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Abstract

We develop a two-level model of ultralight dark matter (ULDM) solitonic core subjected to the
adiabatic perturbation due to the baryonic matter. Approximation the dark matter—only core as a
Gaussian ground state in a harmonic potential defined by the central core density, and the first radial
s—wave excitation (n = 1,/ = 0) we project the GPP system onto 2-dimensional Hilbert space. In our
formalism, we show that the baryonic Dhenen 7y component couples through the overlap integral
L‘]‘.(’)/,DC) where & = R./ay is the ratio of the soliton core radius to the baryon scale radius. The
resulting core dynamics is governed by the relative Hamiltonian H, (t) = 3A(t)oz + J(t)ox with
baryon dependent level splitting A(t) and mixing J(¢), both linear in enclosed baryonic mass. In the
adiabatic limit the soliton follows instantaneous lower eigenstate leading to radial excitation controlled
by Jij(7,«). We illustrate the predictions using a model dwarf-like galaxy to illustrate the resulting gap
and mixing angle between the two states of the model. In (Part-II) companion paper we will consider
higher number of excited states and also use this framework with real dwarf spheroidal galaxies,
using observed baryonic profiles and stellar kinematics to study the baryon induced shifts in the core
radius and infer other ULDM parameters including the dark matter particle mass. We will also study
Gaffe-like(y — 2) distribution model as a limiting case in the Dehnen-v baryon distribution.

Keywords: Dehnen-gamma distribution; Hardy-Littlewood-Sobolev inequality; solitonic core

1. Introduction

Ultralight Dark matter (ULDM), fuzzy dark matter or bosonic dark matter with mass m ~
10~22 eV, successfully explains galactic and sub-galactic dynamics. In the weak field limit, the complex
wavefunction ¥ satisfies the Gross-Pitaevskii-Poisson equation (GPP) [1]:

L 4 n_, )
zhg = —%V +md+g[¥|°|¥ 1)
V2® = 47Gm|¥|? 2)

where @ is the Newtonian potential for dark matter (DM) only case, and g is the self-interaction
coupling constant. Cosmological simulations have shown that the virialized dark matter haloes have a
solitonic core of radius ~ A;p, and surrounded by cold dark matter (CDM)-like envelopes described
by the NFW profile [2,3]. The gravitational atom (see [4,5] solutions with populated excited states have
been widely studied, but without a proper treatment of baryons as time-dependent perturbation. In
dwarf galaxies, stars, gas and other baryonic matter contribute to the potential and evolve on timescales
which are longer compared to the dynamical time of the core. In this work we construct a two-level
harmonic oscillator description of the ULDM solitonic core surrounded by a baryonic potential. The
dark matter-only core is the ground state of a harmonic potential defined by the central density pg,
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and the first radial s-wave excitation as second basis state, projecting our dark matter system onto the
two-dimensional Hilbert Space. We introduce baryonic Dehnen v potential as adiabatic perturbation
[6]. The baryonic matter couple to the dakr matter soliton core through the overlap integral J;; (7, «)
which is evaluated for general value of v in the limit R, < a;. The 2 x 2 Hamiltonian expresses the
dynamics with a baryon dependent level splitting and off diagonal mixing. As baryons evolve slowly,
the ULDM core remains in it’s instantaneous eigen-state and acquires a finite accumulation of first
radial excitation. In this part, we focus on the formalism and develop a toy model for a dwarf galaxy.
We also give a general ovrview of the dynamics of first excited state with dipole like excitation. In part

IT we test this framework with real dwarf spheroidal galaxies and stellar kinematic data.

2. Two-Level Solitonic Core

We consider the dark matter only case (without baryons) first with spherical symmetry near the
center of the dark matter halo. The Poisson equation takes the form:

1d(2d<1>

Assuming that near the soliton core, density is approximately constant

p(r) ~po forr < R, 4)

Here, R, is the soliton core radius. The Poisson equation reduces to

d /[ ,do

Integrating this equation twice gives the harmonic potential near the center:

D(r) ~ ®(0) + 27{3&1’2. (6)
The potential for a particle of mass m is V(r) given by:
V(r) ~ m®(0) + %mwgffrz, )
The effective oscillation frequency is given by:
Wy = T (8)

We omit the constant m®(0) and define the effective oscillator length (in this case, the core radius R.)

as:
h
R, = ©9)
MWetf
The Hamiltonian for single dark matter particle is approximated as:
A & 1

The eigenstates corresponding to this hamiltonian are the quantum states of a 3D isotropic harmonic
oscillator. We can write the s-wave eigenfunctions as:

Puo(¥) = Ruo(NY (0, 9), Yo = ——= (11)
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with radial functions R,,o(r). We are only concerned with the ground state and the first radial s-wave
excitation, which forms our two level basis. For a quantum mechanical overview the readers can
consult Refs.[7,8].

2.1. Ground and First Radial Excitation Modes

The radial wavefunction of the 3D harmonic oscillator ground state (n = 0,/ = 0) is:

2 r2
Ro(r) = 7f1ﬂ112§’/2exp<_212%>’ (12)

The first radial excited s—-wave mode is:

Ri(r) = %(;I; — ;)Ro(r). (13)

These satisfy the orthonormality conditions:

/0 " Ri(R;(r)2dr = 5, (14)

which are the two lowest s— wave levels of the isotropic harmonic oscillator.
The single particle energies corresponding to the two quantum states (s—wave modes) are:

3 7
Eo = 5 hwet, E1 = Shwet, (15)
with dark-matter—only energy level spacing is:
A() = El — E() = Zhweff. (16)

In our GPP-system self-gravity and self-interaction modify the spectrum, so Eg, E; and Aq are our
effective parameters which encode these corrections.
2.2. Two-Level Truncation

The total wavefunction of the ULDM particle for the two s—wave modes is:

Y(t,x) = co(t)po(x) + c1(H)yr(x), (17)
with

¥i(x) = Ri(r)YJ(,9), i=0,1. (18)
The amplitudes co, ¢; satisfy the condition: lcol? + |c1]? = Neore, where Neore is the total number of

ULDM particles in the solitonic core.
The two-level Hamiltonian for the dark matter-only case is:

A, = Eol0)(0] + Eq[1)(1], (19)

With the energy gap Aj given by 16. The nonlinear self-interactions renormalize Ey and E; and we
focus on the linear baryon-induced perturbations. The ground state soliton density profile, with soliton
mass My, is given by:

2
©) ) — _Msal _r
psol (7’) - 7T3/2Rg exp( Rg > 7 (20)
We see that at r = 0 we get the expression for py which is the density near the center of the solitonic

core.
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3. Adiabatic Perturbation by Dehnen  Baryons
The spherical baryonic density distribution given by the Dehnen -model [9,10] is:
ou(r) = & ;?Ml’ b, 0<y<3, (21)

rY(r+ap)4=7

Here, M} is the total baryonic mass, a; is the scale radius. The corresponding gravitational potential is:

o GMb r =
cpb(r)__(z_q’)ab [1_<r+ab> ], ’}/7&2‘ (22)

For a detailed discussion of distribution functions for spherical systems see [11]. Here we externally
specify p, and @, and impose the time dependence by adiabatically varying M, (t) and a,(t).
We add baryons into the two-level system as an adibatic perturbation, so that the total Hamiltonian
density gets an extra term as:

AH| = m®y(r, t)[¥[? (23)

Projecting onto the level system with the basis {|0), |1) }:
Vi) =m [ @97 (x)y(r, )9 (x)
—m / Ri(r)R;(r) @y (r, £)r2dr. (24)
0
Using the equation 22 and the radial orthonormality condition for the wavefunctions we get:

mGM,(t) - mGM,(t)
2121t 21

Here, the first term produces an overall energy shift and the second term is physically relevant baryonic

Vij(t) = — Jij(7, @) (25)

perturbation (relative matrix element):

(rel) py _ MGMy(t) .
Vij (t) = mfz](%“) (26)

where J;;(7, «) is the dimensionless baryon overlap integral given by:

) a 2—y
Jij(v,a) = /0 ]/zfi(]/)fj(y)<1_|_y“y> dy, (27)

Here, y = r/R., « = R./a, and f; the dimensionless radial profiles defined via R;(r) = R;>/2f;(y).
The core in dwarf galaxy is more compact [12,13] than the baryonic distribution: R, < a; so that
x < 1. So we expand:

(1 iyay)z @ O, (28)
leads to the scaling relation
Jij (v, &) = a®~7Cyj(v), (29)
where o
Ci(n) = [ TS d. (30)

The coefficients C;j(y) can be evaluated in terms of the gamma function. The coefficients corresponding
to the overlap integral i.e overlap coefficients have been calculated in the Appendix A.
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3.1. Effective Two—Level Baryon Induced Hamiltonian and Mixing Angle

We construct two-level Hamiltonian including baryonic perturbation. Baryons add Vl-;-gl given by
the equation 26 to the DM-only Hamiltonian in equation 19. The total perturbed Hamiltonian in the
two-state basis is:

(rel) (rel)
H(t) = (Eo +(ZIO)O (t) Vo (r(eii)) ) (1)
Vo (t) Ei+Vy (1)
and define
E(t) = % [Eo+ Ev+ Ve () + v (1) (32)
_ (rel) (rel) _ mGM, (t) B
A = [E+ V0] = [Bo+ Vg (0] = a0+ 0 [ (va) ~ Joo(m)] (39
re GM,(t
10 = V50 = T g 7,0, G4

The relative Hamiltonian takes the form:

A(t)

Hpe (t) = T(Tz + ](t)gx- (35)
Lets conveniently define
ka(y,a) = 2= [ (v, a) = Joo( 7, 20) ], (36)
G
Ky (y,0) = (zr_ni,y)ab Jo1(7, ), 37)

so that we get compact form for A(t) and J(t) as:

A(t) = Ao+ KAMb(t), (38)
J(t) = xyMp(t). (39)

Thus the instantaneous eigen values of the H,,; are:
1
Ei(t) = ii A(£)244](1)?, (40)
and the mixing angle is defined as:

tan20(t) = ZA]((:; (41)

A convenient way to express the instantaneous eigens tates is:

|-+(t)) = cos@(t)|1) + sin6(t)|0), (42)
|—(t)) = —sin6(#)|1) + cos 6(t)]0), (43)

so that Hy (t)|2(t)) = E+(t)|£(¢)). The expectation value of the relative Hamiltonian is a bounded
function of the mixing angle. This can also be proven by using the Hardy-Littlewood-Sobolev (HLS)
inequality (see [14,15]). The adiabatic perturbation theory implies that the baryonic component grows
slowly in comparison to the dynamical time due to which the two-state soliton wavefunction remains

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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at the eigenstate up to a phase of the time dependent 2 x 2 Hamiltonian given by the equation 35. The
adiabatic condition can be written as:

< 1. (44)

‘ (—(8) | Fleet (1) |+ (1))
[E+(t) — E_(t)]?

The mixed ground-radial state density corresponding to the instantaneous lower and upper eigenstates
can be written in the form:

o (13 My) = 25 [cos 6(My) Ro(r) — sin 6(My) Ry (1)) (45)
and M
p+(r; My) = ~°%[sin(Mp) Ro(r) + sinf(My) Ry ()] (46)

We can easily show that [ p (r; My)dV = [ p(r; My,)dV = M, for any 6(M,,) because the transfor-
mation bewteen the {|0), |1)} and {|+), |—)} basis is unitary.

4. Dwarf Galaxy: A Toy Model

In this section we develop and test adiabatic formalism, we consider am idealized dwarf galaxy
whose dark matter distribution is dominated by ULDM solitonic core and the baryonic matter in this
galaxy follow Dehnen-v profile. The self-gravitating core at the center of the halo is natural in this
model and is a well-motivated framework for dwarf galaxy dynamics. The numerical values of all the
parameters in this setup are taken from ( [10,16-21]).

4.1. Solitonic Core and DM—-Only Level Spacing

We model the solitonic core as 3D harmonic oscillator near the center. Our choice of values are:

m=10"22eV, (47)
M,y = 108 Mo, (48)
R. =0.5kpc, (49)

Here, m is the dark matter particle mass, M, is the soliton mass and R, is the core radius. We calculate
the values of effective frequency w, s and the energy gap between the ground state and the first radial
excitation as:

Weir ~ 1.9 x 10718571, (50)
Ao ~40x107%] ~ 25x 107 %eV. (51)

For the cuspy ¢ = 1 and cored = 0 baryonic component we take the values for final baryonic
mass and baryon scale radius a;, as:

My fina1 = 3 x 107 M, (52)
a, = 0.8 kpc, (53)

We see that the baryon distribution scale is larger than for the solitonic core, which is true for a typical
dwarf galaxy.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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4.2. Baryon—Induced Shifts and Mixing

For the calculation of energy shifts and energy level mixing due to baryons we take the following
numerical values.

m=10"2eV~178x10 Bkg, (54)
a, = 0.8 kpc ~ 2.47 x 10 m, (55)
G=667x10""m kg 1s72, (56)
a = 0.625, (57)
and numerically we have,
y=1: xa(1,a) ~1.70 x 107%8]/kg, (58)
(L) ~ 139 x 1098 ] /kg, (59)
7=0: xa(0,0) ~1.88 x 107%8]/kg, (60)
x7(0,2) ~ 1.15 x 10 %] /kg. (61)
The final baryonic mass is:
My inal = 3 % 107 M ~ 5.97 x 10 kg, (62)

4.3. Dimensionless Parametrization for the Two—Level ULDM System

For our numerical work we choose the following dimensionless quantites:
Eo =270, Mo = Mpfinal, (63)
and we define the baryon mass fraction as a function of time:

My (t)

t) = € (0, 1]. 64
M = 3 € 01 (64)
We express:

Aq(t) = Bo[14 Ay u(t)], (65)
Jo(£) = 8o By u(t), (66)

for general value of

_ KA (7, 2) Mp final _ (7, &) My final

A, = A , By = A : (67)

For specific values of v i.e for both the Plummer model (4 = 0) and Hernquist-like (y = 1) model,
numerically:

y=1: A; ~0.0253, B~ 0.0206, (68)
y=0: Ap~0.0280, By~ 0.0172. (69)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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For the Hernquist-like model:
A
18 _ 1 10,0253 u(t), (70)
Ao
U10) = 0.0206 u(t), (71)
Ao
For the more symmetric Plummer-model for baryons:
A
o) _ 14 0.0280 u(t), (72)
Ao
Jolt) =0.0172 u(t), (73)
Ao
In the simulation we are considering a smooth adiabatic growth of baryons via
}l(t) = Sil’l2< s >/ 0<t< Tramp/ (74)
2Tramp

so that the baryonic mass and the baryon-induced mixings grow slowly. The baryon mass and
the mixing of the states is switched on slowly (i.e adiabatically) with stationary points at t = 0 and
t = Tmmp. This model provides a controlled and natural setting to study how the baryonic growth
dirves the adiabatic mixing between the ground and the first radial excited state and soliton core
deformation.

L5 1 —_— fly)
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Figure 1. The corresponding dimensionless profiles fy(y) and f (y) are shown.
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Figure 2. Dimensionless radial density profiles of the instantaneous lower |—) and upper (+| as baryon mass

grows adiabatically. The curves remain nearly identical for all y(t), implying a tiny excited state population of
ULDM particles

1.0

Normalized density p(x, y)

Figure 3. Two dimensional slices of the normalized density p(x,y)/pmax when p(t) increase from 0 to 1 for
Dehnen-v.

5. Summary and Outlook

In this work we presented a two-level harmonic oscillator like model for describing the ULDM
solitonic core in the presence of Dehnen baryonic matter for v = 0 and 1. We proved that resulting core
dynamics due to the baryonic adiabatic perturbation is governed by two-level relative Hamiltonian
H, leading to the deformation of the density profile. In our toy dwarf-galaxy, adiabatic evolution of
baryonic matter cannot generate any substantial excited state occupation number i.e only 4 x 104
fraction of particles is in the excited state. The normalized density distribution function for ULDM

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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particles remains almost symmetric during the baryonic evolution In (Part-II) companion paper we
will consider higher number of excited states and also use this framework with real dwarf spheroidal
galaxies, using observed baryonic profiles and stellar kinematics to study the baryon induced shifts in
the core radius and infer other ULDM parameters including the dark matter particle mass. We will also
study Gaffe-like(y — 2) distribution model as a limiting case in the Dehnen-v baryon distribution.

Appendix A. Overlap Coefficients
for0<y<2anda < 1:

Cool7) = jEr<52”>, (A1)
- A7) 35
Cu(y) = 5 ln {9r<5 27) —12r(7 2”) +4r<9;7>} (A3)

The overlap integrals scale as
Jij (v, &) =~ a®~7Cyj (). (A4)
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