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Abstract: In this paper, we demonstrate that the Maxwell eigenvalue problem can be solved by a
nonconforming finite element and multigrid method. By using an appropriate operator, the eigenvalue
problem can be viewed as a curl-curl problem. We obtain the approximate optimal error estimates
on graded mesh. We also prove the convergence of the W-cycle and full multigrid algorithms for
the corresponding discrete problem. The performance of these algorithms is illustrated by numerical
experiments.
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1. Introduction

Let Q be a bounded polynomial domain in R2. We consider the following Maxwell eigenvalue
problem:
Find (u,A) € Hy(curl; Q) N H(div’; Q) such that

(Vxu,Vxv)=Auv) Yove Hycurl;Q)n H(div’;Q), (1.1)

where (-, -) denotes the inner product in [L,(Q)]?, and the function spaces are defined as follows.

. - - 01 2. o 8?]2 _ avl
H(curl; Q) = {v = L}J € [L(Q)]: Vxv= Fr € LZ(Q)},
H(div; ) = {v = || € [La(@)P: Vv =224+ %% ¢ [ o)
! (%) 8x1 aX2 !

Hy(cur; Q) = {v € H(cur; ) : n X v =0 on 0Q}},
H(div%; Q) = {v € H(div;Q) : V-v = 0}.

Here, the vector n is the unit outer normal on 0Q).

Since the eigenfunction u has divergence-free constraint, it is not easy to achieve in numerical
approximations. [1-10] replace the Maxwell eigenvalue problem with the following by neglecting the
divergence-free condition:

Find (u,A) € Hy(curl; Q) x R such that u # 0,

(Vxu,Vxv)=A(uv) Vove Hy(cur; Q). (1.2)

However, (1.2) introduces a non-physical zero eigenvalue into the spectrum. It will add more complex-
ity when we analyze the eigensolvers.

In this paper, we present a numerical scheme by relating eigensolvers to a curl-curl problem. The
scheme was proposed early in [11]. Note that the curl-curl problem is solved by different methods
such as a nonconforming finite element [12], a mixed finite element methods [13] and a nonconforming
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penalty method [14]. In addition, [15,16] also give optimal order error estimates in Ly-norm and energy
norm.

In order to simplify the problem into several scalar elliptic boundary value problems, we turn
to introduce the Hodge decomposition, which has been applied to many problems. For example, the
quad-curl Problem in [17], the Maxwell’s equations in [18] and the two-dimensional time-harmonic
Maxwell’s equations with impedance boundary condition in [19]. Besides, [5] and [18] discuss the
Hodge decomposition for three-dimensional vector fields. Furthermore, the multigrid method is
proposed for solving some boundary value problems in this work. It has been used in many works
such as quantum eigenvalue problems [21], nonlinear eigenvalue problems based on Newton iteration
[22] and coupled semilinear elliptic equation [23].

The rest of the paper is organized as follows. We analyze discrete problems based on graded
meshes in Section 2. Then we introduce multigrid methods and derive related convergence rates in
Section 3. In Section 4, we report the numerical results.

2. Discrete Problems Based on Graded Meshes

In this section, we present an eigensolver which is related to a curl-curl problem. Furthermore, by
applying the Hodge decomposition and the nonconforming finite elements, the convergence results
are given.

2.1. Construction of Maxwell Eigensolver

We introduce a bounded linear operator T : [Ly(Q)]?> — [L2(Q)]? for the Maxwell eigenvalue
problem (1.1). Given any function f € [Ly(Q)]?, we define T f with the condition

(VXTf,Vxov)+(Tf,v)=(fv), (2.1)

forall v € Hy(curl; Q) N H(div%; Q). Obviously, T is a symmetric positive and compact operator from
[L2(Q)]? to [L2(Q)]?. In addition, (u, A) satisfies equation (1.1) if and only if

1

Tu — .
EIAA

Note that the eigenfunctions of T are exactly the eigenfunctions of the Maxwell equations.

2.2. Hodge Decomposition
We define ¢ = V x Tf € H'(Q), where & satisfies

(VXEVXP)+ (& y) = (f,Vxy) VyeH (Q). 2.2)

Therefore, the Hodge decomposition of T f is

m
Tf=Vx¢+) cjVo; (2.3)
=1
Here 2
o on 9Q) (2.4)
with the constraint
(¢1) = [ gdx=0, 2.5)
Q

and m is a non-negative integer.
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Suppose that 02 has m + 1 components. I'g denotes the outward boundary of Q and I'y,..., Iy
denote the m parts of the interior boundaries. The functions ¢1, ..., ¢, are defined as

(Vg;, Vo) =0 Vo e Hj(Q),

(/’j|r0 =0,
(2.6)
1 ifi=j 1<i<
: = Z m.
T Yo wia
The function ¢ satisfies (2.5) and is determined by
(Vx¢,Vxy)=(Ey) vpeH () 27)
The constants cy, . .., ¢ in (2.3) are determined by
m
Y (Vo Vo) = (f, Vi) 1<i<m. (2.8)
j=1

Thus, (2.3) can be solved by the following five steps:

(a) Compute the numerical approximation &, of by solving problem (2.2).

(b) Replace ¢ with ¢, and solve for the numerical approximation ¢, of ¢ by using (2.7).

(0 Compute the approximations @y p,, ..., @y, of ¢1,..., ¢ by solving the boundary value prob-
lems (2.6).

(d) Obtain the approximations ¢y y,, ..., ¢y j of c1, ..., ¢ by solving the symmetric positive problem
(2.8).

(e) Compute the numerical approximation Ty, f of Tf as

m
Thf =V xXé¢p+ Z cj,thoj,h. (2.9)
=1

2.3. A Nonconforming Finite Element Method
Let 7, be a family of triangulations of (). We define the weight ®,(T) associated with T € T, as

L
1—
@u(T) =[ler —er ",
i=1

where ¢y, ..., cp are the corners of ) with interior angles wy, ..., wr, and (1 <1 < L) is the grading
parameter which is chosen by

m=1 w < g (2.10)

T s
— =. 211
M50 Y173 (2.11)
The graded mesh 7, satisfies the following condition
hr = diam(T) =~ ®,(T)h VT € 7, (2.12)

where & is the mesh parameter.
Define a weighted Sobolev space

Lo = {€ € Laio0): 121R, 0 = [ )E00) dx < o),
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where the weight function ®, is determined by
L
x) =[Tlx—al "
I=1
Clearly Lo (Q) C Ly, (Q2) and
€1, < Calldli ) Ve € L) (213)

Hence (2.3) has a unique solution for any f € L ,(Q)). Moreover, the norm of the dual space Ly, (Q2)
of L, (Q) is defined by

161, @ = [, 90" @) dx

The nonconforming P; finite element space V}, associated with Tj, is defined by

V, = {U € LQ(Q) L0T = U|T S Pl(T) VT € Th,
v is continuous at the midpoints of the edges of 13,

v = 0 is continuous at the midpoints of the edges on 0Q)}.

Let IT, : C(Q)) — V}, be a weak interpolation operator for the nonconforming P finite element.
Therefore, I1}, satisfies the following interpolation error estimate for the Neumann problem (2.7) and
the Dirichlet problem (2.6), which are similar to [24-26]. We have

1o = 4ol () + hl9 — Tl o) < CH. (2.14)

Moreover,
18 = T0Bll Ly () + hIB — Bl (q) < CH2(8llL,, (2.15)

where B is the solution of the Laplace equation with Neumann Boundary condition and g is the right
hand side function (cf. [18]).

Let Ej, be a set of all edges in Tj,. We define E,l; = Ej;, \ 0Q) be the set of all interior edges. Lete € EZ
be the edge shared by two triangles Ty, T, € Ty and v; = v|r;, j = 1,2. Define the jump on e by

[o] = n1v1 + npv,

where 11, ny are the unit outward normal vector.
If e is a boundary edge of (), then
[v] = vn.

Next we consider the nonconforming P finite element method for (2.2), which is to find ¢;, € V},

such that
a,(&p,v) = F(v) Yo eV, (2.16)
where
a,(p,0) = / V x &, -V xvdx + (&, 0), (2.17)
TeT,
F(v)=(f,Vxv) YoeV,. (2.18)

The nonconforming P; finite element method for (2.7) is to find ¢, € V}, such that

d(pn,v) = (Gn,v) Yo €V, (2.19)
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where

((Ph, = /V(Ph V'de

TeT,

(¢h/ 1) =0.

When m > 1, the approximation ¢;; € V}, of the harmonic function ¢; in (2.6) is defined by

(Vq;j,h,w) =0 VYoe HiQ),

Pin =0,
P, (2.20)
1 ifi=j ,
Pin|l. = o 1I<i<m
I 0 ifi#j
To compute ¢;;, we introduce the following system:
m
Y cin(Voin Voin) = (f, Veoiu) 1<i<m. (2.21)
j=1
Finally, we define the piecewise constant vector field Ty, f of Tf as
m
Tuf =V X ¢p+ Y cinVoin (2.22)
j=1

2.4. Error Analysis

We start this section by defining a mesh-dependent energy norm || - ||}, for any v € H'(Q) + V}, as
follows

lolly = \/an(v,0).

Combining with the Cauchy-Schwarz inequality, we observe that the form a;,(v, v) is bounded with
respectto || - ||, ie.,
lan(w, )| < [lwllullolly Vo,w € H(Q) + Vi

Next we turn to the error estimate. The following lemma, whose proof is similar to the proof of
Theorem 10.3.11 in [27].

Lemma 1. Let ¢y, be the solution of (2.16). Then the following discrete error estimate holds

16 = Eulln < Chllf Ly (2.23)

where C is a positive constant.

Proof. Let w € V), be arbitrary. Combining with (2.2), (2.17) and the partial integration, we obtain

a, (&, w) = /VXg V x wdx + (&, w)
TeT,
— F(w) + Z/vg [w] ds,
eceh
(G~ Gww) = L [ Ve llds

eceh
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From Theorems 4.4.20, 10.1.10 and 10.3.10 in [27], we have
lan (¢ — Sn w)| < Chl| fll Ly lwllns (2.24)
. ap(¢ —¢p,w
16— Gulls < inf 1~ gyll+ sup 1€ Cn)] (2.25)
ChEV weV,\ {0} lwlln
inf ([ — &ulln < 1§ — Tl < ChllfllLy0)- (2.26)
Ch€Vn
The estimate (2.23) follows from (2.24), (2.25) and (2.26). O
Theorem 2.1. For the solution ¢j, of (2.16), the following discrete error estimate holds
18 =Gl () < ChllfllLy0)- (2.27)
Proof. Let the dual argument { € H'(Q) be defined by
(VX LV x0)+(G,0) = (¢, (= &u)v) Vo€ H(Q).
Hence )
lE=anl2, = (VXY (E—8)+ (G5
= (Vx (—1{),V x (& —¢n)) + (£ — 1, & — Cn)
= ap (¢ — TG, ¢ — Gn)
< IZ = Tl[wllE = Gnlln-
In view of the definition of I1j, combining with Theorem 4.4.20 in [27], we have
1 = Tillln < CRIflly0)-
The estimate (2.1) follows from (2.23) and (2.4). O
Corollary 1. Suppose the condition in Theorem 2.1 holds, we have
1€ = Cull, ) < ChllfllL, ) (2.28)
Lemma 2. Assume f € [Ly(Q)]?. Then
¢ — Pnlm ) < ChllfllL, ) (2.29)
Proof. It follows from Theorem 10.3.21 in [27], we have
1 — Pnll, ) < Chllllm(a)- (2.30)

Since ||| g1 () < CllfllLy (), we have

¢ = Pnll) < ChIlfllL, - (2.31)
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Combining (2.28), (2.31), and the Cauchy-Schwarz inequality, we have

| — ¢’|%p(g) =V x (@ =)l
= —Cnd—¢n)
<= Cnlly )P — Pnll )
< ChllfllLy ) Chll fllL, )

which means
¢ — Pl q) < ChlfllLyq)-
O

Next we compare ¢; with ¢; ;, in H 1(Q). Clearly, we obtain @i by solving the Dirichlet problem
(2.20).

Lemma 3. For1 < j < m, we have
|®j = @jplin ) < Ch (2.32)

Proof. By using (2.14) , we know

1 = 4oll1,(0) + hl9 — Tl ) < CH. (2.33)
Let {, € H'(Q) which is determined by
(Vi2, Vo) = (V(gn — @),v) Yo e HY(Q).
There exists a unique solution @, of (2.6) such that
11— 0Py = 1V (61— o) 12,0
= (V2 V(Pn — pn))
< V&) IV(9r = o)l )

< 1% = G2l o) 191 — eall 1)
< Chl|¢n — ¢l g1 (),

which means
|Pn— ¢lH1(q) < Ch. (2.34)
By (2.33), we know
[9; = Pnlna) < l@j — @il q) < Ch. (2.35)
The estimate (2.32) follows from (2.34) and (2.35). O

Combining with (2.8), (2.21) and (2.32), we have the following lemma with respect to the error
estimate of ¢; ;. The proof is similar to the Lemma 4.7 in [26].

Lemmad4. For1l <j<m, Cih is the solution of (2.21) , we have
lcj —cjnl < Chllfllyq)- (2.36)
Theorem 2.2. Suppose h is small enough and Ty, f is the solution of (2.22). Then

ITf = Tufllr, ) < ChllfllL,)- (2.37)
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Proof. The discrete error estimate holds bases on Lemma2-Lemma4, the proof is similar to [15]. O

3. Multigrid Methods

In this section, we establish the multigrid algorithm for solving discrete problems (2.16) and (2.19)
on graded meshes. For the initial triangulation T on an L-shaped domain, we chose a properly grading
factor y; according to (2.10) and consider the procedure to generate the triangulation 7 (k > 1) which
is the same as [25,26,28].

(a) If any vertex of T € Ty is not a reentrant corner, then T € Ty is divided uniformly by connecting
midpoints of the edges of T.

(b)  Suppose vy, vy, 7 are the vertexes of T € 1. For the midpoint of the edge v1v2, we denote as m.
If 7 is a reentrant corner, then T € Ty is divided by connecting p1, p» and m, where p;(i = 1,2)
is a point on the edge 7v;(i = 1,2) (cf. Figure 1) such that

U—pi

=2-Wm =12
0 —0;

We take y; as % when depicting the triangulation Ty, T; and T, on the L-shaped domain in Figure 2.

U1

m|.
P

(%] - v
P2

Figure 1. Refinement of a triangle at a reentrant corner.

(a) (b) (c)
Figure 2. The triangulation Ty, T; and T5.

3.1. W-Cycle Multigrid Algorithm
3.1.1. The k-th Level Multigrid Algorithm

Since these triangulations 7 (k > 0) satisfy the condition (2.12), we turn to suppose
1
hy = Ehk,l k>1. (3.1)

Let Vi be the nonconforming P; finite element space associated with Tj. For each k, the bilinear form
ar(u,v) is defined on V; + H'(Q) as follows

a(u,0) = Y /TVu-Vvdx+(u,v). (3.2)

TeT,
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The norm ||v|| defines as the analog of ||v]|;, i.e.,

o]l = /ax(v,v),

and the analog of 11, is defined by IT,.
We introduce the operator Ay : Vi — Vk’ as

<Ak(ﬂ,'0> = ak(wr 'U) V(U,’U € Vkr

where (-) denotes the canonical bilinear form on V/ x V;. The k-th level nonconforming finite element
method for (2.2) is to find ¢ € Vj such that

Arlr = frr (3.3)

where fj € V/ satisfies
(fi,o) = (f,V xv) Yoe V.

It is clear that (3.3) can be solved by the multigrid algorithms.

Since V} is a nonconforming finite element space, V; ¢ Vi1 and Vi ¢ H'(Q), we cannot directly
use the natural injection transfer as in the finite element spaces. Moreover, we define a proper intergrid
transfer operator If | : Vy_; — Vj as a natural injection (cf. [29]). But the actual value of (If ,v)(p) is

determined by
v(p) p € Sk,
(I12)(p) = { 3[oln, (p) + I, (p)]  p & Si—1and piis shared by Ty, T € 7,
v(p) otherwise,

where Sy._1 is the vertices set of T;_1 for any p € 5.
Define the fine to coarse intergrid transfer operator I,’C‘_1 : V[ — V/_ to be the transpose of I,’(‘_1
which is related to (-, ), i.e.,

(I 'w,v) = (w, I[f_jv) Yw e V],ve V. (3.4)
In order to analyze the error estimate, we define an operator By : Vi — V/ such that

(Byw, v) = hi Yo )Y wim)v(m), (3.5)

Tety meMr

where Mr is the set of vertices on the triangle T. It is easy to know that the spectral radius of B, LA
satisfies
p(B 1Ax) < Chi? Yk > 0.

An appropriate damping factor A is chosen such that the spectral radius p(Ah7B;- L Ay) satisfies
p(ARZB 'A) <1 Vk > 0. (3.6)
Next we introduce a W-cycle algorithm for the equation
Ayz=g Vz €V, Vge V. (3.7)

Algorithm 3.1. MGy (k, g, zo, m1, ma)denote the output of the algorithm, where zg € V. is the initial guess.
Furthermore, the pre-smoothing and post-smoothing steps are denoted as my and mj.
Fork =0, MGw/(0, g, zo, m1,mp) = Aalg.

For k > 0, MGw(0, g, zo, m1, my) is compute by following procedure.
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Pre-smoothing. With the condition 1 < < my, z; € Vj is computed by
21 =211+ (ABF) B (g — Agzia)-
Error correction. Let gqo = 0. For 1 <i < 2, compute z,,, 1 recursively by

Th—1 = I]Icc*l (g - Akzm1)/
qi = MG(k - 1/ Yk—1,9i—1,M1, mZ)r

Ziy 41 = Zmy + I,’fflqz.
Post-smoothing. For my +2 <[ < my + my + 1, z; is determined by
21 =211 + (A7) B (g — Axzi1)- (3.8)
Finally, the output of the k-th level iteration is
MGw (k, g, z0, 1M1,1M2) = Zyy 4-my+1-

The multigrid Algorithm 3.1 can also be modified to solve the singular Neumann problem (2.7).
The space Vj is defined by V; = {v € V} : (v,1) = 0}. We denote the orthogonal projection
By : Vi — V} with respect to (-, ). Moreover, for any v € Vj, Byv € Vj satisfies

(w, Po)y = (w,0); Vw € V. (3.9)

We turn to compute Bo explicitly as follows

5 (0, 51k
Pov=v-— Sk, (3.10)
, (550K

where s; € Vj spans the orthogonal complement of Vj with respect to (-, ). In addition, we take Ny as
the set of all the nodes associated with Vj and define s; as the finite element function

1
skp) = g~ L Tl VpeNy
3hi - n(Tp) TEZTp

where T, is the set of triangles in 7 sharing p as a common vertex, 1(7,) is the number of triangles in
Ty, and |T| is the area of T.
The natural injection is denoted by I, : V; — V;. Moreover, an operator

Ak = pk o BI:l O Ak ¢} fk (311)

is determined by

(Ayw, ) =Y /TVw-Vvdx Yw,v € V.

TeT,

Now we define a W-cycle algorithm for
Az=g zeV, g€V (3.12)

Algorithm 3.2. MG (k, g, zo, m1, my) denote the output of the algorithm, where zo € Vj is the initial guess.
Furthermore, the pre-smoothing and post-smoothing steps are denoted as my and mj.
Fork =0, MG]lN(O,g,zO, my, my) = (Ao)*l(poBO*lg).

For k > 0, MGiy(0, g, z0, m1, my) is compute by following procedure.
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Pre-smoothing. With the condition 1 <1 < mjy, z; € Vj is computed by
21 =21+ (ABR) (BB g — Aizi_q). (3.13)
Error correction. Let qo = 0. For 1 < i < 2, compute z,,, 1 recursively by

e = K OB g~ ),
qi = MG‘lN(k - 1/ Tk—1,9i—1,M1, mZ)/

Ziy 41 = Zmy + I,’jflqz.
Post-smoothing. For my +2 <[ < my + my + 1, z; is determined by
zp =z + (M) (BB 'g — Agzyq). (3.14)
Finally, the output of the k-th level iteration is

1
MGW (k/ 8,209,171, mZ) = Zmy+my+1-

The construction of the operators Py and [} are used to perform all the calculations in Algorithm
3.2 in the space Vj instead of V. With (3.11), (3.13) and (3.14) can be rewritten as

z1 =z1_1+ (M) BB, (g — Axzi—a).
Obviously, Algorithm 3.1 is identical with Algorithm 3.2.

3.1.2. Full Multigrid Methods

In the application of the k-th level iteration to (2.16), we use the following multigrid algorithm,
applying p times at each level.

Algorithm 3.3. (Full multigrid methods for (2.16)) For k = 0, Agéo = fo-
For k > 1, the approximate solution & € 0y is obtained by the following iterative procedure

616 = Illccflgkfll
Ch = MGw(k, fi, 8y _1,m1,m2) 1<q<p,
g _ xk
gk - gp'
Then we introduce the k-th level nonconforming finite element method for (2.7), which is to find
¢ € Vi such that

Ardr = gis (3.15)

where g; € V| satisfies
{8k 0) = (Gv) VO € Vg

Here ¢ is obtained by Algorithm 3.3. In order to solve (3.15), we introduce the following Algorithm.

Algorithm 3.4. (Full multigrid methods for (3.15)) For k = 0, A()(f)() = 0.
For k > 1, the approximate solution §y is obtained by the following iterative process

¢ = I 11,
¢5 = MGiy(k, i, ¢ 1, m1,mz) 1<q<p,
B = ¢
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3.2. Error Analysis

We establish the error analysis of the W-cycle multigrid algorithm for discrete problems.
Firstly, we define the operator Ry : Vi — Vj which is used to measure the effect of smoothing
steps as
Ry = I§ — (A2)B ' Ay, (3.16)

and 15 is the identity operator on Vj. Then the k-th level error propagation operator Ej : V;, — Vj for
Algorithm 3.1 is determined by the following famous recursive relation ([10,20])

Ep = Ry>(I5 — I PF 1+ If_E2  PEHRTY, (3.17)
where Pfc‘_l : Vi = Vi_1 denotes the transpose of 1};1 in the variational form
ak_l(P,i‘_lw, v) = a(w, I,’f_lv) Yw € Vi, v € Vi_y. (3.18)

Finally, the mesh-dependent norm is denoted as

ol = /(Bu(BT A)io,0) Vo € Vi k > 1,j=0,1,2. (3.19)

Obviously, we have
loll5x = (Beo, o) = [[0llL, @) Vo € Vi (3.20)
o] ik = (Agv,v) = ax(v,v) Vv € V. (3.21)

By the Cauchy-Schwarz inequality

(Ao, w)

max Yo € V. (3.22)
wev\ o} [lwlllox

ol =

Note that (3.6), (3.16) and (3.19) imply the following lemmas whose proof are standard in [10,20].

Lemma 5. There exist constants C independent of k such that

IRkl < Clloll o (.23)
_ _1

IR0, < Chi ol (3.24)
_ _1

IRzl < Chi'm~ ol 40 (3.25)

(3.26)

wherev € Vi , k> 1and j=0,1.
We now use a duality argument to prove the following lemma.
Lemma 6. For any given v € V. (k > 1), there exists a constant C independent of k such that

s 25 yp

< k_ kb pk-1 m < CI2
oo < | (05 = 14 PE e, < Calo]

2 (3.27)

Proof. For any givenv € Vi, lete = 4);2(1{; - I,’(‘_lplffl)v, then we have

lellL,, ) = 115 = T PE ol ) (3.28)
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We introduce an argument {3 € H!(Q) which is determined by
(V x T3,V x0)+ ({3,9) = (e,v) Vo€ H(Q). (3.29)
It is clear that {3 also satisfies
ax(C3,v) = (e,v) Yv e V.
From (3.1), (2.15) and (3.28), we find that
125 = BTl 183l < ClIGs — k1830l
< Chg-1llell,, o)
< Chy|(15 - III<<—1P;]<<_1)U||L2,,,‘(Q),
which means
165 — IE_ 1Tk 1allk < Chill(I5 — B P )0l ). (3.30)
At first, we prove
k k k—1 k k k—1
— < - ) .
ot 2wl, = -t o5
It follows from (3.20) and (3.28) that
2
(1= B[ = (Bt — 1 PE Yo, (15 — 1 PEY)o)
~ k _ 1k k—1 2
~ ||(Ig — L1 Py )UHLZ,V(Q)
= [ @100 — 1P ol
= /06(15— I,’fflP]f*l)vdx
= ax(Z3, (1§ — I P H)o).
Moreover, (3.30) and (3.20) imply
a(Gs, (I = I1 P )o)
= ap (33 — I[F_ I 1, (15 — IF_, PE 1))
< 1183 = B Thadallell (15 = B P )el
< ChIl (15 = Ky P ol o || (0 = P |
N k 1k pk-1 k 1k pk-1
k= si-am el  0f — o]
Next we prove
|t =P < Cololle (3:32)
Combining with duality and (3.22), we obtain
a((Ik — [k pk1 v, W
| =P e = sup i =l e Jore) (3.33)
Lk wevi\ o} el

Since k k-1 k ko k-1
ar((Ig — L P o), w) = ap((Ig — 1P w),0)

< (1§ = By PE ) wllokllo
< Chljw]

2,k

0|

1,k 2.k’

we finish the proof of (3.32). Finally, the Lemma 6 is a consequence of (3.31) and (3.32). O
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Two preliminary approximation properties with respect to the operators P;:fl and I,’(‘_1 are given
in the following lemma.

Lemma 7.

H‘sz_lv <ol x Vo € Vi, (3.34)

s

1ol < Woller vo € Vier (3:35)

Proof. The proof is identical with Lemma 4.5in [25]. O

With m; pre-smoothing steps and m; post-smoothing steps on the two-grid algorithm, we intro-
duce the following convergence.

Theorem 3.1. There exists a constant C independent of k > 1 such that the following holds

k_ gk pk-
H‘RITZ(Id—IkAPk DR

1
Hlk < Cl(1+m) (1 +m)] 2ol Vo€ Vi (3.36)
Proof. If follows from Lemma 5 and 6, we have

[R5 = 1 apt R

I,
< Cl(1+m)] 2 |(1f - 1 PR

los
< Clu+m)] 2R,

< C[(1 4 m1)(1+ma)] V2|0

1,k

O

Then we have the following convergence theorem for the W-cycle algorithm.
Theorem 3.2. For any v € (0,1), there exists a positive integer m independent of k such that

|z — MGu(k, g, 20, m1, ms)|

1k < 7lllz = zollly (3.37)

provided mq + my > m.

Proof. Based on Theorem 3.1 and Lemma 7, we can find an estimate similar in [26]. [

Furthermore, (3.21) becomes
oll3x = (Ao, 0) ~ ol Vo € Vi,
which implies
|¢ - ¢k|H1(Q) = lnf |4) - U|H1(Q)
ve Vg
< ¢ —Tk¢ln ().

Therefore, if we replace Vj with Vk, Theorem 3.2 also valid.
Now we analyze the error estimate of the k-th level iterations.

Theorem 3.3. Suppose p is sufficiently large and hy is small enough, there exists a constant C such that

16 = Skl iy () < Chill fll Ly
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Proof. The proof is identical to Theorem 7.2 in [26]. O

The following theorem compares the exact solution ¢ of (2.7) with the approximate solution ¢
obtained by Algorithm 4.4.

Theorem 3.4. Suppose p is sufficiently large and hy is small enough, we have
19— Pkl ) < Chell flly0)- (3.38)
where C is a constant.

Proof. We find that ¢p — ¢p = 0 and suppose a’ ! < 1, then

P — Pl 11 (2) = Nl — Pelll1 i
< a'|llpx — Pl x
< Ca"(|px — Pl + 19 — Pre1lma) + llPx—1 — P — Ll )
< Cht | fll 1y + Col—1@® || flly o) + -+
+ C  hoa ™I 111 ) + b0 — ol )
< CthfHLz(o)lfi;M + [P0 — Polp1(0)
< Chell fllzy 0

which means
| — Pl () < Chell flly )
Combining with the triangle inequality and (2.19), we obtain

19— Pkl ) < 1Pk — Pel ) + 19 — Pkl
< Chyll fll 1y (0)-

O

In the case that () is not simply connected, we have the following lemmas.

Lemma 8. Suppose p is sufficiently large and hy is small enough, we have

< .
iy < Ot (3.39)

‘4’]‘ — Pjk
where C is a constant.

Proof. The proof is similar to Theorem 3.4, and hence will be omitted. O

Note that &;;(1 < j < m) is computed by

m
Ex(Voi, Vgij) = (f,Vgix) 1<i<m. (3.40)
=1

]

Moreover, the estimate of ¢; x is shown by next lemma and the proof is similar to Theorem 4.

Lemma 9. Suppose p is sufficiently large and hy is small enough, we have

l¢j = Gkl ) < Chell fll Ly )/ (3.41)
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where C is a constant.

For any k-th level iteration, the approximate value Ty f of Tf is determined as

m
Tif =V X+ ) 6xVi (3.42)
j=1

According to (3.42), (3.38), (3.39) and (3.41), we are ready to compare Tf and Ty f. The proof is
similar to Theorem 2.2.

Theorem 3.5.
ITf = Teflly0) < Chiell fllyior)-

For the problem (1.1), the following theorem holds provided Tu = 1%\”‘

Theorem 3.6. Suppose iy is the approximation of u, we have

[ =]l ) < Chill fllLy (- (3.43)

4. Numerical Experiments

In this section, we present the contraction numbers of the W-cycle algorithms on the L-shaped
domain (—1,1)%\ [0, 1]?. We create the triangulations Ty, Ty, . . . as the rules in Section 3, and the grading
parameter at the reentrant corner (0, 0) is chosen as %

The damping factor A is taken to be % in (3.6). Moreover, report the numerical solution in Table 1
and Table 2. The numerical results confirm the theoretical results given in Theorem 3.2, where p is
taken to be 7, and the number of smoothing steps is taken to be 40.

The first experiment is applied on the L-shaped domain (—1,1)?\ [0, 1]?> with graded meshes.

The exact solution is taken to be

u=Vx <r§ cos<§9 - 73T><p(x)>, 4.1)

where (r,0) are the polar coordinates at the origin and ¢(x) = (1 — x?)2(1 — x3)2. The results are

tabulated in Table 1. We find that the order of convergence for 7, is 1 as predicted by Theorem 3.6.

For examining the numerical result on a doubly connected domain (), we present the second set
of experiments. Let Q = (0,4)? \ [1,3]? and the harmonic function ¢ satisfies the following boundary
conditions

Plr,=0 and ¢[r, =1,

where T (resp. T'1) is the boundary of (0,4)? (resp. (1,3)?). The solution can be written as
14+M)Tu=Vx¢+cVe, (4.2)

where c is a constant.
The right-hand side function is taken to be

1+ x
0 ! ifxy <xpand 3 < x; <4,

f= (4.3)

otherwise.
14+ xp
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The results are presented in Table 2. The orders of convergence for 7y is 1 as predicted by Theorem 3.6.
If a smaller mesh size is chosen, we believe the results will be better.

Table 1. Results on the L-shaped domain and the exact solution given by (4.1).

hy IV xu—GillL, order llu—i|L, order
£y 1L,

1/2 3.94E-03 1.2896 4.05E-03 1.0477
1/4 1.82E-03 1.1099 2.17E-03 0.9038
1/8 1.02E-03 0.8399 1.13E-03 0.9406
1/16 6.03E-04 0.7554 5.73E-04 0.9794
1/32 3.23E-04 0.9030 2.87E-04 0.9957
1/64 1.67E-04 0.9506 1.44E-04 0.9992

Table 2. Results on the doubly connected domain and the right hand side given by (4.3).

Iy IV xu=Cllr, order le= il order Ck c
£z, I1£1L,

1/8 1.91E-02 0.58 7.93E-02 0.72 -0.3062 -0.3059
1/16 1.23E-02 0.64 4.17E-02 0.93 -0.3224 -0.3040
1/32 7.13E-03 0.79 2.04E-02 1.03 -0.2984 -0.3036
1/64 3.63E-03 0.98 9.66E-03 1.08 -0.2913 -0.3037

5. Discussion

The results are tabulated in Table 1 and Table 2. We find that the order of convergence for 7 is
both 1 as predicted by Theorem 3.6. If a smaller mesh size is chosen, we believe the results will be
better.
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