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Abstract: A thorough understanding of the type and severity of cataracts is crucial for accurately estimating the 
optimal phacoemulsification energy. In preceding research efforts, an innovative clinical prototype known as 
the Eye Scan Ultrasound System (ESUS) was developed to facilitate the automated characterization of cataracts. 
To evaluate the effectiveness of the prototype as a medical tool, extensive data must be collected from several 
patients with and without cataracts. However, obtaining an adequate number of patients and data for training 
and testing machine learning models is challenging. To overcome this limitation, the authors implemented a 
simulated prototype model of the ESUS system, to augment the data. The proposed model encompasses the 
electric-to-acoustic signal conversion in the ultrasonic transducer, the wave propagation through the eye, and 
the subsequent acoustic-to-electric signal conversion. Electrical modelling of the transducer was done using a 
two-port network and the wave propagation was modelled by using the k-Wave MATLAB toolbox. This holistic 
modelling approach enabled the generation of synthetic data augmentation, presenting great similarity with real 
data. The synthetic data can then be employed together with real data for the purpose of cataract classification. 

Keywords: Cataract; Electroacoustic modelling; Eye Scan Ultrasound System; Data augmentation 
 

1. Introduction 
Cataract is a degradation of the crystalline lens that impairs its transparency and light sensitivity, 

leading to deteriorated visual function and, if left untreated, eventual loss of vision [1]. According to 
the World Health Organization, cataract is the main cause of addressable vision impairment and 
blindness on a global scale. Out of the 2.2 billion individuals globally impacted by visual impairment, 
one billion suffer from conditions that could either be preventable or haven't yet been adequately 
addressed, such as cataract, a condition that affects 65.2 million people around the world [1]. 
Presently, surgical removal of the lens is the only effective treatment for cataracts [2]. 
Phacoemulsification is the most common used surgical approach for lens extraction. It employs 
ultrasound or laser energy to destroy the lens into fragments, which are then removed by aspiration. 
An artificial lens is then implanted, supported by the posterior lens capsule [3]. Phacoemulsification 
is a highly effective and safe technique. However, some intraoperative and postoperative 
complications may arise, causing delays in recovery [4]. These surgical complications are a result of 
different factors related to the patient, such as age and cataract density, or to the intervention itself, 
including phacoemulsification time, phacoemulsification energy, and surgeon experience. Common 
postoperative complications are corneal edema and endothelial cell loss. These problems may be 
minimized if the ultrasonic power and phacoemulsification time are reduced to minimum effective 
levels [5]. So, previous knowledge of the cataract type and severity is very important to quantitatively 
estimate the optimal phacoemulsification energy and plan of the surgical procedure. It also may 
improve the early cataract detection that by its time reduce the probability of surgical complications. 
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A clinical prototype has been developed and tested previously by the team [6]. To evaluate the 
effectiveness of the prototype as a medical tool, a big amount of data must be collected from several 
patients with and without cataracts. However, obtaining an adequate number of patients and data 
for training and testing a machine learning model will always be challenging. To overcome this 
limitation, the authors developed a model of the ophthalmologic transducer that generates an 
acoustic signal from an electrical excitation. Then, an acoustic simulation can be carried out to 
produce an acoustic response at the sensor surface. Finally, the same model of the ophthalmologic 
transducer produces an electrical echo derived from simulation results. Using this model, it is 
possible, through simulation, to introduce variations in the physical and acoustic parameters of the 
eye, thereby expanding the available data for training. 

An acoustic 3D model of the eye, that comprises the propagation of the ultrasonic waves through 
the medium, was obtained using the MATLAB k-Wave toolbox [7]. This software package was 
already used to implement with success a computational tool for simulating ophthalmological 
applications of A-scan ultrasound, including cataract characterisation and biometry [8]. 

A model based on the Fourier transform and in the principle of linear superposition proposed 
by Fa [9] is used, to obtain the transient response of an acoustic transducer when it works as 
transmitter and receiver. Kinsler at al. [10], modelled a piezoelectric transducer as a two-port network 
that relates electrical quantities at one port to mechanical quantities at the other. There are two 
functions to be determined for that goal: (1) the electric-to-acoustic conversion function, given by the 
ratio of the pressure at the surface of the transducer, P1(s), to the applied voltage signal at the 
transducer electric terminals, V1(s) (H1(s)=P1(s)/V1(s)); (2) the acoustic-to-electric conversion function, 
determined as the ratio of the voltage signal at the transducer electric terminals, V2(s), to the acoustic 
pressure sensed in its surface, P2(s) (H2(s)=V2(s)/P2(s)).  

Data augmentation techniques appear as a prevalent strategy to enlarge both the volume and 
diversity of training datasets, obviating the necessity to gather new data [11]. The task of acquiring 
larger datasets can often be intricate, and lead to patient discomfort arising from fatigue, limitations, 
or physical impairments. Notably, recent advancements in augmentation methods have materialized 
in specific domains within the field of biosignal processing, encompassing electroencephalography 
(EEG) [12,14], electromyography (EMG) [15-17], and electrocardiography (ECG) [18-21]. 

In the current study, after the comprehensive modelling of the ESUS, the generation of synthetic 
signals for database augmentation becomes feasible. These synthetic signals adeptly replicate cataract 
structures within the acoustic simulation medium. The resulting dataset, enriched with these 
synthetic signals, holds significant utility for training machine learning models. This approach not 
only addresses the challenges associated with acquiring extensive real-world data but also ensures 
that the model deals with a diverse scenario that faithfully represent variations in cataract structures. 

2. Materials and Methods 
2.1. Acoustic Simulation Model 

The k-Wave MATLAB toolbox is a valuable tool for simulating the propagation of ultrasound 
waves through the eye, as it allows time-domain simulations in 1D, 2D, and 3D. To utilize the k-Wave, 
it was necessary to define several parameters, such as the computational grid, excitation pulse, source 
and sensor transducer, and medium properties [22]. The simulated transducer is based on the 
ophthalmologic one used in the cataract classification prototype. It is characterized as a focused 
mono-element device operating in pulse-echo mode, with a 9 mm radius of curvature, a 3.2 mm 
diameter, an approximate focal distance of 8 mm, and a central frequency of 20 MHz. As the 
simulated transducer is focalized, only the central part of the eye is considered for the matrix, since 
the acoustic waves will not propagate to the peripheral zones. Also, once the region of interest is the 
crystalline lens, the matrix depth was limited to include the cornea, aqueous humour, the lens and 
around 1 millimetre after the lens posterior interface. This resulting matrix considerably reduces the 
required computational resources. The 2D and 3D computational grids used in the scope of this work 
are illustrated in Fig. 1 (a) and (b), respectively. 
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A computational tool was developed to simulate the propagation of A-scan signals through 
various eye structures. The dimensions and acoustic properties of the different eye structures are 
presented in Table 1 [8]. 

In the simulation setup the transducer was coupled to the cornea (contact biometry). Due to the 
slight difference in the radii of curvature between the transducer and the cornea, water´s acoustic 
properties were used for the space between them. 

For the simulation of cataractous lenses, the acoustic properties typical of severe nuclear 
cataracts were considered: velocity of 1785 m/s, density of 1200 kg/m³, and attenuation coefficient of 
5.2 dB/(cm.MHz) [6]. 

  
(a) (b) 

Figure 1. Computational grids: 2D (a) and 3D (b). Components: cornea surface (yellow), cornea 
(green), aqueous humour (light blue), lens (purple), and vitreous humour (red). 

Table 1. Radius of curvature, thickness and acoustic properties of the eye structures that compose 
the eye matrix. 

Eye structure Radius of 
curvature (mm) 

Thickness (mm) Sound speed 
(m/s) 

Density 
(kg/m3) 

Attenuation 
Coefficient  

Water - - 1494 997 0.0022 

Cornea 7.259 0.449 1553 1024 0.78 

Aqueous 
humour 

5.585 2.794 1495 1007 0.003 

Lens 8.672 4.979 1649 1090 0.42 

Vitreous 
humour 

6.328 1.000 1506 1003 0.0022 

2.2. ESUS Electrical Modelling 
The output y(t) of a LTI (linear and time invariant) system, with impulse response h(t), and an 

input x(t) is given by the convolution integral of the two continuous-time signals, as given in Eq. (1) 
[23]. 

𝑦𝑦(𝑡𝑡) = � 𝑥𝑥(𝜏𝜏)
+∞

−∞
ℎ(𝑡𝑡 − 𝜏𝜏)𝑑𝑑𝑑𝑑 = ℎ(𝑡𝑡) ∗ 𝑥𝑥(𝑡𝑡). (1) 

The convolution of two signals in the time domain corresponds to multiplication of their Fourier 
Transform (FT) in the frequency domain, given by: 

𝑦𝑦(𝑡𝑡) = ℎ(𝑡𝑡) ∗ 𝑥𝑥(𝑡𝑡) ↔   𝑌𝑌(𝑗𝑗𝑗𝑗) = 𝐻𝐻(𝑗𝑗𝑗𝑗).𝑋𝑋(𝑗𝑗𝑗𝑗), (2) 

where X(j𝜔𝜔), H(j𝜔𝜔) and Y(j𝜔𝜔) are the Fourier transforms of x(𝑡𝑡), h(𝑡𝑡) and y(𝑡𝑡), respectively. 
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To represent the ESUS prototype by its impulse response, diverse system components like the 
signal generator, cables and connectors, transducer operating in pulse-echo mode, propagating 
medium, and receiver amplifier should be considered. Cables and connectors can typically be 
considered to have a unit frequency response. 

From the approaches used by Fa [9] and Kinsler [10], two simplified circuits for the ESUS emitter 
and receiver stages can be obtained and are represented in Fig. 2. The emitter stage is composed by 
the generator, which has an excitation voltage Vin and impedance Zi, and the transducer with its 
electric impedance ZE, mechanical impedance Zm and an ideal transformer with ratio 1:φ, as illustrated 
in Fig. 2 (a). The receiver stage, in echo mode, is composed by the transducer working as receiver and 
the low noise amplifier (LNA) with an input impedance ZL (see Fig. 2 (b)). Note that the impedance 
values for the transmitter and receiver, working in pulse-echo mode, may differ. When the transducer 
works as emitter (pulse mode), a high voltage source (HV) is coupled to it, while in echo mode the 
transducer is connected to the LNA, with probably different impedances at its terminals. 

A transformer with ratio 1:φ, represents the electrical-to-acoustic conversion, with a voltage (V1) 
and a current (I1) in the electrical side, and a force (F1) and a transducer surface velocity (U1) in the 
acoustic side. The relation between electrical and mechanical quantities is presented in Eq. (3) [10]. 
The transformer is lossless, with equal power in the primary and secondary coils (V1I1=F1U1). 

𝑉𝑉1
𝐹𝐹1

=
𝑈𝑈1
𝐼𝐼1

=
1
φ

 . (3) 

It is possible to reduce the circuit shown in Fig. 2 (a) to the electrical side of the transformer, 
giving rise to the equivalent circuit shown in Fig. 2 (c). Using the same methodology for the receiver 
stage (Fig. 2 (b)), results the equivalent circuit reduced to the electrical side of the transformer, as 
presented in the Fig. 2 (d). In this case the impedance Zm is seen in the electrical side divided by φ 2 
and the force F2 divided by φ. 

For data augmentation purposes, we need to know the pressure signal p1(t) to be used in the 
acoustic simulation as a result of an electrical excitation signal v1(t). It is also necessary to obtain the 
electrical signal v2(t) given a pressure signal p2(t) produced by simulation, after propagation in the 
eye model. This knowledge enables the derivation of the relationship between v1(t) and v2(t), in 
Laplace domain, as 

𝐻𝐻(𝑠𝑠) = 𝑉𝑉2(𝑠𝑠)
𝑉𝑉1(𝑠𝑠) = 𝑃𝑃1(𝑠𝑠)

𝑉𝑉1(𝑠𝑠) × 𝑃𝑃2(𝑠𝑠)
𝑃𝑃1(𝑠𝑠) × 𝑉𝑉2(𝑠𝑠)

𝑃𝑃2(𝑠𝑠) = 𝐻𝐻1(𝑠𝑠) × 𝐻𝐻𝑚𝑚(𝑠𝑠) × 𝐻𝐻2(𝑠𝑠), (4) 

where H1(s) and H2(s) are the transfer functions when the system works as emitter and as receiver, 
respectively, and Hm(s) is the transfer function related to the propagation on the considered medium 
(eye structures). 

 
(a) 

Zi 

~ Vin 

 I1 U1 

 F1 V1 

1:φ 

HV source Transducer 

Zm ZE 
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(b) 

  
(c) (d) 

Figure 2. Electric circuit models for the pulse-echo system. (a) Emitter stage (F=0); (b) Receiver stage 
(Vin=0); (c) and (d) Simplification of the equivalent circuits to the primary side of the transformer for 
the emitter and the receiver stages, respectively. Vin is the excitation voltage source and Zi its output 
impedance; ZE and Zm are the electric and mechanical impedances of the transducer; φ is equivalent 
to a transform ratio; V1 and I1 are the voltage and the current in the electrical side; F1 and U1 are the 
force and a transducer surface velocity in the acoustic side; ZL is the low noise amplifier (LNA) input 
impedance. 

From the model of the Fig. 2 a) and Eq. (3) the force F1 in the mechanical side of the transformer 
is 

𝐹𝐹1(𝑠𝑠) = φ 𝑉𝑉1(𝑠𝑠). (5) 

Using the relation F(s)=AP(s), where A is the transducer area, it is easy to show that the pressure 
signal in time domain is given by 

𝑝𝑝1(𝑡𝑡) = φ
𝐴𝐴
𝑣𝑣1(𝑡𝑡).  (6) 

So, p1(t) is proportional to v1(t), and H1(s) is a simple relationship of constants of the transducer, 

𝐻𝐻1(𝑠𝑠) = 𝑃𝑃1(𝑠𝑠)
𝑉𝑉1(𝑠𝑠) = φ

𝐴𝐴
. (7) 

The propagation medium transfer function Hm(s) is defined as the ratio between the received 
acoustic signal, denoted as P2(s), resulting from the reflections in the propagation medium, and the 
emitted acoustic signal, P1(s). Knowing the electrical excitation signal, v1(t), the emitted acoustic signal 
p1(t) is determined by Eq. (6) and used as the acoustic stimulus for the simulation. The pressure signal 
p2(t) is obtained from the simulation result presented in section 2.1. From Fig. 2 d), considering a load 
impedance Z2 as ZL in parallel with ZE, the voltage V2(s) can easily be obtained considering a voltage 
divider, as: 

𝑉𝑉2(𝑠𝑠) = φ𝑍𝑍2
φ2𝑍𝑍2+𝑍𝑍𝑚𝑚

× 𝐴𝐴𝑃𝑃2(𝑠𝑠), (8) 

so, the transfer function H2(s) is given by: 

𝐻𝐻2(𝑠𝑠) = 𝑉𝑉2(𝑠𝑠)
𝑃𝑃2(𝑠𝑠) = φ𝐴𝐴𝑍𝑍2

φ2𝑍𝑍2+𝑍𝑍𝑚𝑚
. (9) 

However, because V2(s) can be obtained from v2(t), the electrical echo received, and, in the same 
way, P2(s) can be obtained from the simulation result, p2(t), then, one can derive H2(s) without 
requiring the knowledge of ZL, ZE or Zm. To achieve this, an experimental echo signal, v2(t), reflected 

I2 

 F'2 V2 

1:φ 
Zm 

LNA input Transducer 

F2  ~  ZL ZE 

U2 

Zi 

~ Vin 

 I1 

V1   

 Ii 

ZE 

 I2 

V2 

Zm/φ 
2 

F2/φ 
 

 ~ ZL ZE 
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on a flat metal plate positioned perpendicularly to the beam propagation direction and at the 
transducer's focal point in water, was used. The acoustic pressure signal, p2(t), was obtained from the 
simulation, considering a plate in water, under identical conditions of the real experiment. Then, the 
function H2(s), which is independent of the propagation medium, can be readily obtained using these 
signals in the Laplace domain. 

If h2(t) is the corresponding impulse response of H2(s), it is possible to estimate the electric echo 
signal, 𝑣𝑣�2(𝑡𝑡) as 

𝑣𝑣�2(𝑡𝑡) = ℎ2(𝑡𝑡) ∗ 𝑝𝑝2(𝑡𝑡), (10) 

where (*) indicates the convolution operator and p2(t) is an estimate of the pressure echo signal. 
Therefore, following the system modelling, once the simulated pressure signal for a specific 

medium is known, generating synthetic signals for database augmentation becomes feasible. 
The impulse response h2(t) corresponds to the acoustic-to-electric transduction in the ESUS 

system and must be evaluated only once. Then, any electrical echo signal could be derived from the 
result of a simulation pressure, using Eq. (10). 

3. Results 
To validate the previously proposed model, first the excitation signal v1(t), generated by the 

ESUS, was acquired using an oscilloscope (DPO 3054; Tektronix Inc, Beaverton, OR) at a sampling 
frequency of 2.5 GHz. The signal is illustrated in Fig. 3(a) and is used in Eq. (6) to obtain the pressure 
signal p1(t). 

The constant relation φ /A, representing the relationship between the transducer applied voltage 
and the pressure on its surface, was determined through experimental measurements. In a prior 
study [6], experimental pressure measurements at the focal point of the ophthalmic transducer were 
conducted for safety assessments of the proposed A-scan ultrasonic system, and the obtained 
maximum value was pf =1.02 MPa. 

 
(a) 

 
(b) 

0 0.05 0.1 0.15 0.2 0.25 0.3

Time [  s]

-10

0

10

20

30

Vo
lta

ge
 [V

]

10 10.5 11 11.5 12

Time [  s]

-5

0

5

Pr
es

su
re

 [k
Pa

]

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 29 July 2024                   doi:10.20944/preprints202407.2323.v1

https://doi.org/10.20944/preprints202407.2323.v1


 7 

 

 
(c) 

Figure 3. Signals used to validate the implemented model: (a) Electrical excitation signal v1(t); (b) 
Simulated echo signal p2(t) reflected in a flat metal plate; (c) Electrical echo signal from the reflector 
v2(t). 

The pressure on the transducer surface when working in pulse mode can be obtained knowing 
the focusing gain G for the pressure amplitude [24] 

𝐺𝐺 = 𝑘𝑘𝑎𝑎2

2𝐹𝐹
, (11) 

where k is the wavenumber, a the transducer radius and F the focal distance. For the presented 
transducer, these parameters have values of k=83.77×103 m-1, a=1.6 mm and F=8 mm, resulting in 
G=11.17, and the maximum value of the pressure at transducer surface is calculated as p1max=pf/G=88.1 
kPa. The use of this value and the maximum voltage of v1(t) extracted from Fig. 3 (a), allows deriving 
the transfer function H1(s)=φ /A=3.03 kPa/V. The pressure signal p1(t), employed as an input in the 
acoustic simulator, is obtained using Eq. 6. The acoustic simulation model presented in Section 2.1 
was employed with p1(t) as the input to generate the echo signal p2(t), shown in the Fig. 3 (b), which 
is the signal at the transducer surface that is reflected from a flat metal plate in water positioned at 
the transducer focus. Fig. 3 (c) presents the experimental electrical echo signal reflected from the metal 
plate, acquired by the oscilloscope. 

The transfer functions indicated in Eq. (4) can now be computed. The transfer function H(s) is 
obtained by the relation between v2(t) and v1(t), in s domain, and is shown in Fig. 4 (a). The 
propagation medium transfer function Hm(s)=P2(s)/P1(s) is shown in Fig. 4 (b). Finally, the H2(s) 
transfer function is computed and presented in Fig. 4 (c). 

 
(a) 

10.8 10.9 11 11.1 11.2 11.3

Time [  s]

-0.1

-0.05

0

0.05

0.1

0.15

Vo
lta

ge
 [V

]

0 10 20 30 40

f [MHz]

-70

-60

-50

-40

-30

-20

|H
| [

dB
]

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 29 July 2024                   doi:10.20944/preprints202407.2323.v1

https://doi.org/10.20944/preprints202407.2323.v1


 8 

 

 
(b) 

 
(c) 

Figure 4. Transfer functions obtained when a flat reflector is placed at the focus of the transducer: (a) 
H(s); (b) Hm(s); (c) H2(s). 

Applying an inverse fast Fourier transform to H2(jω), after low-pass filtering, yields the 
corresponding impulse response h2(t), presented in Fig. 5 (a). The estimated received signal is then 
obtained by applying Eq. 10. Fig. 5 (b) depicts the received signal 𝑣𝑣2(𝑡𝑡) and the estimated one 𝑣𝑣�2(𝑡𝑡). 
They exhibit a high degree of similarity. This observation enables us to conclude that the presented 
method can accurately generate signals for data augmentation purposes. 
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(b) 

Figure 5. (a) Impulse response h2(t); (b) Experimental and estimated received signals. 

Applying the same previous procedure, the model was tested using a simulated healthy lens 
signal, obtained from the 3D structure presented in Fig. 1 (b). From this signal, the estimate of the 
electrical signal is computed, based on the impulse response h2(t). The comparison with a real signal 
acquired using the ESUS in a previous work [25] is presented in the Fig. 6. The anterior and posterior 
lens interfaces are clearly identified, and once again, the similarity between the estimated and the real 
signals is very good. 

 
Figure 6. a) Real signal from a healthy lens (v2(t)); b) Estimated signal from a healthy lens (𝑣𝑣�2(𝑡𝑡)). 

As the main goal of this work was the generation of synthetic signals for database augmentation 
to be used in the cataract classification process, an example of a nuclear cataract was modelled with 
a 1 mm diameter sphere and cataractous tissue properties presented in section 2.1. Fig. 7 presents the 
estimated signal 𝑣𝑣�2(𝑡𝑡) where it is clearly observed the echo signal from the cataract. Notice that the 
real dimensions and position of the eye lens can vary among people, so, the simulation in Fig. 6 has 
different times from the one in Fig. 7, meaning different propagation delays of the eye structures. 
Other kinds of cataracts can be modeled in the same way. In near future, an already planned clinical 
trial will allow acquiring real data from eyes with different cataracts that will contribute for the 
validation and improving of the proposed model. 
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Figure 7. Estimated signal 𝑣𝑣�2(𝑡𝑡) from a cataractous lens. 

4. Discussion 
In the present work an electrical-acoustic model of the prototype ESUS was developed. A 3D 

computational model was established using the k-Wave MATLAB toolbox to simulate the 
propagation of ultrasonic waves through the eye. The electrical modelling considered different 
equivalent circuits, depending on whether the transducer is working as emitter or receiver. In the 
emitter mode the acoustic pressure is proportional to the excitation signal, being the electrical-to-
acoustic transduction obtained by a direct relation. In the receiver mode, the transfer function 
depends on the transducer impedance and on the receiver LNA input impedance. However, it was 
shown that by using the simulated pressure echo signal, the acoustic-to-electrical transfer function 
can be straightforwardly obtained, avoiding the knowledge of those impedances. This transfer 
function was obtained with an experimental setup using a flat reflector positioned in the transducer 
focus. A good agreement was observed between the experimental result and the estimated one. 

The model was also evaluated on signals acquired from healthy eyes and the obtained results 
demonstrated that the proposed approach is a valuable way to implement synthetic data 
augmentation, replicating real observed data. The model was also tested for a simulated signal from 
a nuclear cataract. The promising achieved results can lead to dataset production, which is very useful 
for the development of machine learning models. In future work the proposed approach can be 
validated in a context of a clinical trial and used in the development of machine learning models. The 
presented approach can be used in other ultrasonic systems working in pulse-echo mode. 

The integration of real-world patient data will enhance the model's accuracy and applicability, 
contributing to the refinement and validation of the ESUS system for robust cataract characterization. 
This research is a contribution to bridge the gap between theoretical modelling and practical clinical 
application, and thus to enhance the precision and effectiveness of cataract diagnosis and treatment 
planning. 
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