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Abstract

For each non-prime odd number as F = pq, if we consider m/n as an approximation for g /p and choose
k = mn, then by proving some lemmas and theorems, we can compute the values of m and n. Finally,
by using Fermat’s factorization method for F and 4kF as difference of two non-consecutive natural
numbers, we should be able to find the values of p and g. Then we introduce two new and powerful sieves

for separating composite numbers from prime numbers.
Keywords: Prime numbers, lemmas and theorems, Fermat’s factorization method, sieve
1. Introduction

There are many features for identification of prime numbers from non-prime numbers. In this paper, we
attempt to identify very important properties about non-prime odd numbers by proving some theorems
and lemmas. In 1643, Fermat a French mathematician described a method for factorization of big odd
numbers by a letter to Marin Mersenne .In composite numbers as F = pq, by propose k,. = q/p = m/n

and K = mn ,we introduce two new sieves for factorization of non-prime odd numbers by developing

Fermat’s factorization method. The first sieve ( a — s sieve ) based on the relation (|VF|+ 6)% —

—_a\2
F=(pz—q) and the second sieve ( § — s sieve ) based on the relation (|VAKF| + 8)" — 4kF = (mp —

nq)? (0 is a natural number). We show these sieves are very convenient for big numbers, because we

don't use long calculation within process of them.
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2. Development of Fermat’s factorization method

We know each non-prime odd number as F = pq (3 < p < q), can be written as a difference of squares

of two nonconsecutive natural numbers as following:

{p=2m+1 = F=pg=m+n+1)?%—(m—-n)?

q=2n+1

Itis clear that by assuming k, = %, we have F = k,.p2.

Therefore, for each natural number bigger than 1 as k, we can write 4kF as difference of squares of two

even numbers or odd numbers, in which F is a non-prime odd number:

4kF = 4k(pq) = (2kp) (2q) = (q + kp)* — (q — kp)?
If we assume k = mn, in this case, we can write:

4kF = 4mnpq = (mp + nq)? — (mp — np)?

Definition: In this paper, the expressions (|v&kF|+6)" — 4kF and (|VF|+8)" —F are shown
by B(k,6) and a(0) respectively.
If F is a square number, this means that it’s a non-prime number and if F isn’t a square number, and

_N\2
a(6) is a square, then according to the identity F = pq = (p+q) (%) and

definition of a(8) , we have:

ptq
——=|VF 9 _
a(8) = (WF|+6)2—F ={_2 L+ p = ([VF] +0) - Ja(0)

P _ Ja®) “la= (VFI+0) + Ja@

2

If kF is a square number and assume k, = %, it means that:

F = k,p? = kF = kk,p? = kk, = t2.

Since t and k are natural numbers, so F will be divided on k,..This means that F is a non-prime number.

If kF isn’t a square number and B(k, 8) is a square number, then we will have:

q+kp =|VakF|+ 6
lq — kpl = \/B(k,6)
([WJ+9)+\/W ([mjw)wm

2

4KF = (q + kp)? — (q — kp)? = (|VAKF| + 6)" — B(k,0) = {
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By assuming k = mn, we will have:

_ ([VakF| +6) ¥ B (k,6) . (|[VKF| + 8) + /B (K, )
- 2m e 2n

When F is a non-prime number, both p and g are natural numbers bigger than 1.

—72)2
Lemma 1: Whenever k is a natural even number such that x > (K 82)

and x is a natural number, in this

case, we will have:
l\/xz + kx] =X +—
Proof: From the basic algebra, we have:
k k k
(x+§—1)2 <xz+kx<(x+5)2 =>x+5—1<\/x2+kx<x+k.
If x + g — 1 isn’t the biggest integer number smaller than vx? + kx, we should have at least:

2
(x+§—1)+1<\/x2+kx=>x2+kx+KT<x2+kx. 1)

2
Since KT > 0, therefore the inequality (1) isn’t correct. So x +§— 1 is the biggest integer number

smaller than vVx2 + kx and based on the bracket function definition, we will have
l\/xz + kx] = x+—

2 —2)2
Because (x + g - 1) < x2 + kx , 50 we will have x > & 32) . R

2
Lemma 2: Suppose x is a natural number and k is a natural even number such that x > % Then,

we will have:

R

Proof: From basic algebra, we have:

k+2 k+2 k
(x——)2<x —kx<(x——)2 x—T<\/x2 kx<x—z.

Ifx — ﬂ isn’t the biggest integer component smaller than vx? + kx , then we should have:

3
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k+2)+1<\/x2 kx = (x? —kx)+ Lo —kx (@)

2
Because kT>0, so the inequality (1) is incorrect and x — % is the biggest integer number smaller than

Vx?2 — kx and from bracket function definition, we will have:

[ -4

And so:

2
- <x?—hx = x> [

In this paper, the approximate value of a number as x will be shown in the form of ~(x) or .

Theorem 1: For each natural odd number as F = pq, (1 < p < q) if we assumek, = ~(q/p) = m/n

and |k, — k.|=0-a; —a;, by choosing k=mn, the resultof B(k, 1) will be square whena; —a; p? <

V4F x 105 + 1.

Proof: If k, > k,., we can write:

m q 105q+a1 a5 p
Z_24o.
n p+ o - 105p

If we choose m=105q + @; ...a; p and n = 105p, then we will have:

k =mn=10%F + a; ...a; p?> X 105 = 4kF = (2 x 105F)%? + (2p? a; ..a;)(2 X 105 F) (D
Now, by assuming a; ...a, (2p?) =k’ and x = 2 X 105F, we arrive at 4kF = x? + k'x. Since k' is

even, so by lemma (1), we get

k' —2
[VakF| = |Vx2 + k'x| = x + s =2x10°F + @y p? 1

B(k,1) = (|V4kF| + 1)? — 4kF = (2 X 105F + @y ..a; p%)? — 4kF,

and therefore, according to the relation (1), we will obtain g(k, 1) = (a; ...a, P%)?. Consequently,

based on the lemma (1) and by assuming x > % , we should have:

k' <+/8x +2 = Gy .. a;. P2 < y/4F x 105 + 1.

In the case that k, < k,., the proof is similar to the above and we should have:

@ .. P2 < V4F x 105 — 1. B
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Notel: For each natural odd number, when p = 1, then we have B(k,1) = (a; ...a;)>%.
Whenever |k, — k,|=1075, then we have B(k, 1) = 1.

Theorem 2: In a non-prime odd numberas F =pq (1<p<gq),ifp>VF +1— f(\/F+ 1)2 —F,

then the result of a(1) will be square and we will have:

(q_P

8
a() = ([VF|+1)? - F = (5)* = ()

Proof: Since § = q — p is even, then from lemma (2) we have:
-1 qg+p
VP = ] = Vo ¥ ) = [VoZ ¥ 87| = p+ o2 = EE g

)
= a(l) = (—)2 —rq= (—)2 )’

In this case, according to lemma (1), we have:

F
5=q_P<\/8—P+2=2\/2—P+2=>;—p<2\/2—p+2=>F<(p+\/2—p)2

=p+,2p-VF>0=P>VF+1— ’(\/F+1)2—F .

Lemma 3: If k is a natural odd number and x is a natural number such that x > (%)2, then we will

have:
[\/xz +ka =x+%.

Proof: From the basic algebra, we will have:

k—1 k k—1 k
(x+T)2<x2+kx<(x+§)2 =>x+T<\/x2+kx<x+E.

If x + % is not the biggest integer number smaller than vx? + kx , then, we should have at least:
7 k+1 2
)+1< X +kx:>(x+7) <x%+kx = (x? +kx)+x+(—) <x%+kx. (1)

Because x + (%)2 > 0, so the inequality (1) is not correct and therefore this means that x + % is

the biggest integer number smaller than vx? + kx. Then, according to definition of the bracket function,

we should have [vVxZ + kx| = x + % But (x + & )2 < x2 + kx, so we should have
5
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k_
x> (592 |

Theorem3: In a natural odd number as F =pq, (1 <p < q), by assuming k, = q/p and k, =
~(q/p) = m/n , we will have B(k, 1) = (mp — nq)?.

In the case that k,. > k,.,we should have |mp — nq| = 0.a; ..a; np < 2,/nq + 1,

and in the case that k, < k,., we should have [mp — nq| = 0.ay ..a; np < 2,/mp + 1.

Proof: By assuming k = mn,we have |[V4kF| = |/4mnpq| = |\/PQ| which P = 2mp and Q = 2nq.

mp-nq

Ifl?r>kr:%>%=>kr—kr=o_m=% -

—1
P

€Y)
According to lemma (1), we will have:

6—2

§=P—Q=2mp—2nq = |VakF| = |PQ| = |JQ@ + )| =0 +——

_P+Q _ — 2 _ 2
—T—l—(mp+nq)—1=>ﬂ(k,1)—(mp+nq) —4mnpq = (mp — nq)“.

Based on lemma (1), we have:
6=P—-0Q0<.,8Q+2=>mp—nqg <2 /ng+1,

and according to the relation (1), we can writt mp —nqg = 0.a; ...agnp < 2,/nqg+ 1 .

m _ nqg-mp
o .

k L d k=0 a.=1-1_
Ifkr<kr.n<p=>kr k,=0.a; ... a; ;- -

According to lemma (1), we have:

§=Q—P =2nq—2mp = |[V4kF| = |\[Amnpq| = |/PQ]| = NMJ = l\/PZ +P6J

§—2 P+Q 5 5
+T=T —1=nqg+mp—-1= (k1) = (nq+mp)° —4mnpq = (mp — nq)~.

According to lemma (1), we should have:
6=Q—-P<~V8P+2=2nqg—mp<2/mp+1.

Based on the relation (2), we will have: nq —mp =0.a; ...a;np < 2./mp+1. 1B
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Theorem 4: For each natural odd number as F = pq, (1 < p < q), the value of 8(k, 1) will be square

2 _ 132
when k lies in interval ((‘/ET“),(‘/ETD) except in a case that k = k,..

Proof (1): If k > % , in this case 2kp > 2q and because the result of § = 2kp — 2q is even, then from

lemma (1), we will have:

VaRF| = [V @ )| = |VZa@2a + )| = |V @ + 208| =20 + > = q ko 1

= B(k,1) = (q + kp)* — 4kpq = (q — kp)*.

According to lemma (1), we should have:
§ = 2kp — 2q < \/8(2q) + 2 =>kp—q—1<2\/5=>kp<(\/5+1)2=>k<@. 1)

If k< %, in this case 2kp < 2q and because the result of § = 2q — 2kp is even, then from lemma (1),

we will get:

§—2
[VakF| = |/ @kp)2o)| = |/ (2kp) @kp + 8)| = |\/(2kp)? + 2kp5 | = 2kp + —

=q+kp—1=B(k,1) = (q+ kp)* — 4kpq = (q — kp)>.

Based on the lemma (1), we should have:
_1\2
5=2q—2kp<,/8(2kp)+2=>q—kp<2,/kp+1=>q<(,/kp+1)2=>k>WT”. @)

Now, from (1) and (2), we will have @ <

2
k< (‘/ET“), thus if k = k,., we can write:

k= r=%:>4kF=4q2:>,8(k,1)=(2q+1)2—4q2=4q+1¢|kp—q|=0

so, we can conclude k # k..

Proof (2): According to theorem(3), when we assume k = k,, = m and n = 1, we will have:

- (a+1)?
{kr>kr = kp—q<2J/q+1 N k<=—— IO LN O Vi
k. <k,=q—kp<2Jkp+1 k> QD P P
p

or (50) <ue< ()
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If we propose ki, =

—1)2 2
= (‘/ETI) and kpyax = (\/ﬁ+1) and shown the difference of K,,,;,, and K;,q, by 6

then for every integer number which is lied in that interval, the result of 8 (k, 1) will be square. Therefore,

we have § = kpagx — kimin = %ﬁ :

We will have the Maximum value of § when P = 1. In this case, we haves,,q, = 4VF .

If the number of natural numbers located in interval (k;nin, Kmayx) are demonstrated by N, so we will
have N = lkmaxJ - lkminJ-

If k = k, and it is located in interval (K,in, Kimax), then we will have N = | Ky, 0] — [ Kininl — 1.
When the value of 6 is maximum, then the value of N will be maximum too.

— | = - 1)?
{P ~ = {lkmlnj l(\/F 1) J = lkmaxJ - lkminJ -1

4= F ™ Uipaal = [(VF 417 77"
=|F+2VF+1|—|[F-2VF+1|-1=(F+ 1) +|2VF| - (F + 1) — |-2VF| - 1
= |2VF| - (=|2VF| -1) - 1 = [4VF]|.
Examplel: Find the value of N in F = 17 x 43 = 6851.
Answer:p =17,q =43=221<k <26 >N =26—-21=5.
Then we can see that:
k=22= B(22,1) =5%k =23 = B(23,1) = 122, k = 24 = B(24,1) = 52,
k =25 = B(25,1) = 442,k = 26 = B(26,1) = 392,
Theorem 5: For odd natural numbers as F = pq , by propose k, = % ~ % ,(m,n) = 1 and choose k=

r?mn ,when r is a natural number, then the value of B (k, 1) will be square.

Proof: For proof in the first case, we propose = > %

rm q _ _ _ —_
Therefore —> » => rmp >rnp => [\/4kFJ = [\/(ZTmp)(Zrnq)J =.,/PQ

If P=2rmp,Q = 2rnq,thenwehave§ = P —Q = 2rmp —2rnqg > 0.

Based on lemma (1) , we should have:
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[ﬁ]: l\/ml =Q+¥=¥—l=rmp—rnq—l =>

Bk, 1) = (|V4kF| + 1)2 — 4kF = (rmp + rnq)? — 4r’mnpq = (rmp —rnq)?.
Therefore we should have rmp —rnq < 2\/% +1.

In the case % < % , the proof is similar as above. 1

Theorem 6. For each non-prime odd number as F = pq(1 < p < q), if we assume

0= [(,/kp - ﬁ)zj + 1 and kF doesn’t be square, then the value of S (k, 8) will be square so that

2 2 2 2
W'  GT g GE) oo

<k<

Proof: In the identity 4kF = 4k(pq) = (q + kp)? — (q — kp)?,since kF can not be square, thus we
have 6 = [kp +q - 1/4kpq] +1=kp+q+ [—,/4kpq] +1=kp+q+ (—[,/4kpq] -1H+1
= kp + q — |[\J4kpq| = B(k,0) = (kp + q)* — 4kpq = (kp — 9)*.

At that rate for any k value, we can write:

0=|(fRp-ya) |+1=> 0-1<(fkp-aq) <0=>vo-1s<|Jkp-/q| <0 =>

2 2 2 2
(T g G e

In the sequel we have:

(fa-v2) z a2y
) p

For example when F =89 x 911 =81,079and 8 = 7, we can calculate k values as bellow:

Wa+vo-1)" _ _(a+Vo) wmg%fskgmmf .

p D 9 89

119<k <12[1=>k =12 => B(k,0) = p(12,7) = (1972 + 7)? — 3,891,792 = 1572
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We can observe when 6 = 6 , we can’t find any value for k.

Note 2: For any value of k as a natural number, exist a nonnegative integer number as 6

(9 = l(\/k—p - \/E)ZJ + 1) , so that 5 (k, 8) should be square. Whiles for any value of 8 , may don’t be

exist a value for k.

Generalized form of theorem 6: For each non-prime odd number as F = pq(1 < p < q), by assuming
m >n (. m,n are natural numbers), if we choose 6 = l(Jmp —,/nq)zj + 1 and mnpq doesn’t be

square, then the value of 8 (k, 8) will be square.

Proof: According to the identity 4kF = 4mnpq = (mp + nq)? — (mp — np)? and if 4mnpq doesn’t be
square, so we should have:

0= [mp +nq — 2,/mnpq] +1=mp+nq+ [—,/ mnqu +1
=mp+nq + (—[,/4mnpq] - 1) +1=mp+nq-— [,/4mnpq J

= B(k,6) = (|/4mnpq| + 6)* — 4mnpq = (mp — nq)?. [ ]

For example, when F = 17 x 23 = 391 and propose m=5 and n=2, then we should have:

0 =|(ymp - nq)’|+1=|(V5x17 —VZx23) |+ 1=6andk =mn =10
Bk, 0) = B(10,6) = (125 + 6)% — 15640 = 1521 = 392

Generalized form of theorem 4: For each non-prime natural numbers as F = pq (1 < p < q), if we

have k, = ~(q/p) = m/n and k = mn, then the value of 8(k, 1) would be square whenever:

—1)2 2
(\/n_C; £3) <m<(\/n_6110+1)_

Proof: From theorem (3), we have:

<(Jn_q+ 1)?
p

(Jng —1)?
p

k, >k, >mp-ng<2/ng+1=>mp<(/ng+1)?=>m
k, <k.=>nqg—-mp<2/mp+1=>nqg<(mp+1>2?=>m>

—1)2 2
S Gy G g
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i F i (nq+1)? Wng-1y> .
According to ¢ = \/k,.F and P = \/k:r as well as assuming M,,,q, = m; and M, = —"‘; | if

difference of M,,;, and M., will be shown by §, so we will get:

4./nq nF +[k3n2
8 =My —Mpin =6 = . =4 |5z =4 / rF :

If we propose k, = % =a-byb,..b; = % then by choosing n = 10° and = ab, ... b ,
we should have:

Sqg—1)2 S 2 J10SF — 2 J105 2
(\/10: 1) <m< (\/10pq+1) or ( 10: \/ﬁ) <m <( 10 F+\/§)

P
4,/105 105F +|k3 x 1028
=8 = a =4 =4 [
1% p? F

If we show the number of natural numbers that is located in interval (M,,in, Minax) by N, so for any k,.

we should have:
\Mypgsl = IMppinl| =N=> N—1<8§<N+1lor §—1< N< 6+1

In other way |§| = N or|6] = N — 1, therefore for each value of s and N, we can conclude:

3<N—1)4 F i <3(N+1>4 F
4 102s ~ " 4 102s

For any value of S, we define k(g).; as below

(N=1=> 1<k < ke5z

(' F N=2=> kg <k < kg,
kisy. = (Z) 105 2i (5)-.1 r (s):3

N=i+1=> kii<k:<Kke)i+2)

Then for any k().; we have:

5= 4 [k3x1028
F

ke = () 1

=> §=i =>N=i

Since we have k().; < k(s—1).;, therefore we should have:

11
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i/(£)4 7 S 3\/(1)4; => i< VI0 => ipg = |VI0| =3

4/ 1025 — 4/ 1026-D

We can calculate s,,,,, for F as below:

s\t F VF VF
(Z) m=1=>5=logﬁz>smax= lo'gE

If we propose i as a natural number from zero to s, , then define svalue as s = s, — 1 -

For any s we have:

k(s):l k(s);z k(s):3 k(s—l):l

For any s we have:

S\t F s\t F
Ka = (Z) 1026maxD) (Z) 1026-0)

In this case from s = log 1—@ we should have:

k(s < /102

Therefore:

Ksman1  Ksmax-1:1 K(smax-2)1

For calculated the value of P).; ,we should have:

=> Psq = V16X 10° X F

1)4 F
4) 1028

VF . VF
Smax = [ZOHE] » S = Smax — 1 => P(s):l > W

Therefore:
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V102
| |
| I

Pyq = V16F

P(Smax_z):1 P(smax—l):l P(Smax)i1

Since syay = [log 1—\@] ,thus for any sy, we have 256 x 1026max—1) < F < 256 x 10%Smax

Therefore in S(k, 1) test we can do as bellow:
k(s):l <k, < k(s—l):l =>n=105 => k= 10m
If k, = n? ,by choose 1 < n < VY10, then k, located in Sp,q, zone because we have < 100 .

We can observe in any s zone for a natural number as F, when the value of F increases, then the

difference between vF and D(s):1 Increases, because :

F 1
\/F - p(S):l = \/F - p(smax_i):l = \/— - m = \/ﬁ<1 B m>

3.Introducing ¢ — s Sieve

Since for each odd composite number we have:

{F=pq , 3<p=<q

P=2x+1 g=2y+1 > F=dy+2(+y)+1=2k+1

Therefore, if we propose S=x+y+1 and R=xy, then we will have:

F-1
K=T=2xy+ x+y =2R+S-1

By assuming a = S% — F so that a becomes a square number, we will to have:

o=stor= () w5

In general case, for each value of S, we can obtain its corresponding p as follows:

P=S—S2—F

q=S++S%?-F

Therefore by assuming « = S? — F =t?, we willhave P=S —tandq=S+t .

+
s=Pdoq=25-p=>F=pg=p@5-p) = {

2
For any F=p g we can conclude thatS = F;;’ or § = (%) fki and for any of the two different

values of P, we have:
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PL<p2=> Sp1 > sz = Aspl,pz = Sp1 T O T Ty

It is seen that for one definite number as F and a constant value of Ap, with increase in values of p, and
p2, the A S is decreased. In other words, with decrease in p values, the Sp values, increase.
When the difference between S, and S is represented by n, we will have:

F + p?

-p)’ = (n+VF) - |(n+VF)? - F
n=S5,-SF= 2p _\/F=>n=(\/ﬁ ) = p=(n ) "

2P q=(n+VF)+ /(n+\/F)2—F

|[VF|+n= a=SZ—F=t2=(¥)2

In this case we have:

2

S

By considering the points mentioned, we can recommend a sieve to identify an odd composite number is
prime or composite. This is based on the premise that if we are able to find values of S in a way that the
value of @ becomes square, therefore F will be a composite number.

By considering the relation K=2R+S-1 we will have:

k = an odd number = S = an even number

k = an even number = S = an odd number

The process of calculating the value of @ = §? — F and establishing the fact that whether it is square
numbers or not, is called « test. Any interval of 10 consecutive S is called the test domain. The reason
for defining such a concept as the test domain is due to the repetition of the first digit on the right side of
S values in it. For any natural odd number as F, considering the oddness or evenness of K and the digit
on the right side of it, a unique array for values of S can be stated as follows; in which o represents the

oddness of S and e represents the evenness of it. Therefore for any odd number in the formof F = ... f5 f;

on the condition that K is even or odd, we define Sglor o as

S(flor o = (digits on the right side of S in one domain).

Therefore, for different cases, we have:

k =odd, S!=(04,,6)
k =even ,S}=(1,5,9)

k=odd , S3=(2,8)
k=even , S3=(3,7)
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k=odd , SI=(46)
k=even , SI=(1,9

_[k=odd , $2=(028)
k=even , SJ=(3,5,7)

It is noteworthy to mention that in this sieve by finding the first response point, the compositeness of the
F number will become obvious. From now the S of any response point will be represented by S,.. In this
case we will have S, = S;in + (n — 1) X 10

Here n represents the number of the test domain which contains the response point (or S,.) and Sy,
also is the value of S in first test domain which has a digit on the right side equal to S,..Therefore for

: . +
each response point we will have S, = 222

For any « test, we will eliminate the values of S in test domains as much as possible. In other words,
some values of S for which a does not become square number (or perfect square) will be eliminated.
These processes of eliminating the S values and reaching the response points are called o - S sieve. When
F has more than two numbers as p, then the probability of reaching the first response point will be much.
One of the significant points about this sieve is the increase in density of the existence probability of P
values by decreasing S value. In order to establish the compositeness of an odd number, we only need to
reach the first response point.

One of the benefits of this sieve is the fact that in many cases we do not need « test for all values of S in

order to identify whether a is a square number. By using only a few digits on the right side of S and F,

then we will be able to eliminate many values of S. If a = e, e,,_1 ... e3e,e;is a prefect square number,
then we will be able to use the following notes in this sieve.

Note 3: e, can only have the values as 0, 1, 4, 5, 6, 9.

Note 4: If e;=5, then E; = e3e,e; must be as one of the member of the set {025, 225,625}.

For proving, by assume a = (... [5l,1;)? we should have:

(lglzll)z = (13125)2 = 104l§ + (2[1[3 + l3) X 103 + (l% + lz) X 102 + 52

N ezel=52=ﬁ
63=l%+l2312:0—>9=>63€{0,2,6}

Note 5: If e;=0, then E; = eze,e; will necessarily a member of the set {000,100,400,500,600,900} .

For perfect square numbers with the digit zero on their right side, the number of zeros on their right side
must always be even.

Note 6: In the case that « is an even number, we have E; — 0 = 8m or E; —4 = 8m and in the case

15
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that « is an odd number, we have E5 —1 =8m .
Therefore, by selecting Ey for big value of N we can eliminate more test points in a way that fewer test
points will remain for « test and this is very suitable for large numbers. In doing so, we will utilize the

following theorems.

Theorem 7: If the natural number as a = eyep_; ... e3€,€; IS a square number and the N digit on the
right side is represented by Ey=eyey_1 ... €561, then in a way that « is odd, we have:

Ey—(2i—1)?=2"m,; (1<i<2V3,N>3)

and in a way that « is even, we have:

Ey— (2i—2)?> =2"m,; (1<i<2V3,N>3)

(m; is a natural number)

Proof: Since any natural number can be represented by 2k, + L. in a way that if the number is even,
then [, = 0 and if it is odd, then [, =1 and that k, is a non-negative integer number; therefore, by
assuming that A is a perfect square number, we will have:

a =eyey_1 €366 = ks +11)? = QQRk, + 1)) +11)? = QQRQRkz+13) + 1) +1;)?

= e = [ZNkN + (2N_1 X lN + 2N_2 X lN—l + "'+ 212 + ll)]z

We will continue the operation above until the value of k,. in 2k, + L. equal to 1.
When we assume:
A = ZN_l X lN + 2N_2 X lN—l + 000 + 2l2 + ll

It can be seen that A equivalent to a number in base 2 as below:

A= (Iyly-1 L),

Therefore:
a=2Nky + A)? = 2Nk + 2kyA) x 2N + A?

By assuming T = 2Vk2 + 2kyA ,we will have:

a=Tx2N + A2 (1)

On the other hand, we can write:

— - I e
O = €yep_q1 636261 = €yey_1 .. eyr1 X 10Y +eyey_1 - €671

By assuming Ey = eyéy_1 ...e; and S =eyep_q ... enys+1, We will have:

a=Sx10" +Ey 2)

16
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From (1) and (2) we can conclude that:
Ey—A?=(T—-Sx5")x2N=2NxQ

It means that 2V counts the number Ey — A2.
Since we have:
Amax = (111 .. 1), =2V 4 2N 2 4 . 4 2+ 12 A =2V — 1

Therefore the number of the tests that we can do in a definite Ey will be as below:

EN - 12 = Zle
EN - 32 = ZNmz

EN — (an — 1)2 = 2Nmn1
Thus we will have:

2N_1=2n1_1 = n1=2N_1

Therefore:

Ey—Qi—1)?=2"m; , 1<i<2h?

For the case that « is even, we have [; = 0 and its proof is like the previous one; then for this case we
will have:
Apar =(A11..1), =2V 14282 4+ . 4 24+ 02 A =2V =2

Therefore, the number of Ey tests, when A is even, will be as below:

EN - 02 = Zle
EN - 22 = ZNmz

EN - (an - 2 2 = 2Nmn1

Thus we have:

2N_2=2n1_2 = n1=2N_1

Then in general case we will have:

Ey—QRi-2)?=2"m ,1<i<?2N?

To continue the proof, we first consider a case in which « is odd and for a definite Ey test with the

arrangement of A values in ascending order, therefore we should have:
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EN - 12 = Zle
EN - 32 = 2Nm2

Ey —(2x—1)%2=2"m,

Ey—Qy—-1)?%*=2"m,

EN - (an - 1)2 = ZNmnl
Since we have AA,,q, = 2n; — 1) — (—1) = 2n, = 2Ntherefore for two value of A with difference

2V-1sothat 2x —1) =2x2¥"2—j and (2y — 1) =2 x 2"=1 —{ (when i is a odd number and

located in interval from 1 to 2V~1 — 1) then we have:
Ry-1D?-2x—-1)?=0""HYx2x+2y-2)=2Ny+x-1)

Therefore the number of Ey, tests can be calculated by n, = 2¥2

In an ascending arrangement of the A values, for both of its values which lie in a symmetrical position,
we will have:

EN - 12 - 2Nm1

EN - 32 == ZNmZ

Ey =[2G+ 1) —1]* = 2Vm;,

EN - [Z(le - l) - 1]2 == ZN

Ey—[2n, =3]* = 2Nmnz—1

EN - [27’12 - 1]2 - 2Nmn2

= [2(n,—i)—11?=-[2( +1) —1]? = 2n, — 4i — 2)(2n,)
=(@2x2VN"2-4i-2)2x2VN"2) = (2N 2 -2i-1)x 2N

Since the result of (22 — 2i — 1)is positive, then N must be a number greater than 3. Therefore the
total number of the remaining values of A decreases from 2V~2to 2V=3 .which is represented by ny.
Thus in general case when « is odd, for every Ej test we will have:

EN - 12 = Zle
EN - 32 = ZNmz

EN - (ZTLN - 1)2 = ZNmnN

Then the total number of Ey tests equal to ny = 2V=3 .

For the case in which « is even, the proof process is completely similar and for each Ej test we have:

18
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-02=2"m
- 22 - 2Nm2

(ZnN 2)2 =2"m,,

In a way that the total number of each E} test is calculated like that of the previous case, thus we will
have ny = 2V~3, therefore the proof is complete.ll

Theorem 8: When Ey — x? by assuming that Ey = @Gyay—_1 . a1> — fxfy-1 - f1 can be counts by 2V

and when we replace a, with another digit like as ajy and represent the result of ayay_; ... a12 -

fufu—1 - f1 by Ey, therefore EN — x2 can also count 2V,
Proof: If in Ey = ayay_7 - — fvfu—1 - f1 = 2N + x? we replace ay with the digit ay in a way

thata ay = ay * r, and r can have one of the digits from 1 to 9, then we will have:

; . 2 2
Ey =ayay_q.-a; — fyfu-1-fi=(ayxtr)ay_q..a; — fyfy-1--f1

= (ay t1r)ay_, ...a12 — fufu-1 - fo = (F) x 10V v ayay g~ ar )2 — fufu-1 N1

= TZ X 102N_2 i 27" X 1ON_1 X aNaN_1 ...a1 + aNaN_l foN 1- f]_
.- (7'2 X 52N_2 X ZN_Z i r X 5N_2 X anan—1 ...al) X 2N + anay—q - foN 1- f]_

By assuming T = 12 x 52N=2 x 2N=2 +  x 5N=2 x ayay_; ... a; , we will have:

Ey=Tx2V+Ey=> Ey=Tx2V+2"m+x? = Ey—x?=(T+m)x2V

It means Ey, — x? can be count by 2" and the proof is complete. W

Note 7: When the values of E}y are even, we can decrease the number of E}y test. As an example, for E5

to E, we have:

E, — 0% =128m

E;, — 2?2 =128m

E — 4% =128m
— 62 =128m
—82=128m

E7 —10%2 =128m

E; —14% = 128m

In this sieve we can use theorems 7 and 8 in E), tests as below.

0a;_q ...aq Xl

All the S 0a;_q ...

laj_q - values la;_q ... All the S values
if Ejthen ' eliminated if Efthen ' remain for E,,
' from Ey,4 : tests.

. tests. .
9a;_1 ...aq1 X 9a;_q ...
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Theorem 9: When E) test for a definite S is positive, then Ey _,. test is positive for that S.

Proof: From theorem (4) we have:

2 _ 9N N, S 2 _ 9N
EN_x =2 m=>eNeN_1...el—x =2 mq

= eNeN—1 - CN—1r+1 X 10N—T + en—y €1 — xz = Zle

2 _ 9N N-r N-1
= eN—y €1 — X =2 my; —eyeny—1 - eN—r+1 X 5 X 2

— 9N-=i(9i N-1\ — 9N-T 2 _ 9N-r
=2 (2 my; —eneny—1 - eN—r+1 X 5 ) =2 m, :>EN—T_‘X =2 m,

It means the number 2N~ counts Ey_, — x2. In other words Ey_, test is positive and the proof is
complete. a

Therefore in every Ey, test for a definite S except for values of x for which Ey_; test is positive, all the
tests related to the other values of x are eliminated from the E) tests. Thus total number of E) tests can
be calculated as follows:

g, ~ 2V — 2N~ 4 1 =2N"% 11

Theorem 10: If Ey — x? = 2Vm, i.e. Ey test will be positive, then E,, — x? for each M greater than N
can be count by 2V,
Proof:

2

EN _xz = 2Nm = eyen—1 €61 — X" = 2Nm1 =4 eMmepm—1 - EN+1 X 1ON + eyen—1 .61 — xz

= Zle + eMeM_l ...eN+1 X 10N = ZN(ml + eMeM_]_ ...eN+1 X SN) = ZNmz
= epep—1 ---€2€61 — xz = ZNmz = EM - xz = ZNm2

It means that the 2V counts E, — x? and the proof is complete. B

In E), tests for a definite S, only for a one value of x, the test result is positive. It is because if we assume

for the two different values x; and x, the test result is positive, then it means x; and x, will have the

same outcome.

Theorem 11: If values of E for two values of S with a difference equal to10 ,from the two domains of

the consecutive test is represented by Ey;.+1yand Ey(; in a way that i represents the number of the test

domain, then values of AEy; i+1) = En(i+1) — En(iyfor the two consecutive domains of the Ejtests form

an arithmetic progression with 200 as common difference.

Proof: From Ey definition , we have:

{EN(l) = Srznin - m N
Eniy = Smin + 10— 1)) = fy . fi

Eney = Encty + 20 — 1)Spim + 1000 — 1)?
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{ Eni+1) = Enay + 20iSpmin + 100i?
AEp(i-1,i) = 20Smin + 100(2i — 3)
N = | — . P 2 )
= L Eniy = Eqnyr + 2000 — DSppin + 10000 — 1) = {AEN(i,i+1) 205 +100(2i - 1)

EN(i—l) = EN(l) + 20(1 - Z)Smin + 100(l - 2)2
= AEN(ii+1) — AEN(i-1,) = 200

It means the values of AEy; ;+1) forms an arithmetic progression with 200 as common difference value. |

Therefore we will have:

+200 +200 +200
X = AEN(I,Z) — AEN(2,3) — AEN(3,4) — ...

b's X+200 X+2X200 X+3X200
= Ena) 2 Ene) — En) En Eniy — -

= Enwy — Engeny = X + (i — 2) X 200 = Eygy = Eyy + (i — DX + (i — 1)(i — 2) x 100

If we represent the i th group of the S values with the number 10V by Hy ;) and the j th group of the S

values with the number 10¥~* by Ay(;), in a way that i in them is from 1 to [W] and j is from 1

to 10, then according to theorem 8 it will suffice to do the Ejy tests only for Ay 4),i.e. the first group with
the number 10¥~1in the Hy(1)group. If the test result for one definite S in Ay, will be positive, it means
the result of this test is positive for all the S values that contain N-1 similar digits on the right side and
are only different in the first digit on the left side and are located in other nine groups of A. But if the
result of Ey test is negative for one of the S values in Ay (q), then this test is negative for all the S values
which are only different in their first digit on the left side and are located in the other nine groups of A.
If in the first Ay (q) all the tests of E)y are negative, it means that the odd number under the test is a prime

number.

Ana)

]Q/e must do the E) tests only

|n AN(].)

If we assume that the number of E tests in Ay 4y is equal to w, then the total number of a tests in @ — S

. S —Smi
sieve can be calculated by n,_.+ = [lemml X 10w.
N 10

Note 8: If a« = e,,e,,—1 ... e3e,e; Will be a prefect square number, then we must to have:

mie=9k*Y " e, =3k+1 or
21
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In the a — S sieve it is better to do the E), tests for the two value of N; and N, in which N; is less than
N, so that we should have fewer E tests.
S Ey

Ey testa

1 2

If for very large numbers, E) tests are done by bigger value of N ,Then the number of a tests will be
decreased. It should be noted that working on some digits on the right side of a large number is much
easier than working on all of its digits and takes much less time. We can observe the number of E), tests
will be rigorous decreased, which is one of the important properties of this sieve.

Example 2: Show that F = 251,953,878,652,772,860,514,325,499,229 is a composite number.

Answer

|VF| = 501,950,075,865,935 ,k = —— = even, Spin = 501,950,075,865,927 = So = (3,5,7)

The first set of S by 103 length Eq

501,950,075,865,927
501,950,075,865,933
501,950,075,865,935

&
I
(SN
o
=)
!

w+

&
I
Ll
X

©
O
o
X

501,950,075,865,937
501,950,075,865,943
501,950,075,865,945

‘ ~
N
o

l
X

\I‘O
O N
N ©
Ll
R OR

501,950,075,865,947
501,950,075,865,953
501,950,075,865,955

Ul
[e0]
o

O
0
(=)

N
O
()

501,950,075,865,957
501,950,075,865,963
501,950,075,865,965

(o))
w
o

—_
S
o

O
O
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501,950,075,865,967
501,950,075,865,973
501,950,075,865,975

It can be seen that for S=504,037,195,361,823, « is a perfect square number and for this first S, we
have:

p = 458,215,632,147,113

— —C2 _f— 42
S, =504,037,195,361,823 5 a=Sf —F =t* == {q — $594.858.758,576,533

It is observed that only by E test, the S values are eliminated from 5 domains.

The most important notes regarding to the « — S sieve are mentioned as follows:

1. There is no need to know the prime numbers less than the square root of the number under test.

2. The results of E} tests do not depend on the largeness of the numbers under test. They only depend on
the type and the arrangement of N digits on the right side.

3. When we use Ejytest for N digits on the right side of a definite S in a way that the test result becomes
negative, all the S values which contain N — 1 similar digits on the right side, will be eliminated from
the « test.

4. For large numbers, by this sieve, we will reach the answer more quickly and more easily than by tests
divisibility test for prime numbers less than its square root. The largeness of the number allows us to do
E) tests for greater N value.

5. We will not need time-consuming and big computations with this sieve because in Ej tests we only use
N digits on the right side of the numbers.

4.Introduce B — s Sieve

Whenever by assuming(1 < p < q) F =pq and (1 <n < m)k = mn theresult of §(k, ) isasquare
number and by representing the phrase [\/4ij + 6 by S, therefore the values of p and g can be

calculated as follows:

p
B(k,0) =S?—4kF =t> =

For any k values we can calculate the values of S and £ (k, ) by placing the consecutive values of natural
numbers in (6 > 1)6.By Considering the theorems and the notes mentioned, from a few number of digits
on the right side of B(k, 8) value ,we will be able to eliminate many value of S from the test for which
the result of B(k, 8) is not square. This method of sieve, in which by eliminating S values, we want that

B(k, 6) to be a square number, is called g — S sieve. In this sieve, we represent N digits on the right side
23
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of B(k, 8) value by Ey and we do the E), tests like a — S sieve. the sieving S values only from k,. = 1 to
k, = Y100 (in S,q zONE), is equal to sieve the p values from VF to 3\/% in probable interval

containing p values.This is one of the most important benefits of this sieve. In this sieve for one definite
6 and K, we can assume:

{[WJ +60=S=TTay.a,a;

4kF = ...by ...byb;

= B(k,1) =S?—4kF = ey ..., = Ey = ey ...e;e;
If we represent the odd values of a, for b; by Sf,’l and the even values of a, for b; by Sfl,thus we will
have:
S2=(19)
S2=(46) ’

6 _
by = 6. |5 = (159
S8 = (0,4,6)

When the result of B(k, 1) is a square number, we will have:
B(k,0) = S* — 4kF = (mp + nq)* — 4(mn)(pq) = (mp —nq)* = t*

Therefore, when we have S = mp + ngq, the value of B(k, 8) will be a square number and the desired S

Sé=(357)
Sé = (02,8
So =37
Se =(28)

5§89 =1(1,357,9)

bi=0>
! {53 = (0,2,4,6,8)

’ b1=2:{ b1=4ﬁ{

) b1=8:>{

value, will be S,, = mp + nq . Considering that the values of m and n are odd or even, through k=mn we
can determine if the values of S are odd or even.

{m = odd {m = even

= S = even
n = odd n = even

{m=odd or {m=even = S =odd

n = odd
In order to use this sieve between two values of k,., we will do as follows:
Ay

n = even

[

X1

kiy kyr =—

B V1 Y2
By calculating the minimum value of S in the sieve interval of A, we will have:

Sq = |VAKF| = |\/4x1y,F]|

To calculate the maximum value of S in the sieve interval of A, we will do as follows:

_ F _ Yo F
P= kr B X2

=2 [F
Y\l X2

In the best case, If we consider x; and x, as consecutive integer number and y; = y, =y , then we
24
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2
F =k,p* = = Sy =x1p+y19 = (X1 +x3) %
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will have:

Sy = (2%, + 1) ﬁSd = |/4x1yF|

If one S, is located in the sieve interval of A, we represented it by A,..For each S,. in a sieve interval of
A,., we have:
S, =84+60=mp+nq
= B(k,0) = (inp — ng)? = t?
{9=l(\/@—\/ﬁ)2J+1 B(k,0) = (mp —nq)
In orders that the sieve should be easier, between the two consecutive integer values of k.., especially for
big values of F, it is better to divide the distance into y equal parts in which each part is an independent

sieve zone.

kr

k ky+1 ky+2 ky+y—1 k+1
k=X y y y+y k+1=( )y
y y y y

A _; represents the it h of sieve zone related to K. In a particular case when the distance between the

two integer values of consecutive k,. is selected as one sieve zone, we will do as follows:

|

1
F

Sq =|V4kF| , S,=|@k+1) 1

In zones of A,_;, the length of the sieve intervals is decreased by increasing the i. In other words:
LAk—L' = S - Sd

Uk—i

i = LAk—l > LAk—Z > LAk—3 > e

k

Therefore, for the sieve zones between the consecutive integer values of k,., the length of the intervals

are decreased.

Therefore:

Lp, > Lp, > Ly, > -

The decreasing of the length of consecutive sieve zones for k, values which are located in S = 0 zone
[finally to get at zero. In a way that for some consecutive integer value of k,., the reslult of 8 (k, 1) will
be a square number. With the increase in k,. values in this zone, the number of consecutive integer values
of k,. are increased accordingly. Therefore it is only necessary to do a S (k, 1) test for one value of k,

25


https://doi.org/10.20944/preprints202009.0742.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 30 September 2020 d0i:10.20944/preprints202009.0742.v1

based on the theorem(4). In general case, for an odd number as F, it is better to do the g — S sieve as

follows:

k=1, A, > kr=§ — 4kF — S’ Sa.

S Ey, Ey,

— 4kF — ST

e oro

Ey

Example3: By selecting y=2and k=2 prove that F = 9, 640, 669 is a composite number.
Answer:
A2—1 A2—2

I.l ///IIIIIIIIIIIIIIII.l
V7777777777777 /777/7771

4 5 6
2 2 2

, Saq,, =17,564 , S

Uz-1

= [9\/2_?1:] = 17,673 4kF =4 x4 x2xF =308,501,408

We can see, when S = 17,626 then £ is a prefect square number , since we have
B =S?—4kF = (17,622)? — 308,501,608 = 14262 = t2

_S—t_17,622-1426_
P=%m =7 2xa
S+t 17,622+1426

_ — 4049
1=, 2% 2

The important benefits of § — S sieve is that we can easily select a certain sieve zone within any distance
from k,. values (from 1 to F). This is particularly very important for some values of k,. since it includes
a large part of the interval containing the p values.

Example4: By the g — S sieve show that the number F = 34,873,477 in the sieve zone of A;_; has an

response point.
26
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Answer

k=3 , 12F=418,481,724 , S,,_, = 20,456 ,S,, , = 20,668

S E; B tests
20, 458 —
20, 460 — + f + t?

20, 462 — —

20, 468 -
20, 470 oy
20, 472 —

20,478 —
20, 480 — + B = 9742 = t?
20, 482 600 — + [

In order to utilize the 8 — S sieve in the zone of S = 0, it will only suffice to use the integer values of k.,

located in this zone, as the k in B (k, 1) tests.

3
If the value of ° /ZFR is represented by I, therefore in the zone of S=0, from relations § = 44\/"; and

4
kymy = 3/(%) F , we will have k) = ni/nl then we can conclud that § =N =n .

In a way that N represents the number of k values for one value of k, in order to have the same result for

the B(k, 1) tests. Therefore it is suggested that the distance from | to F can be divided as follows:

k,=1 k,=2321 k,=33Y31 k,=4Y4l k. =551 ......

[ [
- L Y
b1 0P

s=0 zone

In an arbitrary interval as ¢,,, some values of k must be used in 8 (k, 1)test which are obtained from the
kn + ni in a way thatk, = [n¥/nl]| is the minimum value of k and k4, = [(n + 1)Vn + 11| is the

maximum value of k.

Intervald,

(n+ DI¥n+ 11
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k, = [n%l] ko+n k,+2n k,+3n .. [(n +1DVn+ 1IJ =k,

We represent the numbers of k that can be chose for g (k, 1)tests in ¢,, interval by N,, ,that is:

N, = (n+1)Vn+ 11 —n?{/ﬁll _ [%]

n

It is observed that by increase in n, the length of the ¢,, intervals, i.e. L,, , will also increase. In other

words we have:
(V21 -1) < (3V31=23V21) < (4V41 <3V3I) <= Ly <Ly <Lz < < Ly < Lpyq <

In order to calculate the maximum value of n in S=0 zone, we will have:

(n+1)i/n+11=i/(n+1)4><3/2%=1r = Npax = [4VF| =1

Therefore if we want to have N=1, from differential calculus, we have:

(n+DVn+ 11 —nifnl = (i/(n+1)4—i/F)1z(§ %>I<n=>n2[g

As an example, for the number F = 631,523 we will have [g] = 77 , therefore If n=77 then we

should have:

L
L,, = 78¥781 — 773771 = 76.737 = N, = [% =1

It means that for values of n which are greater than 77, it will be suffice to select an integer number for
the B test in each ¢ intrval.

For example, in S=0 zone, for the number = 67,813 , we have:

253/251 363/361 10403/10401

~ 476 ~ 492
It is observed that:

{LZS = 16 {L1040 = 378
NZS =1 P T T N1040 =1

From differential calculus, we know that:
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3 4,
f@u+an) —f@) = f' (A, f(n) = Yn*, f'(0) = 5 Vnt

4 nN 31256 1 F
An=1 = JYm+D*=Yn*~=Yn* r—=nN |=—> n=|— |—
3 I F 6N .[3N

B R L

1
Npax N =3

For any B(k, 1)value in ¢,, intervals, we can use Ey tests.
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