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Abstract

In this paper, we study the well-posedness and asymptotic behaviour of solutions to a
laminated beam in thermoelasticity of type III. We first give the well-posedness of the system
by using the semigroup method. Then, we show that the system is exponentially stable under
the assumption of equal wave speeds. Furthermore, it is proved that the system is lack of
exponential stability for case of nonequal wave speeds. In this regard, a polynomial stability
result is proved.
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1 Introduction

In this paper, we consider a coupled system of a laminated beam with thermoelasticity of type

III, which has the form

ρ1ϕtt +G(ψ − ϕx)x = 0, (x, t) ∈ (0, 1)× (0,+∞),

Iρ1(3ω − ψ)tt −D(3ω − ψ)xx −G(ψ − ϕx) + αθx = 0, (x, t) ∈ (0, 1)× (0,+∞),

Iρ1ωtt −Dωxx +G(ψ − ϕx) +
4

3
β1ω +

4

3
β2ωt = 0, (x, t) ∈ (0, 1)× (0,+∞),

ρ2θtt − δθxx + γ(3ω − ψ)ttx − kθtxx = 0, (x, t) ∈ (0, 1)× (0,+∞),

ϕ(x, 0) = ϕ0(x), ψ(x, 0) = ψ0(x), x ∈ [0, 1],

ω(x, 0) = ω0(x), θ(x, 0) = θ0(x), x ∈ [0, 1],

ϕt(x, 0) = ϕ1(x), ψt(x, 0) = ψ1(x), x ∈ [0, 1],

ωt(x, 0) = ω1(x), θt(x, 0) = θ1(x), x ∈ [0, 1],

ϕx(0, t) = ϕx(1, t) = ψ(0, t) = ψ(1, t) = 0, t ∈ [0,+∞),

ω(0, t) = ω(1, t) = θx(0, t) = θx(1, t) = 0, t ∈ [0,+∞),

(1.1)

where ϕ(x, t) denotes the transverse displacement, ψ(x, t) represents the rotation angle, ω(x, t) is

proportional to the amount of slip along the interface at time t and longitudinal spatial variable
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x, θ(x, t) is the differential temperature, respectively, and ρ1, ρ2, Iρ1 , G, D, k, α, β1, β2, δ, γ

are positive constants. Moreover,
√

G
ρ1

and
√

D
Iρ1

are two wave speeds.

The asymptotic behaviors of the laminated beam have been investigated by several authors

over the past twenty years. Roughly speaking, laminated beam describes that two identical

homogeneous beams are allowed between the beams, which were placed on top of each and a

slip at the interface. These composite laminates usually have superior structural properties such

as adaptability. The design of their piezoelectric materials can be invoked as both actuators and

sensors. Based on the Timoshenko system, the model for this structure was first introduced by

Hansen [9]. Later on, Hansen and Spies [10] studied the boundary stabilization of laminated

beams with structural damping, which is
ρϕtt +G(ψ − ϕx)x = 0, (x, t) ∈ (0, 1)× (0,+∞),

Iρ(3ω − ψ)tt −D(3ω − ψ)xx −G(ψ − ϕx) = 0, (x, t) ∈ (0, 1)× (0,+∞),

3Iρωtt − 3Dωxx + 3G(ψ − ϕx) + 4γω + 4βωt = 0, (x, t) ∈ (0, 1)× (0,+∞),

(1.2)

where G, ρ, Iρ, D, γ, β > 0 are the shear stiffness, the density of the beams, mass moment of

inertia, flexural rigidity, adhesive stiffness of the beams and the adhesive damping parameter,

respectively. In [31], the following boundary feedback controls were proposed to exponentially

stabilize system (1.2):

u1(t) = k1ϕt(1, t), u2(t) = −k2(3ωt − ψt)(1, t),

where k1 and k2 were positive constant feedback gains. Then the boundary conditions became{
ϕ(0, t) = ψ(0, t) = ω(0, t) = 0, t > 0,

ψ(1, t)− ϕx(1, t) = u1(t), ωx(1, t) = 0, (3ωx − ψx)(1, t) = u2(t), t ∈ [0,+∞),

and the close-loop system had both internal damping and boundary controls. They assumed

that r1 :=
G

ρ
6= D

Iρ
=: r2, ki 6= ri, i = 1, 2, and found out an explicit asymptotic formula for the

matrix fundamental solutions. Then they carried out the asymptotic analysis for the eigenpairs

by using an invertible matrix function with an eigenvalue parameter and an asymptotic tech-

nique for the first order matrix differential equation. Cao et al. [2] considered an exponential

stabilization of the system (1.2) in case of non-equal speeds. They obtained that the ‘dominant’

part of the close loop system is exponentially stable. Tatar [29] proved that the system with

condition ρG < Iρ could be stabilized in an exponential manner using boundary controls. As

the same problem in [31], their results improved the few existing similar works in the literature.

Furthermore, Lo and Tatar [19] investigated uniform stability of the system

ρϕtt +G(ψ − ϕx)x = 0, (x, t) ∈ (0, 1)× (0,+∞),

Iρ(3ω − ψ)tt − (3ω − ψ)xx −G(ψ − ϕx)

+

∫ t

0
h(t− τ)(3ω − ψ)xx(τ)dτ = 0, (x, t) ∈ (0, 1)× (0,+∞),

Iρωtt − ωxx +G(ψ − ϕx) +
4

3
γω +

∫ t

0
g(t− τ)ωxx(τ)dτ = 0, (x, t) ∈ (0, 1)× (0,+∞),

2

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 16 January 2018                   doi:10.20944/preprints201801.0130.v1

http://dx.doi.org/10.20944/preprints201801.0130.v1


when a viscoelastic damping acted on the effective rotation and in the slip. This extended

previous works where boundary controls were used in addition to a frictional damping in the

dynamic of the slip. For other asymptotic behavior results to laminated beams, we refer the

reader to [1, 15, 18, 20] and the references therein.

It is easy to find that if the slip ω is assumed to be identically zero, then the first two equations

of system (1.2) can be reduced exactly to the Timoshenko beam system. For Timoshenko system

in thermoelasticity of type III, the theory of which was proposed by Green and Naghdi [8], a

large number of interesting decay results depending on the stability number have been established

(see [6, 21, 22, 24, 27] and references therein). Messaoudi and Said-Houari [23] considered the

following one-dimensional linear thermoelastic system:
ρ1ϕtt −K(ϕx + ψ)x = 0, (x, t) ∈ (0, 1)× (0,+∞),

ρ2ψtt − bψxx −K(ϕx + ψ) + βθx = 0, (x, t) ∈ (0, 1)× (0,+∞),

ρ3θtt − δθxx + γψttx − kθtxx = 0, (x, t) ∈ (0, 1)× (0,+∞),

which modeled the transverse vibration of a thick beam with heat conduction. Under the condi-

tion k
ρ1

= b
ρ2

, they proved that weak solution decay exponentially by using the energy method.

Moreover, Kafini et al. [13] studied the following Timoshenko system of thermoelasticity of type

III with delay of the form:
ρ1φtt −K(φx + ψ)x + µ1φt(x, t) + µ2φt(x, t− τ) = 0, (x, t) ∈ (0, 1)× (0,+∞),

ρ2ψtt − bψxx +K(φx + ψ) + βθtx = 0, (x, t) ∈ (0, 1)× (0,+∞),

ρ3θtt − δθxx + γψtx − kθtxx = 0, (x, t) ∈ (0, 1)× (0,+∞).

Under the initial and boundary conditions

θ(·, 0) = θ0, θt(·, 0) = θ1, ψ(·, 0) = ψ0, x ∈ [0, 1],

ψt(·, 0) = ψ1, φ(·, 0) = φ0, φt(·, 0) = φ1, x ∈ [0, 1],

φt(x, t− τ) = f0(x, t− τ), t ∈ (0, τ),

φ(0, t) = φ(1, t) = ψ(0, t) = ψ(1, t) = θx(0, t) = θx(1, t) = 0, t ∈ [0,+∞),

the energy of system decays exponentially in the case of equal wave speeds and polynomially in

the case of nonequal wave speeds. For other related results, we refer the reader to [3, 4, 5, 11,

12, 16, 17, 26, 28].

Motivated by the above results, in the present work, we study the well-posedness and asymp-

totic behaviour of solutions to the laminated beam (1.1) in thermoelasticity of type III. By using

semigroup method and Lumer-Philips theorem, we prove the existence and uniqueness of the

solution. By using the perturbed energy method and construct some Lyapunov functionals, we

then obtain the exponential decay result for the case of equal wave speeds, i.e., G
ρ1

= D
Iρ1

. When
G
ρ1
6= D

Iρ1
, we obtain the lack of exponential stability by using Gearhart-Herbst-Prüss-Huang

theorem. For this case, by introducing the extra second-order energy, we prove the polynomial

decay result.
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The rest of our paper is organized as follows. In the next section, we introduce some pre-

liminaries and state the main results. In Section 3, we establish the well-posedness of the

system. In Section 4, we prove that the system is exponentially stable in the case of equal wave

speeds. In Section 5, we show that the system is lack of exponential stability with different

wave-propagation speeds. The proof of the polynomial decay result is given in Section 6.

2 Preliminaries and main results

To exhibit the dissipative nature of the system (1.1), we introduce some new variables

Φ = ϕt, Ψ = ψt, W = ωt.

Then system (1.1) takes the form:

ρ1Φtt +G(Ψ− Φx)x = 0, (x, t) ∈ (0, 1)× (0,+∞),

Iρ1(3W −Ψ)tt −D(3W −Ψ)xx −G(Ψ− Φx) + αθtx = 0, (x, t) ∈ (0, 1)× (0,+∞),

Iρ1Wtt −DWxx +G(Ψ− Φx) +
4

3
β1W +

4

3
β2Wt = 0, (x, t) ∈ (0, 1)× (0,+∞),

ρ2θtt − δθxx + γ(3W −Ψ)tx − kθtxx = 0, (x, t) ∈ (0, 1)× (0,+∞),

(2.1)

with the initial data and boundary conditions

Φ(x, 0) = Φ0(x),Ψ(x, 0) = Ψ0(x), x ∈ [0, 1],

W (x, 0) = W0(x), θ(x, 0) = θ0(x), x ∈ [0, 1],

Φt(x, 0) = Φ1(x),Ψt(x, 0) = Ψ1(x), x ∈ [0, 1],

Wt(x, 0) = W1(x), θt(x, 0) = θ1(x), x ∈ [0, 1],

Φx(0, t) = Φx(1, t) = Ψ(0, t) = Ψ(1, t) = 0, t ∈ [0,+∞),

W (0, t) = W (1, t) = θx(0, t) = θx(1, t) = 0, t ∈ [0,+∞)

(2.2)

where

Φ0(x) = ϕ1,Φ1(x) = −G
ρ1

(ψ0 − ϕ0x)x,Ψ0(x) = ψ1, x ∈ [0, 1],

Ψ1(x) = −4G

Iρ1
(ψ0 − φ0x)− D

Iρ1
(3ω0 − ψ0)xx +

α

Iρ1
θ1x −

4β1
Iρ1

ω0 −
4β2
Iρ1

ω1 +
3D

Iρ1
ω0xx, x ∈ [0, 1],

W0(x) = ω1,W1(x) = − G

Iρ1
(ψ0 − ϕ0x)− 4β1

3Iρ1
ω0 −

4β1
3Iρ1

ω1 +
D

Iρ1
ω0xx, x ∈ [0, 1].

From equations (2.1)1, (2.1)3 and (2.2), we easily verify that

d2

dt2

∫ 1

0
Φ(x, t)dx = 0,

d2

dt2

∫ 1

0
θ(x, t)dx = 0,

and

Φ̄(x, t) := Φ(x, t)−
∫ 1

0
Φ0(x)dx− t

∫ 1

0
Φ1(x)dx,

4
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θ̄(x, t) := θ(x, t)−
∫ 1

0
θ0(x)dx− t

∫ 1

0
θ1(x)dx.

We know that (Φ̄,Ψ,W, θ̄) satisfies the boundary conditions, and more importantly∫ 1

0
Φ̄(x, t)dx = 0,

∫ 1

0
θ̄(x, t)dx = 0.

Hence, the use of Poincaré’s inequality for Φ̄ and θ̄ is justified. In what follows, we will work

with Φ̄ and θ̄. For convenience, we write Φ and θ.

From now on, we let

U = (Φ, 3W −Ψ,W, θ,Φt, 3Wt −Ψt,Wt, θt),

then (2.1) and (2.2) can be written as an evolutionary equation
dU(t)

dt
= AU(t), t > 0,

U(0) = U0 = (Φ0, 3W0 −Ψ0,W0, θ0,Φ1, 3W1 −Ψ1,W1, θ1),

(2.3)

where A is a linear operator defined by

AU =



Φt

3Wt −Ψt

Wt

θt

−G
ρ1

(Ψ− Φx)x

G

Iρ1
(Ψ− Φx) +

D

Iρ1
(3W −Ψ)xx −

α

Iρ1
θxt

− G

Iρ1
(Ψ− Φx)− 4β1

3Iρ1
W − 4β2

3Iρ1
Wt +

D

Iρ1
Wxx

δ

ρ2
θxx −

γ

ρ2
(3W −Ψ)tx +

k

ρ2
θtxx



.

We consider the following spaces:

L2
∗(0, 1) =

{
w ∈ L2(0, 1) :

∫ 1

0
w(s)ds = 0

}
,

H1
∗ (0, 1) = H1(0, 1) ∩ L2

∗(0, 1),

H2
∗ (0, 1) =

{
w ∈ H2(0, 1) : wx(0) = wx(1) = 0

}
,

and the energy space:

H = H1
∗ (0, 1)×H1

0 (0, 1)×H1
0 (0, 1)×H1

∗ (0, 1)× L2
∗(0, 1)× L2(0, 1)× L2(0, 1)× L2

∗(0, 1).

The inner product on Hilbert space H is defined by

(U, Ū)H =γρ1

∫ 1

0
ΦtΦ̄tdx+ γG

∫ 1

0
(Ψ− Φx)(Ψ̄− Φ̄x)dx+ γIρ1

∫ 1

0
(3W −Ψ)t(3W̄ − Ψ̄)tdx
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+ γ

∫ 1

0
D(3W −Ψ)x(3W̄ − Ψ̄)xdx+ 3γ

∫ 1

0
Iρ1WtW̄tdx+ 4γβ1

∫ 1

0
WW̄dx

+ 3γD

∫ 1

0
WxW̄xdx+ αρ2

∫ 1

0
θtθ̄tdx+ αδ

∫ 1

0
θxθ̄xdx.

The domain of A is

D(A) =

{
U ∈ H | Φ, θ ∈ H2

∗ (0, 1) ∩H1
∗ (0, 1),Ψ,W ∈ H2(0, 1) ∩H1

0 (0, 1),

Φt, θt ∈ H1
∗ (0, 1),Ψt,Wt ∈ H1

0 (0, 1), δθ + kθt ∈ H2
∗ (0, 1)

}
and it is dense in H.

We give the following well-posedness result of problem (2.3) :

Theorem 2.1 Let U0 ∈ H, then problem (2.3) exists a unique solution U ∈ C(R+,H). More-

over, if U0 ∈ D(A) then U ∈ C(R+, D(A)) ∩ C1(R+,H).

To state our decay result, we introduce the first energy functional

E(t) =
1

2

∫ 1

0

[
γρ1Φ

2
t + γG(Ψ− Φx)2 + γIρ1(3W −Ψ)2t + γD(3W −Ψ)2x

]
dx

+
1

2

∫ 1

0

[
3γIρ1W

2
t + 4γβ1W

2 + 3γDW 2
x + αρ2θ

2
t + αδθ2x

]
dx, (2.4)

and the second-order energy functional

E2(t) =
1

2

∫ 1

0

[
γρ1Φ

2
tt + γG(Ψ− Φx)2t + γIρ1(3W −Ψ)2tt + γD(3W −Ψ)2xt

]
dx

+
1

2

∫ 1

0

[
3γIρ1W

2
tt + 4γβ1W

2
t + 3γDW 2

xt + αρ2θ
2
tt + αδθ2xt

]
dx. (2.5)

Our decay results state as follows.

Theorem 2.2 Assume that
G

ρ1
=

D

Iρ1
and U0 ∈ H. Then, there exist two positive constants C0

and s, such that the energy E(t) associated with problem (2.1)-(2.2) satisfies

E(t) ≤ C0E(0)e−st, t ≥ 0.

Theorem 2.3 Assume that
G

ρ1
6= D

Iρ1
and U0 ∈ H. Then the semigroup associated to system

(2.1) with boundary conditions (2.2) is not exponentially stable.

Theorem 2.4 Assume that
G

ρ1
6= D

Iρ1
and U0 ∈ H. Then, there exists a positive constant C1

such that the energy E(t) associated with problem (2.1)-(2.2) satisfies

E(t) ≤ C1(E(0) + E2(0))

t
, t ≥ 0.

To study the property of system (2.1), we need the following inequality.

Lemma 2.1 [30, Lemma 2.2] Let f ∈ {H1[0, 1] | f(0) = 0}, then it holds that∫ 1

0
f2(x)dx ≤ 1

2

∫ 1

0

(
f ′(x)

)2
dx.
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3 Well-posedness

In this section, we give the proof of the well-posedness of problem (2.1)-(2.2) by making use of

Lumer-Philips theorem [7, 25].

Proof of Theorem 2.1. To prove the well-posedness result, it suffices to show that A :

D(A) → H is a maximal monotone operator, which means A is dissipative and Id − A is

surjective. First, an easy computation implies that

(AU,U)H =γρ1

∫ 1

0
ΦttΦtdx+ γG

∫ 1

0
(Ψ− Φx)t(Ψ− Φx)dx+ γIρ1

∫ 1

0
(3W −Ψ)tt(3W −Ψ)tdx

+ γ

∫ 1

0
D(3W −Ψ)tx(3W −Ψ)xdx+ 3γ

∫ 1

0
Iρ1WttWtdx+ 4γβ1

∫ 1

0
WtWdx

+ 3γD

∫ 1

0
WtxWxdx+ αρ2

∫ 1

0
θttθtdx+ αδ

∫ 1

0
θtxθxdx.

For any U ∈ D(A), we have

(AU,U)H = −4γ

∫ 1

0
β2W

2
t dx− α

∫ 1

0
kθ2txdx ≤ 0.

Consequently, A is a dissipative operator.

Next, let F = (f1, · · · , f8)T ∈ H, we seek V = (v1, · · · , v8)T ∈ D(A) satisfying

(Id−A)V = F, (3.1)

that is 

v1 − v5 = f1,

v2 − v6 = f2,

v3 − v7 = f3,

v4 − v8 = f4,

ρ1v5 −G∂xxv1 −G∂xv2 + 3G∂xv3 = ρ1f5,

Iρ1v6 +G∂xv1 +Gv2 − 3Gv3 −D∂xxv2 + α∂xv8 = Iρ1f6,

Iρ1v7 −Gv2 + 3Gv3 −G∂xv1 +
4

3
β1v3 +

4

3
β2v7 −D∂xxv3 = Iρ1f7,

ρ2v8 − δ∂xxv4 + γ∂xv6 − k∂xxv8 = ρ2f8.

(3.2)

From (3.2)1-(3.2)4, we have 

v5 = v1 − f1,

v6 = v2 − f2,

v7 = v3 − f3,

v8 = v4 − f4.

(3.3)

7
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By combining (3.2) and (3.3), it can be shown that v1, v2, v3, v4 satisfy

ρ1v1 −G∂xxv1 −G∂xv2 + 3G∂xv3 = ρ1 (f1 + f5) ,

Iρ1v2 +G∂xv1 +Gv2 − 3Gv3 −D∂xxv2 + α∂xv4 = Iρ1 (f2 + f6) + α∂xf4,

Iρ1v3 −Gv2 + 3Gv3 −G∂xv1 +
4

3
β1v3 +

4

3
β2v3 −D∂xxv3 = Iρ1 (f3 + f7) +

4

3
β2f3,

ρ2v4 − δ∂xxv4 + γ∂xv2 − k∂xxv4 = ρ2 (f4 + f8) + γ∂xf2 − k∂xxf4.

(3.4)

Multiplying (3.4)1-(3.4)4 by γv̄1, γv̄2, 3γv̄3 and αv̄4 and integrating over (0, 1), we arrive at

γ

∫ 1

0
ρ1v1v̄1dx− γ

∫ 1

0
G∂xxv1v̄1dx− γ

∫ 1

0
G∂xv2v̄1dx+ 3γ

∫ 1

0
G∂xv3v̄1dx

= γ

∫ 1

0
ρ1 (f1 + f5) v̄1dx,

γ

∫ 1

0
Iρ1v2v̄2dx+ γ

∫ 1

0
G∂xv1v̄2dx+ γ

∫ 1

0
Gv2v̄2dx− 3γ

∫ 1

0
Gv3v̄2dx− γ

∫ 1

0
D∂xxv2v̄2dx

+γ

∫ 1

0
α∂xv4v̄2dx = γ

∫ 1

0
Iρ1 (f2 + f6) v̄2dx+ γ

∫ 1

0
α∂xf4v̄2dx,

3γ

∫ 1

0
Iρ1v3v̄3dx− 3γ

∫ 1

0
Gv2v̄3dx+ 9γ

∫ 1

0
Gv3v̄3dx− 3γ

∫ 1

0
G∂xv1v̄3dx+ 4γ

∫ 1

0
β1v3v̄3dx

+4γ

∫ 1

0
β2v3v̄3dx− 3γ

∫ 1

0
D∂xxv3v̄3dx = 3γ

∫ 1

0
Iρ1 (f3 + f7) v̄3dx+ 4γ

∫ 1

0
β2f3v̄3dx,

α

∫ 1

0
ρ2v4v̄4dx− α

∫ 1

0
δ∂xxv4v̄4dx+ α

∫ 1

0
γ∂xv2v̄4dx− α

∫ 1

0
k∂xxv4v̄4dx

= α

∫ 1

0
ρ2 (f4 + f8) v̄4dx+ α

∫ 1

0
γ∂xf2v̄4dx− α

∫ 1

0
k∂xxf4v̄4dx.

(3.5)

The sum of these equations in (3.5) gives the following variational formulation:

a
(
(v1, v2, v3, v4)

T , (v̄1, v̄2, v̄3, v̄4)
T
)

= ā
(
(v̄1, v̄2, v̄3, v̄4)

T
)
, (3.6)

∀(v̄1, v̄2, v̄3, v̄4)T ∈ H1
∗ (0, 1)×H1

0 (0, 1)×H1
0 (0, 1)×H1

∗ (0, 1),

where

a
(
(v1, v2, v3, v4)

T , (v̄1, v̄2, v̄3, v̄4)
T
)

=γ

∫ 1

0
G(−∂xv1 − v2 + 3v3)(−∂xv̄1 − v̄2 + 3v̄3)dx+ γ

∫ 1

0
ρ1v1v̄1dx

+ γ

∫ 1

0
Iρ1v2v̄2dx+ (3γIρ1 + 4γβ1 + 4γβ2)

∫ 1

0
v3v̄3dx

+ α

∫ 1

0
ρ2v4v̄4dx+ γ

∫ 1

0
D∂xv2∂xv̄2dx+ 3γ

∫ 1

0
D∂xv3∂xv̄3dx

+ α

∫ 1

0
δ∂xv4∂xv̄4dx+ α

∫ 1

0
k∂xv4∂xv̄4dx

+ γα

∫ 1

0
∂xv4v̄2dx+ αγ

∫ 1

0
∂xv2v̄4dx (3.7)
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and

ā
(
(v̄1, v̄2, v̄3, v̄4)

T
)

=γ

∫ 1

0
ρ1(f1 + f5)v̄1dx+ γ

∫ 1

0
Iρ1(f2 + f6)v̄2dx

+ 3γ

∫ 1

0
Iρ1(f3 + f7)v̄3dx+ 4γ

∫ 1

0
β2f3v̄3dx+ α

∫ 1

0
ρ2(f4 + f8)v̄4dx

+ αγ

∫ 1

0
∂xf2v̄4dx+ αk

∫ 1

0
∂xf4∂xv̄4dx+ αγ

∫ 1

0
∂xf4v̄2dx. (3.8)

To study the variational formulation, we introduce the Hilbert space V = H1
∗ (0, 1) ×

H1
0 (0, 1)×H1

0 (0, 1)×H1
∗ (0, 1) equipped with the norm

‖(v1, v2, v3, v4)‖2V = ‖ − ∂xv1 − v2 + 3v3‖22 + ‖v1‖22 + ‖∂xv2‖22 + ‖∂xv3‖22 + ‖v4‖22 + ‖∂xv4‖22.

It is clear that a(·, ·) and ā(·) are bounded. Furthermore, we obtain

a
(
(v1, v2, v3, v4)

T , (v1, v2, v3, v4)
T
)

=γ

∫ 1

0
G(−∂xv1 − v2 + 3v3)

2dx+ γ

∫ 1

0
ρ1v

2
1dx+ γ

∫ 1

0
Iρ1v

2
2dx

+ (3γIρ1 + 4γβ1 + 4γβ2)

∫ 1

0
v23dx+ α

∫ 1

0
ρ2v

2
4dx

+ γ

∫ 1

0
D(∂xv2)

2dx+ 3γ

∫ 1

0
D(∂xv3)

2dx

+ α

∫ 1

0
δ(∂xv4)

2dx+ α

∫ 1

0
k(∂xv4)

2dx

≤C‖(v1, v2, v3, v4)‖2V ,

which implies that a(·, ·) is coercive. Consequently, applying Lax-Milgram theorem, we obtain

that (3.5) has a unique solution (v1, v2, v3, v4)
T ∈ V .

Substituting v1, v2, v3 and v4 into (3.3), we obtain

(v5, v6, v7, v8) ∈ H1
∗ (0, 1)×H1

0 (0, 1)×H1
0 (0, 1)×H1

∗ (0, 1).

It remains to show that

(v1, v2, v3, v4) ∈
(
H2
∗ (0, 1) ∩H1

∗ (0, 1)
)
×
(
H2(0, 1) ∩H1

0 (0, 1)
)
×
(
H2(0, 1) ∩H1

0 (0, 1)
)

×
(
H2
∗ (0, 1) ∩H1

∗ (0, 1)
)
.

Taking (v̄2, v̄3, v̄4) = (0, 0, 0) ∈ H1
0 (0, 1)×H1

0 (0, 1)×H1
∗ (0, 1) in (3.6), we get

a
(
(v1, v2, v3, v4)

T , (v̄1, 0, 0, 0)T
)

= γ

∫ 1

0
ρ1v1v̄1dx+ γ

∫ 1

0
G(−∂xxv1v̄1 − ∂xv2v̄1 + 3∂xv3v̄1)dx

= γ

∫ 1

0
ρ1(f1 + f5)v̄1dx, (3.9)

for all v̄1 ∈ H1
∗ (0, 1), which implies

G∂xxv1 = ρ1v1 −G∂xv2 + 3G∂xv3 − ρ1(f1 + f5) ∈ L2
∗(0, 1).
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Thus, by L2 theory for the linear elliptic equations, we obtain that

v1 ∈ H2(0, 1) ∩H1
∗ (0, 1).

Moreover, (3.9) is also true for any φ ∈ C1[0, 1] ⊂ H1
∗ (0, 1) (φ(0) = 0). Hence, we get∫ 1

0
G∂xv1∂xφdx+

∫ 1

0
ρ1v1φdx−

∫ 1

0
G∂xv2φdx+ 3

∫ 1

0
G∂xv3φdx =

∫ 1

0
ρ1(f1 + f5)φdx.

By using the integration by parts, we have

∂xv1(1)φ(1)− ∂xv1(0)φ(0) = 0 ∀φ ∈ C1[0, 1], φ(0) = 0.

Therefore, ∂xv1(1)φ(1) = 0 and we deduce that v1 ∈ H2
∗ (0, 1)∩H1

∗ (0, 1). In the same way, taking

(v̄1, v̄3, v̄4) = (0, 0, 0) ∈ H1
∗ (0, 1)×H1

0 (0, 1)×H1
∗ (0, 1) in (3.7), one has

a
(
(v1, v2, v3, v4)

T , (0, v̄2, 0, 0)T
)

=γ

∫ 1

0
G(∂xv1v̄2 + v2v̄2 − 3v3v̄2)dx+ γ

∫ 1

0
Iρ1v2v̄2dx

+ γ

∫ 1

0
D∂xv2∂xv̄2dx+ γα

∫ 1

0
∂xv4v̄2dx

=γ

∫ 1

0
Iρ1(f2 + f6)v̄2dx+ αγ

∫ 1

0
∂xf4v̄2dx. (3.10)

Recalling (3.2)2 and (3.2)4, we arrive at∫ 1

0
G(∂xv1v̄2 + v2v̄2 − 3v3v̄2)dx+

∫ 1

0
Iρ1v2v̄2dx+

∫ 1

0
D∂xv2∂xv̄2dx+ α

∫ 1

0
∂xv4v̄2dx

=

∫ 1

0
Iρ1(v2 − v6 + f6)v̄2dx+ α

∫ 1

0
∂x(v4 − v8)v̄2dx.

Hence, one has∫ 1

0
D∂xv2∂xv̄2dx =

∫ 1

0
[Iρ1f6 −G (∂xv1 + v2 − 3v3)− α∂xv8 − Iρ1v6] v̄2dx, (3.11)

for all v̄2 ∈ H1
0 (0, 1), which implies Iρ1f6 − G (∂xv1 + v2 − 3v3) − α∂xv8 − Iρ1v6 ∈ L2(0, 1).

Consequently, (3.11) takes the form∫ 1

0
(−D∂xxv2 +G∂xv1 +Gv2 − 3Gv3 + α∂xv8 + Iρ1v6 − Iρ1f6) v̄2dx = 0.

We obtain

−D∂xxv2 +G(∂xv1 + v2 − 3v3) + α∂xv8 + Iρ1v6 = Iρ1f6,

and v2 ∈ H2(0, 1) ∩H1
0 (0, 1), which gives (3.2)6. Similarly, we get

v3 ∈ H2(0, 1) ∩H1
0 (0, 1).

However, if we take (v̄1, v̄2, v̄3) = (0, 0, 0) ∈ H1
∗ (0, 1) × H1

0 (0, 1) × H1
0 (0, 1) in (3.7), thanks to

(3.2)2 and (3.2)4, we get

δ∂xxv4 + k∂xxv8 = ρ2f8 − γ∂xv6 − ρ2v8 ∈ L2
∗(0, 1),
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and conclude that

δv4 + kv8 ∈ H2(0, 1).

Furthermore, it is obvious from

δ∂xv4 + k∂xv8 = ρ2

∫ x

0
f8dx− γv6 − ρ2

∫ x

0
v8dx,

that

(δ∂xv4 + k∂xv8)(0) = (δ∂xv4 + k∂xv8)(1) = 0,

then, we get

δv4 + kv8 ∈ H2
∗ (0, 1).

Hence, there exists a unique V ∈ D(A) such that (3.1) is satisfied, the operator Id − A is

surjective. Moreover, it is easy to see that D(A) is dense in H. Consequently, the well-posedness

result follows from Lumer-Philips theorem. �

4 Exponential decay for G
ρ1

= D
Iρ1

In this section, we prove the exponential decay result in Theorem 2.2. It will be accomplished

by a Lyapunov functional L(t) which equivalent to E(t). To construct the Lyapunov functional

L(t), we modify some classical multipliers used in [13] and prove several lemmas.

The following lemma shows that the associated energy is non-increasing in time.

Lemma 4.1 The energy functional E(t) defined by (2.4) satisfies

d

dt
E(t) = −4γ

∫ 1

0
β2W

2
t dx− α

∫ 1

0
kθ2txdx ≤ 0.

Proof. Mulitiplying equation (2.2)1 by γΦt, (2.2)2 by γ(3W −Ψ)t, (2.2)3 by 3γWt and (2.2)4

by αθt respectively, then, integrating over (0,1) and summing up, we get

d

dt

γ

2

∫ 1

0

[
ρ1Φ

2
t +G(Ψ− Φx)2 + Iρ1(3Wt −Ψt)

2 +D(3Wx −Ψx)2 + 3Iρ1W
2
t + 4β1W

2 + 3DW 2
x

]
dx

+
d

dt

α

2

∫ 1

0

(
ρ2θ

2
t + δθ2x

)
dx+ 4γ

∫ 1

0
β2W

2
t dx+ α

∫ 1

0
k(θtx)2dx−G

∫ 1

0
(Ψ− Φx)Ψtdx

− γ
∫ 1

0
G(Ψ− Φx)(3W −Ψ)tdx+ 3γ

∫ 1

0
G(Ψ− Φx)Wtdx

=0,

we can conclude that

d

dt
E(t) = −4γ

∫ 1

0
β2W

2
t dx− α

∫ 1

0
k(θtx)2dx.

This completes the proof. �
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Lemma 4.2 Let (Φ,Ψ,W, θ) be the solution of problem (2.1)-(2.2). The functional

I1(t) := −ρ1
∫ 1

0
ΦΦtdx+ Iρ1

∫ 1

0
WWtdx

satisfies

I ′1(t) ≤− ρ1
∫ 1

0
Φ2
tdx−

2γβ

3

∫ 1

0
W 2dx− D

2

∫ 1

0
W 2
xdx+ C

∫ 1

0
W 2
t dx

+ C

∫ 1

0
(Ψ− Φx)2dx+ C

∫ 1

0
(3Wx −Ψx)2dx. (4.1)

Proof. By differentiating I1 and using (2.1)1, we conclude that

I1(t) =− ρ1
∫ 1

0
Φ2
tdx− ρ1

∫ 1

0
ΦΦttdx+ Iρ1

∫ 1

0
W 2
t dx+ Iρ1

∫ 1

0
WWttdx

=− ρ1
∫ 1

0
Φ2
tdx+ Iρ1

∫ 1

0
W 2
t dx−G

∫ 1

0
Φx(Ψ− Φx)dx−G

∫ 1

0
W (Ψ− Φx)dx

− 4β1
3

∫ 1

0
W 2dx− 4β2

3

∫ 1

0
WWtdx−D

∫ 1

0
W 2
xdx.

Making use of Young’s inequality, we get

I ′1(t) ≤− ρ1
∫ 1

0
Φ2
tdx−

4β1
3

∫ 1

0
W 2dx−D

∫ 1

0
W 2
xdx+ Iρ1

∫ 1

0
W 2
t dx+G

∫ 1

0
(Ψ− Φx)2dx

+
D

36G

∫ 1

0
Ψ2dx+

9G2

D

∫ 1

0
(Ψ− Φx)2dx+

β1
3

∫ 1

0
W 2dx+

3G2

4β1

∫ 1

0
(Ψ− Φx)2dx

+
β1
3

∫ 1

0
W 2dx+

4β22
3β1

∫ 1

0
W 2
t dx.

Using Lemma 2.1 and Young’s inequality again, we obtain (4.1). �

Lemma 4.3 Let (Φ,Ψ,W, θ) be the solution of problem (2.1)-(2.2). The functional

I2(t) := Iρ1

∫ 1

0
(3W −Ψ)(3W −Ψ)tdx

satisfies

I ′2(t) ≤ −
D

2

∫ 1

0
(3Wx −Ψx)2dx+ Iρ1

∫ 1

0
(3Wt −Ψt)

2dx+ C

∫ 1

0
(Ψ− Φx)2dx+ C

∫ 1

0
θ2t dx.

Proof. By differentiating I2 and using (2.1)2, we conclude that

I ′2(t) =Iρ1

∫ 1

0
(3Wt −Ψt)

2dx+

∫ 1

0
(3W −Ψ)[G(Ψ− Φx) +D(3W −Ψ)xx − αθxt]dx

=Iρ1

∫ 1

0
(3Wt −Ψt)

2dx+

∫ 1

0
(3W −Ψ)G(Ψ− Φx)dx

−D
∫ 1

0
(3Wx −Ψx)2dx+ α

∫ 1

0
(3Wx −Ψx)θtdx.

Using Young’s inequality and Lemma 2.1, we obtain the result. �

12

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 16 January 2018                   doi:10.20944/preprints201801.0130.v1

http://dx.doi.org/10.20944/preprints201801.0130.v1


Lemma 4.4 Let (Φ,Ψ,W, θ) be the solution of problem (2.1)-(2.2). The functional

I3(t) := Iρ1ρ2

∫ 1

0
(3W −Ψ)t

∫ x

0
θt(y, t)dydx− δIρ1

∫ 1

0
θx(3W −Ψ)dx

satisfies

I ′3(t) ≤−
γIρ
2

∫ 1

0
(3Wt −Ψt)

2dx+ αIρ1

∫ 1

0
θ2t dx+ ε3Iρ1

∫ 1

0
G(Ψ− Φx)2dx

+ c(ε3)

∫ 1

0
θ2t dx+ ε3Iρ!D

∫ 1

0
(3Wx −Ψx)2dx.

Proof. By differentiating I3 and using (2.1)4, we conclude that

I ′3(t) =

∫ 1

0
Iρ1(3W −Ψ)t

∫ x

0
[δθxx − γ(3W −Ψ)tx + kθtxx]dydx

+

∫ 1

0
ρ2[G(Ψ− Φx) +D(3W −Ψ)xx − αθxt]

∫ x

0
θt(y, t)dydx

− δIρ1
∫ 1

0
θtx(3W −Ψ)dx− δIρ1

∫ 1

0
θx(3W −Ψ)tdx

=

∫ 1

0
Iρ!(3W −Ψ)t[δθx − γ(3W −Ψ)t + kθtx]dx+ ρ2

∫ 1

0
GΨ

∫ x

0
θt(y, t)dydx

+

∫ 1

0
ρ2[−GΦx +D(3W −Ψ)xx − αθxt]

∫ x

0
θt(y, t)dydx

− δIρ1
∫ 1

0
θtx(3W −Ψ)dx− δIρ1

∫ 1

0
θx(3W −Ψ)tdx

=− γIρ1
∫ 1

0
(3W −Ψ)2tdx+ Iρ1k

∫ 1

0
(3W −Ψ)tθtxdx+ ρ2

∫ 1

0
G(Ψ− Φx)

∫ x

0
θt(y, t)dydx

− δIρ1
∫ 1

0
θtx(3W −Ψ)dx− ρ2

∫ 1

0
D(3W −Ψ)xθtdx+ αρ2

∫ 1

0
θ2t dx

+

[
ρ2(−GΦ +D(3W −Ψ)x − αθt)

∫ x

0
θt(y, t)dy

]∣∣∣∣x=1

x=0

.

Note that ∫ 1

0
θt(y, t)dy =

d

dt

∫ 1

0
θ(y, t)dy = 0,

then, by Young’s inequality, we obtain the result. �

Lemma 4.5 Let (Φ,Ψ,W, θ) be the solution of problem (2.1)-(2.2). The functional

I4(t) :=

∫ 1

0

[
ρ2θtθ +

k

2
θ2x + γ(3W −Ψ)xθ

]
dx

satisfies

I ′4(t) ≤ −δ
∫ 1

0
θ2xdx+

(
γ2

4ε4
+ ρ2

)∫ 1

0
θ2t dx+ ε4

∫ 1

0
(3Wx −Ψx)2dx. (4.2)

Proof. By differentiating I4 and using (2.1)4, we conclude that

I ′4(t) =

∫ 1

0
ρ2θttθdx+

∫ 1

0
ρ2θ

2
t dx+

∫ 1

0

k

2
(θxtθx + θxθxt)dx

13

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 16 January 2018                   doi:10.20944/preprints201801.0130.v1

http://dx.doi.org/10.20944/preprints201801.0130.v1


+

∫ 1

0
γ(3W −Ψ)xtθdx+

∫ 1

0
γ(3W −Ψ)xθtdx

=

∫ 1

0
[δθxx − γ(3W −Ψ)xt + kθtxx]θdx+

∫ 1

0
ρ2θ

2
t dx− k

∫ 1

0
θxxtθdx

+

∫ 1

0
γ(3W −Ψ)xtθdx+

∫ 1

0
γ(3W −Ψ)xθtdx

=

∫ 1

0
δθxxθdx+

∫ 1

0
ρ2θ

2
t dx+

∫ 1

0
γ(3W −Ψ)xθtdx.

Thanks to young’s inequality, (4.2) is established. �

Lemma 4.6 Let (Φ,Ψ,W, θ) be the solution of problem (2.1)-(2.2). The functional

I5(t) := Iρ1

∫ 1

0
(3W −Ψ)t(Φx −Ψ)dx+

D

G
ρ1

∫ 1

0
(3W −Ψ)xΦtdx

satisfies

I ′5(t) ≤−
G

2

∫ 1

0
(Ψ− Φx)2dx+ C

∫ t

0
θ2txdx+ Iρ1

∫ 1

0
(3W −Ψ)2tdx

+ ε5

∫ 1

0
(3W −Ψ)2tdx+ C(ε5)

∫ 1

0
W 2
t dx+

(
D

G
ρ1 − Iρ1

)∫ 1

0
(3W −Ψ)xtΦtdx. (4.3)

Proof. By differentiating I5 and using (2.1)2, we conclude that

I ′5(t) =Iρ1

∫ 1

0
(3W −Ψ)tt(Φx −Ψ)dx+ Iρ1

∫ 1

0
(3W −Ψ)t(Φx −Ψ)tdx

+
D

G
ρ1

∫ 1

0
(3W −Ψ)xtΦtdx+

D

G
ρ1

∫ 1

0
(3W −Ψ)xΦttdx

=−
∫ 1

0
G(Ψ− Φx)2dx+

∫ 1

0
D(3W −Ψ)xx(Φx −Ψ)dx−

∫ 1

0
αθtx(Φx −Ψ)dx

− Iρ1
∫ 1

0
(3W −Ψ)t(Ψ− Φx)tdx+

D

G
ρ1

∫ 1

0
(3W −Ψ)xtΦtdx−D

∫ 1

0
(3W −Ψ)x(Ψ− Φx)xdx

=−
∫ 1

0
G(Ψ− Φx)2dx+

∫ 1

0
αθtx(Ψ− Φx)dx+ Iρ1

∫ 1

0
(3W −Ψ)tΨtdx

+

(
D

G
ρ1 − Iρ1

)∫ 1

0
(3W −Ψ)xtΦtdx. (4.4)

Similarly, using young’s inequality, (4.3) is established. � Proof. of Theorem 2.2: To finalize

the proof, we assume
G

ρ1
=

D

Iρ1
and define a Lyapunov functional L as follows

L(t) := NE(t) + I1(t) +N2I2(t) +N3I3(t) + I4(t) +N5I5(t),

where N , N2, N3,N5 are positive constants to be chosen properly later. Using Cauchy-Schwarz

inequality and the Poincare inequality, one can easily see that all Ii(t), i = 1, 2, 3, 4, 5 are bounded

by an expression with the existing terms in the energy E(t). This leads to the equivalence of
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L(t) and E(t). Gathering the estimates in the previous lemmas and using

∫ 1

0
θ2t dx ≤

∫ 1

0
θ2txdx,

we arrive at

L′(t) ≤− (4Nγβ2 − C −N5C(ε5))

∫ 1

0
W 2
t dx

− (NαG−N3C(ε3)−N5C −N2C − Iρ1αN3 −N3C(ε3)− C(ε4)− ρ2)
∫ 1

0
θ2xtdx

− ρ1
∫ 1

0
Φ2
tdx−

2β1
3

∫ 1

0
W 2dx− D

2

∫ 1

0
W 2
xdx− δ

∫ 1

0
θ2xdx

−
(
G

2
N5 − C − CN2 − ε3N3

)∫ 1

0
(Ψ− Φx)2dx

−
(
D

2
N2 − C − ε4

)∫ 1

0
(3Wx −Ψx)2dx

−
(
γIρ1

2
N3 − Iρ1N2 − Iρ1N5 −N5ε5

)∫ 1

0
(3Wt −Ψt)

2dx. (4.5)

At this point, we need to choose our constants carefully. First, we take N2 large enough and ε4

small, such that
D

2
N2−C−ε4 > 0. Then, we choose N5 large enough, so that

G

2
N5−C−CN2 >

0. Next, we pick ε5 small and choose N3 large enough such that
γ

2
Iρ1N3−Iρ1N2−Iρ1N5−N5ε5 >

0. We then select ε3 so small that
D

2
N2 −C − ε4 −N3ε3 > 0 and

G

2
N5 −C −CN2 − ε3N3 > 0.

Finally, we choose N so large such that 4Nγβ2−C−N5C(ε5) > 0 and NαG−N3C(ε3)−N5C−
N2C − Iρ1αN3 −N3C(ε3)− C(ε4)− ρ2 > 0. From the above, we deduce that for some positive

constants γ1, γ2, one has γ1E(t) ≤ L(t) ≤ γ2E(t). Therefore, (4.5) becomes

L′(t) ≤ −cE(t).

For s =
c

γ2
, we get

L′(t) ≤ −sL(t), ∀t ≥ 0. (4.6)

A simple integration of (4.6) over (0,t) leads to

L(t) ≤ L(0)e−st, ∀t ≥ 0.

It gives the desired result Theorem 2.2 when combined with the equivalence of L(t) and E(t).

�

5 Lack of exponential stability

In this section, by using Gearhart-Herbst-Prüss-Huang theorem [14], we give the proof of The-

orem 2.3 which concludes the lack of exponential decay result. We consider that there exists a

sequence of imaginary number λµ and functions

Fµ = (f1, f2, f3, f4, f5, f6, f7, f8)T ∈ H,
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with ‖Fµ‖H ≤ 1 such that ‖(λµI −A)−1Fµ‖H →∞ where

λµUµ −AUµ = Fµ (5.1)

with Uµ = (Φ, 3W − Ψ,W, θ,Φt, 3Wt − Ψt,Wt, θt) not bounded. Rewrite the spectral equation

(5.1) in term of its components, for λµ = λ, we have

λΦ− Φt = f1,

λ(3W −Ψ)− (3W −Ψ)t = f2,

λW −Wt = f3,

λθ − θt = f4,

ρ1λΦt −G∂xxΦ−G∂x(3W −Ψ) + 3G∂xW = ρ1f
5,

Iρ1λ(3W −Ψ)t +G∂xΦ +G(3W −Ψ)− 3GW −D∂xx(3W −Ψ) + α∂xθt = Iρ1f
6,

Iρ1λWt −G(3W −Ψ) + 3GW −G∂xΦ +
4

3
β1W +

4

3
β2Wt −D∂xxW = Iρ1f

7,

ρ2λθt − δ∂xxθ + γ∂x(3W −Ψ)t − k∂xxθt = ρ2f
8.

Taking f1 = f2 = f3 = f4 = 0, we arrive at

ρ1λ
2Φ−G∂xxΦ−G∂x(3W −Ψ) + 3G∂xW = ρ1f

5,

Iρ1λ
2(3W −Ψ) +G∂xΦ +G(3W −Ψ)− 3GW −D∂xx(3W −Ψ) + λα∂xθ = Iρ1f

6,

Iρ1λ
2W −G(3W −Ψ) + 3GW −G∂xΦ +

4

3
β1W +

4

3
λβ2W −D∂xxW = Iρ1f

7,

ρ2λ
2θ − δ∂xxθ + λγ∂x(3W −Ψ)− kλ∂xxθ = ρ2f

8.

Because of the boundary conditions given by (2.2), we assume that

Φ = A cos (µπx) , (3W −Ψ) = B sin (µπx) , W = C sin (µπx) , θ = E cos (µπx) .

Now, choosing

f5 = b1 cos (µπx) , f6 = b2 sin (µπx) , f7 = b3 sin (µπx) , f8 = b4 cos (µπx) ,

we arrive at

ρ1λ
2A cos (µπx) +G (µπ)2A cos (µπx)−GµπB cos (µπx) + 3GµπC cos (µπx)

= ρ1b1 cos (µπx) ,

Iρ1λ
2B sin (µπx)−GµπA sin (µπx) +GB sin (µπx)− 3GC sin (µπx)

+D (µπ)2B sin (µπx)− λαµπE sin (µπx)

= Iρ1b2 sin (µπx) ,

Iρ1λ
2C sin (µπx)−GB sin (µπx) + 3GC sin (µπx) +GµπA sin (µπx)

+
4

3
β1C sin (µπx) +

4

3
λβ2C sin (µπx) +D (µπ)2C sin (µπx)

= Iρ1b3 sin (µπx) ,

ρ2λ
2E cos (µπx) + δ (µπ)2E cos (µπx) + λγµπB cos (µπx) + kλ (µπ)2E cos (µπx)

= ρ2b4 cos (µπx) .
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Choosing b1 =
1

ρ1
, b2 = b3 = b4 = 0, we have



ρ1λ
2A+G (µπ)2A−GBµπ + 3GµπC = 1,

Iρ1λ
2B −AGµπ +GB − 3GC +D (µπ)2B − λαµπE = 0,

Iρ1λ
2C −GB + 3GC +GµπA+

4

3
β1C +

4

3
λβ2C +D (µπ)2C = 0,

ρ2λ
2E + δ (µπ)2E + λγµπB + kλ (µπ)2E = 0.

Now, we take λ = λµ, such that

ρ1λ
2 +G (µπ)2 = 0.

Therefore, the above system can be written as

−GBµπ + 3GµπC = 1,

−AGµπ +

[(
D − Iρ1G

ρ1

)
(µπ)2 +G

]
B − 3GC −

√
G

ρ1
α(µπ)2iE = 0,

−GB +GµπA+

[(
D − Iρ1G

ρ1

)
(µπ)2 +

4

3
β1 + 3G+

4

3

√
G

ρ1
β2µπi

]
C = 0,

√
G

ρ1
γ(µπ)2iB +

(
−ρ2G
ρ1

+ δ + k

√
G

ρ1
µπi

)
(µπ)2E = 0.

(5.2)

Add (5.2)2 to (5.2)3, we conclude that(
D − Iρ1G

ρ1

)
(µπ)2B +

[(
D − Iρ1G

ρ1

)
(µπ)2 +

4

3
β1 +

4

3

√
G

ρ1
β2µπi

]
C −

√
G

ρ1
α(µπ)2iE = 0.

(5.3)

It follows from (5.2)4, we get

E =
γ
√

G
ρ1
i

ρ2G
ρ1
− δ − k

√
G
ρ1

(µπ) i
B. (5.4)

Combining (5.4) and (5.3) yields

C =
N

M
B,

where

N =
απγG

µρ1

(
ρ2G

ρ1
− δ − k

√
G

ρ1
(µπ) i

)−1
−
(
D − Iρ1G

ρ1

)
(µπ)2 ,

M =

(
D − Iρ1G

ρ1

)
(µπ)2 +

4

3
β1 +

4

3

√
G

ρ1
β2 (µπ) i.

Subtracting C into (5.2)3 and (5.2)1, we get

A =
G− (M + 3G)NM

G (µπ)
B, B =

M

(3N −M)G (µπ)
.
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When µ→∞, we get B (µπ)→ − 1

4G
. Then, substituting B into A, C, E, we obtain

A→ −1

4
, C → o

(
1

µ

)
, E → o

(
1

µ

)
.

Thus

‖Uµ‖2H ≥G
∫ 1

0
(Ψ− Φx)2dx = G

∫ 1

0
(−B + 3C + µπA)2 sin2 (µπx) dx

= GA2 (µπ)2
∫ 1

0
sin2 (µπx) dx =

1

2
GA2 (µπ)2 − 1

4
GA2 (µπ) sin (2µπx) |x=1

x=0

→∞ as µ→∞.

Therefore, this completes the proof.

6 Polynomial decay for G
ρ1
6= D

Iρ1

In this section, we prove the polynomial decay result for the case
G

ρ1
6= D

Iρ1
. Similar as Lemma

4.1, a simple calculation about the second-order energy implies

d

dt
E2(t) = −4γ

∫ 1

0
β2W

2
ttdx− α

∫ 1

0
kθ2xttdx ≤ 0.

Now, we prove Theorem 2.4. Let
G

ρ1
− D

Iρ1
6= 0, the last term in (4.4) can be handled as follows.

Using (2.1)4 and Young’s inequality, we obtain∫ 1

0
(3W −Ψ)xtΦtdx =

1

γ

∫ 1

0
(kθxxt + δθxx − ρ2θtt)Φtdx

=− ρ2
γ

∫ 1

0
θttΦtdx+

δ

γ

∫ 1

0
θxxΦtdx+

k

γ

∫ 1

0
θxxtΦtdx

=− ρ2
γ

∫ 1

0
θttΦtdx+

δ

γ

∫ 1

0
θxtΦxdx+

k

γ

∫ 1

0
θxttΦxdx

− d

dt

∫ 1

0

(
δ

γ
θxΦx +

k

γ
θxtΦx

)
dx.

Multiplying by
D

G
ρ1 − Iρ1 , we get(

D

G
ρ1 − Iρ

)∫ 1

0
(3W −Ψ)xtΦtdx ≤−

d

dt

(
D

G
ρ1 − Iρ1

)∫ 1

0

(
δ

γ
θxΦx +

k

γ
θxtΦx

)
dx

+ ε6

∫ 1

0
(Φ2

t + Φ2
x)dx+ C(ε6)

∫ 1

0
(θ2xt + θ2xtt)dx,

where we have used that

Φ2
x = (Φx −Ψ + Ψ)2 ≤2(Φx −Ψ)2 + 2(Ψ− 3W + 3W )2

≤2(Φx −Ψ)2 + 4(Ψ− 3W )2 + 36W 2.
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We then define

L(t) = L̄(t) +

(
D

G
ρ1 − Iρ1

)∫ 1

0

(
δ

γ
θxΦx +

k

γ
θxtΦx

)
dx,

where

L̄(t) = N (E(t) + E2(t)) + I1(t) +N2I2(t) +N3I3(t) + I4(t) +N5I5(t).

From (4.5) and (2.4), we get

L′(t) ≤− cE(t) + ε6

∫ 1

0

[
Φ2
t + 2(Φx −Ψ)2 + 4(Ψ− 3W )2 + 36W 2

]
dx

− (N − C(ε6))

∫ 1

0
θ2xttdx− (N − C(ε6))

∫ 1

0
θ2xtdx. (6.1)

Then we choose ε6 small enough and take N large enough so that L is positive and

NαG−N3C(ε3)−N5C −N2C − IραN3 −N3C(ε3)− C(ε4)− ρ2 − C(ε6) > 0.

Depending on above constants, we deduce that

L′(t) ≤ − c
2
E(t).

Integrating over (0, t), we have

tE(t) ≤
∫ t

0
E(s)ds ≤ 2

c
(L′(0)− L′(t)) ≤ 2L′(0)

c
.

Consequently,

E(t) ≤ 2L(0)

ct
≤ C1(E(0) + E2(0))

t
∀ t > 0.

This completes the proof.
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