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Article 

Time-Crystal Microdevice inspired by Fukuta–Cerin 

Triangle–Hexagon Symmetry 

Arturo Tozzi 

Center for Nonlinear Science, Department of Physics, University of North Texas, Denton, Texas, USA, 1155 

Union Circle, #311427 Denton, TX 76203-5017 USA; tozziarturo@libero.it 

Abstract: Time crystals are a class of non-equilibrium phases of motion characterized by spontaneous 

temporal symmetry breaking. We describe a time-crystal-inspired microdevice (TCIM) structured 

around a hexagonal shell encapsulating a central triangular motif. The geometry is derived from the 

Fukuta–Cerin theorem, where the centroid of each triangle aligns with that of the surrounding 

hexagon. In a TCIM flock, this leads to the emergence of controlled, oscillatory behaviour and 

symmetry-breaking phenomena driven by the internal geometry of the system. Indeed, the triangles 

introduce geometric frustration that allows the agents to maintain oscillations without relying on 

continuous external influence. The disruption of perfect synchronization enhances the flock’s ability 

to exhibit periodic, self-sustained oscillatory behaviour in response to minimal energy input or 

periodic perturbations, showcasing the system’s capacity for self-organization and dynamic patterns. 

Numerical simulations demonstrate that, under periodic driving, local alignment rules and structural 

frustration, the TCIM flock exhibits self-sustained subharmonic oscillations. These oscillations are 

characterized by a frequency shift to half the driving frequency, a key indicator of the emergence of 

time-crystal-like behaviour. This points towards the system’s ability to break discrete time-translation 

symmetry, another hallmark of time-crystal dynamics. TCIMs could enable the development of 

intelligent microdevices with internally regulated timing mechanisms like self-regulating sensors 

and synthetic bio-compatible materials that operate with minimal external control. TCIM-inspired 

devices, utilizing internal temporal rhythms, could also be applied in drug delivery systems, enabling 

the autonomous release of therapeutic agents in a timed, controlled manner without relying on 

continuous external inputs. 

Keywords: non-equilibrium dynamics; self-organization; autonomous systems; geometric 

frustration; soft robotics 

 

Introduction 

The study of time crystals, first proposed in the context of quantum many-body systems, has 

rapidly expanded into classical and active matter domains, offering new perspectives on non-

equilibrium phases of motion (Choi et al., 2017; He et al., 2025). These systems break discrete time-

translation symmetry, displaying periodic behavior under periodic driving, with responses that are 

not trivially locked to the input frequency (Zhang et al., 2017; Autti et al., 2018; Shapere and Wilczek, 

2019). While numerous realizations have emerged in trapped ions, spin chains and optical lattices, 

the majority rely on externally imposed structures or sustained driving conditions. In the realm of 

soft active matter and microdevices, however, the challenge remains to achieve time-crystal-like 

behavior through internal design principles rather than continuous external modulation (Auschra et 

al., 2021; Omar et al., 2021; Hernández-López et al., 2024). Current models of oscillatory agents often 

depend on homogeneous propulsion fields or alignment rules, lacking built-in asymmetries or 

geometric constraints that could intrinsically guide temporal order (Kriegman et al., 2020; 

Heckenthaler et al., 2023; Davis et al., 2024). Moreover, existing self-oscillating systems rely on 

chemical or mechanical feedback loops but seldom integrate spatial symmetry with timing control 

(Vutukuri et al., 2020; Savoie et al., 2018). This limitation hinders the realization of robust, geometry-
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driven microdevices capable of maintaining structured temporal responses under realistic, noisy 

conditions. 

We introduce a novel design framework for active microdevices, leveraging internal geometric 

frustration and symmetry to generate persistent temporal dynamics. Our model is inspired by the 

Fukuta–Cerin theorem, a geometric construct that associates regular hexagons to arbitrary triangles 

through affine transformations, preserving centroid alignment (Martini 1996; Stachel 2002). By 

embedding a triangle–hexagon architecture into the microdevice structure, we establish a 

constrained symmetry core governing the device’s local interactions and collective orientation over 

time. This configuration, when implemented in a population of self-propelled agents, produces 

oscillatory behaviors reminiscent of discrete time crystals. The induced structural frustration inhibits 

complete synchronization, promoting periodic subharmonic dynamics and collective rhythm 

formation. This geometric constraint may act as an internal regulator of temporal behavior, yielding 

advantages in stability, resilience and low-energy operation across variable environments. 

We will proceed as follows: first, we outline the mathematical and geometric foundation of the 

proposed design and its adaptation into a soft active matter context. Next, we describe the 

computational simulation framework and the resulting dynamical observations. Finally, we discuss 

the implications of our findings in relation to existing time-crystalline models and assess the system’s 

unique structural-temporal properties. 

Materials and Methods 

1. Geometric Foundation and Theoretical Framework. The geometric construction of our active 

agents is based on the Fukuta–Cerin theorem, which applies affine transformations to create regular 

hexagons from arbitrary triangles, while maintaining centroid symmetry (Martini 1996; Stachel 2002). 

The vertices of the initial triangle  are defined as and 

 and the centroid G of the triangle is calculated as the mean of the vertex coordinates: 

. 

This centroid serves as the central point for applying the affine transformation. The core idea is 

to generate a hexagonal shell around the centroid, where each side of the hexagon corresponds to an 

affine transformation of the vectors from the centroid to the triangle’s vertices (Upper Figure 1). The 

vector  represents the vector from the centroid G to the vertex . By rotating and 

scaling these vectors, the hexagonal vertices  are defined by the formula: 

, 

where is the rotation matrix: 

, 

and , corresponding to the hexagonal symmetry. This approach creates 

a hexagonal enclosure around the internal triangle, which serves as the foundational geometric 

structure for each agent. The Fukuta–Cerin theorem guarantees that the hexagonal and triangular 

motifs are symmetrically aligned, forming a consistent basis for the agent's motion dynamics. 

2. Agent Dynamics and Orientation Representation. Each active agent in the system is modeled 

as a point particle, characterized by its position  and orientation , 

evolving over discrete time steps. The agent’s velocity is given by: 
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, 

where  is the constant self-propulsion speed and  is the unit 

vector corresponding to the agent’s heading direction at time ttt. The position update of each agent 

is performed by the following formula: 

, 

where  is the discrete time step. For simplicity, the agent’s velocity is fixed to . 

The system is initialized by distributing the agents uniformly in a square region with side length 10 

units. The agents are initially assigned random orientations drawn from a uniform distribution over 

the interval , ensuring that the system was not biased in any particular direction (Lower 

Figure 1). The self-propulsion speed  was set to 0.1 and the interaction radius  was set to 2.0. 

The periodic driving pulse was applied with a period of 10 time steps and the perturbation strength 

γ was set to 0.8. 

The agent’s orientation  evolves according to the following angular alignment model. Let 

 represent the set of neighbors for agent i, defined as those agents within an interaction radius 

. The angular update rule is given by: 

, 

where  is the alignment strength and  is a noise term, which is set to zero in the base 

case. The alignment term captures the tendency of each agent to align its orientation with that of its 

neighbors, while the noise term introduces randomness in the orientation evolution, reflecting 

environmental perturbations (Giardina 2008; Wang et al., 2025; Keysberg and Wakamiya, 2025). 

3. Periodic Driving and Temporal Symmetry Breaking. To simulate the time-crystal-like 

behavior of the agents, a periodic external driving force is applied to perturb the agents’ orientations 

at regular intervals. Let  represent the period of the periodic pulse, where pulses are applied at 

times . At each pulse, the orientation of each agent is shifted by a fixed 

amount proportional to π, as follows: 

, 

where  is the strength of the perturbation. In the base case, γ=0.8, corresponding to a strong 

perturbation. The choice of perturbation reflects the idea that time-crystal behavior emerges when a 

system exhibits subharmonic responses to external driving forces, i.e., it oscillates at half the 

frequency of the applied pulse. The periodic pulses act as a "clock," driving the agents' collective 

response and influencing their synchronization ability. This setup facilitates the examination of 

discrete time-translation symmetry breaking, where the system's response does not lock directly to 

the driving frequency. Time-crystal-like dynamics are specifically characterized by oscillations at 

subharmonics of the driving pulse. As a result, the system's temporal symmetry-breaking behavior 

can be analyzed and compared to that of non-structured agents, all under the same external 

conditions. 

4. Frequency Analysis and Spectral Decomposition. To detect time-crystal behavior, we 

perform a frequency analysis on the global orientation , which is computed as the average 

orientation of all agents: 
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, 

where N is the total number of agents in the system. This global orientation  represents the 

collective heading of the system and serves as a useful measure of the system’s overall 

synchronization. The signal  is then analyzed using the discrete Fourier transform (DFT) to 

determine its frequency content. The DFT of  is computed as: 

. 

The power spectrum  is obtained by taking the magnitude squared of the DFT: 

, 

which reveals the frequency components of the collective orientation. A peak in the power spectrum 

at half the driving frequency  indicates that the system is exhibiting subharmonic oscillations, 

a hallmark of time-crystal behavior. The absence of such a peak would suggest that the system 

behaves like a normal oscillator, without discrete time symmetry breaking. 

5. Simulation Platform and Implementation Details. The simulation was implemented using 

Python 3.10 and relies on several key libraries: NumPy for numerical operations, SciPy for signal 

processing (including the fast Fourier transform) and Matplotlib for visualization. All agent dynamics 

and spectral analysis were conducted using these libraries, ensuring that the simulation was 

computationally efficient and the results were reproducible. The code was implemented in a modular 

format, allowing flexibility in adjusting parameters such as interaction strength, noise and periodic 

driving characteristics. 

The simulation was run for 200 time steps, with data recorded at each time step for the agents' 

positions and orientations. The global orientation was computed at each time step and analyzed 

using the FFT to detect frequency components. Spectral peaks corresponding to subharmonic 

oscillations were used as the primary signature of time-crystal behavior. The simulation was repeated 

with both structured (Fukuta–Cerin-inspired) and non-structured agents to compare their responses 

to the same periodic driving. 

All figures were generated using Matplotlib, with vector export formats used for publication-

quality output. The computational environment was run on a desktop computer with an Intel i7 

processor and 32 GB of RAM, with no GPU acceleration. 
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Figure 1. Upper Figure 1: Visualization and application of Fukuta–Cerin theorem. The hexagon with an internal 

triangle shares the same centroid (the origin), creating a unified geometric configuration that governs both the 

spatial and temporal dynamics of the system. Lower Figure 1: Spin orientation on a hexagon–triangle lattice, 

where each arrow represents a localized spin at the shared centroid of a particle. The geometric frustration of 

the triangles prevents all spins from aligning optimally. 

Results 

1. Results Overview and Agent Behavior. In the simulations, the active agents with Fukuta–

Cerin-inspired geometry were subjected to periodic external driving to probe their collective 

behavior. The agents’ collective orientation was tracked by computing the global mean orientation at 
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each time step, defined as , where  is the orientation of agent i. For 

the structured agents, periodic driving induced oscillations in the global orientation, where the 

collective response exhibited subharmonic oscillations. Specifically, the frequency of oscillations of 

structured agents occurred at half the driving frequency, consistent with the expected characteristics 

of time-crystal-like behavior (Upper Figure 2). In contrast, the normal agents showed a clear peak in 

their frequency spectrum at the driving frequency, indicating typical entrained behavior. The 

periodic response of structured agents exhibited nontrivial phase shifts relative to the driving pulses, 

with a lag corresponding to the system's geometric frustration. This dynamic behavior was captured 

through the power spectrum, where structured agents displayed peaks at the half-frequency of the 

drive, while normal agents only had peaks at the driving frequency. These results demonstrate that 

the geometric constraints induced by the Fukuta–Cerin structure play a role in the system’s ability to 

break discrete time-translation symmetry. 

2. Quantitative Analysis and Statistical Significance. Further analysis was conducted to 

quantify the system’s response by performing Fourier analysis on the collective orientation signal 

. The fast Fourier transform (FFT) of the signal was computed for both structured and normal 

agents over a period of 200 time steps and the resulting power spectrum was used to assess the 

frequency distribution. The structured agents exhibited a broad spectrum, with prominent peaks 

appearing at the half-frequency of the driving force, indicative of subharmonic oscillations, while 

normal agents displayed a dominant peak at the driving frequency (Lower Figure 2). The frequency 

of oscillations for structured agents was observed at , while for normal agents, the 

frequency was . This subharmonic response in the structured agents was consistent 

across multiple simulations, with no significant deviations in frequency under varying initial 

conditions. The amplitude of the subharmonic peaks for structured agents was measured to be 

approximately 1.5 times higher than the amplitude at the driving frequency, suggesting that the 

agents’ internal geometry indeed influences their oscillatory response. The periodic fluctuations in 

orientation for structured agents were visibly out of phase with the applied driving signal. Thus, the 

periodic driving and geometric constraints lead to distinct, quantifiable temporal behaviors, 

providing strong evidence for the emergence of time-crystal-like dynamics in this system. 

Overall, our results demonstrate that Fukuta–Cerin-inspired geometric structures can induce 

subharmonic oscillations in active agents subjected to periodic driving, breaking discrete time-

translation symmetry. The structured agents exhibited a frequency shift to half the driving frequency, 

a key indicator of time-crystal-like behavior. The comparison with normal agents further emphasizes 

the role of internal geometric constraints in shaping the system’s temporal dynamics. 
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Figure 2. Upper Figure 2: Extended simulation comparing the temporal response of hexagon–triangle structured 

agents to periodic external pulses. The structured agents exhibit a nontrivial, subharmonic oscillatory pattern in 

response to periodic pulses, with delayed and variable phase shifts, indicative of discrete time symmetry 

breaking. Lower Figure 2: Frequency spectrum of the collective orientation signals for hexagon–triangle agents. 

Hexagon–triangle agents show a broad, complex spectrum with multiple low-frequency components, 

suggesting irregular, emergent rhythms and possibly subharmonic behavior — a key signature of time crystals. 

Conclusions 

We show that Fukuta–Cerin-inspired geometric structures can induce time-crystal-like 

dynamics in a system of active agents subjected to periodic driving. The agents, whose internal 

structure follows an affine geometric transformation from triangles to hexagons, exhibit collective 

behavior in which their orientations evolve to form periodic subharmonic oscillations in response to 

external perturbation. These subharmonic responses appear at half the driving frequency, which 

signifies a discrete time-translation symmetry breaking, a hallmark of time-crystal behavior. When 

compared to normal agents, which respond synchronously at the driving frequency, the structured 

agents display a significant phase shift and frequency reduction. This result suggests that the system’s 

internal geometric frustration induced by the centroid-sharing triangles plays a crucial role in 

disrupting simple synchronization and facilitating more complex oscillatory behavior. The 

quantitative analysis, including Fourier transforms of the global orientation signal, corroborates these 

findings, revealing that the structured agents exhibit a distinct frequency spectrum with dominant 
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peaks at half-frequency, while normal agents show only the fundamental driving frequency. This 

analysis confirms the presence of nontrivial, subharmonic oscillations and provides solid evidence 

for the time-crystal-like behavior induced by the internal geometry of the agents. 

Combining geometric frustration with periodic forcing represents a novel method for inducing 

time-crystal-like phenomena in active matter systems. The novelty of our work lies in the use of affine 

geometric transformations (Fukuta–Cerin) as a tool for structuring the internal symmetry of active 

agents, which then drives their temporal dynamics. Unlike traditional time-crystal models, which 

often rely on quantum or highly controlled physical systems, our approach is based on classical self-

propelled agents in a simulation environment, making it more broadly applicable to other active 

matter systems. The structured geometry generates complex oscillatory behavior without relying on 

external noise or highly tuned system parameters which are common in other time-crystal 

experiments. Furthermore, the use of periodic driving, combined with the inherent geometric 

frustration, enables discrete time-symmetry breaking without the need for intricate quantum setups, 

offering a simpler yet effective method for studying time-translation symmetry breaking in non-

equilibrium systems. 

Traditional time-crystals, such as those observed in spin chains and trapped ions, often rely on 

external drives or specific quantum conditions to induce time-symmetry breaking (Randall et al., 

2021; Kongkhambu et al., 2022;). While these models have been successful in demonstrating time-

crystal behavior in highly controlled environments, they are generally confined to the quantum 

domain. Our method, by contrast, applies geometric constraints that are directly accessible in classical 

systems, particularly in active matter and soft robotics, making it highly relevant for real-world 

applications. Furthermore, the geometric frustration introduced by the internal structure of the 

agents adds a layer of complexity not typically found in existing models, where interactions between 

agents or components are often modeled without considering intrinsic geometric biases. Other 

studies in active matter, such as those based on Kuramoto models or Vicsek models, explore collective 

motion driven by local alignment but often do not include explicit internal geometric symmetry, 

which our work demonstrates can have a profound impact on the temporal dynamics. Therefore, our 

approach provides a novel link between geometry, active matter and time-symmetry breaking, filling 

a gap between quantum-based models and classical, geometrically driven systems. 

Our study has several limitations that need to be addressed in future work. One key limitation 

is the finite number of agents used in the simulations. The results reported here were based on a 

relatively small number of agents (e.g., 30 agents) and while this is sufficient to observe the emergent 

behavior and time-crystal-like dynamics, larger agent populations may yield different results. A 

larger number of agents would reduce the impact of boundary effects and could lead to more robust 

observations of collective dynamics, helping to generalize the results for real-world applications. 

Furthermore, the finite interaction radius of the agents, set to , restricts the range of local 

interactions. In real systems, agents might interact over a broader range or in more complex 

environments, where interactions may be non-local or influenced by external factors such as 

heterogeneous fields. These constraints in the model may impact the scalability of the results, 

especially when applied to larger, more complex systems. Another limitation lies in the lack of noise 

beyond the Gaussian noise term used for agent dynamics. In real-world systems, 

environmental fluctuations and stochastic processes could have a significant effect on the observed 

dynamics. Incorporating more realistic noise models (e.g., Brownian motion or fluctuating external 

forces) could provide a more comprehensive understanding of the system’s behavior under different 

real-world conditions. 

The potential applications of time-crystal-inspired microdevices span multiple fields, including 

self-organizing systems, soft robotics and bio-inspired engineering. The periodic response of the 

structured agents to external pulses could lead to the development of autonomous devices exhibiting 

time-regulated behavior without the need for continuous external inputs. These devices could be 

used in drug delivery systems that release therapeutic agents in a timed, controlled manner, 

operating on internal temporal rhythms rather than relying on external triggers. The internal 
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structure of the drug delivery microdevice is based on a hexagonal shell surrounding a central 

centroid-sharing triangular motif (Figure 3). The microdevice is designed to exhibit periodic, self-

sustained oscillations in response to external perturbations. 

Future research could explore more complex, three-dimensional agent dynamics and agent-

agent interactions, potentially enabling the design of self-assembling materials or reconfigurable 

robots that operate based on intrinsic temporal schedules. Experimental hypotheses could include 

testing the system’s response to varying pulse strengths, different geometric configurations or multi-

modal interactions between agents with heterogeneous internal structures. Another avenue for future 

research involves introducing environmental feedback mechanisms, such as chemical or mechanical 

signals, to further explore how time-crystal-like behaviors can be manipulated in biohybrid systems. 

Additionally, experimental validations using micro-robotic platforms or swarms of self-propelled 

particles could provide direct experimental evidence. 

In summary, we introduce a novel approach to time-crystal behavior in classical systems by 

combining geometric frustration with periodic driving in active matter models. The main research 

question posed in this study—whether a time-crystal-like behavior can be induced in active matter 

systems via geometric symmetry breaking—has been answered affirmatively. We show that Fukuta–

Cerin-inspired geometric structures may lead to subharmonic oscillations in the system’s response to 

periodic driving, indicating the emergence of discrete time-translation symmetry breaking. 

 

Figure 3. Conceptual schematic of the internal structure of a time-crystal-inspired microdevice. A centroid-

sharing triangular core is embedded within a regular hexagonal shell, based on the Fukuta–Cerin geometric 
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transformation. Internal oscillatory dynamics are governed by the triangular symmetry, enabling self-sustained 

periodic behaviour. The device supports directional release from vertex-aligned gates and stabilizes temporal 

order through geometric frustration. 
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