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Abstract

Developmental processes are usually described through dynamical systems and gradient-driven
cellular rearrangements, yet their topological constraints are not well characterized. We introduce a
mathematical approach linking morphogenesis with the Gémbdc, a convex body whose equilibrium
structure is minimal under topological constraints. We model developmental dynamics as gradient flows
defined on a configuration space of tissue states where a morphogenetic potential integrates mechanical,
chemical and adhesive cellular interactions. To explore how varying landscape parameters affect the
stability of critical configurations and developmental trajectories, we simulated morphogenetic systems
governed by gradient flows with Morse-type potentials. We found that systems approaching
minimal critical-point structures display large basins of attraction and convergent trajectories
despite diverse initial states. Developmental systems may operate near Gombdc-like dynamical
regimes in which the topological properties of the configuration space constrain the number of
accessible states, while attractors and gradient dynamics may induce a causal order. Our framework
generates testable predictions. Developmental trajectories should concentrate into a small number of
preferred channels, with transverse dispersion showing an exponential decay over time. In exponential
morphogen gradients, migration time is expected to scale approximately linearly with the initial
distance from the source. Saddle-like transitional configurations should appear

as intermediate states in morphogenetic landscapes, detectable as brief phases of reduced migration
speed and increased directional fluctuations. Overall, a quantitative framework is provided for
analyzing developmental robustness, identifying transition bottlenecks in morphogenetic
landscapes and predicting how physical or biochemical parameters could reshape developmental
trajectories in synthetic and regenerative contexts.

Keywords: robustness; canalization; attractor; morphodynamics; stability

Introduction

The emergence of organized biological form from heterogeneous cellular assemblies is a cardinal
problem in developmental biology. Classical explanations emphasize gene regulatory networks,
biochemical gradients and mechanical interactions among cells, frequently modeled through
reaction—diffusion systems, continuum tissue mechanics or agent-based simulations of cellular
behavior (Kawasaki et al. 2018; Lee, Milinkovitch et al. 2023). These approaches have clarified the role
of morphogens, adhesion forces and mechanical stresses in shaping developing tissues (Richtsmeier,
and Kraft 2019; Gordon et al. 2020; Landge et al. 2020). Dynamical-systems frameworks have
interpreted development as the progression of high-dimensional biological states governed by
nonlinear interactions among biochemical and physical variables. Developmental trajectories are
often represented as flows toward stable configurations in abstract landscapes defined by mechanical
or biochemical potentials (Silbereis et al. 2016; Wagner and Klein 2020; Vivanco et al. 2024; Lopez-
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Paleta, Moreno-Barbosa, and Velazquez-Castro 2025). However, most models focus on local
interactions or parameterized networks without explicitly addressing how the topology of the
configuration space constrains the number and arrangement of stable developmental outcomes. As a
result, widely used concepts like canalization, attractor stability or developmental robustness are
frequently invoked without explicit connection to the topological properties of the underlying
dynamical system (Mojtahedi et al. 2016; Farrell et al. 2018; Francis and Swain 2018; Hota et al. 2022;
Du et al. 2024; Majka et al. 2024). A more integrated perspective combining topology, causal ordering
of developmental transitions and the geometry of dynamical landscapes could help clarify why
biological systems repeatedly converge toward reproducible morphological configurations.

We introduce a framework explicitly linking morphogenesis to the concepts of GOmbdc,
topology and causality. The Gombdc is a geometric body characterized by the minimal equilibrium
structure compatible with the topology of a convex surface, possessing a single stable and a single
unstable equilibrium (Domokos, Papadopulos, and Ruina 1994; Varkonyi and Domokos 2006;
Domokos and Varkonyi 2008; Chou and Friedman 2016). This property motivates the hypothesis that
morphogenetic dynamics may operate in regimes where the number of critical configurations is
constrained by topological structure. Therefore, we aim to model development as a gradient-driven
process on a configuration space representing collective tissue states including spatial organization,
mechanical tensions and chemical signaling fields. A morphogenetic potential integrates these
interactions into a scalar landscape defined over the configuration space where the resulting
dynamics follow the steepest descent. Within this framework, topology constrains the minimal
number of critical configurations of the potential, while causality emerges from the directional
structure of the gradient flow connecting unstable, transitional and stable states. To investigate these
relationships, we implement numerical simulations of simplified morphogenetic systems governed
by gradient dynamics with potentials constructed to approximate minimal critical-point structures
analogous to the Gomboc equilibrium configuration. Our simulations explore how landscape
geometry’s modifications could affect the organization of developmental trajectories, the emergence
of saddle-like transitional states and the convergence of diverse initial configurations toward stable
morphological outcomes.

Our formulation leads to explicit, experimentally testable expectations concerning
morphogenetic dynamics. Developmental trajectories are expected to concentrate into a limited
number of preferred channels, while transverse dispersion should decrease approximately
exponentially over time. In exponential morphogen gradients, migration time should scale roughly
linearly with the initial distance from the source. Transitional configurations should correspond to
saddle-like states in morphogenetic landscapes, appearing as brief phases characterized by reduced
migration speed and increased directional fluctuations. Perturbations modifying landscape topology,
like changes in morphogen gradients or tissue mechanical properties, should increase the number of
stable configurations and broaden the range of attainable morphologies.

Methods

We studied Gombdc-like morphogenesis by simulating developmental gradient dynamics in a
spatially extended tissue patch whose state is the position and orientation of migrating cells
constrained by a morphogen field and a mechanical centering term. Computing trajectory ensembles
and population time series as a function of chemotactic and mechanical parameters, we employed
continuous-time gradient-flow formulation, numerical time integration and parameter sweeps to
map how topology-compatible minimal attractor structure could shape convergence. We aimed to
identify an experimentally discriminable signature defined as Gombdc-like global convergence,
quantified by a large basin of attraction together with monotone decrease of a Lyapunov potential
and sharply clustered convergence times across heterogeneous initial conditions.

Model state space and topology-compatible gradient structure. Cell configurations were
represented by a state vector

z(t) = (x(1),y(1)) € 2 c R
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where
Q=1[0,L,]x[0,Ly]
is a planar tissue domain with
L, =L, = 1000 um.
Although the state is embedded in Euclidean space, the dynamical organization was analyzed
through the induced causal reachability relation generated by a dissipative flow, which plays the role
of an order structure on accessible states. Gombdc-like behavior was operationalized as a minimal
attractor structure consisting of a single stable target region and the absence of recurrent orbits under
the chosen dynamics.
The dynamical system was defined as a gradient-like flow driven by a scalar potential V such
that
v _,
dt =
along trajectories.
Specifically, a morphogen field C(x) decreasing with distance from a source boundary was
combined with a mechanical penalty attracting trajectories toward a preferred midline y = y,. A
Lyapunov candidate was constructed as

_ Ky oy _ vz
V(x,y) = () +— & = o)

where @ is a monotonically decreasing function of C selected so that
av
ox
aligns with the chemotactic drift direction.
The causality notion used in the analysis was induced by the flow map ¢,, defining
z < z"if 3t = 0 such that z’ = ¢,(2),
which is acyclic whenever V decreases strictly away from critical sets.

Morphogen field specification and units. The morphogen concentration was modeled as a one-
dimensional boundary-driven profile that is uniform in y and decays in x, consistent with diffusion
with effective degradation under steady-state conditions.

The field was defined in nanomolar units as
C(x) = Cye™*/%
with boundary concentration
C, =100 nM
at x = 0 and decay length
A =200 um.
The spatial derivative entering the chemotactic term was computed analytically:

dc Co _,
== — _ 20 —x/2
P (€3] 3 e .

All spatial coordinates were measured in micrometers and time in hours. The tissue midline was

set to
Yo = 500 um.
Concentration evaluation used clamping
x ~ min (max (x,0),L,)

to prevent extrapolation outside the domain.

For visualization of the field, the domain was discretized on a regular grid

x; €[0,L,],y; €[0,L,]
with 201 points per axis and the scalar field C(x;) was replicated across yto obtain
C(xi':Vj) = C(x;).
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Gradient dynamics, saturation and Lyapunov monotonicity. Cell motion was modeled by
chemotactic drift in x coupled to mechanical relaxation in y. The governing equations were

dx  dC/dx
dt XK +c()
dy
2= O =)

where y is chemotactic sensitivity and k, is a transverse relaxation rate.
Units were chosen so that

dc
X [um?/(h - M), —— [nM/um]

which gives

dx
¢ [Hm/hl.
The Michaelis-type denominator
K+ C(x)
with
K =20nM

prevents unrealistically large drift near the source.

The mechanical term yields exponential relaxation
y(©) = yo + ((0) = yo)e ™",
A Lyapunov potential consistent with these dynamics can be written as

k
V(xy) = xlog (K + C(x) + = (v = y0)*

Its gradients are

v Cw
ax YK+ ck)
v

3y ky (y = yo)-

Trajectories therefore satisfy monotone descent in V away from critical sets.

Morse-theoretic interpretation of critical configurations. The structure of critical configurations
of the morphogenetic potential was interpreted using Morse theory (Zubov, Murygin, and Gerke
2022; Lipinski et al. 2023; Reani and Bobrowski 2026). Let

V:X ->R
be the potential defined on the configuration space X. A function V is a Morse function when every

critical point x* satisfies

W(x) =0
and the Hessian matrix
Hy () = [ il ]
0x; 0x;

is non-degenerate:

det (Hy(x*)) # 0.
Each critical point is assigned a Morse index equal to the number of negative eigenvalues of the
Hessian. In two dimensions: index 0 corresponds to minima; index 1 corresponds to saddle points;
index 2 corresponds to maxima.

Morse theory relates the number of critical points to the topology of the configuration space
through Morse inequalities linking these counts to Betti numbers.
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Our simulated potential was constructed to approximate a minimal configuration of critical
points compatible with the topology of the state space. This minimal equilibrium arrangement is
conceptually analogous to the GOmbdc, characterized by the minimal equilibrium structure
permitted by topology under gravitational dynamics (Figure 1). Dynamical systems approaching
these minimal critical-point configurations tend to display large basins of attraction and strong
convergence toward the stable state. In the morphogenetic context, this property suggests that
developmental robustness may arise when the potential landscape contains only a small number of
critical configurations. Under these conditions, a wide range of initial cellular states is directed
toward the same morphological configuration, producing canalized developmental outcomes despite
variability in initial conditions or perturbations. The Gémbdc therefore could provide a geometric
reference for minimal equilibrium organization in morphogenetic landscapes.

Numerical integration and ensemble design. Time integration used explicit Euler steps with

step size
At =0.01h
over a horizon
T =20h.
The update equations were
C"(xn)

Xpy1 = Xp + Af}(m
n

Y1 = Yn — Btky (Vn — ¥o)-
Initial conditions were sampled uniformly:
x(0) ~ U(300,950) um
y(0) ~ U(100,900) pm.
Twenty-five trajectories were simulated per experiment.
Boundary conditions included clamping in x and reflection in y.
Flow-field visualization and induced causal organization. A vector field was computed on a
grid restricted to
x € [0,800] um,y € [200,800] um.
Velocity components were
C'(x;)
K+ C(x;)
vy (X, ¥5) = —ky (Vj — Yo)-
Streamplots of the resulting field visualize integral curves of the dynamical system and illustrate the
basin structure of the attractor.

Ve(X,Yj) = X

Convergence criterion, parameter sweep and reproducibility tools. Gombdoc-like convergence

was quantified using a hitting-time metric to a stable region
R={(x,y) € ux <100 um,| y — y, I< 20 um}.
The convergence time for each trajectory was
T = inf {t,: (xn, ¥n) € R}.
A parameter sweep evaluated mean convergence times for
X € [2000,14000] um?/(h - nM)
k, €10.1,1.2] 71

ona 9x9 grid.

For each parameter pair, twelve randomized initial states were simulated and the mean
convergence time was computed.

All simulations were implemented in Python using NumPy for numerical computation and
Matplotlib for visualization. A fixed pseudorandom seed ensured reproducibility of initial conditions
and parameter sampling.
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Figure 1. Geometry, orientation space and equilibrium structure of a Gombdc-like body. (A) A monostatic three-
dimensional convex object (termed Gombdc) equipped with a single point of stable equilibrium, shown with
Cartesian reference axes Xx,y, z defining the body orientation in space. (B) The Gomboc embedded in a spherical
polar coordinate system centered at the center of gravity of the body, where three-dimensional shapes can be
described by a radial function R(¢, 8) that specifies the distance from the origin for each angular direction. (C)
Schematic representation of the equilibrium structure of the Gomboc, which possesses exactly one stable
equilibrium (blue point) and one unstable equilibrium (red point). Arrows represent trajectories of the gradient-
like motion bringing the body toward the stable configuration. (D) Examples of feasible rolling paths of the Gombéc
along a horizontal plane. Regardless of the initial orientation, the body evolves toward the single stable fixed point.
Rpax denotes the unstable equilibrium associated with the highest potential energy, whereas Ry, denotes the

stable equilibrium corresponding to the lowest energy. Modified from Domokos and Varkonyi (2008).

Results

We describe the dynamical organization of simulated morphogenetic trajectories generated by
gradient-driven cell migration in a spatially extended tissue domain. Our analysis evaluates
trajectory convergence, concentration sensing along trajectories and the parameter dependence of
convergence times. Quantitative comparisons are based on the simulated ensemble of 25 trajectories
evolving under identical dynamical rules but heterogeneous initial conditions.

Trajectory organization and concentration dynamics. Simulated trajectories exhibited coherent
directional organization across the 1 mm by 1 mm domain, moving from heterogeneous starting
positions toward a region near the morphogen source and mechanical midline (Figure 2). Initial
positions were distributed uniformly within x € [300,950] um and y € [100,900] um, yet the
trajectories progressively aligned along a common dynamical channel defined by the chemotactic
gradient and transverse relaxation. Among the 25 simulated cells, 8 trajectories entered the predefined
convergence region x < 100 um and |y — 500 |< 20 um within the 20-hour simulation window,
corresponding to a convergence proportion of 0.32. For convergent trajectories, the mean convergence
time was 13.58 h with a standard deviation of 4.04 h. Population-level sensing of the morphogen field
increased monotonically along trajectories, as illustrated by the ensemble time series of sensed
concentration (Figure 3). A paired statistical comparison between the initial and final concentrations
sampled by each trajectory yielded a t-statisticof t = 4.3Iwith p = 2.38 X 10™*, indicating a systematic
increase in sensed morphogen levels along the simulated developmental progression. The phase-flow
representation confirmed that the vector field guiding motion displays a coherent directional structure
with contraction toward the midline and drift toward the morphogen source (Figure 4).
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These results suggest that heterogeneous initial states evolve along ordered dynamical channels
toward regions of lower potential under the imposed gradient dynamics, thereby providing the
quantitative basis for examining convergence properties across parameter variations.

Parameter dependence and convergence structure. Variation of the chemotactic sensitivity and
mechanical relaxation parameters showed systematic changes in the time required to reach the stable
region (Figure 5). Across the ensemble used for convergence analysis, convergence time exhibited a
strong dependence on the initial longitudinal position. The Pearson correlation coefficient between
initial x-position and convergence time among trajectories that reached the stable region was r =
0.998 with p < 0.001, indicating that trajectories beginning further from the morphogen source
required proportionally longer times to approach the convergence region. This dependence reflects
the exponential decay of the morphogen gradient, which reduces chemotactic drift strength at larger
distances. Heatmap analysis across the explored parameter grid demonstrated that increasing
chemotactic sensitivity reduced convergence times, whereas stronger mechanical relaxation
primarily influenced the vertical contraction rate without substantially altering longitudinal
progression. Regions of parameter space combining high chemotactic sensitivity and moderate
relaxation produced the shortest mean convergence times within the sampled parameter domain.
These parameter-dependent differences were consistent with the structure of the velocity field, where
the chemotactic term determines longitudinal acceleration while the mechanical term controls
transverse stabilization.

Together, the statistical relationships between initial conditions, parameter values and
convergence time define a structured dynamical landscape in which trajectory progression follows
predictable gradients of the morphogenetic potential.

Overall, our results suggest that gradient-driven dynamics could generate organized
morphogenetic trajectories characterized by monotonic increases in sensed morphogen
concentration, directional phase flows and convergence toward spatially defined stable regions.
Statistical analysis confirms that convergence timing is strongly determined by initial spatial position
and the strength of the chemotactic drift. Therefore, topology-constrained gradient dynamics could
produce organized developmental trajectories under heterogeneous initial conditions.

Gradient-driven trajectories on a morphogen field

1000

800 1

~
v

600 A

(=2}
o

Position y (um)
e
wm

400 A

Morphogen concentration (nM)

w
o

200 A

o

0 200 400 600 800 1000
Position x (um)

Figure 2. Simulated cell trajectories in a 1 mm by 1 mm tissue domain over a morphogen field with boundary
concentration 100 nM and exponential decay length 200 pum. Cells undergo gradient dynamics with chemotactic

sensitivity x = 8000 um? per hour per nM and mechanical relaxation toward a midline at y = 500 um with rate k,
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= 0.5 per hour. Trajectories illustrate convergence toward a shared target region near the morphogen source,
while remaining mechanically constrained in the transverse direction.

Population-averaged sensed morphogen concentration

80 +
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40
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Sensed concentration (nM)

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
Time (h)

Figure 3. Population averaged sensed morphogen concentration during simulated migration plotted over 20
hours. The mean curve summarizes concentrations sampled along trajectories, with the shaded band indicating
one standard deviation across cells. The monotone increase reflects gradient descent in the morphogenetic
potential induced by chemotaxis, while dispersion quantifies sensitivity to initial condition variability under the

same dynamic parameters and boundary conditions as the trajectory simulation.

- Gradient flow field with a global stable target region

0

~— e
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w
=
)
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Figure 4. Streamplot of the induced gradient flow field in physical space, showing the directional structure that
defines causality as reachability along trajectories. The horizontal component is driven by the morphogen
gradient through a saturating chemotactic term, while the vertical component is a linear mechanical relaxation
toward y = 500 um. The marked point indicates the stable target line intersection near the source boundary,

while streamlines visualize basin structure and the absence of cyclic transitions under a dissipative potential.
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Figure 5. Mean convergence time to a predefined stable region (x < 100 um and absolute deviation from y = 500
um < 20 um) as a function of chemotactic sensitivity x and mechanical relaxation rate k,. Each cell in the map
averages convergence times over multiple randomized initial conditions within the domain. Parameter
dependence quantifies how gradient dynamics and mechanical confinement jointly control the speed of

convergence to a reproducible configuration.

Conclusions

We asked whether morphogenetic organization can be described as a gradient-driven dynamical
process constrained by topological structure and whether these constraints can produce convergence
patterns analogous to minimal equilibrium systems, including the geometric paradigm represented
by the Gombdc. Our simulations compared ensembles of heterogeneous initial cellular configurations
evolving under a morphogen gradient and mechanical relaxation toward a spatial midline. We
examined trajectory organization, temporal changes in sensed morphogen concentration and the
dependence of convergence behavior on dynamical parameters governing chemotactic sensitivity
and transverse relaxation. We found that our simulated trajectories consistently reorganized along
directed dynamical channels defined by the gradient field and mechanical constraint, producing
monotonic increases in sensed morphogen concentration and structured flows toward spatially
localized regions of lower potential. Convergence behavior varied quantitatively with the initial
spatial distribution and with the strength of the chemotactic drift, while the relaxation term primarily
stabilized transverse alignment. The resulting trajectories exhibited a coherent causal ordering in
which developmental states were connected by a directed progression through configuration space.
Therefore, morphogenetic dynamics can be represented as gradient flows constrained by the
geometry of the state space and by the spatial structure of the morphogen field, with the Gombdoc
providing a conceptual reference for systems approaching minimal equilibrium structures.

Our model introduces an explicit link between equilibrium geometry and developmental
dynamics by embedding morphogenetic trajectories within a potential high-dimensional landscape
whose critical-point structure is constrained by topology. Existing developmental models describe
pattern formation through local biochemical interactions or mechanical rules, but rarely quantify the
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global structure of the dynamical landscape governing state transitions. Our formulation,

complementing Turing-like reaction—diffusion and mechanical models (Pickering and Towers 2016;

Hiscock, Tschopp, and Tabin 2017; Cooper et al. 2018; Rolfe, Shea, and Murphy 2022; Kang et al.

2024), defines computable quantities like convergence time distributions, basin geometry of stable

configurations and parameter-dependent trajectory organization.

Our study has limitations. The morphogen concentration profile, the chemotactic response
function and the Lyapunov potential were not derived from experimentally measured biological
parameters. The parameter values are plausible but not validated against specific developmental
systems. The proposed Gomboc-like minimal critical structure is introduced conceptually, but the
minimality of critical points is not formally proven. The interpretation of developmental trajectories
in causal terms arises from the directed nature of the gradient flow and is therefore interpretative
rather than formally demonstrated in a rigorous mathematical sense. All figures originate from a
simplified numerical model and are not calibrated against experimental datasets. Additional work
is needed to incorporate stochastic fluctuations, cell proliferation and mechanical feedback between
cells and the extracellular matrix.

Experimentally testable hypotheses arise from our simulated dynamics.

1. First, gradient-driven morphogenetic systems should exhibit trajectory clustering in
configuration space. Time-resolved imaging of migrating cells exposed to controlled morphogen
gradients should reveal that trajectories converge into a limited number of dynamical channels
rather than spreading uniformly across the tissue. Quantitatively, the dispersion of trajectories
perpendicular to the dominant migration direction is expected to decrease over time
approximately as

0, (t) = 0, (0)e™ ",
where k, represents the effective transverse relaxation rate measurable from tracking data.

2. Second, convergence time should scale with initial distance from the morphogen source. In

systems where morphogen concentration follows an exponential spatial profile C(x) = Coe /%,

the expected time required for cells to reach a threshold concentration region should increase
approximately linearly with the initial distance when chemotactic drift dominates diffusion.
Empirical measurements of migration time versus starting position could test this scaling
relation and estimate effective chemotactic sensitivity.

3. Third, transitional configurations should correspond to saddle-like regions in the
morphogenetic landscape. In live-imaging experiments, these states would appear as transient
spatial arrangements where migration velocity decreases and directional fluctuations increase

before trajectories reorganize toward stable configurations.

Previous work in developmental and cell migration biology provides partial support for several
aspects of these predictions. Directional alignment of migrating cells along morphogen or
chemotactic gradients has been documented in systems like Dictyostelium aggregation, neural crest
migration and epithelial collective migration, where cells organize into streams or dynamically
aligned trajectories rather than dispersing randomly across tissues (Rerth 2012; Shellard and Mayor
2016; Tweedy, Knecht, Mackay and Insall 2016). Quantitative analyses of chemotaxis evaluate mean
velocity, chemotactic index or persistence time, but rarely examine the temporal contraction of
transverse trajectory dispersion predicted by relaxation dynamics. Similarly, theoretical chemotaxis
models based on Keller-Segel-type equations and later refinements predict that migration speed
depends on morphogen gradient strength, implying that cells located further from the source
experience weaker drift and longer travel times (Keller and Segel 1971; Painter 2009). However, our
explicit tests of simple scaling relations between initial distance and arrival time are uncommon.
Dynamical-systems interpretations of developmental processes describe differentiation and
morphogenetic transitions in terms of motion on potential-like landscapes, where stable
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configurations correspond to attractors and transitional states may resemble saddle points separating
alternative trajectories (Ferrell 2012; Huang 2010). These studies support the qualitative plausibility
of our predictions, while leaving our specific quantitative suggestions largely unexplored.

In experimental settings under controlled perturbations, our approach could support the
interpretation of high-resolution imaging datasets by providing mathematical descriptors of
collective cellular motion and spatial reorganization. Measurements of trajectory distributions,
migration velocities and spatial contraction rates could be integrated into computational pipelines to
estimate the parameters governing tissue-scale dynamics. Our approach also provides a way to
compare distinct developmental conditions such as altered morphogen production or modified tissue
stiffness, by mapping how parameter changes reorganize the set of accessible configurations. In
engineered biological systems, numerical exploration of dynamical landscapes could assist the
identification of parameter regimes that generate reproducible structural outcomes.

In conclusion, we investigated how spatial organization can arise from directed dynamical
evolution in a simulated tissue environment governed by a morphogen field and mechanical
constraint. We provided numerical simulations to explore trajectory organization, temporal
progression of state variables and parameter-dependent convergence behavior across heterogeneous
initial conditions. We concluded that structured dynamical landscapes can generate orderly
developmental progressions, providing a mathematical description of how spatial configurations
evolve toward stable states within controlled simulation conditions.
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