2.2. Suppose h is small enough and Th f is the solution of (2.22). Then

∥T f − Th f∥L2(Ω) ≤ Ch∥ f∥L2(Ω). (2.37)
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Proof. The discrete error estimate holds bases on Lemma2-Lemma4, the proof is similar to [15].

3. Multigrid Methods
In this section, we establish the multigrid algorithm for solving discrete problems (2.16) and (2.19)

on graded meshes. For the initial triangulation τ0 on an L-shaped domain, we chose a properly grading
factor µl according to (2.10) and consider the procedure to generate the triangulation τk (k ≥ 1) which
is the same as [25,26,28].

(a) If any vertex of T ∈ Tk is not a reentrant corner, then T ∈ Tk is divided uniformly by connecting
midpoints of the edges of T.

(b) Suppose v1, v2, ṽ are the vertexes of T ∈ τk. For the midpoint of the edge v1v2, we denote as m.
If ṽ is a reentrant corner, then T ∈ Tk is divided by connecting p1, p2 and m, where pi(i = 1, 2)
is a point on the edge ṽvi(i = 1, 2) (cf. Figure 1) such that∣∣∣∣ ṽ − pi

ṽ − vi

∣∣∣∣ = 2−(1/µl) i = 1, 2.

We take µl as 2
3 when depicting the triangulation T0, T1 and T2 on the L-shaped domain in Figure 2.

Figure 1. Refinement of a triangle at a reentrant corner.

(a) (b) (c)

Figure 2. The triangulation T0, T1 and T2.

3.1. W-Cycle Multigrid Algorithm
3.1.1. The k-th Level Multigrid Algorithm

Since these triangulations τk(k ≥ 0) satisfy the condition (2.12), we turn to suppose

hk =
1
2

hk−1 k ≥ 1. (3.1)

Let Vk be the nonconforming P1 finite element space associated with Tk. For each k, the bilinear form
ak(u, v) is defined on Vk + H1(Ω) as follows

ak(u, v) = ∑
T∈τh

∫
T
∇u · ∇v dx + (u, v). (3.2)
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The norm ∥v∥k defines as the analog of ∥v∥h, i.e.,

∥v∥k =
√

ak(v, v),

and the analog of Πh is defined by Πk.
We introduce the operator Ak : Vk → V′

k as

⟨Akω, v⟩ = ak(ω, v) ∀ω, v ∈ Vk,

where ⟨·⟩ denotes the canonical bilinear form on V′
k × Vk. The k-th level nonconforming finite element

method for (2.2) is to find ξk ∈ Vk such that

Akξk = fk, (3.3)

where fk ∈ V′
k satisfies

⟨ fk, v⟩ = ( f ,∇× v) ∀v ∈ Vk.

It is clear that (3.3) can be solved by the multigrid algorithms.
Since Vk is a nonconforming finite element space, Vk ̸⊂ Vk+1 and Vk ̸⊂ H1(Ω), we cannot directly

use the natural injection transfer as in the finite element spaces. Moreover, we define a proper intergrid
transfer operator Ik

k−1 : Vk−1 → Vk as a natural injection (cf. [29]). But the actual value of (Ik
k−1v)(p) is

determined by

(Ik
k−1v)(p) =


v(p) p ∈ Sk−1,
1
2
[
v|T1(p) + v|T2(p)

]
p ̸∈ Sk−1 and p is shared by T1, T2 ∈ τk,

v(p) otherwise,

where Sk−1 is the vertices set of τk−1 for any p ∈ Sk.
Define the fine to coarse intergrid transfer operator Ik−1

k : V′
k → V′

k−1 to be the transpose of Ik
k−1

which is related to ⟨·, ·⟩, i.e.,

⟨Ik−1
k ω, v⟩ = ⟨ω, Ik

k−1v⟩ ∀ω ∈ V′
k , v ∈ Vk−1. (3.4)

In order to analyze the error estimate, we define an operator Bk : Vk → V′
k such that

⟨Bkω, v⟩ = h2
k ∑

T∈τk

∑
m∈MT

ω(m)ν(m), (3.5)

where MT is the set of vertices on the triangle T. It is easy to know that the spectral radius of B−1
k Ak

satisfies
ρ(B−1

k Ak) < Ch−2
k ∀k ≥ 0.

An appropriate damping factor λ is chosen such that the spectral radius ρ(λh2
k B−1

k Ak) satisfies

ρ(λh2
k B−1

k Ak) < 1 ∀k ≥ 0. (3.6)

Next we introduce a W-cycle algorithm for the equation

Akz = g ∀z ∈ Vk, ∀g ∈ V′
k . (3.7)

Algorithm 3.1. MGW(k, g, z0, m1, m2)denote the output of the algorithm, where z0 ∈ Vk is the initial guess.
Furthermore, the pre-smoothing and post-smoothing steps are denoted as m1 and m2.

For k = 0, MGW(0, g, z0, m1, m2) = A−1
0 g.

For k > 0, MGW(0, g, z0, m1, m2) is compute by following procedure.
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Pre-smoothing. With the condition 1 ≤ l ≤ m1, zl ∈ Vk is computed by

zl = zl−1 + (λh2
k)B−1

k (g − Akzl−1).

Error correction. Let q0 = 0. For 1 ≤ i ≤ 2, compute zm1+1 recursively by

rk−1 = Ik−1
k (g − Akzm1),

qi = MG(k − 1, rk−1, qi−1, m1, m2),

zm1+1 = zm1 + Ik
k−1q2.

Post-smoothing. For m1 + 2 ≤ l ≤ m1 + m2 + 1, zl is determined by

zl = zl−1 + (λh2
k)B−1

k (g − Akzl−1). (3.8)

Finally, the output of the k-th level iteration is

MGW(k, g, z0, m1, m2) = zm1+m2+1.

The multigrid Algorithm 3.1 can also be modified to solve the singular Neumann problem (2.7).
The space V̂k is defined by V̂k = {v ∈ Vk : (v, 1) = 0}. We denote the orthogonal projection

P̂k : Vk → V̂k with respect to (·, ·)k. Moreover, for any v ∈ Vk, P̂kv ∈ V̂k satisfies

(w, P̂kv)k = (w, v)k ∀ω ∈ Vk. (3.9)

We turn to compute P̂kv explicitly as follows

P̂kv = v − (v, sk)k
(sk, sk)k

sk, (3.10)

where sk ∈ Vk spans the orthogonal complement of V̂k with respect to (·, ·)k. In addition, we take Nk as
the set of all the nodes associated with Vk and define sk as the finite element function

sk(p) =
1

3h2
k · n(Tp)

∑
T∈Tp

|T| ∀p ∈ Nk,

where Tp is the set of triangles in τk sharing p as a common vertex, n(τp) is the number of triangles in
τp, and |T| is the area of T.

The natural injection is denoted by Îk : V̂k → Vk. Moreover, an operator

Âk = P̂k ◦ B−1
k ◦ Ak ◦ Îk (3.11)

is determined by

(Âkw, v)k = ∑
T∈τk

∫
T
∇w · ∇v dx ∀w, v ∈ V̂k.

Now we define a W-cycle algorithm for

Âkz = g z ∈ V̂k , g ∈ V̂′
k . (3.12)

Algorithm 3.2. MG1
W(k, g, z0, m1, m2) denote the output of the algorithm, where z0 ∈ Vk is the initial guess.

Furthermore, the pre-smoothing and post-smoothing steps are denoted as m1 and m2.
For k = 0, MG1

W(0, g, z0, m1, m2) = (Â0)
−1(P̂0B−1

0 g).

For k > 0, MG1
W(0, g, z0, m1, m2) is compute by following procedure.
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Pre-smoothing.With the condition 1 ≤ l ≤ m1, zl ∈ Vk is computed by

zl = zl−1 + (λh2
k)(P̂kB−1

k g − Âkzl−1). (3.13)

Error correction. Let q0 = 0. For 1 ≤ i ≤ 2, compute zm1+1 recursively by

rk−1 = Ik−1
k (P̂kB−1

k g − Âkzm1),

qi = MG1
W(k − 1, rk−1, qi−1, m1, m2),

zm1+1 = zm1 + Ik
k−1q2.

Post-smoothing. For m1 + 2 ≤ l ≤ m1 + m2 + 1, zl is determined by

zl = zl−1 + (λh2
k)(P̂kB−1

k g − Âkzl−1). (3.14)

Finally, the output of the k-th level iteration is

MG1
W(k, g, z0, m1, m2) = zm1+m2+1.

The construction of the operators P̂k and Îk are used to perform all the calculations in Algorithm
3.2 in the space Vk instead of V̂k. With (3.11), (3.13) and (3.14) can be rewritten as

zl = zl−1 + (λh2
k)P̂kB−1

k (g − Akzl−1).

Obviously, Algorithm 3.1 is identical with Algorithm 3.2.

3.1.2. Full Multigrid Methods

In the application of the k-th level iteration to (2.16), we use the following multigrid algorithm,
applying p times at each level.

Algorithm 3.3. (Full multigrid methods for (2.16)) For k = 0, A0ξ̃0 = f0.
For k ≥ 1, the approximate solution ξ̃k ∈ v̂k is obtained by the following iterative procedure

ξk
0 = Ik

k−1ξ̃k−1,

ξk
q = MGW(k, fk, ξk

q−1, m1, m2) 1 ≤ q ≤ p,

ξ̃k = ξk
p.

Then we introduce the k-th level nonconforming finite element method for (2.7), which is to find
ϕk ∈ V̂k such that

Âkϕk = gk, (3.15)

where gk ∈ V′
k satisfies

⟨gk, v⟩ = (ξ̃k, v) ∀v ∈ Vk.

Here ξ̃k is obtained by Algorithm 3.3. In order to solve (3.15), we introduce the following Algorithm.

Algorithm 3.4. (Full multigrid methods for (3.15)) For k = 0, Â0ϕ̃0 = g0.
For k ≥ 1, the approximate solution ϕ̃k is obtained by the following iterative process

ϕk
0 = Ik

k−1ϕ̃k−1,

ϕk
q = MG1

W(k, gk, ϕk
q−1, m1, m2) 1 ≤ q ≤ p,

ϕ̃k = ϕk
p.
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3.2. Error Analysis

We establish the error analysis of the W-cycle multigrid algorithm for discrete problems.
Firstly, we define the operator Rk : Vk → Vk which is used to measure the effect of smoothing

steps as
Rk = Ik

d − (λh2
k)B−1

k Ak, (3.16)

and Ik
d is the identity operator on Vk. Then the k-th level error propagation operator Ek : Vk → Vk for

Algorithm 3.1 is determined by the following famous recursive relation ([10,20])

Ek = Rm2
k (Ik

d − Ik
k−1Pk−1

k + Ik
k−1E2

k−1Pk−1
k )Rm1

k , (3.17)

where Pk−1
k : Vk → Vk−1 denotes the transpose of Ik

k−1 in the variational form

ak−1(Pk−1
k ω, v) = ak(ω, Ik

k−1v) ∀ω ∈ Vk, v ∈ Vk−1. (3.18)

Finally, the mesh-dependent norm is denoted as

|||v|||j,k =
√
⟨Bk(B−1

k Ak)
jv, v⟩ ∀v ∈ Vk, k ≥ 1, j = 0, 1, 2. (3.19)

Obviously, we have

|||v|||20,k = ⟨Bkv, v⟩ ≈ ∥v∥L2,−µ(Ω) ∀v ∈ Vk, (3.20)

|||v|||21,k = ⟨Akv, v⟩ = ak(v, v) ∀v ∈ Vk. (3.21)

By the Cauchy-Schwarz inequality

|||v|||2,k = max
ω∈Vk\{0}

⟨Akv, ω⟩
|||ω|||0,k

∀v ∈ Vk. (3.22)

Note that (3.6), (3.16) and (3.19) imply the following lemmas whose proof are standard in [10,20].

Lemma 5. There exist constants C independent of k such that

|||Rkv|||j,k ≤ C|||v|||j,k, (3.23)

|||Rm
k v|||1,k ≤ Ch−1

k m− 1
2 |||v|||0,k, (3.24)

|||Rm
k v|||2,k ≤ Ch−1

k m− 1
2 |||v|||1,k, (3.25)

(3.26)

where v ∈ Vk , k ≥ 1 and j = 0, 1.

We now use a duality argument to prove the following lemma.

Lemma 6. For any given v ∈ Vk (k ≥ 1), there exists a constant C independent of k such that∣∣∣∣∣∣∣∣∣(Ik
d − Ik

k−1Pk−1
k )v

∣∣∣∣∣∣∣∣∣
0,k

≤ Chk

∣∣∣∣∣∣∣∣∣(Ik
d − Ik

k−1Pk−1
k )v

∣∣∣∣∣∣∣∣∣
1,k

≤ Ch2
k |||v|||2,k. (3.27)

Proof. For any given v ∈ Vk, let ϵ = ϕ−2
µ (Ik

d − Ik
k−1Pk−1

k )v, then we have

∥ϵ∥L2,µ(Ω) = ∥(Ik
d − Ik

k−1Pk−1
k )v∥L2,−µ(Ω). (3.28)
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We introduce an argument ζ3 ∈ H1(Ω) which is determined by

(∇× ζ3,∇× v) + (ζ3, v) = (ϵ, v) ∀v ∈ H1(Ω). (3.29)

It is clear that ζ3 also satisfies
ak(ζ3, v) = (ϵ, v) ∀v ∈ Vk.

From (3.1), (2.15) and (3.28), we find that

∥ζ3 − Ik
k−1Πk−1ζ3∥k ≤ C∥ζ3 − Πk−1ζ3∥k−1

≤ Chk−1∥ϵ∥L2,µ(Ω)

≤ Chk∥(Ik
d − Ik

k−1Pk−1
k )v∥L2,−µ(Ω),

which means
∥ζ3 − Ik

k−1Πk−1ζ3∥k ≤ Chk∥(Ik
d − Ik

k−1Pk−1
k )v∥L2,−µ(Ω). (3.30)

At first, we prove ∣∣∣∣∣∣∣∣∣(Ik
d − Ik

k−1Pk−1
k )v

∣∣∣∣∣∣∣∣∣
0,k

≤ Chk

∣∣∣∣∣∣∣∣∣(Ik
d − Ik

k−1Pk−1
k )v

∣∣∣∣∣∣∣∣∣
1,k

. (3.31)

It follows from (3.20) and (3.28) that∣∣∣∣∣∣∣∣∣(Ik
d − Ik

k−1Pk−1
k )v

∣∣∣∣∣∣∣∣∣2
0,k

= ⟨Bk(Ik
d − Ik

k−1Pk−1
k )v, (Ik

d − Ik
k−1Pk−1

k )v⟩

≈ ∥(Ik
d − Ik

k−1Pk−1
k )v∥2

L2,−µ(Ω)

=
∫

Ω
ϕ−2

µ [(Ik
d − Ik

k−1Pk−1
k )v]2dx

=
∫

Ω
ϵ(Ik

d − Ik
k−1Pk−1

k )vdx

= ak(ζ3, (Ik
d − Ik

k−1Pk−1
k )v).

Moreover, (3.30) and (3.20) imply

ak(ζ3, (Ik
d − Ik

k−1Pk−1
k )v)

= ak(ζ3 − Ik
k−1Πk−1ζ3, (Ik

d − Ik
k−1Pk−1

k )v)

≤ ∥ζ3 − Ik
k−1Πk−1ζ3∥k∥(Ik

d − Ik
k−1Pk−1

k )v∥k

≤ Ch∥(Ik
d − Ik

k−1Pk−1
k )v∥L2,−µ(Ω)

∣∣∣∣∣∣∣∣∣(Ik
d − Ik

k−1Pk−1
k )v

∣∣∣∣∣∣∣∣∣
1,k

≈ Ch
∣∣∣∣∣∣∣∣∣(Ik

d − Ik
k−1Pk−1

k )v
∣∣∣∣∣∣∣∣∣

0,k

∣∣∣∣∣∣∣∣∣(Ik
d − Ik

k−1Pk−1
k )v

∣∣∣∣∣∣∣∣∣
1,k

.

Next we prove ∣∣∣∣∣∣∣∣∣(Ik
d − Ik

k−1Pk−1
k )v

∣∣∣∣∣∣∣∣∣
1,k

≤ Chk|||v|||2,k. (3.32)

Combining with duality and (3.22), we obtain

∣∣∣∣∣∣∣∣∣(Ik
d − Ik

k−1Pk−1
k )v

∣∣∣∣∣∣∣∣∣
1,k

= sup
w∈Vk\{0}

ak((Ik
d − Ik

k−1Pk−1
k )v, w)

|||w|||1,k
. (3.33)

Since
ak((Ik

d − Ik
k−1Pk−1

k v), w) = ak((Ik
d − Ik

k−1Pk−1
k w), v)

≤ ∥(Ik
d − Ik

k−1Pk−1
k )w∥0,k∥v∥2,k

≤ Ch|||w|||1,k|||v|||2,k,

we finish the proof of (3.32). Finally, the Lemma 6 is a consequence of (3.31) and (3.32).
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Two preliminary approximation properties with respect to the operators Pk−1
k and Ik

k−1 are given
in the following lemma.

Lemma 7. ∣∣∣∣∣∣∣∣∣Pk−1
k v

∣∣∣∣∣∣∣∣∣
1,k−1

≤ |||v|||1,k ∀v ∈ Vk, (3.34)∣∣∣∣∣∣∣∣∣Ik
k−1v

∣∣∣∣∣∣∣∣∣
1,k

≤ |||v|||1,k−1 ∀v ∈ Vk−1. (3.35)

Proof. The proof is identical with Lemma 4.5 in [25].

With m1 pre-smoothing steps and m2 post-smoothing steps on the two-grid algorithm, we intro-
duce the following convergence.

Theorem 3.1. There exists a constant C independent of k ≥ 1 such that the following holds∣∣∣∣∣∣∣∣∣Rm2
k (Ik

d − Ik
k−1Pk−1

k )Rm1
k v

∣∣∣∣∣∣∣∣∣
1,k

≤ C[(1 + m1)(1 + m2)]
− 1

2 |||v|||1,k ∀v ∈ Vk. (3.36)

Proof. If follows from Lemma 5 and 6, we have∣∣∣∣∣∣∣∣∣Rm2
k (Ik

d − Ik
k−1Pk−1

k )Rm1
k v

∣∣∣∣∣∣∣∣∣
1,k

≤ C[(1 + m2)]
−1/2

∣∣∣∣∣∣∣∣∣(Ik
d − Ik

k−1Pk−1
k )Rm1

k v
∣∣∣∣∣∣∣∣∣

0,k

≤ C[(1 + m2)]
−1/2∣∣∣∣∣∣Rm1

k v
∣∣∣∣∣∣

2,k

≤ C[(1 + m1)(1 + m2)]
−1/2|||v|||1,k.

Then we have the following convergence theorem for the W-cycle algorithm.

Theorem 3.2. For any γ ∈ (0, 1), there exists a positive integer m independent of k such that

|||z − MGw(k, g, z0, m1, m2)|||1,k ≤ γ|||z − z0|||1,k, (3.37)

provided m1 + m2 ≥ m.

Proof. Based on Theorem 3.1 and Lemma 7, we can find an estimate similar in [26].

Furthermore, (3.21) becomes

|||v|||21,k = ⟨Âkv, v⟩ ≈ |v|H1(Ω) ∀v ∈ V̂k,

which implies

|ϕ − ϕk|H1(Ω) = inf
v∈V̂K

|ϕ − v|H1(Ω)

≤ |ϕ − Πkϕ|H1(Ω).

Therefore, if we replace Vk with V̂k, Theorem 3.2 also valid.
Now we analyze the error estimate of the k-th level iterations.

Theorem 3.3. Suppose p is sufficiently large and h1 is small enough, there exists a constant C such that

∥ξ − ξ̃k∥L2(Ω) ≤ Chk∥ f∥L2(Ω).
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Proof. The proof is identical to Theorem 7.2 in [26].

The following theorem compares the exact solution ϕ of (2.7) with the approximate solution ϕ̃k

obtained by Algorithm 4.4.

Theorem 3.4. Suppose p is sufficiently large and h1 is small enough, we have

|ϕ − ϕ̃k|H1(Ω) ≤ Chk∥ f∥L2(Ω), (3.38)

where C is a constant.

Proof. We find that ϕ0 − ϕ̃0 = 0 and suppose αr+1 < 1
2 , then

|ϕk − ϕ̃k|H1(Ω) = |||ϕk − ϕ̃k|||1,k

≤ αr|||ϕk − ϕ̃k−1|||1,k

≤ Cαr(|ϕk − ϕ|H1(Ω) + |ϕ − ϕk−1|H1(Ω) + |||ϕk−1 − ϕ̃k − 1|||1,k)

≤ Chkαr∥ f ∥L2(Ω) + C2hk−1α2r∥ f ∥L2(Ω) + · · ·

+ Ck+1h0α(k+1)r∥ f ∥L2(Ω) + |ϕ0 − ϕ̃0|H1(Ω)

≤ Chk∥ f ∥L2(Ω)
αr

1 − 2αr + |ϕ0 − ϕ̃0|H1(Ω)

≤ Chk∥ f ∥L2(Ω)

which means
|ϕk − ϕ̃k|H1(Ω) ≤ Chk∥ f ∥L2(Ω).

Combining with the triangle inequality and (2.19), we obtain

|ϕ − ϕ̃k|H1(Ω) ≤ |ϕk − ϕ̃k|H1(Ω) + |ϕ − ϕk|H1(Ω)

≤ Chk∥ f ∥L2(Ω).

In the case that Ω is not simply connected, we have the following lemmas.

Lemma 8. Suppose p is sufficiently large and h1 is small enough, we have∣∣∣φj − φ̃j,k

∣∣∣
H1(Ω)

≤ Chk, (3.39)

where C is a constant.

Proof. The proof is similar to Theorem 3.4, and hence will be omitted.

Note that c̃j,k(1 ≤ j ≤ m) is computed by

m

∑
j=1

c̃j,k(∇φ̃j,k,∇φ̃i,j) = ( f ,∇φ̃i,k) 1 ≤ i ≤ m. (3.40)

Moreover, the estimate of c̃j,k is shown by next lemma and the proof is similar to Theorem 4.

Lemma 9. Suppose p is sufficiently large and h1 is small enough, we have

|cj − c̃j,k|H1(Ω) ≤ Chk∥ f∥L2(Ω), (3.41)
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where C is a constant.

For any k-th level iteration, the approximate value T̃k f of T f is determined as

T̃k f = ∇× ϕ̃k +
m

∑
j=1

c̃j,k∇φ̃j,k. (3.42)

According to (3.42), (3.38), (3.39) and (3.41), we are ready to compare T f and T̃k f . The proof is
similar to Theorem 2.2.

Theorem 3.5. ∥∥T f − T̃k f
∥∥

L2(Ω) ≤ Chk∥ f∥L2(Ω).

For the problem (1.1), the following theorem holds provided Tu = 1
1+λ u.

Theorem 3.6. Suppose ũk is the approximation of u, we have

∥u − ũk∥L2(Ω) ≤ Chk∥ f∥L2(Ω). (3.43)

4. Numerical Experiments
In this section, we present the contraction numbers of the W-cycle algorithms on the L-shaped

domain (−1, 1)2 \ [0, 1]2. We create the triangulations τ0, τ1, . . . as the rules in Section 3, and the grading
parameter at the reentrant corner (0, 0) is chosen as 2

3 .
The damping factor λ is taken to be 1

2 in (3.6). Moreover, report the numerical solution in Table 1
and Table 2. The numerical results confirm the theoretical results given in Theorem 3.2, where p is
taken to be 7, and the number of smoothing steps is taken to be 40.

The first experiment is applied on the L-shaped domain (−1, 1)2 \ [0, 1]2 with graded meshes.
The exact solution is taken to be

u = ∇×
(

r
2
3 cos

(
2
3

θ − π

3

)
ϕ(x)

)
, (4.1)

where (r, θ) are the polar coordinates at the origin and ϕ(x) = (1 − x2
1)

2(1 − x2
2)

2. The results are
tabulated in Table 1. We find that the order of convergence for ûk is 1 as predicted by Theorem 3.6.

For examining the numerical result on a doubly connected domain Ω, we present the second set
of experiments. Let Ω = (0, 4)2 \ [1, 3]2 and the harmonic function ϕ satisfies the following boundary
conditions

ϕ|Γ0 = 0 and ϕ|Γ1 = 1,

where Γ0 (resp. Γ1) is the boundary of (0, 4)2 (resp. (1, 3)2). The solution can be written as

(1 + λ)Tu = ∇× ϕ + c∇ϕ, (4.2)

where c is a constant.
The right-hand side function is taken to be

f =



1 + x1

0

 if x1 ≤ x2 and 3 ≤ x1 ≤ 4, 0

1 + x2

 otherwise.

(4.3)
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The results are presented in Table 2. The orders of convergence for ûk is 1 as predicted by Theorem 3.6.
If a smaller mesh size is chosen, we believe the results will be better.

Table 1. Results on the L-shaped domain and the exact solution given by (4.1).

hk
∥∇×u−ξ̃k∥L2

∥ f ∥L2

order ∥u−ũk∥L2
∥ f ∥L2

order

1/2 3.94E-03 1.2896 4.05E-03 1.0477
1/4 1.82E-03 1.1099 2.17E-03 0.9038
1/8 1.02E-03 0.8399 1.13E-03 0.9406

1/16 6.03E-04 0.7554 5.73E-04 0.9794
1/32 3.23E-04 0.9030 2.87E-04 0.9957
1/64 1.67E-04 0.9506 1.44E-04 0.9992

Table 2. Results on the doubly connected domain and the right hand side given by (4.3).

hk
∥∇×u−ξ̃k∥L2

∥ f ∥L2

order ∥u−ũk∥L2
∥ f ∥L2

order c̃k c

1/8 1.91E-02 0.58 7.93E-02 0.72 -0.3062 -0.3059
1/16 1.23E-02 0.64 4.17E-02 0.93 -0.3224 -0.3040
1/32 7.13E-03 0.79 2.04E-02 1.03 -0.2984 -0.3036
1/64 3.63E-03 0.98 9.66E-03 1.08 -0.2913 -0.3037

5. Discussion
The results are tabulated in Table 1 and Table 2. We find that the order of convergence for ûk is

both 1 as predicted by Theorem 3.6. If a smaller mesh size is chosen, we believe the results will be
better.
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