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Abstract: In this paper we investigate time-dependent Kantowski-Sachs spherically symmetric
teleparallel F(T) gravity with a scalar field source. We begin by setting the exact field equations
to be solved and solve conservation laws for possible scalar field potential V (¢) solutions. Then
we proceed to find new non-trivial teleparallel F(T) solutions by using power-law and exponential
ansatz for each potential cases arising from conservation laws such as linear, quadratic, logarithmic
to name a few. We find a general formula allowing to compute all possible new teleparallel F(T)
solutions applicable for any scalar field potential and ansatz. Then we apply this formula and find
a large number of exact and approximate new teleparallel F(T) solutions for several types of cases.
Some new F(T) solution classes may be relevant for future cosmological applications, especially
concerning the dark matter, the dark energy quintessence, phantom energy leading to the Big Rip
event and quintom models of physical processes.
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1. Introduction

The teleparallel F(T)-type theory of gravity is a very promising alternative theory to General
Relativity (GR) [1-3]. This theory is characterized by spacetime torsion-dependent geometry, which
is depending on the coframe h” (and its derivatives) and the spin-connection w", .. The teleparallel
gravity in general uses a frame basis approach instead of a metric tensor. The role of symmetry is
not as in pseudo-Riemannian geometry, where symmetry depends on the existence of Killing Vectors
(KVs). The Riemannian geometry in GR is fully defined in terms of metric and spacetime curvature,
but it is different for the teleparallel F(T)-type gravity.

The frame based approach development for finding the spacetime symmetries has been explored
[4-6]. A complication may arise from the possible non-trivial linear isotropy group: a Lorentz frame
transformations Lie group will leave the associated tensors of the geometry invariant. A new approach
was introduced for symmetry determination of any geometry based on an independent frame and
spin-connection with the torsion and curvature tensors as geometric objects [7]. In this situation,
the spin-connection is an independent object and all geometry with a zero curvature and a zero
non-metricity tensors is defined as a teleparallel geometry and the approach is based on a particular class
of invariantly defined symmetry frames. For a non-trivial linear isotropy group, the symmetries are
defined by a set of inhomogeneous differential equations (DEs) for coframes and spin-connection in an
orthonormal gauge g, = diag[—1,1,1,1]. In the literature, the spin-connection «*,. will be defined in
terms of an arbitrary Lorentz transformation A“ and obtained from the zero curvature requirement
(see refs.[7,8] and references within). The fundamental requirements of a symmetry are [9]:

Lxh® =A% h?, (la)
Exwabc =0, (1b)

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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where h” is the orthonormal coframe basis, Lx is the Lie derivative with respect to the KV X, A7, is an
invariant Lie algebra generator of Lorentz transformations A% . For a pure teleparallel geometry, the
zero Riemann curvature criteria needs to be satisfied [8]:

a _ a a a e a e —
R%,., =0,w%, — hyw b T Wep Wy — W, =0,

= wahy == AaCaHAbC. (2)

The eqn (2) solution yields to the teleparallel spin-connection defined in terms of Lorentz
transformation A%.

A well-known subclass of teleparallel theory equivalent to GR is the Teleparallel Equivalent to
General Relativity (TEGR), based on a torsion scalar T constructed from the torsion tensor [1]. The
most common generalization of TEGR is the teleparallel F(T)-type gravity, where F is a function of the
torsion scalar T [10-12]. By the covariant approach to F(T)-type gravity, the teleparallel geometry is
gauge invariant by imposing the zero curvature and zero non-metricity spin-connection conditions.
This same fundamental quantity is zero for all proper frames and non-zero for all other frames [1,3,13].
The resulting teleparallel gravity theory is locally invariant with covariant field equations (FEs) under
Lorentz definition [14]. A proper frame is not invariantly defined in terms of the spin-connection
(a non-tensorial quantity) and some problems may potentially arise by using this type of frame to
determine symmetries. However, some considerations have also been developed, used and/or adapted
for theories close to teleparallel F(T) gravity. We can think of the New General Relativity (NGR) where
the action integral is essentially described by a linear combination of three terms corresponding to the
three irreducible torsion tensor component individual contributions (see refs. [15-17] and references
within). Some previous elements were also considered and used for the symmetric teleparallel
F(Q)-type gravity, a theory in development with some potential (see refs. [18-21] and references
within). Or again, some of these elements are useful for improving the study of the geometrical
trinity of gravity and especially intermediate theories like F(T, Q)-type, F(R, Q)-type, F(R, T)-type
and others (see refs. [22-28] and references within). So, there are a non-exhaustive number of possible
approaches, but perhaps the best approach is to go first with the teleparallel F(T)-type gravity for the
current developments.

There are a very large number of papers in the literature on spherically symmetric spacetimes
and solutions in teleparallel F(T) gravity [29-45]. The main features can be summarized by power-law
F(T) solutions obtained from power-law ansatz frame components (see [29-32] and references within).
Most of these papers use the Weitzenback gauge (proper frames trivially satisfy the antisymmetric FEs),
but extra degrees of freedom (DoF) problem may arise by imposing the null spin-connection in a such
case. This specific condition applies to only symmetric parts of FEs and the presented F(T) solutions
are usually limited to power-law for a big coframe expression. Therefore, this type of problem may
result to the potential scenario of fully valid F(T) solutions satisfying the FEs on a proper frame, but
becoming invalid and no longer satisfying the FEs when we perform a frame changing from proper to
non-proper frames. These symmetric FEs and the solutions are similar between the different gauges,
however a frame changing is necessary for solving the possible extra DoF issue. When a non-proper
frame is used, the non-zero spin-connections are solutions to the non-trivial antisymmetric parts of the
FEs, and then all DoFs are completely covered by the FEs. This method is used a number of recent
papers on Teleparallel spherically symmetric geometries and some possible class of solutions [33,46—48].
The general FEs are defined in an orthonormal gauge assuming a diagonal frame and a non-trivial
spin-connection, leading to well-defined non-trivial antisymmetric and symmetric parts of FEs without
extra DoF. Some of these papers studied the Kantowski-Sachs (KS) geometry case and found the
vacuum and perfect fluids F(T) solutions by using the power-law and exponential ansatz [33,47,48].
Therefore, we need to find additional classes of solutions for the KS spacetime, especially concerning
the scalar field sources necessary for the study of the dark matter, dark energy quintessence, phantom
energy and quintom cosmological models. The KS spacetime fourth symmetry is defined by the
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radial-coordinate derivative 9, leading to time-coordinate dependence for coframes, spin-connections
and FEs [33,47,48].
In the literature, there are some works on KS spacetimes and solutions in GR and some specific

f (ﬁ)—type theory of gravity [49-51]. These papers deal with some F (1%) solutions and proceed to a
detailed and dynamical study concerning critical points, limits on physical quantities, asymptotes
and also the evolution of curvature to only name these features. There are several other papers on
more elaborated KS spacetime models, but they are not made in the framework of teleparallel gravity

and they are essentially focusing on F (ﬁ)-type gravity. For KS teleparallel F(T) theory, there are a
small number of recent works [52,53]. There are recently some generalizations of KS models and
solutions for F(T, B) gravity, the LRS Bianchi III Universe and even the F(T, R)-type and teleparallel
F(Q)-type gravity. However, these papers focus essentially on solutions and possible equilibrium
points of these cosmological systems [54-59]. Therefore, their approaches do not really provide new
classes of teleparallel F(T)-type solutions. All of these works imply that KS spacetimes geometries
are relevant and made for more complete and precise cosmological solutions. Recently, there are
some works on teleparallel KS spacetimes from Paliathanasis which may also lead to scalar field and
quantized cosmological solutions [60,61]. However, quantization will not be considered in the current
paper, because we only aim to find F(T') solutions for KS spacetimes with a non-quantized scalar field
source.

A first physical motivation for this type of study concerns the dark energy quintessence models
[62-66]. This new type of models was first developed by Paul J. Steinhardt et al. in the late 1990s [62-64].
There have been various phenomenological studies performed via the GR frameworks in order to
obtain a model explaining the accelerating universe expansion (see refs. [62—-69] and several other ones).
In these models, a perfect linear fluid of negative pressure is assumed (P = &g p where —1 < ag < —%
models), supported and induced by a some scalar field. From this starting point, there have been
various dynamical and other studies on the possibilities of scalar fields and possible potentials that
most faithfully describe the dark energy quintessence process and thus the accelerating universe
expansion [66,67]. Even recently, there are increasingly advanced studies on this very important
subject in cosmology and specifically for observational constraints [68,69]. However, several years
before first Paul Steinhardt’s works on quintessence processes, there had been attempts at models of
accelerated universe expansion through the use of scalar field-based models and their symmetries
explaining accelerating universe expansion [70,71]. The same precursor models therefore allowed all
of P. Steinhardt’s work on the dark energy quintessence, generalizations and other subsequent studies
to emerge and arrive at the current models.

Among the set of recent models are especially the teleparallel gravity based dark energy
quintessence models and the extensions (F(T)-type, F(T,B)-type, scalar-torsion based in
particular [72-81]. However, these papers have mainly concentrated on dynamics and especially
stability studies on FEs using simple and predefined F(T) and F(T, B) functions as superpositions of
power-law and/or logarithm terms. Even if these latter types of functions are often used in teleparallel
cosmology, this somewhat simplistic approach does not truly and fundamentally solve the FEs of
teleparallel F(T) gravity and/or its extensions. These studies mainly only study primarily the impacts
on some physical parameters of teleparallel gravity. At the same time, this type of approach makes the
teleparallel F(T') exact and correct solutions of FEs that can really model the dark energy quintessence
processes go under the radar. There is therefore room to go further by really solving the teleparallel
F(T) gravity FEs for scalar field sources, just as was the case in refs. [47,48] for teleparallel F(T)
solutions for perfect fluids sources. Most recently, there have been detailed studies of Teleparallel
Robertson-Walker (TRW) F(T) and F(T, B) solutions with perfect fluids and scalar field sources
allowing a larger number of possible solutions for teleparallel dark energy quintessence models [82,83].
In this manner, we will find the most fundamental solutions for teleparallel KS spacetimes allowing to
really study the best and fundamental possible models explaining the dark energy quintessence by
using the frameworks and FEs of teleparallel F(T) gravity.

d0i:10.20944/preprints202412.1308.v1
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In addition, the first and primarily dark energy quintessence model studies also had led to the
scenarios of cosmological models involving strong negative pressure dark energy perfect fluids (where
ag < —1) [84,85]. This is also a new physical motivation for studying more extreme scenarios of
strong and fast accelerating universe expansion such as phantom (or negative) dark energy models
[86-89]. Even in teleparallel gravity, some studies have also been considered in phantom dark energy
models using the same approaches as for dark energy quintessence processes studies [75,76,90-92].
These works still here focus on dynamic and stability studies using very specific teleparallel F(T)
functions (and/or F(T, B)) to study the evolution of some specific physical parameters without really
solving directly the FEs of teleparallel gravity. Obviously, there has been less work on this type of
scenario, because it is more hypothetical. This type of model often involves nonlinear fluids, but
the determining feature is mostly the energy conditions violation of such a cosmological system (i.e.
P + p # 0 situation), which makes that hypothetical. The recent works in teleparallel F(T) and F(T, B)
types gravity for TRW spacetimes provide a larger amount of materials and new solutions to further
study the phantom energy models in addition to quintessence process [82,83]. There is also a way and
reason here to go further by directly solving the teleparallel F(T) gravity FEs with scalar field source,
especially for the KS spacetimes.

Furthermore, the works just mentioned show the existence of at least three possible types of dark
energy: quintessence, cosmological constant, phantom energy. There are also the quintom dark energy
models defined as a mixture of quintessence dark energy (-1 < ag < — %) and phantom dark energy
(kg < —1) having as intermediate limit the cosmological constant [93-97]. This type of hybrid model
is often defined by spacetime geometry and two scalar fields: the first field can describe quintessence
and the second phantom energy or one field for the unified process and the other for coupling between
the two types of dark energy [93,94,97]. Some works specifically address this problem through the
oscillation between the quintessence and phantom states [95]. However in teleparallel gravity, there
have been very few works dealing with this type of more complex physical problem [98]. This is also
an additional reason favoring the present approach to solve the teleparallel F(T) gravity FEs with a
scalar field source. The results arising from the current work will provide much more materials and
tools for better developing the teleparallel quintom dark energy models in the future. There are also
anisotropic cosmological models that can be added to the list of possibilities emerging from the present
approach [99]. There is no lack of possibilities, but here we focus on the KS teleparallel F(T) solutions
with scalar fields to open up these possibilities for future development.

For this paper, we assume a time-coordinate dependent spherically symmetric teleparallel
geometry, in particular Kantowski-Sachs teleparallel geometry, in an orthonormal gauge as defined
and used in refs [33,47,48]. We will find F(T) solutions for a power-law defined scalar field and then for
an exponential scalar field source. After a summary of the teleparallel FEs and Kantowski-Sachs class
of geometries in section 2, we will find in section 3 the power-law scalar field exact and approximated
F(T) solutions. We then repeat the exercise in sect 4 with an exponential scalar field source for
exact and approximated F(T) solutions. In both cases, we will use a power-law and an exponential
coframe component ansatz for a better comparison between F(T) solutions. This paper has also
common features, aims and similar structure with some recent papers on perfect fluids teleparallel
F(T) solutions (see refs. [46-48] for details).

The notation is defined as: coordinate indices y, v, . . ., tangent space indices a, b, . . . (see ref [7]),
spacetime coordinates x/, frame fields h, and its dual one-forms h?, vierbein hay or h”ﬂ, spacetime
metric gy, Minkowski tangent space metric 1,5, spin-connection one-form w‘, = w,_h¢, curvature
tensor R%_;, torsion tensor T", .. The derivatives with respect to (w.r.t.) tis F; = F " (with a prime).
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2. Summary of Teleparallel Gravity and Scalar field Kantowski-Sachs Field Equations
2.1. Teleparallel F(T) Gravity Theory
The teleparallel F(T)-type gravity action integral is [1-3,33,46—48]:
Se(r) = / 4 x [Zh;c F(T) + Lsource | » 3)

where /1 is the coframe determinant and « is the coupling constant. We apply the least-action principle
to the eqn (3), the symmetric and antisymmetric parts of FEs are [33,46—48]:

KOy = Fr(T)Ga+Frr(T) S T+ 52 [F(T) = TFr (T)], (4a)

0 = Frr(T) s[ﬂ;‘] ouT, (4b)

with Gy, the Einstein tensor, © ;) the energy-momentum, T the torsion scalar, g,), the gauge metric, S ahﬂ
the superpotential (torsion dependent) and « the coupling constant. The canonical energy-momentum
is obtained from L g4 term of eqn (3) as:

16L
o2 Source
®ﬂ - h 5hay . (5)
The eqn (5) antisymmetric and symmetric parts are [33]:
®[ab] =0, ®(ab) = Labs (6)

where T, is the symmetric part of energy-momentum tensor. The eqn (6) is valid only when the
matter field interacts with the metric g, defined from the coframe 1", and the gauge g, and is not
directly coupled to the F(T) gravity. This consideration is valid when the hypermomentum is zero (i.e.
TH = 0) as discussed in refs. [31,46-48]. The hypermomentum is defined from eqns (4a) and (4b) as
[31]:

o

Tap = kO — Fr (T) Gy — Frr (T) S, 0, T — % [F(T) —TFr(T)]. 7)

The conservation of energy-momentum in teleparallel gravity for $# = 0 case states that ®," satisfies
the relation [1,2]:

o

V, (O*) =0, 8

with VOV the covariant derivative and ©"" the conserved energy-momentum tensor. This eqn (8) is
also the GR conservation of energy-momentum expression. Satisfying the eqn (8) is automatically
required because the TV = 0 condition (null hypermomentum condition). But eqn (8) also imposes
the symmetry of ©"" and hence the condition stated by eqns (6). The general hypermomentum T#¥
definition for any teleparallel gravity theory is exactly [31,100-102]:

% 0 (h £Source)

gV = S o)
7 ho 6Ty,

©)
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where I'], is the Weitzenbock connection. The non-zero hypermomentum (i.e. T # 0) conservation
law will be defined as [31,100-102]:

v, (h IJ‘”) - 0. (10)

This last expression is trivially satisfied for the null hypermomentum situation (i.e., T = 0).

2.2. Teleparallel Kantowski-Sachs Geometry and Antisymmetric Field Equations

The orthonormal time-dependent Kantowski-Sachs resulting vierbein is [33,47,48]:
h%, = Diag[1, Aa(t), A3(t), As(t)sin(0)], (11)

where we are able to choose new coordinate such that A (t) = 1 without any lost of generality. This
will allow us to find cosmological-like solutions.

Another possible orthonormal coframe expression is by taking the choice A3(t) = t and then
solve for Aq(t) and Ay (t) [48]:

h", = Diag [Aq(t), Ax(t), t, t sin(0)], (12)

In refs. [33,47], we find that the pure vacuum KS coframe solutions implies that A3 = t. This is another
justification for the eqn (12) coframe expression. However, eqn (12) is not as practical and appropriate
as eqn (11) for cosmological-like solutions.

The spin-connection w,;. non-null components for time-dependent spacetimes are expressed by
using eqn (11) coframe components as wype = Wape(P(t), x(t)) where x and ¢ are arbitrary functions
(X' = xt and ¢/ = y;) and a # b indexes (see refs [33,47,48] for detailed discussion and calculation).
From this consideration, the antisymmetric part of the F(T) FEs are defined from eqn (11) coframe
expression [33,47,48]:

Frr(T) T' cosh(y) cos(x) 0 and Frr(T) T' sinh(¢) sin(x)
As B Az

=0. (13)

The eqns (13) lead to ¢ = 0 and x = 7 (also 37” as second solution) for non-constant T situation. By
using eqn (13) solutions, we find that the only non-zero w,;. components are [33,47,48]:

cos(0)

w344 = _A3 s1n(9)' (14)

W3y = —wyyz =9,

where 6 = 1. Fundamentally, eqns (11) (or eqn (12)) and (14) are also solutions of eqns (1a) and (1b)
by using the Cartan-Karlhede (CK) algorithm method and also the eqn (2) for zero curvature criteria
(see refs. [7,8,33] for details and justifications).

2.3. Scalar Field Source Conservation Laws

For the scalar field source action integral, the Lg,,c, term will be described by the Lagrangian
density [2,73,74,78,79,82,83]:

h o
ESource = Ev V(P \% V(P —hV (4’) . (15)

We use in eqn (16) the covariant derivative V ,, for satisfying the GR conservation law defined by eqn

(8).

d0i:10.20944/preprints202412.1308.v1


https://doi.org/10.20944/preprints202412.1308.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 17 December 2024

7 of 43

For a time-dependent ¢ = ¢(t) scalar field source and a cosmological-like spacetime (i.e., A1 = 1),
eqn (15) will simplify as:

2
ESource = h% —hV (4’) . (16)

where ¢/ = 0;¢. By applying the least-action principle to the eqn (16), we find that the
energy-momentum tensor Ty, is [46-48,104,105]:

Ty = (P¢ + P(,b) Ug Up + Lab P(,b, (17)

where Py and py are respectively the pressure and density equivalent for the scalar field and u, =
(=1, 0,0, 0). The definition of Py and py are [82]:

2 12
Pp=L"—vi(p) and pp=L +v(9), (18)

where ¢’ = ¢y and V = V (¢) is the scalar field potential. Then the conservation law for scalar field
with density and pressure defined by eqns (18) for time-dependent spacetimes is [33,47,48]:
av.
a5 =
The eqn (19) is the most general scalar field conservation law equation for any A, and A3 ansatz
components with any ¢(t) scalar field expression. For coming steps, we will first solve the eqn (19) for
possible potential to study in this investigation. Then we will solve the FEs to find the corresponding
classes of teleparallel F(T) solutions for each potential case satisfying the eqn (19). We will do these
derivation steps for power-law and exponential scalar field ¢(t) definitions.

To complete the discussion on physical implications, from eqns (18) and to make the link with
a linear perfect fluids EoS equivalent Py = xpps, we need to find the quintessence coefficient index
ag for making the parallel between ¢ and the quintessence dark energy process. This phenomena is

¢’ (m(A2 Ag))’ +¢" + 0, (19)

physically another dark energy possible state explaining the universe accelerating expansion by using
an associated scalar field ¢, so-called the quintessence scalar field [62-64,69]. Usually, the g index
parameter willbe —1 < ag < —% where ag = —1is described by the cosmological constant, the first
and fundamental dark energy state. The ag index will be defined from eqns (18):

Py 9?-2V(9)
0Ty T PRV () @0)

By using this eqn (20), we can find the quintessence perfect fluid equivalent for every new teleparallel
F(T) solutions, any potential V (¢) and any ansatz. For phantom energy processes, it is required in
this case that ay < —1 and leads to an uncontrolled accelerating universe expansion going to the Big
Rip at the end of physical process [86-88]. The same considerations will also be applicable for quintom
physical processes [93-97]. This for better making the new teleparallel F(T) solutions classification in
terms of dark energy quintessence, phantom and quintom processes.

d0i:10.20944/preprints202412.1308.v1
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2.4. Symmetric and Unified Field Equations

The torsion scalar and the symmetric FEs components for y = 7 (0 = +1) case in eqns (13) and
(14) are [33,47 48]:

T =2(n(A3))’ ((In(43))' +2(In(42))’) - jg (1a)
- (m(3)
B =—(in(443)) + % L, (21b)
(i (%))
K¢"? 42V (¢) = — F(T) +2 <T+ jz> Fr(T), (21¢)
3

kg = Fr(T), (21d)

(In(43)) (B' ~ (i (jﬁ))) T (In(43))"

where Fr(T) # constant and B’ = 0; (In Fr(T)). Comparing with the version of Kantowski-Sachs
F(T)-gravity FEs in the literature [52,53], the FEs are different. For 6 = —1 FEs set, there are some
small minor differences for some terms in eqns (21d) to (21c), mainly some different signs at very
specific terms. For the rest, the general form of the eqns (21a) to (21c) remains identical, regardless
of 6. However, we can simplify these eqns (21a)—(21d) by adding eqns (21c) and (21d) and then by
substituting eqns (21a) and (21b):

- 3 2 (In(A3))" [ 1 A\ "
26V (9(T)) =~ F(T) + | 5 (T+ A§> + (m(gg))/ (A% - <1n (i)) ) + (In(A3)" | Fr(T).  (22)

The eqn (22) will be the DE to solve for F(T). We will substitute the right ansatz and use again eqn (21a) as a
characteristic equation as in ref [47]. In addition, we will have to calculate for each used ansatz the corresponding
V (¢(T)) by using the eqn (19) for conservation laws. The eqn (21a) characteristic equation will also be useful for
finding ¢(T) scalar field and then the V (¢(T)) functions.

3. Power-Law Scalar Field Solutions

In this section, we will set a power-law scalar field ¢(t) = pg t¥ where py is a constant and p is a real power.

1/
The conservation law defined by eqn (19) becomes by field expression inversion as ¢ (¢) = (%) .
av
¢’

/
0=ppy’" (In(A243)) @77+ p(p—1) py/? ¢'~2/7 + (23)

where (In(A; A%))/ is depending on ¢ and the used ansatz for A, and A3 components. There are a number of
possible ansatz:

1. Power-law: This is the most simple, used and well-known ansatz. It is defined as [47]:

Ay =t' and As =yt (24)
where cg is a constant. Then we find that (In(A, A2))" = <bt;r¢z)c) = (b+20) p(l)/p ¢~1/7 and eqn (23)
becomes:
2/ _ av
0=ppy’’ (b+2c+p—1)¢' 2/P+%,

= V()= o — P’ (b+2c+p—1) $2~2/p (25)
" ap-1) prbe
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The ag-index from eqn (20) is by substituting eqn (25):
2/p 2-2/p
ng— 14— P PO (26)
P’ (btac) g2-2/
PR (53) o
There are special cases:
* p > 1: Eqn (25) can be approximated as:
P oo
V() ~ 90— . @7)
Then eqn (26) will be for this case:
2 12
re 2p
an—l+Tz—l— . (28)
¢0_P(25)¢2 b+ 2c

where we have the physical situations:

- ; < b-sl-’z - < 0: dark energy quintessence process. If p > 0, then b +2¢ < 0.
- b1 +2C >0 : phantom energy process. If p > 0, then b 4 2c > 0.

If b + 2c is not large, eqn (28) will rather be as ag = —1 + 52 472 without any constraint on b + 2c. This

last result can be directly found by using eqn (27) and then the eqn (20) a definition.
¢ p = 1: Eqn (25) simplifies and then becomes:

av
=p3 (b+2c) ¢~ 1+ — i’
= V(¢) =¢o—pg (b+2c) In¢. (29)
Then eqn (20) is by substituting eqn (29):
2
ng=—1+ Po . 30)
B4go—p2 (b+20) In ¢
2. Exponential: This case is defined by [47]:
Ay =e" and Aj =yt (31)
The eqn (31) form leads to (In(A; A%))/ = (b+ 2c) and eqn (23) becomes in this case:
1/ - 2/p 1- av
0=ppy'" (026} p(p =D py’ " 9127 4 G,
2
_ o PP+20) 1p sy PR o2/p o 2/p.
= V(¢)=¢o 2p=1) " ¢ TP ¢ (32)
Then eqn (20) will be:
p? 2/174)272/;7
ag=—1+ (20 17 . (33)
(PO _ 2p+1)6) 0 p ¢271/p

The previous special cases become:

* p > 1: Eqns (32) and (33) will be exactly the eqns (27) and (28).
e p = 1: Eqn (32) yields a linear potential:

av

= V(¢) =¢o—po (b+2c)9, (34)
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and then eqn (20) becomes with the eqn (34) potential:

PZ
g =—1+— 0 . (35)
B+ po—po(b+2c)¢

We also note the scalar potential V(¢) solutions to eqn (23) obtained for a power-law scalar field confirm
those found in one of the first study on the dark energy quintessence [66]. This was just confirmed by the separate
use of the eqns (24) and (31) ansatzes, which shows the rightness and relevance of the potential solutions compared
to the first models studied in the past literature.

3.1. Power-Law Ansatz Solutions
The eqn (21a) in terms of eqns (24) leads to the characteristic equation (see ref [47]):
2
0=2c(c+2b)t 2— St 2T, (36)
c
0
where ¢ # 0 (¢ = 0 subcase leads to GR solutions). Then eqn (22) becomes under the eqn (24) ansatz and by

replacing V (¢(T)) = ¢o + V(T) as:

3. (Bb—2¢), o
2 2k V(T) = —F(T T+ 57—t
Ko+ 26V(1) = = F(T)+ 5T+ s

=—F(T)+ A(T) Fr(T), (37)

(T)| Fr(T),

where the function A(T) is defined as

3. (3b-20)

2o (7). (38)

with #(T) as eqn (36) solution. From this eqn (36), there are several possible solutions to eqn (37) depending on
values of ¢ as in ref [47]. Each value of ¢ will lead to a specific V(T) and A(T) functions, and then we will solve
eqn (37) with this form. In general, the eqn (37) solution will be under the form:

V(T aT”
Fo +2x /T aT AT exp {— - m} } (39)

F(T) = —2c¢p +exp VT Ad(iTT/’)}

where A(T) is eqn (38). Eqn (39) is the general formula applicable for any subcases and will be used to find all
new teleparallel F(T) solutions in the current paper.
The subcases are:

1. ¢ = —2b (b # 0): Eqn (36) simplifies as [47]:

2 1/4b
HT) = (;(-T)) . (40)
. . T . . c p/4b .

Then eqn (38) simplifies to A(T) = 5. The scalar field will be ¢(T) = po (7 (fT)> and we will use

this expression for the subcases:
(a) General: Eqn (25) for scalar field potential is:
v
V(T) = —7”(—T)<P—1>/2b, (41)

where V), = %ﬂ c(()pfl)/ ? We obtain that Vp = 0for p = 3b + 1 and V(T) is undefined for

p = 1. Then by substituting the simplifed A(T), eqns (40) and (41) into eqn (39), the teleparallel F(T)
solution will be:

F(T) = ~2¢40— LA SN ) @)

p—1—6b)


https://doi.org/10.20944/preprints202412.1308.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 17 December 2024 d0i:10.20944/preprints202412.1308.v1

11 0f 43
where F is an integration constant and p # 1 and p # 1 + 6b.
(b) p > 1 case: By using the same scalar field ¢(T), eqn (27) yields as potential:
Voo
V(T) = = (=T)"%, (43)

/b
_ ek

where Vo = eI Then by using the same A(T), eqns (40) and (43), the eqn (39) is:

/b
6K b Voo (“T)P/2% 4 By T3 ~ _6Kbpp%cg

F(T) ~ -2 —
( ) K(PO p ZP/Zb

(=T)P/2,  (44)

where p — oo and T < 0 in some situations.
(c) p =1 case: Still by using the same scalar field ¢(T), eqn (29) becomes:

- 3;7(2)
V(T) = o — o+ - In(=T), (45)

- 2 4b 2
where ¢g = ¢o + 34& In (pozco> . Then eqn (39) becomes by using the same A(T), eqns (40)
and (45):

- kp? 3k p?
F(T) = —2x o — % _ 2”0 In(—T) + Fy T%, (46)
where T < 0.

By comparing eqns (42), (44) and (46), we see that the homogeneous parts are very similar and their

respective differences are only from the V(T) parts (particular solution).
2. ¢ = 1: Eqn (36) becomes [47]:

0=<%1+%)—€>t2—T,

o
:r%n:——QL—T. (47)
2(1+20 - g)
From eqn (47), we find as eqn (38):
A(T) = o (36 —2) T=CT, (48)
2 22(b-1) (1—|—2b—caz)
where C = 2 + =2 The scalar field for eqn (47) is:
27 23 (b-1) (1420 %) 4 '
/2
o(T) = po2/2 (1426 —52)"" 17972, 49)
The potentials V(T) and F(T) solutions are for the subcases:
(a) General: Eqn (25) becomes:
V,
V(T) = —7” T=P, (50)

> pg 2!

-1
=) (b+p+1) (1 +2b— cg2>p . Eqn (50) will be constant for b =

f% + ﬁ and b = —p — 1. By substituting eqns (48) and (50) into eqn (39), we find as solution:

where p # 1and V, = £

17

K 1-p 1/C
G+C@71»T LR TVC, (51)

F(T) = — 2k ¢ +
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where p # 1.
(b) Eqn (27) potential: This equation in terms of eqns (49) is (p > 1):
vy =21, 52)

where Voo = p? p% 2F (1 +2b — Clz)p By substituting eqns (48) and (52) into eqn (39), we find as
0
solution:

K Voo
[1+pC]

(c) Eqn (29) potential: This equation in terms of eqns (49) is (p = 1):

F(T) =—2k¢o+ FyTC + TP~ 2K+ Fy TV/C. (53)

2
V(T) = do— o+ 22 (b4+2) In (T). (54)

rd 2 . .
where b # —2and §o = ¢ — 5 (b+2) In [Zp% (1 +2b— %)] By substituting eqns (48) and (54)
into eqn (39), we find as solution:
F(T) = —2x¢o+ Fo TVC —xp3 (b+2) [In (T) +C]. (55)
3. ¢ = —1: Eqn (36) becomes [47]:
2
T
0=+ 0221 2p),

2
2

= t3(T) = %0 {7T+51 \/T2+16(172b)c0’2}, (56)

where §; = 1. The eqn (38) for eqn (56) is:

3. (3b+2)
A(T) =37+ 4(b+1)

:(37C1>T+(51C1\/T2+C2, (57)
(3b+2)
1

where C; = 106+ and C; = 16(1 — 2b) cgz. The scalar field for eqn (56) is:

F p/2 F p/2
o(T) = ngo {—T—i—&l \/T2+16(1—2b)c0—2} - ngo {—T+51\/T2+c2] . (58)

The potentials V(T) and F(T) solutions are for the subcases:

[—T +611/T2 +16(1 - 20) CO_Z]

(a) General: Eqn (25) becomes:

-1

V(T):—% {—T—HFH/TZ—%CZY , (59)

2p-2
where p # 1and V) = % (b+ p —3). Eqn (59) will be constant for b = 3 — p. By substituting

eqns (57) and (59) into eqn (39), we find as solution:

2(3-2C) 4cy6;

3(3-4Cq) T 3(3-4Cy)
F(T):—2K<po+[(2C1—3)T—2C151 T2+C2} ! {T+ T2+C2} 1
p—1
E ZV/dT’{—T’ 514/ T? c}
o +2xVy [ LoT2 4G

23-20y) 4 4Cy5,

—3a-ic) — EEUS
X {(2C173)T/*2C151\/T/27+Cz:| 3(3-4¢; l:T/+\/T/27+C2]33 1

X

(60)

|
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Eqn (60) is difficult to solve under this current form. However, the following special case
solutions are possible:

e C=0(b=4%andC; =) and & = —

3kV,(—2)P
F(T)=—2x¢o+ FpT° — —F "2 1r—1, (61)
e C; = % and 61 = +1 (b= —3 2and G, = 176) There are three possible solutions:

-p#E
2%

F(T)=—2xpo+R[T+ VI + G| " + ZKV”) [aTevTe)

(62)
- p:%anchl:—H
HT):—QK@y+[T+vﬁ?+cﬂglﬁy-zzg1nﬂr+vﬁﬂ+cﬂ (63)
—p:%andélz—l: 2
FUdz—zmm+[T+vﬁﬁ+c4§15+3 m[T+vﬁfIEﬂ (64)

e C; — 3: By setting C; = 3 + € where € < 1, we find:

4k 'V, P
F(T) =72K¢0+F0+ 3C2 (p—:—{l)p(p—l) |:7T+51\/T2+C2:| |:T+(51p\/T2+C2:| . (65)

(b) Eqn (27) potential: This equation in terms of eqns (58) is (p > 1):

Voo p
V(T) = — 2[ T+&yH?+C4 , (66)
where Vo, = i ZQPCO By substituting eqns (57) and (66) into eqn (39), we find as solution:

2(3-2Cq) 4Cy8

1 1
(3-4Cy) (3—4Cy)
HT%:7M¢W+k%hf&TfZQ&le+Q}”4l{T+VTI+Q}33M

P
P+2KVoo/dT' {fTJr& T2+C}
0 . 1Y 2
_26-20) _acyy
3(3-4Cy) 3(3-4Cq)
X{QCy—@T—ZQ&Wﬂq+C4 ! [T+\NQ+C4 1}. (67)
Once again, eqn (67) do not yield to a general solution. But there are specific case leading to

analytical F(T) solutions:

e C;=0(b=4%andC; = {5)and & = —

X

3k Vo (—2)?

F(T)=—2x¢g+ F T° — TP, (68)
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e Ci=3(b=-%andC, = 176)

‘51
F(T ):—2K¢0+FO[T+\/T2+CZ} ZKZ‘” {—T+(51\/T2+C2]p. (69)

e C; — 3:Bysetting C; = 3 + € where € < 1, we find:

4K V. P
F0+3C2p { T+01\/T +c2} (CZ+T{T 510/ T +C2D} (70)

(c) Eqn (29) potential: This equation in terms of eqns (58) is (p = 1):

F(T) = — 2K ¢ +

2

V(T) :(ﬁo—cpo—% (b-2)In [-T+6 VT2 +G). (71)

where b # 2 and ¢ = ¢ — p3 (b — 2) In [E2]. By substituting eqns (57) and (71) into eqn
(39), we find as solution:

2(3-2¢4) 4014

~ (3-4Cq) T 3(3-4C)

F(T):fZK(poJr[(ch73)T72C1(51\/T2+C2r341 {T+\/T2+c2} R
Fy+2xp2 (b—2 /dT’l {7T+5 \/T2+C}
0+ 2K pg ( ) . n 1 )

2(3-2C¢) 4C141
3(3-4Cy)
[T+\/T2+C2} 1}. 72)

X

-1

T 3(3-4Cy)
x {(2@ —3)T—2C151\/T2+C2} e

e C,=0(=%andC; = 5)and é; = —

2 (p_
F(T)=—2ko+F T T M@cﬁ?ﬁzm(fﬂ)). (73)

. C1=%(b:—%andC2:%):

F(T):—2K4~>0+F0[T+\/T2+C2}T—I—Kp% (b—2) (ln {—T+51\/T2+C2} —%) (74)

e C; — %: By setting C; = %+ewheree < 1, we find:
E(T) :—2K430+F0—ﬂ (b—2) {élln [T+ \/?Cz} —In? {—T+§1\/T2+C2}
2T 1
+5 {7T+51\/T2+C2} <ln {—TJrle\/?Cz} 2)} (75)

4. ¢ = 2: Eqn (36) becomes [47]:
2 T
0=t*—4d(1+b)t2+ 2~

(14Db) +51,/1+b (76)

= t7%(T) = 2c3

where §; = £1. The eqn (38) for eqn (76) is:

3 4(3b—4 1+b
1 l T
:(b—Z) —T+C (1+(51 (77)
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where C; = (3b — 4)C; and C; = 8c3(1 + b)? and b # 2. The scalar field for eqn (76) is:

T —p/2
- — . 7.
1+5lﬁ] (78)

The potentials V(T) and F(T) solutions are for the subcases:

Po

P = Zng i+ 0

(a) General: Eqn (25) becomes:

1-p
V, T
P
=——=" |1464/1— = , 7

v(T) 5 [1H01y CJ (79)

where p # land V), = % (b+p+3) (1+b)=P. Eqn (79) will be constant for b = —p — 3.
By substituting eqns (77) and (793 into eqn (39), we find as solution:

T (2-b) o (0-2)¢y
_ _ _ —Cr 2(C1-2G,)
F(T)=—2x¢o + T+C (1+(51 Cz) [Cl(cl—2C2)+C2T]

51 (-2)C;

7+ (C1—2G) (1 +51m) Aa—20)

| T+ (C1-2Gy) (1—51 1— Cl)

[N}

iy

_ 1-p
— T/
x |FycP? b)/szVp(bfZ)/ ar’ [1+6, 1]
T

G
_ - (b-3) o _ (<h—2>c1)
o / 1 _ 2 2(C1—2Cy
o (14—(51\/1 Cz)] { Cl(C1*2C2)+C2T'}
__ 8 (-2)
T+ (C-26) (146 /1= L) | 07 }
X . (80)
T + (C; — 2G,) (1 o1 (1;2)
There is no general solution for this eqn (80). However, there are solutions for the specific cases:
e Cy=0andé; =1:
(2—b) 1- p p—1 T
F(T):fZK(pQJrFO(fT) ,Kvp(z) P3F, b-2,-,——pb—-1—). (81)
2’ 2 G,
e Cy=0and 6 = —1:
_ _ p—1
F(T) = —2k¢p + Fo (-T)?Y —xV, (b=2)(=2G)" (=T)'-7
(b—p-1)
2-pl-p, ., T
x 3b (b p=l—5- —5-ib-p2 p,CZ). (82)
i C1 = 2C22
T \1%" v, (b—2)
K —_—
— S 1- — _F
F(T) 2K ¢ + 5 +2 (1 + 4 C2> 0 S
1-p (b-3)
/ gey 1L T (1o f1- 1 (83)
X dT - = - - = .
T ! Cz C2 1 Cz

Eqn (83) solutions are possible only for the subcases:
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-b=3and 5 =1:
F(T) = —2x¢o +

N

pp—-1
X T3F2 (1 YD) 2 P = )

. zv%w
ey a0

2 1
2—p |4 2y
x T ZP(irﬁij “Q)} (85)

-2
T T xw T\?
2141 = F — (=
G ( * Cz) [0 2P (Cz)

pp-1, T I p=2p-1,, T
><3F2 (2/2/ 2 13/P1C2>+8<C2 3F2 1/ 2 7 2 74 P 1/C2 .

(84)

- b=3and é; = —

F(T) = — 2k o +

-b=4and 5 =1

F(T) = — 2k +

(86)
-b=4and é = —
F(T) = —2x¢o + CTZ+2(1 1(2)]2 [FO (i,(vg) (Zg>(3p)
X{#ie_pzzp}zpﬂ—nZ—ngg
eh (22;73;“’”52)] (®7)

(b) Eqn (27) potential: This equation in terms of eqns (78) is (p > 1):

-p

T
- — 88
1+51\/1 Cz] , (88)

where Voo = M . By substituting eqns (76), (77) and (88) into eqn (39), we find as solution:
[Cl (Cl — 2C2) + C2 T

e
T
-T+C (14‘(51 1-— )
\ G
5 (-2)0y

T4 (G20 (140, /1 &) |10
_T+Uﬁ—2Q)@—&vqjg)

x %wavz—K%Jb—zxAdT

WD:—%

(2—-b) (b-2)C
—C, T ] z(c172c12)

F(T) = — 2K ¢ +

T/
14+614/1— —
+ 01 C2:|

(0=2)C

] (b-3)
T/ QT JECES)
— / -~ - . 1
x T+QC+&1 Qﬂ {qmrﬂm+QA

9 (b-2)¢

7o eayB))
q%qgQQ)@_& _%) :

(89)
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There is no general solution for this eqn (89). There are solutions for the cases:
e Cy=0anddé =1:
~ F eyt Ve PPy g, L
P(T)N 2K¢0+ F()( T) —+ op 3F2 (b 2,2,2,b 1,p, C2 . (90)
d C1:0and(51:—1:
F(T) ~ — 2k ¢p + |Fo (=T)27P)
K Veo(=2C0)P 0 o, pr p._ T
—7(5 2)( T) 3b p, 5 o P,P,(S 91)
i C1:2C2:
T (2-b)
F(T)==2k¢po+ |—-T+2C, <1+(51 1—C>:| Fo—x Ve (b—2)
\/ 2
717" T (b-3)
/ - _ 7/ -
x/TdT 1461 4/1 Cz] T+2C2<1+51 1 c2> ] 92)
Eqn (92) solutions are possible only for the subcases:
- b=3andd; =1:
T 1
FT)~—2k¢o+ |- +2 |14+ 4/1 - =
2 G
Kk Vy pp T
—=—T3h (15,52, =) | 93
X[P@ szpTBZ( 5 Pcz)] (93)
-b=3anddé; = —1:
T r\]"
F(T)~-2 ——+2[1—4/1— =
(T) = =2kpo+ |~ + ( CZ)
(2C)PxV, p v T
Fo+——FLT PR (-5, —-L—-m=— | |- 94
X [0+ ” h{—5—537PG (94)

-b=4anddé; =1:
T 1\ v,
K
~_ _ L _ L _EY
F(T) = —2x ¢p + S +2 (1+ 1 Q)] lFO T

Py, L T PP, T
/2131p/ C2> +8<C2> 3F2 (1/ 2/ zrzrp/ C2>]

T T\] 2V, / T \
_ — - F — P _—_
C2+2<1 ! Cz)] [0 p <2C2>

B
X 2F1( 2/ 2/ P/ C2>] (96)

NI

(95)

x 3 (2,

-b=4anddé; = —1:

F(T) = — 2Kk ¢ +
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(c) Eqn (29) potential: This equation in terms of eqns (78) is (p = 1):

/ T
1+614/1——|.
+ 01 G

where b # —1, —4and g = ¢ — p3 (b+4) In [21/2;)’7”1\/@]. By substituting eqns (76), (77) and (97)
into eqn (39), we find as solution:

V(T) = <P0*4>0+ (b+4)1n (97)

(-2)¢y

—GT -
A (1”1\/7) 2(2:2)+C2T]2(C1 .
olbz)c1
T+ (C1 —2GCy) (1+51 c%) 2126,
X
T+ (€ -26) (1-61/1- &)
_ 2 (b+4)(b—2 y
X F0C§2 b)/2 +KP0( + )( )/dT’ln 145 1_%
2

(b-2)¢;

_7 , / T CT T 2(c26))
X T+C1 <1+(51 >:| Cl(Cl 2C2)+C2T/

5 (-2

[T 4 (€1 - 2Cy) (1+<51\/1— 7) a2)
X — . 98)
I +(C1 —2G) (1—51\/ —cj)
There is no general solution for this eqn (98). There are solutions for the cases:
° C1 =2Cy:
%" kp3 (b+4)(b—2)
F(T)=—2kdo+ | ~T+2C [1+64/1— = Fy+ —10
C 2C;
(b-3)
T T
x/dT’ln 146 41— = | |-T' +20 [14+64/1— =— . (99)
T G G
The simplest solutions of eqn (98) are:
-b=3:
1\ 7x p}
ok _ _ 4 _’XPo
F(T)=—2x¢o + T+2C (1 +4/1 Cz) |:F0 2C,
T / T T
- = - — 100
X |:C2(1+2C)+51C2 1 ) Tln [1+d14/1 C2:| (100)
-b=4:
™" 8x p2
F(T) = — 2o+ |-T+2C (14 /1 = Fy+ 10
G G
46, C3 T\%? ) ) T
X {{— 3 (1—6) —3T°+12C T—-8C5| In |14 41 1—C—2
51 cz / T T2 G c3
—-—= — —t = — = 101
+ (2C, —5T) C2+8 3T+9 (101)

For other values of b, c and/or subcases, the most of eqn (39) integral cases will not lead to a closed and
analytic F(T) solutions as in ref. [47]. All these previous teleparallel F(T) solutions are new results.
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3.2. Exponential Ansatz Solutions

The eqn (21a) in terms of eqns (31) leads to the characteristic equation:

e~2T) _0 (1 1), (102)

N‘ON

where ¢ # 0 and Ty = 2c¢ (¢ + 2b) (¢ = 0 subcase leads to GR solutions). By substituting eqn (102) inside eqn (22),
we find exactly eqn (37) DE form with

A(T) = ﬁ K%b —c) Ty — T} - 2(bi (T =T (103)

where T; = ¢ (3b — 2¢) (c + 2b) and the solution is also described by eqn (39). The subcases are:
1. ¢ = —2b: Ty = 0 and eqn (102) simplifies:

2
0~ (1), (104)

P
where T < 0. Then eqn (103) simplifies to A(T) = %, the scalar field will be ¢(T) = (4’;0),, (ln (% (—T))) .
The potentials V(T) and F(T) solutions are for the subcases:

(a) General: Eqn (32) becomes:

2p—1 2p-2
V(T) = % (ln (CZ%(—T)» - % <1n (CZ% (-D)) ’ (105)

where Vi, = Wfﬁ% and Vo, = @ )zp ». By substituting A(T) and eqn (105) into eqn (39), we

find as solution:

2 2
C, C,
F(T)=—2x¢o+ FoT° +3xT° | Vi, Nop_1 (—;1) — Vap Nopa (—;T)] . (106)

2
where Fj is an integration constant, p # % and N} (f %0, T) is new special function class defined as:

(B, x) /d (In ( le . (107)

Table 1. Some values of eqn (107) N (B, x) special functions.

k Nk (Bllx)
0 “
1 -k [1n(A xX) + 1]
3x3 3
2 —3 [n%(Ax) + 3 in(Ax) + ]
3 L [1n3(Ax)+ln (Ax)+ %ln(Ax)Jr%]
4 ~IA0 b [n®(Ax) +In?(Ax) + 3In(Ax) + 3]
5 —5 [n°(Ax) + §In*(Ax)| - &5 [In¥(Ax) +nd(Ax) + 3In(Ax) + 3]

6 —zk [1n6(Ax)+21n5(Ax)+%m‘*(m)} 273[1n3(Ax)+ln (Ax)+ 1n(Ax)+%]

(b) Eqn (27) potential: This equation in terms of eqns (104) scalar field is (p > 1):

2p
V(T) = —Vzﬁ <ln <C2%(—T)>) , (108)
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By substituting A(T) = % and (108) into eqn (39), we find as solution

2 2
where Voo = (bezop.
2
F(T) = =2 ¢g+ Fo T? — 3k Voo T> N f?O,T , (109)
where A, (— ?, T) is defined by eqn (107).
(c) Eqn (34) potential: This equation in terms of eqns (104) scalar field is (p = 1):
(110)

2
V(T) = o~ g0+ 20 In(-T),

where ¢g = ¢o + 341% In (%) By substituting A(T) = % and (110) into eqn (39), we find as solution:
7 3, 9K P% 3
—2fo+ R TP+ S TPNI (-1,T), (111)

F(T) =
where N7 (=1, T) is defined by eqn (107).
2. ¢ # —2b (General case): From eqn (102), we find that the scalar field is:
2 P
_ _Po Q-
¢(T) = (“20)7 {ln ( > (To T))} . (112)

For potentials V(T) and F(T) solutions, we find for the subcases:

(a) General: Eqn (32) becomes:
2 2p—1 V- ) 2p—-2
V(T) = — % {m <—62°(T—T0))] —% ]n(—czo(T—To)ﬂ ) 113)

2 2 2 2
where V;, = (2;7‘:1’)’?(_}7; )2271 and V;, = % By substituting eqns (103) and (113) into

eqn (39), we find as solution:
. 2k (c —b) = Tl)Z(c—b)/c

F(T) = — 2k g + Fy (T — Ty)cb)/¢ -
c2 c2
X | Vip Qap1 (—20,To, T1,T> + Vop Qop—2 (—20, To, T1,T> ], (114)
where Oy (B1, By, B3, x) is defined as:
3 (115)

Qk (By, By, B3, x) = / dx (In (B (x — By)))¥ (x — By)2/<3

The eqn (115) is a generalization of eqn (107) special function class.
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Table 2. Some values of eqn (115) for Qy (B1, By, B3, x) special functions.

k_b/e Ok (B, B, B3, x)

0 all Z(bic) (x o B3)2(b—c)/c

1 0 (B23B3)2 |:(£CZ:BZ3)) —In (Bl (x - B3)) + M%(E;B:;BM In (B1 (x - BZ)):|

11 dilog (2%, ) +In(By (x — B2)) In( 535 )

13 (In(By (x — By)) = 1) (x = By)

1 2 (x—B) [(32_233+x)1n(31(x_BZ))_z_&JFZB]

2 1 In(B; (x — By)) ln< =B, ) +2In(B; (x — By) polylog( x+Bz) _ 2p01y10g( , B;(JrBz)
2 3 (]n(Bl (x = By))? —2In(By (x — By)) + )(x—Bz)

2 2 LB [(B2 —2B3 + x)In(By (x — By))? + (—x — 3By +4B3) In(By (x — By)) + £ + 722 433}

(b) Eqn (27) potential: This equation in terms of eqns (112) scalar field is (p > 1):

V. c2 2
V(T)= -2 |In| -2(T - Ty) , (116)
2 2
2 2
where Vo = % By substituting eqns (103) and (116) into eqn (39), we find as solution:

B 2
F(T) = = 2x o+ (T — Ty 2 70/e [Fo SV, (—C; T, Ty T) 1 (17)

where Q) ( — ?, Top, T1, T ) is defined by eqn (115).
(c) Eqn (34) potential: This equation in terms of eqns (112) scalar field is (p = 1):

b+2c
V(T) = 4’0—¢0+%1H(T0—T)/ (118)
where ¢g = ¢ + rh(b+20) (bHC) In (62‘2)) By substituting eqns (118) into eqn (39), we find as

solution:

c—b)(b+20)
2

~ 2% p2
F(T) = — 2k §o + (T — Ty)*70/¢ [F0+ <po Qi (-1,To, T, T) |, (119)

where Q1 (—1, Ty, T1, T) is defined by eqn (115).
All these teleparallel F(T) solutions in this section are new. However, there are in principle other additional
subcases leading to new F(T) solutions.
4. Exponential Scalar Field Solutions

In this section, we will set an exponential scalar field ¢(t) = po exp (pt) where py is a constant and p is the
exponential coefficient. The conservation law defined by eqn (19) becomes as:

0=p (n(A24) g+ 129+ . (120)
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where (ln(Az A%))/ is still depending on ¢ and the used ansatz for A, and A3 components as for eqn (23) This
eqn(120) is at first glance really simpler than eqn (23). The possible ansatz are:

1. Power-law: By substituting eqn (24) into eqn (120), we find that:

_ ¢ 2 av
0=p 429 o orp) TP g
2
= V(4>)=4>0—%¢2+p(b+2c)p%Ei (—21n (%)) (121)

Egn (121) by the last integral term is a different kind of potential and this last can be considered as an
additional interaction term. The eqn (20) for ag is by substituting eqn (121):

p*¢*

¢o+p (b+2c) P Ei (—21n (%))

ag=—1+ (122)

p > 1: Eqns (121) and (122) become exactly eqns (27) and (28) where the p (b + 2¢) p% Ei (—2 In (%))
term is negligible in this case.

2. Exponential: This is the most simple and naturally adapted ansatz for an pure exponential scalar field. By
substituting eqn (31) into eqn (120), the conservation law becomes:

av

0—p(b+2C+P)¢+%/

= V(§)=¢o— b (b+2c+p) ¢, (123)
and then eqn (20) will be:
242

ree

ag=—1+ ——5—"""——. (124)
¢ 90— 5 (b+20)¢?
* p > 1:Eqns (123) and (124) become eqns (27) and (28) with the same physical process scenarios.
¢ p(b+2c+p) < 0:Eqn (123) is a simple harmonic oscillator (SHO) potential of angular frequency
w(% = —p(b+2c+ p). Ina such case, the scalar field will be:

P(t) = Cy cos (wy t) 4+ Cp sin (wy t) . (125)

The eqn (125) is an oscillating scalar field, but it is not really relevant as a scalar field source for usual
cosmological solutions. Beyond that, there are two situations leading to this case:

- p<0andp > —b—2c.

- p>0andp < —b—2c.
This quadratic V (¢) potential case can be easily used for dark energy quintom oscillating models

[93-95]. The eqn (125) scalar field definition can be only relevant for this type of physical models.
¢ p =0and/or p = —b — 2c: Eqn (123) leads to a constant scalar field V (¢) = ¢o.

As for power-law potentials obtained in sect 3, the eqn (120) solutions are going to the same direction than
the first quintessence process studies [66]. This situation is also confirmed separately by eqns (24) and (31) ansatz
approaches in this section.

4.1. Power-Law Ansatz Solutions

By using eqns (36) and (37) with the eqn (24) ansatz, we obtain once again the eqn (37) DE form with A(T)
defined by eqn (38). By using eqn (121) and setting V (¢(T)) = ¢o + V(T) in eqn (37) potential, the general
solution will be described again by eqn (39). We will find new F(T) solutions by computing eqn (39) for each
V(T) potential cases:
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1. ¢ = —2b: By using A(T) = g and substituting eqn (40) for #(T) solution, the scalar field is ¢(T) =
1/4b
Po exp (p (%(fT)) ) and eqn (121) for V(T) potential will be:

5 9 C2 1/4b C2 1/4b
V(T) = 7% exp (Zp (20(T)> ) —3pbpREi (2;; (ZO(T)> ) . (126)

By substituting A(T) and eqn (126) into eqn (39), we find as solution:
1 1
3 3.\t
E exp | —p —ET
1 1
3 \* 2\
X WhittakerM( 6b, —6b + = 2p< 20T> ) (1—12b) exp (—Zp (—20T> )}
2 2\
6
- L’ZO [Zpbz <—62 T) 3B (1, 1,1—125;2,2, —12b + 2; —2p <—C2°T) )
(b= 1)
1
1 AN In(T) 1
— (b — ﬁ) (bln (Zp (—2) 0% 1 + o (127)

where WhittakerM(By, By, x) = exp (—%) x2tB (% +B, —By;1+ 2B2;x) is a special function.

_ 3 K p? Po
F(T)=—2x¢o+ R T° — (26— 1) |:(

p > 1:Byusing A(T) = % and substituting eqn (40) into eqn (27) potential, V(T) becomes:

5 o C2 1/4b
V(T) = 7% exp (2;; (ZO(T)> ) . (128)

By substituting eqn (128) into eqn (39), we find as solution:

6b
2 .2 2 \® 2 \ B
. ST I PG (.
F(T)~—2k¢g+F T b= 1) [<2p< 2T> ) exp( p( 2T> )
1
4b
X WhittakerM( 6b, 6b+ =,2p ( T) ) ] (129)

2. ¢ = 1: By using eqn (48) and substituting eqn (47), we find that:

1/2
V2p (1426 - %)
T)=pg e , 130
and eqn (121) potential becomes:
V(T)——pzp% L g (131)
= 5 EXP VT p Po =1 VT)’

1/2
where T = 2v/2p (1 +2b— C%) . By substituting eqn (131) into eqn (39), we find that:
0

2
_ Kpo | 2+1/C / 1—1/C—1 T
F(T) =—2x¢g + F TV/C 270 T /dTT ex
(T) $o + Fo c|? . P

—2p(b+2) Tl/C/TdT’T”l/C’l Ei (— b )} (132)

VT

Eqn (132) solutions are possible only for specific values of C (C # 0) as for example:
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e C=1
F(T) :2K<PO+FOTKP%|:2TF;22\/T(\/TT2) exp <%)
+2p(?22+2) {(\sz—i—T) exp <—%) +Ez< T) 2}} (133)
e C=-1
F(T)=—2x¢o+Fo T ' +xp§|p*T! <E11< )T2 + exp <T> (szf—i- T))
i) ((—T2ﬁ+T2 exp( %) (T T (\/27))] (134)

F(T) = =2k ¢+ Fo T + x

(PZ—ZP(ZH‘Z)) \Tfexp(\Tﬁ) —2p(b+2)E1( \%”
(135)

T

F(T) = —2x¢o+ Fo T2 +x pj [Pz (eXp (;2’) T ( \/T)>

v (on () (Go)a())}

There are several possible values of C yielding to analytical F(T) solutions.

p > 1: By using eqn (48) and substituting eqn (47), we find as eqn (27) potential:

_ P T,
V(T) = — TO exp <ﬁ> : (137)

By substituting eqn (137) into eqn (39), we find that:

VT

As for eqn (132), there is no general solution, but we can solve some cases for T, > 1:

2.2
F(T) = — 2k g + TV/C {FO—KPCPO /TdT’ /-1/C-1 exp( L >] (138)

e C=1:
T T, T,
F(T) = — 2k g+ Fy T — 2 p? 2—(1——) (—) 139
(T) ¢o + Fo PP0T22 1) P\ T (139)
e C=-1
T22 T T
F(T) = —2ko + Fo T~ 4« p? p3 Eiy ~ 77 + ﬁﬂ (140)
e C=2
T1/2 T,
F(T) = — 2k g+ Fo T2 + x p? p2 —— (—2) 141
(T) $o + Fo PiP o | (141)
o C=-2

T, . T T
F(T)=—2k¢o+Fo T2+ xp? p3 L/—ZT Eiy (—\/—2?> +exp (\/—%ﬂ ) (142)
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There are several other possible F(T) solutions arising from eqn (138).
3. ¢ = —1: By using eqn (57) and substituting eqn (56), we find that:

1/2
¢(T) = po exp (COZP {—T+51 \T?+ Cz] > , (143)

and eqn (121) potential becomes:

2,2

1/2
> exp (Cop [—T+(51 \/ T2 —|—C2:| )
1/2
+p(b—2)p3Ei (—Copli—T+51\/T2+C2:| ) (144)

By substituting eqn (144) into eqn (39), we find that:

2(3-2C4 4Cy5,

( )
G T3E-)
F(T) = _2K¢0+ l:(2C1 _3)T—2C151 T2+C2:| 644 |:T+ T2+C2:| 3(3-4C
1/2
2 ! 2 o N
FO"‘ZKPO‘/TdT |:P exp (C0p|: T +51 T’ +C2:| )
1/2
~2p(b—2)Ei (Cop {*T’Hl T’2+C2] )]

2

_ (3—zcl)71 4Cy8;
3(3-4C;) 3(3-4Cq)
X [(2c1 —3)T' —2C1614/ T2 + cz} ' {T’ +4/T?2+ Q} ! } . (145)

As in sect 3.1, there is no general solution for eqn (145). However, there are specific cases yielding to
analytical solutions:

X

e Cp=0anddé = —1:

2 2

2
F(T) =—2x¢o + Fo TP + 2k p% [(4Cf—3) TG4 R (p, Cy, _20% T)

4C1 +1) 4C, —3' 77 ac, -3~

_ (‘I’(4C14_3)+'y—‘i’(ictzl_c;)+ln(cop\/—7ﬂ))>}, (146)

where ¥ (x) is the Digamma function and R (p, Cy, x) is defined by:

L p(b-2) ((‘*C(”?x/—ZTst <1,1, Wt 5,802 cOpx/—TT)

X
R (p,Cy,x) = /0 dx ¥/~ ! exp (p x/l/z) , (147)

where p # 0and C; # %
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Table 3. Some values of eqn (147) forR (p, C, x) special function.

Cl R (p/ C]/ x)

(e (=pvi-1) (=pvR) T2 (1(3) TG ~pvR))
223 (—py5)}

2ePVX (x%p3f3pzx+6p\/§f6)
p4
7(—er5 (-pvR)T +vRp(I3) TG -pvR)) )

23 (~pvR)?
ZeV‘/’Z(p\/Q—l)

W1
=
X

5 28 (I(4) T4, VX))

11(=eS (pyR) TpyR (1) -1 -pvR))
_2 .
208t (—pyR) T

¢ Other values of C; and/or Cy: No analytical and/or closed form of F(T) solution.

p > 1: By using eqn (57) and substituting eqn (56), we find as eqn (27) potential:

2.2 1/2
V(T)=f%exp (cop{T+§1\/T2+C2] ) (148)

By substituting eqn (148) into eqn (39), we find that:

2(3-2C7)

2(3-2C) _ 4G9
(3—4Cq) (3—4Cq)
F(T):721<¢0+{(2C173)T72C1(51\/T2+C2]3341 {T+\/T2+C2} R
1/2
Fy + 2« p 2/ T’ exp | ¢ [—T’+5 \/T’2+C}
0 P~ Po T Xp{cop 1 2

_2(372(:1)_1
(3-4Cq) C)
X [(ch —3)T’—2c151./T/2+c2} R {T’%— \/T'2—|—Cy_} o } (149)

X

Once again, there is no general solution for eqn (149), except for C; = 0 and 6; = —1:
F(T) ~ — 2% o+ T Ry 2P0 (n.C1,—23T) (150)
0 0 (4C1 — 3) 7“1, 0 s

where R (p, C, - —2c2 T) is described by eqn (147).
4. ¢ = 2: By using eqn (77) and substltutmg eqn (76), we find that:

-1/2
14061 4/1— } ) (151)

¢(T) = po exp (p(\“o

and eqn (121) potential becomes:

P*p? 2p(1+1D) 1"
v(T) = — P Fo PETO) s 1 =
(r)=- & exp( G e i- & )
2p(1+b) r] "
+
b4 4)p2E P 146 4]1— = . 152
pb+4)pg 1( Voo 1 G (152)
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By substituting eqn (152) into eqn (39), we find that:
[T CT e
_ B T > 2(¢y—2C,
F(T)— 2K ¢ + T+ C <1+51 C >:| C1 G = 2C2)+C2T]
~ 5y (b zcl
T+ (Cp —2G,) (1 16 Clz (Ge)
X
T+ (Cp —2G,) (1—(51 gz
- -1/2
!
X Fo-i—K(b—Z)p%/dT’ —p? exp Vap(1+b) 149 1—1
I T €0 G
-1/2
!
+2p(b+4)Ei (—ﬁp(”b) 146, 4[1— T} )
co G
- o _ ((b—zm)
o ) 2(¢y—2¢,
X T+ C (1-5-(51“1 > |: c(C 2C2)+C2T/]
i 51 (1-2)Cy
T'+(C1 - 2G) (1+61/1- L) EC 2‘:2)}
X (153)
T/ + (C; — 2C,) (1 —oJ1— g)

There is no general F(T) solution for eqn (153). However, there are analytical F(T) solutions for the
subcases:

A C1:OZ

20 Ry +x(b—2) P}

F(T) = — 2k ¢ + (~T)(

X [_pz/TdT/(_T/)(bs) (\fp(1+b

E )
)

+2p(b—|—4)/TdT/(_T/)(b—3)E1< fp(1+b

There are solutions for specific values of b such as:
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1

—2k¢o+ (=T) [FO_KP(Z) {—
a1+ 61/ oG (=61 +/%=T)
C,—T [Cp —
X [ 1+(51\/sz ( o1+ )
2p (f 1+6 CZT)
2p
X <e50Ei1 —

~
N————

@)
o

@)
N

T

cor/1+ 61 =

2

|
m‘
S
ss!
flry
—
|
N
=
/
N
+
—
+
>,
aty
of
~
~—
—
+
/N
/
/N
=
N
+
N‘Onl\)
N~
@)
N
|
»ﬂ

C
cor/1+ 61 Cz(;T 2
2
C CG-T C—-T
+4 (pz—;)) 1+4; 2C2 —Co\ﬁp(—(sl-f— 2C2 ))
X exp Zﬁp co| + >
3
coy/1+ 01/ ST 2(1+01/%5T) " Gp (61 ST 1)

|

2p<\f 1+61,/95F

X
| —
/N

(!

—

5%

flry

~

m\

S

—~

cor/ 1+ 61 CZC;

C—-T
- | <ﬁ+ 144 c2> Y
—|—*Ei1 e
2 cor /14874 ST
0 1 C,
CacyEn| 22 140,221 2
G-T G
coy/1+ 14/ S
T. -7 2v2
+% 2vV2p+coq|1+ 6, CZC exp o ]H (155)
2 C0\(1+51 CZC_ZT
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F(T) =2k — T~ | Fo + x p3

2 2
_ P [_ 512 (P2 _ 3;0> PZCZEil (4\[2’7

3 4
CO Co 1+(51 CZC;T
i —eapcova (Do [ 2T 2 5B 14s, /2T
pL2 16°1 G, 4 1 1 G
-7 4y/2
+ o ( — 16p2C2 (1 + 61 CZC > + 3TC%) ) Co exp # :|
2 cor/1+ 61 CZC;T
42
+ B 2 (96Cop*c} — 128p*C, — 3¢{T) Eiy o w2y
3¢y C-T
cor/1+ 61 G
oo mopeava (@0 [T TG gy [T
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There are other values of b yielding to analytical F(T) solutions.
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There are solutions for specific values of 1 and b:
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There are other values of b yielding to analytical F(T) solutions.
p > 1: By using eqn (77) and substituting eqn (76), we find as eqn (27) potential:

T —-1/2
(1= = . 161
1+614/1 G ) (161)

V(T) =

2 2
_PR <2p(1+b)
2 N
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By substituting eqn (161) into eqn (39), we find that:
7\1%" o _b-2q
2(cy—2G,)
F(T)=—2k¢o+ | -T+C <1+<51 1- Q)} [_Cl - —22c2) +C2T] GE™
_ S (b Z)Cl
AN ECED)
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x |Fy— 22/dT’e o 140 1 — =
_ 0—XP Po T Xp N 1 G,
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_ _ o (-2)¢
T+ (C-2Gy) (1o 1= &) | } (162)
X
T + (Cp —2Cy) (1 —614/1— (g)

There is no general F(T) solution for eqn (162). However, there are analytical F(T) solution for the subcases:

i C1:OZ
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There are solutions for specific values of b:
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There are solutions for specific values of 1 and b:
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There are several other cases yielding to new analytical F(T) solutions. All the previous teleparallel F(T)
solutions are new.

4.2. Exponential Ansatz Solutions

By using eqns (102) and (103) with the eqn (31) ansatz, we substitute eqn (123) into eqn (37) for again finding
the F(T) solution defined by eqn (39) formula. We will compute eqn (39) results the following potential cases:

T 2 p/4b
1. ¢ = —2b: By using A(T) = 5 and eqn (104), we find that ¢(T) = po (70)

= (=T)?/% and the eqn (123)
V(T) potential is:

p/2b
Vaj__pw—;wp%<?> (—T)P/2, (170)
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where p # 3b. By substituting eqn (170) into eqn (39), the F(T) solution is:
/2b
6xpb(p—3b)p3 [ c3 4
__ 3_ 0 (% _\p/2b
F(T) 2kpo+Fy T (o —6b) > (=T)P/=°. (171)
p > 1: Under this limit, the eqn (27) becomes:
2.2 [ 2\P/2
v(r) = -2 <°> Cles 172)
2 2
By substituting eqn (172) into eqn (39), we find as solution:
2 p/2b
F(T) ~ —6xpb p3 <2O> (=T)P/2b, (173)
2. ¢ # —2b (General case): From eqns (102) and (103), we find that:
2 —p/2c
P(T)=po |~ (Ty—T)~""%, (174)
and eqn (123) potential becomes:
/c
2 2 ¢
V(T) = _M (22> (To — T)*P/C’ (175)
2 <5
where p # —b — 2c. By substituting eqn (175) into eqn (39), the F(T) solution is:
/c
2k pp3 (b —c)(b+2c 2\"
F(T) = — 2o + (T — Ty )2e=/e | g, 4 2P PO C)( t2etp) (—2>
C
0
% / dT/ (T/ _ TO) —-p/c (T/ _ Ti)(Zb—?)C)/C] . (176)
T

There is no general solution to eqn (176), but there are F(T) solutions for the following cases:

e T1 =Tp:
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e b=3c
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_ 24k p p3c(3c +2c + p) 2
F(T)=-2 T—T) *|F K -
(T) Ko+ A (24c* — 50c3p + 35¢2p2 — 10c p® + p*) a3
—Bre 2 2 T2 3
x (T —Ty) ¢ ((2”[1 4 (2T —2Ty) Ty + T +T0) (T+Ty—2Ty)c
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o 2 (m e ) 2 20 20 (T T
6(11 (11 11)1 T T ) P(T-T)e
N(T-T)°
p(re o 30y g ) (150)
2 2 6
There are several other possible F(T) solutions for b > 32—C
p > 1: Under this limit, the eqn (27) becomes:
2.2 P/C
_ _Prp(2 o —plc
V(T) = - (C%> (To—T)P/°. (181)
By substituting eqn (175) into eqn (39), we find as solution:
/c
2 p? pi(c—b b
F(T) = — 2K ¢p + (T _ T])Z(Cfb)/f [FO _ %(C) <_22>
€0
X / ar’ (T - TO)*P/C (T — Tl)(2b—3f>/ﬂl. (182)
T

There is no general solution to eqn (182), but there are F(T) solution for the following cases:

e T, =Tp:

p/c
2 _
F(T) ~ — 2k + Fo (T — Tp)*> 2/¢ — 2k p p% (b —c) <_02> (T—To) /¢, (183)
0

For ¢ > 0 and p — oo, eqn (183) becomes:

F(T) — —2k¢g+ Fy (T — Ty)>~2/<. (184)

Forc < 0and p — oo, eqn (183) becomes:

2 p/lcl
F(T) — —2Kpp% (b+|c]) (—?) (T—To)”/lc| — oo, (185)

L] b:%:

p/c
2 _
F(T)m—ZK(j)o—I—PO(T—Tl)_l—Kpp%C(—62> (T—Ty) P/ (T—Ty)"".  (186)
0

e bh=2c:

p/c
2 _r _
F(T) =~ —2k¢o+Fo (T—Ty) "2 —2xpp3c <_c2> (T—Ty) ¢ (T—T)"Y. (187)
0
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e bh=3c

o

p/c
FU)%—%@H%MT—H)4—%p%C<—;> (T—Ty) ¢ (T—Ty)"'. (188)

0

e Forc > 0and p — oo, we find that all cases go to the eqn (184) limit. For the ¢ < 0 and
p — oo limit, we obtain that:

=

F(T) ~ (T—To)¥ (T—Ty) L. (189)

All the previous teleparallel F(T) solutions are new. However, there are other possible subcases leading to
additional teleparallel F(T) solutions.

5. Discussion and Conclusions

The primary aim was to find the teleparallel F(T) solutions coming from the FEs precisely described by
the eqns (21a) to (21d) with two usual types of scalar field ¢(t): power-law and exponential. In both cases and
depending on the values of p in the scalar field, we solved the laws conservation and the FEs for various types
of potentials V(T). We first obtain that the FEs transform by various substitutions into the single eqn (37), this
for any type of scalar field and ansatz. From this last equation, the possible teleparallel F(T) solutions all boil
down to eqn (39) using the function A(T) described by eqn (38). All new F(T) solutions obtained in sections 3.1
through the end of section 4.2 were found by applying the eqn (39) for various types of scalar potentials. For the
Aj and Az coframe components, the power-law ansatz has been used in sections 3.1 and 4.1 and the application
has been restricted to the values of c = —2b, 1, —1 and 2. Most of other values of ¢ do not result in closed analytic
functions and/or are not analytically solvable. In sections 3.2 and 4.2, the exponential coframe ansatz has been
used to study a well-known case of infinite sum of power terms. At the same time, this ansatz is much simpler to
treat and only brings out two types of cases instead of an infinity: general and ¢ = —2b. For the rest, each type of
case treated here leads to its own class of F(T) solutions with its particularities.

For the power-law ¢(t) treated in section 3, we first studied in section 3.1 via the power-law coframe ansatz
the cases of potentials described by eqns (25), (27) and (29), i.e. the general case, p > 1 and p = 1. This was
intended to study the effects of different scalar potential types associated with gravitational sources. The p > 1
potential cases can be useful for phantom energy models studies involving fast accelerating universe expansion.
Often physical phenomena describing by a scalar field are characterized by its associated potential and teleparallel
F(T)-gravity cosmology is no exception to the rule. In this section 3.1, we find general and exact F(T) solutions
for the c = —2b and ¢ = 1 cases. For the c = —1 and ¢ = 2 cases, even if there is no real general and analytic large
coverage solution, however there are analytical F(T) solutions for specific cases depending on the parameters
C; and C; specially defined to simply solve these cases. Therefore, larger values of ¢ subcases can be useful for
studies on teleparallel phantom energy and quintom models. In section 3.2 via the exponential ansatz coframe
and for the potentials described by eqns (32) and (34), we obtain purely analytic F(T)solutions, but this required
the introduction and definition of new special functions depending on the parameters of the scalar field and the
ansatz used to achieve them. Even in cosmology and teleparallel gravity, special functions are a necessary evil to
achieve analytic solutions. Other types of approaches such as Quantum Gravity theories or fundamental particle
interactions with gravity regularly require special functions to express certain new solutions (See for example refs.
[106,107]). It would not be surprising if special functions were to be used even more in future work in teleparallel
gravity, more specifically for solutions involving more complex and sophisticated source terms to be solved.

By considering exponential ¢(t) in section 4, we first have in section 4.1 studied the power-law coframe
ansatz and for the potentials described in eqns (27) and (121). We obtain teleparallel F(T) solutions that are a bit
more complex compared to the results obtained in section 3.1, but with some clearly visible similarities. Again,
the ¢ = —2b and ¢ = 1 cases lead to analytical F(T) solutions. However, we only obtain F(T) solutions for very
specific subcases in the c = —1 and ¢ = 2 situations. This is not surprising compared to the results of section 3.1.
For section 4.2 with the exponential ansatz coframe and the potentials described by eqns (27) and (123), we obtain
essentially purely analytical and easily usable F(T) solutions. These latter solutions confirm at the same time
some new simple solutions obtained in section 3. Let us not forget that the exponential ansatz and scalar field are
cases fundamentally expressed by an infinite sum of terms in powers. This last fact also explains some common
points in the newly obtained F(T) solutions. In comparison, the new simplest F(T) solutions obtained in this
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paper are also similar to the teleparallel cosmology solutions obtained in the recent literature (see for example refs
[72,80,82]). This finding is also an additional argument in favor of the new solutions rightness obtained in the
present paper.

Beyond the new solutions, this approach aimed to obtain purely analytical teleparallel F(T) solutions that
could be used in the future to study complex cosmological models in more detail using teleparallel F(T)-gravity
tools. One need only think in particular of the quintessence Dark Energy, the cosmological Phantom Energy
(negative energy) or even cosmological quintom models. In these latter cases, one will be able in the near future
to study models involving perfect fluids and scalar fields at the same time, in order to represent reality more
faithfully. In such a case, we will use the common (or very similar) F(T) solutions of the present paper and of
some recent papers concerning teleparallel F(T) solutions in perfect fluids [47,48]. This will ultimately lead to
complete and realistic cosmological models that can fully describe and explain the dark energy quintessence
process (—1 < ag < — %), a realistic and most probable scenario according to the recent literature [62-64,69]. After
that, one could just as well study with a similar approach some physical models of the type Cosmological Phantom
Energy (¢g < —1) leading to the extreme scenario of the acceleration of uncontrolled universe expansion leading
to the Big Rip [86-88]. We can also add the quintom dark energy models, because this is by definition a mix of the
quintessence and phantom models [93-98]. Like the fundamental scalar field associated with the Dark Energy
quintessence process, one could obtain for the different models involving Phantom Energy such fundamental
scalar fields. Perhaps the cosmological process of uncontrolled universe acceleration leading to the Big Rip would
in fact be explainable by a fundamental scalar field. The same questions will also be relevant and useful for future
quintom models studies in teleparallel gravity. The questions will then be: what type(s) of V(¢(T)) exactly; what
are the most appropriate teleparallel F(T) solutions; what are the coframes, spin-connections and other conditions.
All these questions and hypotheses deserve to be answered seriously and tactfully in future works by using the
teleparallel gravity framework and toolkit.
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Abbreviations

The following abbreviations are used in this manuscript:
AL Alexandre Landry

CK Cartan-Karlhede

DE Differential Equation

EoS Equation of State

Eqn Equation

FE Field Equation

GR General Relativity

KV Killing Vector

NGR  New General Relativity

SHO  Simple Harmonic Oscillator

TEGR Teleparallel Equivalent of General Relativity
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