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Abstract

In this paper, we study the well-posedness and asymptotic behaviour of solutions to a
laminated beam in thermoelasticity of type III. We first give the well-posedness of the system
by using the semigroup method. Then, we show that the system is exponentially stable under
the assumption of equal wave speeds. Furthermore, it is proved that the system is lack of
exponential stability for case of nonequal wave speeds. In this regard, a polynomial stability
result is proved.
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1 Introduction

In this paper, we consider a coupled system of a laminated beam with thermoelasticity of type
III, which has the form

)
~

prow + G — o)z =0, ) €

©
I (3w =) — DBw — ¥)gz — G — z) + by, =0, (z,t) € (0,1) x (0, +00),
Iy wit — Dwze + G — @) + gﬁlw + gﬂth =0, (z,t) € (0,1) x (0, +00),
0204 — 6020 + Y(3w — V) pe — kbOtze = 0, x,t) € (0,1) x (0, +00),
(2, 0) = po(x), ¥(, 0) = o (), € 0,1], 1)
w(z,0) = wo(x),0(x,0) = (), z € [0,1],
ei(z,0) = p1(x), Ye(z,0) = P1(2), z € [0,1],
wi(z,0) = wi(x),0:(x,0) = 01 (x), x € [0,1],
0e(0,1) = @e(1,t) = ¥(0,1) = ¢(1,1) = 0, t € [0,400),
w(0,t) =w(1,t) = 6,(0,t) = 0,(1,¢t) =0, t € [0, +00),

where p(z,t) denotes the transverse displacement, 1)(z, t) represents the rotation angle, w(x,t) is

proportional to the amount of slip along the interface at time ¢ and longitudinal spatial variable
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x, O(z,t) is the differential temperature, respectively, and p1, p2, I,,, G, D, k, o, p1, P2, 0, v
are positive constants. Moreover, \/pgl and \/% are two wave speeds.

The asymptotic behaviors of the laminated beam have been investigated by several authors
over the past twenty years. Roughly speaking, laminated beam describes that two identical
homogeneous beams are allowed between the beams, which were placed on top of each and a
slip at the interface. These composite laminates usually have superior structural properties such
as adaptability. The design of their piezoelectric materials can be invoked as both actuators and
sensors. Based on the Timoshenko system, the model for this structure was first introduced by
Hansen [9]. Later on, Hansen and Spies [10] studied the boundary stabilization of laminated

beams with structural damping, which is
por+ G — @)z =0, (x,t) € (0,1) x (0,+00),
L(3w = P)it = DBw = Y)aw — G —¢2) =0, (2,t) € (0,1) x (0, +-00), (1.2)
3l,wit — 3Dwzy + 3G (Y — pz) + 4yw + 4fwe = 0, (x,t) € (0,1) x (0, 400),

X
X

where G,p,1,,D,7v,8 > 0 are the shear stiffness, the density of the beams, mass moment of
inertia, flexural rigidity, adhesive stiffness of the beams and the adhesive damping parameter,
respectively. In [31], the following boundary feedback controls were proposed to exponentially

stabilize system (1.2):

ur(t) = k1ee(1,1), ug(t) = =k (3w — 1¢)(1, ),
where k1 and ko were positive constant feedback gains. Then the boundary conditions became

{ ©(0,t) = 1(0,t) = w(0,t) =0, t>0,
¢(17t) - (Px(l?t) = ul(t)a wm(lat) =0, (3&)95 - %)(1,75) = u2(t)v te [07 —|—OO),

and the close-loop system had both internal damping and boundary controls. They assumed
D

that ry := ¢ #* I—p =:r9, k; #1r;, i = 1,2, and found out an explicit asymptotic formula for the
matrix fundamental solutions. Then they carried out the asymptotic analysis for the eigenpairs
by using an invertible matrix function with an eigenvalue parameter and an asymptotic tech-
nique for the first order matrix differential equation. Cao et al. [2] considered an exponential
stabilization of the system (1.2) in case of non-equal speeds. They obtained that the ‘dominant’
part of the close loop system is exponentially stable. Tatar [29] proved that the system with
condition pG < I, could be stabilized in an exponential manner using boundary controls. As
the same problem in [31], their results improved the few existing similar works in the literature.

Furthermore, Lo and Tatar [19] investigated uniform stability of the system
( PP + G(Ib - Spr)z =0, ('%3 t) € (0> 1) X (Oa +OO)>
Ip(gw - w)tt - (3w - llf)m - G(¢ - ‘Pcc)

n / h(t — 7)(3w — ¥)ge(T)dr = 0, (z,1) € (0,1) x (0, +00),
0

4 t
Iywi — wez + G(Y — @) + gfyw + / g(t — T)wge(T)dT =0, (2,t) € (0,1) X (0, 4+00),
\ 0

2
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when a viscoelastic damping acted on the effective rotation and in the slip. This extended
previous works where boundary controls were used in addition to a frictional damping in the
dynamic of the slip. For other asymptotic behavior results to laminated beams, we refer the
reader to [1, 15, 18, 20] and the references therein.

It is easy to find that if the slip w is assumed to be identically zero, then the first two equations
of system (1.2) can be reduced exactly to the Timoshenko beam system. For Timoshenko system
in thermoelasticity of type III, the theory of which was proposed by Green and Naghdi [8], a
large number of interesting decay results depending on the stability number have been established
(see [6, 21, 22, 24, 27] and references therein). Messaoudi and Said-Houari [23] considered the

following one-dimensional linear thermoelastic system:

prpw — K(pz + 1)z =0, (z,t) € (0,1) x (0, 400),

P2t — bihoy — K(pz + ) + B0, = 0, (z,1) € (0,1) x (0, 400),

P30 — 0020 + Yre — kbOize = 0, (x,t) € (0,1) x (0, +00),
which modeled the transverse vibration of a thick beam with heat conduction. Under the condi-
tion p£1 = p%, they proved that weak solution decay exponentially by using the energy method.

Moreover, Kafini et al. [13] studied the following Timoshenko system of thermoelasticity of type
III with delay of the form:

Pl¢tt - K(¢$ + w)x + /’Llét(xat) + M2¢t($7t - T) - 07 (l',t) S (07 1) X (07 +OO)7
ptht - b¢xw + K(¢x + ¢) + ﬁata? = Oa (ﬂf,t) S (Oa 1) X (0) +OO)7
P30 — 00,0 + Yy — kOpyy = 0, ($,t) S (0, 1) X (0, +OO)

Under the initial and boundary conditions

9(70) = 6o, (9,5(',0) = 91,¢('70) = o, T e [07 1]’
wt('vo) =y, d)(vo) = ¢07¢t('70) = ¢1, T e [0? 1]7
oi(x,t — 1) = folz,t — 1), t e (0,7),

¢(O’t) = ¢(17t) = 1/1(0,t) = ¢(17t) = ex(o’t) = (995(1,75) =0,t¢€ [07+OO)7

the energy of system decays exponentially in the case of equal wave speeds and polynomially in
the case of nonequal wave speeds. For other related results, we refer the reader to [3, 4, 5, 11,
12, 16, 17, 26, 28].

Motivated by the above results, in the present work, we study the well-posedness and asymp-
totic behaviour of solutions to the laminated beam (1.1) in thermoelasticity of type III. By using
semigroup method and Lumer-Philips theorem, we prove the existence and uniqueness of the
solution. By using the perturbed energy method and construct some Lyapunov functionals, we

G

then obtain the exponential decay result for the case of equal wave speeds, i.e., o= %. When
1

p—Gi #* %, we obtain the lack of exponential stability by using Gearhart-Herbst-Priiss-Huang
1
theorem. For this case, by introducing the extra second-order energy, we prove the polynomial

decay result.
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The rest of our paper is organized as follows. In the next section, we introduce some pre-
liminaries and state the main results. In Section 3, we establish the well-posedness of the
system. In Section 4, we prove that the system is exponentially stable in the case of equal wave
speeds. In Section 5, we show that the system is lack of exponential stability with different

wave-propagation speeds. The proof of the polynomial decay result is given in Section 6.

2 Preliminaries and main results
To exhibit the dissipative nature of the system (1.1), we introduce some new variables
(I):QOt, \Ij:wh W:CUt.

Then system (1.1) takes the form:

(01D + G(¥ — D,), =0, (x,t) € (0,1) x (0, +00),
I, (BW = W)y — DBW — VW) — GV — &) + by, =0, (2,t) € (0,1) x (0, 400),
2.1
I, Wiy — DWoe + G(¥ — @) + %ﬁlw + %Bth =0, (z,t) € (0,1) x (0, 400), 21)
P2‘9tt — 00,5 + '7(3W - \I/)tz — kOipr = 0, (.%', t) € (0 1) (0 +OO)
with the initial data and boundary conditions
( 0) = ®o(z), ¥(z,0) = Po(z), z € [0,1],
z,0) = Wy(z),0(x,0) = by(z), x € [0,1],
(x,O) Dy (), Uy(z,0) = ¥y(z), z € [0,1], (2.2)
Wi(z,0) = Wi(z), 0¢(x,0) = 01(), z € [0,1], '
0,(0,1) = ®,(1,8) = ¥(0,£) = ¥(1,£) = 0, t € [0, +00),
[ W(0,8) =W (L,t) = 0:(0,1) = 02(1,¢) =0, £ € [0, +00)
where
G
Po(z) = ¢1, P1(z) = —;(wo — %0z)z, Yo(x) = 11, z € [0,1],
_ D o 453 4035 3D
Uy(z) = —Z(% — dox) — Tpl(?)wo —0)za + Eﬁ’u 7,07 + T, w7 € [0, 1],
| Wo(r) = wi, Wi(z) = Ii(?/)o — Qo) — 34]611 wo — ;1]6:1 w1 + IZWO:E:M r € 0,1].

From equations (2.1);, (2.1)5 and (2.2), we easily verify that

dZ 1 d2 1
dt2/0 O (z,t)dx =0, d7§2/0 O(x,t)dx =0,
and

1 1
O(x,t) := &(x,1) —/0 Oy (z)dx — t/o &y (z)dx,
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1 1
O(x,t) := 0(x,t) —/0 Oo(x)dz — t/o 01(x)dz.

We know that (®, ¥, W, ) satisfies the boundary conditions, and more importantly

1 1
/ ®(x,t)dx =0, / O(x,t)dx = 0.
0 0

Hence, the use of Poincaré’s inequality for ® and 6 is justified. In what follows, we will work
with ® and 0. For convenience, we write ® and 6.

From now on, we let
U= (2,3W — U, W,0, 0, 3Wy — Uy, Wy, 6;),
then (2.1) and (2.2) can be written as an evolutionary equation

au(t)
= AU(t), t>0, (2.3)

U(0) = Uy = (®o,3Wo — Yo, W, Oy, P1,3W71 — ¥y, W1, 61),

where A is a linear operator defined by

P,
3Wy — Uy
Wi
0+
G
- \Ij - q):r x
AU = pl( )
G D «@
(U = By) + - (BW = W)ay — — O
IPl Ipl IPl
G 451 43 D
—— (v —-,) — W — Wi+ — Wy
Ip1 3IP1 3IP1 If’l
1) k

79%7: - l(gW - qj)tz + 791511
P2 P2 P2

We consider the following spaces:

L%0,1) = {w € L*0,1) : /1 w(s)ds = O},
0
H(0,1) = H'(0,1) N L2(0, 1),
H2(0,1) = {w € H*(0,1) : wy(0) = wy(1) =0},

and the energy space:
H=HL0,1) x H}(0,1) x H}(0,1) x H}(0,1) x L2(0,1) x L*(0,1) x L*(0,1) x L?(0,1).

The inner product on Hilbert space H is defined by
1 1 1
(U, 0)p =11 / By + G / (W — ,)(T — &,)dz + 41, / (BW — 0),(3W — B)yda
0 0 0

5
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1 1 1
+ 7/ DBW — ), (3W — U),dz + 37/ 1, WiWidz + 475, / WWdx
0 0 0

1 1 1
-|-3'yD/ Wxdex—i-apg/ 9t9tda:+oz5/ 0,0, dx.
0 0 0
The domain of A is
DA UcH|®60cH0,1)NHN0,1), ¥, W € H*0,1) N HL(0,1),
B &,,0, € HH(0,1), ¥, W, € HL(0,1),80 + kb, € H2(0,1)

and it is dense in H.

We give the following well-posedness result of problem (2.3) :

Theorem 2.1 Let Uy € H, then problem (2.3) exists a unique solution U € C(R*,H). More-
over, if Uy € D(A) then U € C(R*, D(A)) N CY(R*, H).

To state our decay result, we introduce the first energy functional

1 1
B(t) = / [vp1®7 + G(V — ©,)? + 71, (3W — )7 + yD(3W — V)] dx

0
1 1

+ 2/ (371, W2+ 4vBiW?2 + 3vDW?2 + aps6? + 04(593] dz, (2.4)

0
and the second-order energy functional
1 1
Bat) =5 [ o1k 416G = . 1, (BW = Wk +9DEW — 0] de

1! 2 2 2 2 2

Our decay results state as follows.

G D

Theorem 2.2 Assume that — = T and Uy € H. Then, there exist two positive constants Cy
P1 p1

and s, such that the energy E(t) associated with problem (2.1)-(2.2) satisfies

E(t) < CoE(0)e ™, t>0.

G D

Theorem 2.3 Assume that — # — and Uy € H. Then the semigroup associated to system
f1 p1

(2.1) with boundary conditions (2.2) is not exponentially stable.

G D

Theorem 2.4 Assume that — # — and Uy € H. Then, there exists a positive constant Cy
P1 p1

such that the energy E(t) associated with problem (2.1)-(2.2) satisfies

< C1(E(0) + E2(0))

S ; , t>0.

E(t)
To study the property of system (2.1), we need the following inequality.

Lemma 2.1 [30, Lemma 2.2] Let f € {H'[0,1] | £(0) = 0}, then it holds that

/01 F)dx < ;/01 (f'(x))” d.

6
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3 Well-posedness

In this section, we give the proof of the well-posedness of problem (2.1)-(2.2) by making use of
Lumer-Philips theorem [7, 25].

Proof of Theorem 2.1. To prove the well-posedness result, it suffices to show that A :
D(A) — H is a maximal monotone operator, which means A is dissipative and Id — A is
surjective. First, an easy computation implies that

1 1 1
(AU, U)H =7YpP1 / ‘bttq)tdﬂf + ")/G/ (\IJ — q)x)t(\lf — @x)d$ + ’Ylpl / (3W — \IJ)tt(3W — ‘lf)tdﬂf
0 0 0

1 1 1
+ 7/ D@EW — W), (3W — V), dr + S’y/ I, WyuWidx + 4+, / W Wdzx
0 0 0
1 1 1
+ 3’)/D/ WtJ;deCL‘ + apg / ettetdl' + 06(5/ Gthxd:c
0 0 0
For any U € D(.A), we have

1 1
MuUmz—m/ijM—a/k%m<0
0 0

Consequently, A is a dissipative operator.
Next, let F'= (f1, -, fs)7 € H, we seek V = (v1,--- ,vs)? € D(A) satisfying

(Id— AV = F, (3.1)
that is )
v1 — U5 = fi1,
V3 — Vg = f25
vz —v7 = f3,
vy — V8 = f4,
(3.2)

P15 — GOrpv1 — GOyv2 + 3G0,v3 = p1f5a
Iplvﬁ + GOzv1 + Gug — 3Gv3 — DOy + 0pvg = Ip1 fe,

4 4
I, v7 — Gvy + 3Gvg — GOv1 + gﬁl’vg + 5,32117 — DOy 3 = I, I,

( P2U8 — 002004 + YOV — kOyzvg = p2fs-
From (3.2),-(3.2),, we have
vy =v1 — f1,
v = v2 — fo,
(3.3)
vr =v3 — f3,

vg = v4 — fa.
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By combining (3.2) and (3.3), it can be shown that vy, va, vs, vy satisfy

p1v1 — GOypv1 — GOyvg + 3G0,v3 = p1 (f1+ f5),

Ipl’Ug + GOzv1 + Gug — 3Gug — DOy + 0pv4 = IPl (fg + fﬁ) + Oéamf4,

4 4 4 (3.4)
v3 — Gug + 3Gvg — GOpv1 + §ﬁ1U3 + 552113 = D0Oypyvz =1, (f3+ f7) + gﬁzfs,

P2U4 — 58:6:07)4 + ’VaxUZ - ka:cazv4 = P2 (f4 + f8) + ’Vafo - ka:c:cfll

Multiplying (3.4),-(3.4), by Y01, 702, 3703 and avs and integrating over (0, 1), we arrive at

1 1 1 1
7/ p1v101dr — ’y/ GOpgv101dT — 'y/ GOzvov1dr + 37/ GOzv3v1de
0 0 0 0

1
= ’Y/O p1 (f1 + f5) Drde,

1 1 1 1 1
fy/ 1, v202dx + '7/ GOypv1v2dz + '7/ GuaUodx — 37/ Gustodx — 7/ DO, v9U2dx
0 0 0 0 0
1 1

1
+’Y/ a0y v409dx = ")// I, (f2 + fo) Vodx + ’}// a0y f402dx,
0 0 0
1 1 1 1 1
37/ I, v303dr — 37/ Guovsdx + 9')// Gugvzdxr — 37/ GO, v3dr + 4’y/ B1vsvsdr
0 0 0 0 0

1 1 1 1
+47/ Pov3vzdx — 37/ DOy v303dx = 37/ 1, (f3+ f7) v3dx + 47/ B2 f3vzdz,
0 0 0 0

1

1 1 1
a/ Pov404dT — 00,040 4dx + a/ YO v204dr — a/ kOypV4Usdx
0 0 0 0

1

1 1
= CY/ P2 (f4 + fg) vadx + a/ Y0z fovadx — a/ kOpa f1U4dx.
0 0 0

The sum of these equations in (3.5) gives the following variational formulation:

a ((vr,v2,v3,v0) ", (01,02, 03,04)") = @ (01,72, 03,04)" ), (3.6)
1

(01, Do, T3, 04) T € H(0,1) x HE(0,1) x H}(0,1) x HL(0,1),
where

a ((vi,v2,v3,v4)", (01, D2, 03, 04)7)
1 1
=y G(—aggvl — Vg + 31)3)(—&3171 — Uy + 3173)dx + ’7/ p1v101dx
0 0

1 1
’y/ I, vaUadx + (371, + 4751 + 4’yﬁ2)/ v3Usdx
0

0
1 1 1
+ Oé/ P2V4V4dx + ”y/ DO, 90, Uodx + 3’7/ DO, v30,v3dx
0 0 0
1 1
+ o 00,040, Vadx + Od/ kOpv40504dx
0 0
1 1
+’ya/ O v4U2dx + ory/ O, v204dx (3.7)
0 0

8
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and

1 1
a (o1, 09, 03,74)7) —'y/o p1(fi +f5)v1dx+’v/0 Iy (fa + fo)vadz

1 1 1
+ 3’)’/ Ip1 (f3 + f7)173d(£ + 4’)// Bgfgf)gd.%’ + Od/ ,02(f4 + fs)174dac
0 0 0
1 1 1
+ a’y/ Oy foUgdx + ak/ O f10,04dx + ory/ Oy faUodx. (3.8)
0 0 0

To study the variational formulation, we introduce the Hilbert space V = H(0,1) x
H(0,1) x H}(0,1) x H}(0,1) equipped with the norm

1(v1, 02,03, 00) [ = || = Bov1 — w2 + Bus|[3 + [|val|3 + [|0v2l3 + [10zv5]13 + [[0all3 + [[Ozvall3.

It is clear that a(-,-) and a(-) are bounded. Furthermore, we obtain

1 1 1
a ((v1,v2,v3,v4)7, (v1,v2,v3,v4)7) —fy/ G(—=0pv1 — v + 3v3)?dx + ’y/ prvids + ’y/ I, v3dx
0 0 0

1 1
+ (39, + 4B + 49s) / w2z +a / pyvids
0 0
1 1
+7/ D(azv2)2d$+3’}’/ D(@xv3)2dm
0 0

1 1
+ a/ 6(dpv4)dx + a/ k(Dpvq)2da
0 0

<C||(v1,v2,v3,v4) 17,

which implies that a(-,-) is coercive. Consequently, applying Lax-Milgram theorem, we obtain
that (3.5) has a unique solution (vy,ve,v3,v4)T € V.

Substituting vy, ve, v3 and vy into (3.3), we obtain
(vs,v6, v7,v8) € HI(0,1) x HY(0,1) x H3(0,1) x HL(0,1).
It remains to show that

(v1,v2,v3,04) € (H2(0,1) N HL(0,1)) x (H*(0,1) N H{(0,1)) x (H*(0,1) N Hy(0,1))
x (H2(0,1) N HL(0,1)).

Taking (2, v3,74) = (0,0,0) € HE(0,1) x HZ(0,1) x HL(0,1) in (3.6), we get
1 1
a ((vl, vg,v3,v4) 7, (71,0,0, O)T) = 7/ prvide + ’y/ G(—0yzv101 — Oz201 + 30,0301 )dx

0 0

1
= ’Y/ p1(f1+ fs)v1de, (3.9)
0
for all o1 € H}(0,1), which implies

GOpavy = p1v1 — GOyua + 3G0,v3 — p1(f1 + f5) € L2(0,1).
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Thus, by L? theory for the linear elliptic equations, we obtain that
vy € H*(0,1) N HL(0,1).
Moreover, (3.9) is also true for any ¢ € C1[0,1] € HL(0,1) (¢(0) = 0). Hence, we get
1 1 1 1 1
/ GOzv10:0dx + / prvipdr — / GOzvaddx + 3/ GOyv3dpdx = / p1(f1 + f5)pdx.
0 0 0 0 0
By using the integration by parts, we have
Dpv1(1)é(1) — 8,v1(0)p(0) =0 Vo € C10,1], ¢(0) = 0.

Therefore, 9,v1(1)¢(1) = 0 and we deduce that v; € H2(0,1)NHL(0,1). In the same way, taking
(v1,03,94) = (0,0,0) € HX(0,1) x H}(0,1) x HL(0,1) in (3.7), one has

1 1
a ((v1,v2,v3,v4)", (0,92,0,0)7) 27/ G (020102 + v20Up — 3vsta)dx + 7/ I, v202dx
0 0
1 1
+ ’y/ DO,v90,09dx + ’}/Oé/ OpV4Uodx
0 0

1 1
_ / L, (fa + fo)oade + ay / 0, fainda. (3.10)
0 0

Recalling (3.2), and (3.2),, we arrive at
1 1 1 1
/ G(am’l)ﬂ_)Q + VoUy — 31)3172)6[:1) + / Ip1 voUodx + / DO w90, v9dx + Oé/ OpV4V2dx
0 0 0 0

1 1
—/ Ipl (UQ — vg + fﬁ)’l_)gd.%' + Oé/ 8:5(1)4 — Ug)’l_)gd.%'.
0 0
Hence, one has
1 1
/ DO,v90,v9dx = / [I,, f6 — G (Ozv1 + v2 — 3v3) — aOyvg — Iy, 6] Vad, (3.11)
0 0

for all v, € H{(0,1), which implies I, fo — G (9,v1 + va — 3v3) — adyvs — I, v6 € L*(0,1).
Consequently, (3.11) takes the form

1
/ (= D0yypva + GOzv1 + Gug — 3Gu3 + adyvg + 1, v6 — Iplf(a) vodx = 0.
0

We obtain
—Damvg + G(@zvl + V9 — 3213) + a&rvg =+ Ip1 Vg = Ip1 fﬁ,

and vy € H?(0,1) N H(0,1), which gives (3.2)4. Similarly, we get
v3 € H*(0,1) N H(0,1).

However, if we take (v1,72,73) = (0,0,0) € H(0,1) x H}(0,1) x H}(0,1) in (3.7), thanks to
(3.2), and (3.2),, we get

60z2v4 + kDypvs = pafs — Y0xv6 — pavs € L2(0,1),
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and conclude that
Svg + kvg € H?(0,1).

Furthermore, it is obvious from

80,04 + kOpvg = Pz/ Jedz — yvg — Pz/ vgdz,
0 0

that
(00304 + kOyv8)(0) = (60,v4 + kOyug)(1) =0,

then, we get
dvy + kvg € H2(0,1).

Hence, there exists a unique V' € D(A) such that (3.1) is satisfied, the operator Id — A is

surjective. Moreover, it is easy to see that D(.A) is dense in H. Consequently, the well-posedness

result follows from Lumer-Philips theorem. U
D

4 Exponential decay for & = —
P1 o1

In this section, we prove the exponential decay result in Theorem 2.2. It will be accomplished
by a Lyapunov functional £(t) which equivalent to E(t). To construct the Lyapunov functional
L(t), we modify some classical multipliers used in [13] and prove several lemmas.

The following lemma shows that the associated energy is non-increasing in time.

Lemma 4.1 The energy functional E(t) defined by (2.4) satisfies

d

1 1
—E(t) = —47/ BoWidx — a/ k02 dx < 0.

Proof. Mulitiplying equation (2.2); by v®¢, (2.2), by v(3W — W), (2.2); by 37W; and (2.2),

by af; respectively, then, integrating over (0,1) and summing up, we get

d 1
dtg/ (p1®7 + G(¥ — @,)% + I, (3W, — ¥y)? + D(3W, — U,)* + 31, W2 + 48 W? 4+ 3DW?] da
0
d o 1 1 1 1
+ dt2/ (p207 + 603) d + 47/ BoWidx + a/ k() dx — G/ (U — @,)V,dx
0 0 0 0

1 1
- 7/ G(U — &,)(3W — U)yda + 37/ G — &, Wida
0 0
:0’

we can conclude that

d

1 1
—E(t) = —47/ BgWEdm—a/ k(0sp)2de.

This completes the proof. O

11
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Lemma 4.2 Let (P, ¥, W,0) be the solution of problem (2.1)-(2.2). The functional

1 1
L(t) = —p1/ OOidx + 1, | WWidx
0 0

satisfies
1 9 1 D [t 1
I(t) < —pl/ didr — 75/ W2dx — / W3daz+c/ Widz
0 3 Jo 2 Jo 0
1 1
+ C’/ (U — ®,)%dx + C/ (3W, — U,)%dx. (4.1)
0 0
Proof. By differentiating I; and using (2.1),, we conclude that
1 1 1 1
L(t) =—p / d2dx — py / dPydr + I, / Widr + 1, / WWydx
0 0

——p1/ <I>dx—i—Ip1/ Wtda:—G/ (T — ) dx—G/ WU — &,)dz
0

K

/31/ W2dz —452/ WWtdx—D/ W2da.

Making use of Young’s inequality, we get

1 1 1 1
I{(t)g—pl/ 2da —451/ W?2dx D/ ngx+1pl/ WEdw—i—G/(\If—@x)zdm

D 9G2 3G?
— \I/2d U —&,)%de+ — [ Wida / U —d,)%d
oo + 2 ( r+ / e UEL B
+’61/1W2d3:+ /Wtdm
3 0 3ﬁ1
Using Lemma 2.1 and Young’s inequality again, we obtain (4.1). O

Lemma 4.3 Let (P, ¥, W,0) be the solution of problem (2.1)-(2.2). The functional
1
L(t) =1, / (3W — ) (3W — W);da
0
satisfies
/ D [t 2 ! 2 ! 2 Lo
I(t) < 5 BWy =V)*de+1, | BW;—=¥)%de+C [ (V—&,)de+C [ 0Oidx.
0 0 0 0
Proof. By differentiating I and using (2.1),, we conclude that
1 1
() =1, / (W, — U,)2dz + / (BW — D)[G(Y — B,) + DEW — W)y — abluda
0 0
1 1
=1, / (3W, — W,)2dx + / (BW — 0)G(V — ,)dx
0 0
1 1
-D | (3W, — \Ifx)2dx + a/ (3W, — U,)0dx.
0 0

Using Young’s inequality and Lemma 2.1, we obtain the result. O

12
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Lemma 4.4 Let (P, ¥, W,0) be the solution of problem (2.1)-(2.2). The functional

1 T 1
I(t) = L, po / (3W — ), / 6u(y, t)dyda — 51, / 0, (3W — W)dar
0 0 0

satisfies
I4(t) < — %IP /01(3Wt —U,)%dx + al,, /01 07dx + e3l,, /01 G(¥ — ®,)%dz
+ c(e3) /01 07dx + e3l, D /01(wa —,)%dx.
Proof. By differentiating I3 and using (2.1),, we conclude that
Iy(t) = /O 1 I, (3W — W), /0 [0 — A(3W — W)ty + KOy dyd
+ /O ' lG(U — &) 4 DEW — W)y — by /0 " 01y, ) dyda
o1, /O 0 (3W — W) — 0T, /0 L0, (3 W)y
= /01 L, (3W — W)4[60, — y(3W — W), + kb ]dx + po /01 GV /: 0 (y, t)dydz
# [ oG DEW W] [0, Oyt
— 41, /0 1 Ore(BW — W)dx — 61, /0 1 0,(3W — W), dx

1

1 1 T
=— I, / (3W — U)2dx + Iplk/ (3W — W)0pd + pg/ G(¥ — @x)/ 0 (y, t)dydx
0 0 0 0

1 1 1
— 41, / 01 (3W — W)dx — p2/ D(3W — ¥),0;dx + Osz/ 02dx
0 0 0
r=1

i [M—G@ +DEW -~ ), - aty) [ il t)dy]

=0
Note that
1 d 1
| otwtrdy =5 [ 0wy =o,
0 t Jo
then, by Young’s inequality, we obtain the result. (I

Lemma 4.5 Let (®,¥,W,0) be the solution of problem (2.1)-(2.2). The functional

1
0

satisfies
1 A2 1 1
I(t) < —5/ 02dx + ( + ,02) / 02 dx + 54/ (3W, — U, )%dx. (4.2)
0 dey 0 0

Proof. By differentiating I4 and using (2.1),, we conclude that
1 1 1 k
Lll(t) :/ ,029&9(133 + / ,029t2d$ + / 5(9m91« + exezt)d.f
0 0 0

13
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1 1
+ / Y(BW — W) 0dx + / Y(BW — W),.0,dx
0 0

1

1 1
= / (0000 — Y(BW — W)y + kb0 ]0dx + | pobdz — k / 04t Odx
0 0

0

1 1
+ / YBW — W),0dx + / ~VBW — U),0,dx
0 0

1 1 1
= / 60,,0dx + / pabida + / Y(BW — ¥),.0,dx.
0 0 0

Thanks to young’s inequality, (4.2) is established. O

Lemma 4.6 Let (®, ¥, W,0) be the solution of problem (2.1)-(2.2). The functional
1 D 1
Is(t) := 1, / BW — V) (P, — ¥)dx + rell / (BW — V), dx
0 0
satisfies
<_/ (U —d,) 2dx+c/9 dx+1pl/(3w W) 2da
D 1
—1—65/ (3W — U)2dx + C(es / Widx + <Gp1 _Im) / (BW — ) &ydx.  (4.3)
0 0

Proof. By differentiating /5 and using (2.1),, we conclude that

1 1
IL(t) = /0 (BW — W) (D, — U)da + I, /0 (BW — U)(®, — U),da

1
(3W - \I/)zq)ttdl’

D ! D
— — ) Pyda + =
+GP1/O(3W )tt$+GP1 ;
1 1 1
=— / G(¥ — ®,)%dx + / D(BW — W), (P, — ¥)dx — / (D, — U)dx
0 0 0
1 D 1 1
1, / (BW — W)y(¥ — @,)idz + =p1 / (BW — 0)y®ydx — D [ (3W — U) (VU — D), dx
0 0 0

1 1 1
G(V — ®,)%dx + / (U — ®)dx + I, / (BW — 0),Wyda
0 0 0

D 1
+ <Gp1 — Ip1> / (3W — \I/)xtq)tdl' (44)
0
Similarly, using young’s inequality, (4.3) is established. [0 Proof. of Theorem 2.2: To finalize
the proof, we assume g = — and define a Lyapunov functional £ as follows
P1 p1

ﬁ(t) = NE(t) + Il(t) + NQIQ(t) + N313(t) + I4(t) + N5I5(t),

where N, No, N3,N5 are positive constants to be chosen properly later. Using Cauchy-Schwarz
inequality and the Poincare inequality, one can easily see that all I;(t), 7 = 1,2, 3,4, 5 are bounded

by an expression with the existing terms in the energy E(t). This leads to the equivalence of

14
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1 1
L(t) and E(t). Gathering the estimates in the previous lemmas and using / 02dx < / 62, dz,
0 0

we arrive at
1
L'(t) < — (4N~By — C — N5C(e5)) / Widx
0

1
- (NO(G — N3(J(53) - N5C - NQC - IplaNg - N30(83) — 0(64) - pg)/ 0§tdaj
0

1 9 1 D 1 1
—p1/ <I>t2dx—51/ Wde—/ Wfd:c—a/ 02dx
0 3 0 2 0 0

1

- <§N5 —C —CN, — 53N3> / (U — ®,)%dx
0

D ! 5
— ENQ - C - €4 (3VV$ - \I/a;) dx
0

I 1
- (72”%\73 —I,,Ny— I, N5 — N555> / (3W, — U,)%dx. (4.5)
0

At this point, we need to choose our constants carefully. First, we take N» large enough and &4

D G
small, such that ENQ_C_ELL > 0. Then, we choose N5 large enough, so that §N5—C'—C'N2 >

0. Next, we pick €5 small and choose N3 large enough such that %Ipl N3—1, No—1, N5— Nse5 >

0. We then select €3 so small that gNg —C —e4 — N3ez >0 and %Ng, —C —CNy —e3N3 > 0.
Finally, we choose N so large such that 4Nv82 —C — N5C(e5) > 0 and NaG — N3C'(e3) — N5C —
NoC — I, aN3 — N3C(e3) — C(e4) — p2 > 0. From the above, we deduce that for some positive
constants 71, y2, one has y1 E(t) < L(t) < v2E(t). Therefore, (4.5) becomes

L/(t) < —cE(t).

For s = £, we get
72
L'(t) < —sL(t), Vt > 0. (4.6)

A simple integration of (4.6) over (0,t) leads to
L(t) < L(0)e™®, V¢t > 0.

It gives the desired result Theorem 2.2 when combined with the equivalence of L(t) and E(t).
(]

5 Lack of exponential stability

In this section, by using Gearhart-Herbst-Priiss-Huang theorem [14], we give the proof of The-
orem 2.3 which concludes the lack of exponential decay result. We consider that there exists a

sequence of imaginary number A, and functions
F;L = (flaf2af3af47f57f67f77f8)T €EH,
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with || F, |2 < 1 such that ||(\.] — A)"1F[l3 — oo where
AUy — AU, =F, (5.1)
with U, = (®,3W — ¥, W, 0, ®y, 3W; — ¥, Wy, ;) not bounded. Rewrite the spectral equation
(5.1) in term of its components, for A\, = A, we have
AP — & = f1
ABW — ) — (3W — ), = f2,
AW — W, = f?,
A — 6, = f4,
PIAD; — GOpe® — GOL(3W — W) + 3G, W = py f°,
Iy ABW = 0); + GO, ® + G(BW — ¥) — 3GW — Dy (3W — W) + a0,0; = I, f°,

4 4
I, AWy — G(3W — W) + 3GW — GO, ® + SBW + 2B Wi — DO W = L, f7,

{ 02A0; — 00200 + 70, (BW — ) — kDruy = pof®.

Taking f! = f2 = f3 = f4 =0, we arrive at

(I N2D — GOy ® — GO, (3W — W) + 3G, W = p1 f°,

Iy N2(BW — ) + GO, ® + G(BW — U) — 3GW — D0y (3W — W) + X0y = I, f5,

4 4
LW — G(BW — V) + 3GW — GO, D + W 4 0B W — DOy, W = L, f7,

[ 02220 — 50,00 + M0, (BW — ) — kXDpal = paf®.
Because of the boundary conditions given by (2.2), we assume that
® = Acos (urz), (BW — W) = Bsin (urz), W = Csin (urz), 0 = Ecos (urz).
Now, choosing
f5 =bycos (umz), fO=bysin(urx), f7 =bgsin(urz), = bycos(urz),
we arrive at
( p1A2A cos (pma) + G (um)? A cos (pmex) — Gur B cos (umz) + 3GunC cos (umz)
= p1b; cos (umz),
I, \*Bsin (urz) — Gur Asin (urz) + GBsin (urz) — 3GC sin (urx)
+D (ur)? Bsin (urz) — AaprE sin (ura)
= I, by sin (umzx),
I, \*C'sin (umrz) — GBsin (urz) + 3GC'sin (urz) + Gur Asin (urz)

4 4
+§510 sin (umx) + g)\,@QC sin (pmz) + D (pm)? C sin (urx)
— I,by sin (umz),
P2 X2 E cos (ura) + 6 (um)? E cos (pumx) + Aypm B cos (pmx) + kX (ur)? E cos (umx)

= paby cos (umz) .
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1
Choosing by = —, by = b3 = by = 0, we have
P1
( A2A+ G (ur)®> A — GBur + 3GunC =1,
I, \>B — AGur + GB —3GC + D (um)? B — AaumE = 0,

4 4
I,,\*C — GB + 3GC + Gur A + 3HC+2206C+ D (um)*>C =0,

( p2X2E 4 6 (um)? E + MyunB + kX (um)? E = 0.
Now, we take A = A, such that

m A2+ G (um)? = 0.
Therefore, the above system can be written as

( —GBum + 3GunC =1,

—AGum + {(D — IF;G) (um)? + G} B —3GC — pGa(/ur)QiE =0,
1 \ o1
1, G 4 4 |G
(D - pl) (u7)* + =B + 3G + — | —Bapri
p1 3 3V,

| /gy(m)%‘B + (— LSy ey /Gmri> (um)? E = 0.
LV Pl 1 P1

(5.2)

—GB + GurA+ C =0,

Add (5.2), to (5.2)4, we conclude that

<D - IpG) ()2 + 261 + 21 [ S opri| € — | L aum)iE =0,
p1 3 3\ o1 p1

It follows from (5.2),, we get

(D _ IPG> (um)’ B +
Pl

Combining (5.4) and (5.3) yields

where

por \ p1 p1

1, G 4 4 /G
M = (D - pp11> (um)? + §ﬁ1 + 3\/:162 ().

Subtracting C' into (5.2)5 and (5.2),, we get

~1
N =20S <"2G—6—k G(m)l’) —(D—I“G) ()2,
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1
When p — oo, we get B (umr) — Tek Then, substituting B into A, C, E, we obtain

1 1 1
A= ——, C’—>o<>, E—>o<>.
4 7 7

1 1
TAE zG/ (U — ®,)2dz = G/ (=B +3C + pmA) sin? () da
0 0

— G um)? [

0
— 00 as [t — oQ.

Thus

! 1 1
sin? (urx) do = §GA2 (um)? — ZGAQ (pm) sin (2umz) |2}

Therefore, this completes the proof.

6 Polynomial decay for p—Ci 4 D

Ipl

G D

In this section, we prove the polynomial decay result for the case — # —. Similar as Lemma
P1 p1

4.1, a simple calculation about the second-order energy implies

d 1 1
—E(t) = —4y / BoWidz — a / k62, dx < 0.
Now, we prove Theorem 2.4. Let — — T # 0, the last term in (4.4) can be handled as follows.
P1 p1

Using (2.1), and Young’s inequality, we obtain

1 1 1
/ (3W - \If)xt(btdI :; / (k'exmt + 603% - pgett)q)tdl‘
0 0

1 1 1
= — el 04 Pydx + 6/ 0o Prdx + ﬁ / Ozt Prdx
7 Jo 7 Jo v Jo

1 1 1
= — @ ett(I)tdI‘ + é / axtq)xdx + ﬁ / exttq)xdx
7 Jo 7 Jo v Jo

d [! k
- — (5930@,,, + 0th>x> dz.
dt Jo \7 ¥

D
Multiplying by rel p1— 1,,, we get

o) |, (G in) [} (Go0es o)
—p1— 1 3SW —U)p®pde < — — | =p1 — 1 —0,P, + —0,:P, | dx
<GP1 p) 0( )t Pt dt Gﬂl 1 ) \y ~ t

1 1
+ €6 / (®2 + ®2)dx + C(e6) / (62, + 62,,)dx,
0 0
where we have used that

P2 = (P — U+ U)? <2(P, — U)* +2(V — 3W + 3W)?
<2(®, — U)? +4(V — 3W)% 4 36W2.
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We then define
D 0 k

1
L(t) = L(t —p -1 —0,P, + —0,,, | dz,
(0 ()+<Gm )/0 (7 +Lo, )m

E(t) =N (E(t) + Eg(t)) + Il(t) + NQIQ(t) + Ng[g(t) + I4(t) + N5I5(t).

where

From (4.5) and (2.4), we get
1
L'(t) < —cE(t) + 56/ [®7 +2(®, — ¥)? + 4(V — 3W)2 + 36W?] da
0

1 1
(V= Cle) [ Bde— (V= Clew)) [ B (61)
0 0
Then we choose €g small enough and take N large enough so that L is positive and
NaG — NgC(eg) — N5C — NQC — IpaNg — N30(83) — 0(84) — P2 — 0(66) > 0.
Depending on above constants, we deduce that
, c
L'(t) < —§E(t).
Integrating over (0,t), we have
t 2 2L/(0)

tE(t) < | E(s)ds < =(L'(0) — L'(t)) <
0 c c

Consequently,

E(t) < 2L(0) < C1(E(0) + Ex(0))
A t

vi>0.

This completes the proof.
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