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Abstract: From the regular collision time, Tce., due to multiple Coulomb collisions between electrons
an effective electron radius is proposed using the kinetic theory in plasma physics and considering we
deal with what we will call a Lorentz-like gas. The effective or equivalent electron radius is deduced
by corresponding the total cross section with a collision radius that can be related with the length
of the electron and depends on the temperature and density a = a(n; T). This is quite unusual, but
ultimately it is a measure that describes an effective radius of the electron based on supposing collision
of rigid spheres corresponding to the electrons in a Lorentz-like gas with temperature and density.
Unlike other electron size proposals where fixed parameters are taken, the electron radius is deduced
from a many-particle system. T is compared with the electron-electron relaxation time, 7., obtained
calculating the cross section for the momentum transfer. Taking into account typical fusion conditions
(TOKAMAK), the equivalent electron radius at as well as the corresponding electron-electron collision
and relaxation times are calculated. Assuming that electron describes a diffusion equation based
on Stokes law of viscosity, the friction coefficient « is calculated using the relaxation time and the
dynamic viscosity # is deduced from the first order approximation of the Chapmann-Enskog theory
for hard-sphere electrons.

Keywords: electron radius; multiple collisions; Plasma; TOKAMAK

PACS: 05.20.Dd; 05.60.-k; 05.60.Cd; 34.10.+x; 34.50.-s

1. Introduction

Among the problems of modern theoretical physics is the complex question of the size of the
electron radius. However, accepting the existence of a finite electron radius is not compatible with the
premises of the theory of relativity. Indeed, the electron is a charged particle considered as point-like
because this model is consistent with Quantum Electrodynamics (QED). On the other hand, a point-like
electron (zero radius) generates serious mathematical difficulties because the electron’s own energy
tends to infinity [1-3]. Although from the energy uncertainty relation an upper limit of the electron
radius of 1078 [4] can be derived, a more sophisticated study by means of the observation of a single
electron in a Penning trap suggests that the lower limit of the particle radius is 10-22m [5]. However,
certain theories have proposed distinct electron sizes to describe some effects in different phenomena;
namely, among others:

¢ The classical electron radius [2];

e  The reduced Compton radius [6];

¢  The radius of the nuclear electron [7,8];

e  The radius due to proper time (Einstein’s dual theory) [9];
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e The effective radius in a Lorentz-like gas that represents our proposal.

Let us analyze each proposal by describing in greater detail the case of what we call a Lorentz-like
gas and its effective radius. The latter yields the existence of an effective electron radius due to
collective effects, which is the objective of this work.

1.1. Classical Electron Radius

The classical electron radius [2] is a combination of fundamental physical quantities that defines a
length scale for problems that involve the interaction of an electron of charge e with electromagnetic
radiation. It consists of relating the energy of the relativistic mass of the electron with the classical
energy of electrostatic self-interaction of a homogeneous charge distribution. The classical electron
radius r( is motivated by the following reason: if one considers that the electron’s energy at rest can be
likened to its mass m,, we have

00 EZ 00 62 62
mee? =& = [Cegdv— [ 5 dv— , (1)
oo 2 ro 2(47)%eort 4megro
hence
82
rg = ———— = 2.8179403227 x 10~ ¥m, in MKS, 2)
471e0Mm,C2
2
ro = me 5 = 28179403227 x 10 em, in  CGS. 3)
e

It should be noted that the Thomson scattering length, the Lorentz radius, and the classical electron

radius represent the same thing. Note that it is related to the characteristic time expressed in CGS,
202
3mec3

= 6.2410 ?*sec appearing in the Lorentz-Dirac equation [1] or the Abraham-Lorentz
equation [10-12]. Indeed, if a particle travels at the speed of light for a time 7, it travels a distance

Te =

practically equal to the size of the classical radius of the electron, ry; let us see:

2 2

T = 2% /3mec® = Fe
3 mec>.

(4)
But this model leads to a difference in mass by a factor of 4/3 when a correct relativistic model is
implemented [13]. This shows that the classical electron radius concept carries certain contradictions
when used universally.

1.2. Reduced Compton Radius

The Compton radius of the electron, which is obtained from photon scattering experiments, is
given by (in CGS units) [6]
2
re= —— —3.8634 x 10 3, )
K1MeC

where « is the fine structure constant. Note that in this scheme the interaction is with photons and that
the Thomson scattering radius is compatible with the reduced Compton radius 7, = 386.16 fm.

The reduced Compton radius of the electron by means of the Zitterbewegung [6] is obtained by consid-
ering that the momentum and position of the electron are determined by a probabilistic interpretation
of the wave function described as a cloud of electron density. These semiclassical models have common
features that allow us to better describe the nature of the electron; for example, they all consider that
the Zitterbewegung, a "trembling motion" of the electron at the speed of light, is a real oscillatory
motion of the electron, and they arrive at certain results proposing at a given moment that this last
effect combined with the Compton effect could give us the so-called reduced Compton radius as in Eq.

().
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1.3. Nuclear Electron Radius

Considering that the Zitterbewegung radius of the electron is the reduced Compton radius (Eq.
(5), re = rc = rzpw = 386.16fm) the Zitterbewegung radius of the nuclear electron bound to the
proton can be estimated as follows [7,8]:
47N 47

= 386.16-—— fm = 0.99fm, 6
I 18362/ ™ fm ©)

r_— =7,

where yn = 1p/1836.2 is the nuclear magneton.

1.4. Electron Radius from Einstein’s Dual Theory

The Einstein dual theory [9] (Proper Time) of relativistic quantum mechanics with a single
approach when minimal coupling is turned off, three distinct dual relativistic wave equations produced
reduce to the Schrodinger equation. This model shows that a new formula for the anomalous magnetic
moment of a charged particle is obtained from the dual Dirac equation. As long as the electron radius
is considered to be rg ~ ry/2, we can obtain the exact value of the electron g-factor; that is,

rE = 0.499857150068631 x o ~ %0 7)

1.5. Lorentz-like Gas and Collision Times

The Lorentz gas is an ideal gas first proposed by Dutch physicist Hendrik Antoon Lorentz in
1905 [14] to model the thermal and electrical condition of metals. He assumed that the electrons in the
conduction band behave as an ideal gas with no interaction between them until they collide with the
nuclei of atoms, which are practically on the time scales in which electrons remain in a certain area.
Thus, the Lorentz model consists of a set of fixed obstacles (typically hard-spheres), which represent
on one hand point electrons and on the other atomic nuclei at the vertices of a lattice. The electrons
have free movement as long as they do not collide with the a nucleus. When the collision occurs, the
particle is deflected following a mirror reflection. To make this model, Lorentz made a Boltzmann-type
approximation, with which he implicitly assumed that the density of atomic nuclei was low. Physically,
this makes sense if one reinterprets atomic nuclei as defects in a lattice, rather than as ions.

In subsequent years and especially in recent decades, modifications to this model have been
studied, where the type of lattice, the shape of the obstacles, the number of dimensions, the reflection
rules, the presence of fields, whether electric or magnetic, etc., are varied. Furthermore, this model has
been relevant both in the fields of physics and mathematics. In physics, the model is important for
studying transport problems, statistical physics, dispersion problems, molecular dynamics simulations,
and even as a model to study a photonic crystal [15]. On the other hand, in mathematics, the model
has illuminated the field of probability and dynamical systems.

1.5.1. Lorentz-like Gas

It should be noted that a classical gas of electrons cannot be compared with one of the species of a
plasma at high temperatures as one might think. This is because in the Lorentz gas the electron-electron
collisions are neglected, unlike in the kinetic theory of gases. In fact, it is worth highlighting at this
point [17-19], that for each species « the internal energy is defined by #,¢, defined by

1
Mu€a = 5Ma /\v —ug ()P fu (v, 1,t)d%, 8)

where 114, €4, Mq, U, and f, represent the density of particles, the energy per unit particle, the mass, the
velocity of the species and the distribution function of the a —species, respectively. The kinetic energy
of the particles is assumed to be much higher than the average potential energy of the interactions.
Plasma thermodynamically resembles an ideal system; that is, an ideal gas where the interaction is
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described as collisions between the particles is called a Lorentz gas.

In the case of ions and electrons we have a two-fluid description of the plasma used in many texts
[20]. When the collision time between the electrons and the ions is much larger than the collision time
between the electrons and the electrons, we can deal with a one-fluid model composed of electrons
without accounting for the ions, and we can affirm that we are dealing with a Lorentz-like gas of
electrons.

The correlation function between electrons gives an equation of state where the Debye length is
considered [20-22]. This is the Balescu-Lenard equation which has the form of the Fokker-Planck
equation , but it takes into account the shielding and dielectric properties of the plasma. In fact, the
so-called reduced distributions, in particular the second reduced distribution F, gives a two-particle
correlation function P, (electron-electron with charge ¢)

[t |
e? &Xp (_T
—\ " J

Pl —nf) = — = fty —11] )
where 12
EQkT
Ap = . 10
b ( e ) (10)

Consequently when the cross section is calculated for multiple Coulomb collisions the Debye length
appears. Completing the Fokker-Planck description of a collisional effects in a fully ionized plasma
gives naturally the Landau collision operator which includes the Coulomb logarithm. Since the
Coulomb logarithm includes the Debye length, the cross section does not diverge. This is justified for
inert plasmas of high temperature and/or low density. That is, the weak coupling condition A > 1
described by the plasma parameter A which represents the number of particles in a sphere of Debye
radius. [18]

A= (im%ni) >1, a1

is satisfied. Equivalently, we ask that the coupling plasma parameter, yp, fulfills

-2/3 3/2 3/2 3/2
wp= (2oadn) =L (ra) _Ame (D) T (12)
37D 3477 \ e 3e3 pl/2 !
where r; = n71/3 the occupation length for each charge and 7, represents the mean distance of closest
approach,
__c d - L 13
fe = 4rtegkT a a = a7 (13

In the Lorentz-like gas, we can then say that we are analyzing a gas of electrons since we are considering
that the ion gas is ignored. Indeed, the scattering section is related to the so-called Coulomb logarithm
In A defined by

A:mA:m%W, (14)
min
where bmax represents the Debye length [18] which takes into account the shielding performed by the
electrons on the electrons and b,,;, = r. which is taken as the mean distance of closest approach or the
De Broglie length.

1.5.2. Collision Times

On the other hand, whenever we deal with a plasma, the dispersion effect between the particles is
fundamental. In this order of ideas, the cross section is related to the collision time 7 [23]; that is to say:

1 /1
= — —_ , 15
T 4 2 N0t 0 ( )
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where 0y, represents the total cross section and v is the thermal velocity. Our purpose is to compare
the multiple collision time of the electron-electron with the regular binary collision time defined from
the classical kinetic theory of gases, Eq. (15), taking the electrons as perfectly rigid spheres. We need to
consider the high-energy limit ka > 1, being a the radius of the perfect rigid sphere particle; that is:
Oot = 47ta? for the Quantum case [24]. However, for our classical point of view, we will consider that
1ot = a®. We have (see [18] Eq. (4.58))

oo 17 1 _1\/”78 1 (16)
e 4\ 2 noyo/2kT, /m, 8\ kTe ny/ma2’

An analysis shows that in fact for temperatures greater than 50eV/, the species made up of electrons
behaves completely like an ideal gas but the interaction is reduced to shocks described by a cross
section that is equivalent to rigid spheres with a radius a.

In the two-fluid model, the collision times are not calculated due to binary collisions but to multiple
collisions, and we have to differentiate between the collision times due to multiple collisions T¢ee, Tee;
and 7,;;, and the relaxation times T, 7,; and T;; between electrons with electrons, between electrons
with ions (and vice versa) and between ions with ions, respectively. However, for many authors the
collision time due to multiple collision are similar to the relaxation time, they are expressed by just one
expression [18,19], [25-27]:

12\/27'[3/25571’[}3/2]{3/2’1—?/2 6\67.[3/2637”3/2](3/2'1'?/2
Tee = et ’ Tei = Tie = Aetn (17)
e e
12 27T3/2€2m1/2k3/2T3/2
and — T; = v2 " —, (18)
Aetn;

where m, and m; represent the ion and electron masses, respectively. It should be noted that in some
texts, instead of talking about relaxation time, they talk about momentum transfer time, which is
consistent with their deduction [27,28]. Although the collision times of ions with ions or of ions with
electrons are very large compared with the collision time of the electron with electron, the electrons
can be treated as a Lorentz-like gas, and the interaction reduces just to collisions between rigid spheres
and therefore as an ideal gas. However, we will see that the collision time due to multiple collisions is
different from the relaxation time [29-31].

Finally, the aim of the work is threefold. The first objective is to show that there are several
characteristic times in a Lorentz-like gas, namely: the duration time of a collision, the binary-like
collision time, the collision time due to multiple collisions, and the relaxation time. The binary-like
collision time is meaningless but has an application when calculating dynamic viscosity. It will be seen
that although it is assumed by many authors for an isotropic solid, such as a metal, that the multiple
time is equal to the relaxation time [32], we will see that the first is smaller than the second coinciding
with what is said in reference [29] for metals contrary to some affirmations [32]. The second purpose is
to find the effective or equivalent radius of an electron in a Lorentz-like gas that simulates the same
effects as point electrons. The third result consists of finding a technique for obtaining the dynamic
viscosity owing to the collisions of electrons with electrons.

The article is organized as follows. In Section 2, the different times are defined and calculated as
functions of the temperature and the density. Section 3 is advocated to calculate the effective or equiva-
lent radius of the electron in the Lorentz-like gas as a function of the temperature and the density and
for the particular values of the temperature and the density in a TOKAMAK. The dynamic viscosity
 is deduced from the first order approximation of the Chapmann-Enskog theory for hard-sphere
electrons. in Section 4. In Section 5, a discussion of the applicability of the above results is presented.
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2. Times in an Electron Plasma (Lorentz-like Gas)

The size of the electron and its relationship to the Debye length are a seemingly unrelated topic.
However, the Lorentz-like gas represents one of the physical systems that can contribute to finding
such a relation. Indeed, by equating Eqgs. (16) and (17), we can obtain the effective electron radius,
where the Debye length is used via the value of A. However, before that, we must understand certain
aspects of some characteristic times associated with electrons in the Lorentz-like gas.

2.1. Characteristic Times

Let us define some important times in plasma physics. We will restrict ourselves to electrons only.

¢ The duration time of an electron collision Ty, is the time in which the interaction between two
electrons lasts;

e The collision time or the free path time .., is the time that passes between each collision (77, for
the TOKAMAK);

e  The relaxation time 1y is the time in which the particles slow down due to Stokes’ law.

2.2. Hierarchy of the Different Times
The following relationship must be fulfilled.

Tace K Teee < Tg = Tee- (19)

This is because in order to consider the particles as colliding spheres the duration time of the collision
must be much smaller than the free path time. In addition, the collision time should be smaller than
the relaxation time because it is assumed that there must be many collisions for a particle to change
direction by 90° [18,20]. Normally, one should say 7. < 17 [30], but Tce already considers multiple
shocks in the case of electrons and therefore it is only needed that 7.. < 7. In fact, for metals one has
Teee = %Td [29].

2.3. Duration Time

The duration time of a collision corresponds to the time in which the particles interact. When
the collision is Coulombic, obviously this time is infinite, but one can think that the duration of the
collision corresponds to the value of the interaction pulse (see Ref. [2] Sect. 11.10, Egs. (11.153) and
(11.154), Sect. 14.5 Eqs. (14.64) and (14.65) and Chap. 15 on Bremsstrahlung, etc). Indeed, the duration
time is described as the time in which the fields are appreciable (as if it were a pulse). We call T, the
duration time of the collision of an electron-electron. Therefore, we must consider the duration time of
the collision as the duration of the pulse. Finally, in a relativistic way the measure of the interval of
time in which the fields are appreciable is:

b 2 -1/2
Thee ™ ;nzl)n where 7y = (1 - ) ) (20)

For the non relativistic case, we have

1 v
~ . (21)
TAee bmin

It is convenient to define a large angle scatter, or a close encounter, as one that results in an angular
deflection of the incident particle of 90° or more. The impact parameter resulting in a scattering of 90
is [18,20] which coincides with the mean distance of the closest approach in Eq. (13).

&2

- 4rtegkT’

(22)

bmin = 7¢
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I bin 2 1_ 2 1 2 mg/z (23)
A ™ 7y T 4meokTv  4meokT Jar 4/27e (kT)3/2
m
This implies that the duration time in a TOKAMAK, 7, taking
me = 911x107 kg, k=138x10"2J/K, e=16x10""C,
€ = 882x1072F/m T=10°K n =107, (24)
is of the order of
e? ml/?
TrAee = ¢ =3.0408 x 10 ! sec. (25)

4V/2me (kT)3/2

This is a longer time than the characteristic time of the electron, which is on the order of 10~ sec. On
the other hand, each electron corresponds to a maximum radius of (occupation length for each charge)

rg=n"13=10"2/3 ~215x 10 "m. (26)

Consequently, the distance L traveled by a typical electron during tra.. must be much smaller than r;;
that is:

> 1/2 2 1
2kT e Me 7= L ~1.6737x10 B (27)
Me 4+/271€0 (kT) 47teg kT

rg > L= 0Trpee =

This means that the particles barely move during the collision and their path is less than the occupation
length for each charge. This will allow collisions to be considered instantaneous compared to ¢, and
T; = Tee for a TOKAMAK. Note that L will be of the order of magnitude of the effective radius or
equivalent that we will calculate later by using t.ee in Eq. (16). In fact, the latter proves that one cannot
consider only binary collisions as those that describe the deflections of electrons instead of taking into
account multiple collisions, since throughout the distance traveled during a binary collision, the Debye
length is much larger (Ap ~ 6.9 x 10~>m), and this explains why during a binary collision the electron
feels the interaction with the other charges. Therefore, a good description of the interaction between
electrons consists in considering multiple collisions.

2.3.1. Stochastic Force, Stokes” Model

If we want to occur a Stokes’ force and a stochastic force, we must consider that the duration time
must be much shorter than the relaxation time 7; (also called ,,). We must first understand some
properties of this Langevin force I'(t) (in one dimension for simplicity) [34].

a+yv="T(t), with  T(t) = % (28)

where F represents an stochastic force. We first assume that the average over the ensemble must be
zero.

(r(t)) =o. 29)

because the equation of motion of the average velocity (v(t)) must be given by
ma—+av =0 or o= -0, (30)
where « is the friction coefficient, v = a/m and the relaxation time is

T = (31)

1
-
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If we multiply two Langevin forces at different times we assume that the average values are zero for
different times t — ' which must be greater than the duration time of the collision T,,; that is:

(THOT(H)) =0 for  |[t—t'] > Tae (32)

Such a noise force with the correlation described by Eq. (32) is called white noise. This assumption
seems reasonable since collisions of different fluid molecules with small particles are approximately
independent. Typically, the duration of a collision, Ta.., is much shorter than the relaxation time
Tj = Tee = 1/ of the small particle. We can then take lim 7p,, — 0 as a reasonable approximation,

giving
(T(HT(t)) = qo(t—t'), (33)
with g = 29kT /m.
Then it is needed that
Tace K Tg = Tee; (34)
That is,
2 1/2 3/2
1 4+/2 kT
e m 1, B2k 35)
4/2meq (kT) v e2m,

Considering that the relaxation time and the correlation time 7., are of the same order, we need to

determine the following.

2 1/2

e Me
4V2rme (kT)*?

For a TOKAMAK, T4 >> T = 3.0408 x 10~2! sec. This is accomplished in a TOKAMAK.

Teorr =2 T = Tee > (36)

2.4. Collision Time or Free Path Time T,

A gas is out of equilibrium when it is not described by the Maxwell-Boltzmann distribution
function. The most common case is when the temperature, density, average velocity, etc., are not the
same throughout the gas. Equilibrium is achieved by the transport of mass, energy, and momentum
from one part of the gas to another. The transport mechanism is due to collisions or molecular
interactions. The typical distance over which these effects develop is known as the mean free path or
distance and represents the average distance a particle travels between each collision. The number of
collisions that occur per second per unit volume at a point r is [23]:

z= / o, / v, / dQ(Q) [v1 — va| f(£, vi, £) F(£, va, £). 37)

In fact, we can perform the integral on the solid angle since the integral is free since it depends only on
Q,

Z = /d301 / dP0y010t|v1 — va|f (1, V1, t) f (1, V2, t). (38)
On the other hand, each collision involves two particles (binary collisions), so we can conclude that
the total number of free paths per unit of time and volume is 2Z. Since the density of particles is 7, it

follows that the average number of free paths per unit of time and volume of a particle is 22 /n. The
average free path for a particle is the velocity multiplied by the average time between each collision.

A = 0At, (39)

and if in one second a particle has 2Z/n free paths then each free path occurs in

n
t 77 (40)
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Hence

cs\'\ >

A= iv and T, = (41)

-2z
We can always take a good approximation to oot = 714> by comparing collisions between rigid spheres
of diameter a, which is a constant, or simply consider oy, as a constant.

7 = ony / Bo, / Pos|vi — vaf(x,vi, ) f(r, Vo, b). (42)

Let us now consider that the Maxwell-Boltzmann distribution is very close to our non-equilibrium
distribution, then

_ 2 M 3/ 3 / 3 B _om o 3
Z = 0On <27TkT> d°vy | d°vy|vq — valexp T [01—}—02}
_ 2 M 3/ 31743 oom o 1,
Z = 0On <727'[kT) d°Vd v|v|exp T [ZV + 2?} , (43)
where 1
VZE(Vl +vy) and v=vy—vy. (44)

The integration is immediate and we arrive at (v = /2kT /m),

kT v
7 = 4n’oor | = 4n 0o Nors (45)

w1 /| T vm 1 v/ m
A= — = <o Tc = = = T = (46)
8 noyot 8 nrma 8 noyorV/2kT 4 nrl/2a2\/kT

where 7, is for rigid sphere. Note that the collision time T is deduced from the Z-function and not

Then

from the collision operator used to obtain the relaxation time 7; = 7, [18].

2.4.1. Example

Let us calculate a typical case:

H, at its Critical Point
Hy at its critical point [35] , with the following data

T.i(K) = 3297, Vi = 65cm>/mol — ng,; = 9.2648 x 10*'cm =3,
ap, =1A =10""m, mp, =2 x 1.6726219 x 10~ *kg.

Obtains

T 1 _
b, = g3 = 21530 %10 om, (47)

which corresponds to Huang'’s result[23]. The collision time is equal to

1
ToH, = \/z ~ 41271 x 10~ 2 sec. (48)
ncrinu?—b ZkWT

This coincides with Huang’s proposal around 10~ !! sec [23].
On the other hand, following Stokes, one must have a relationship

M H, —=1.0201 x 1013 sec (49)

THad = 671 (TcHzncrikT) a
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Let us now compare 7. with 7p,4
T = 41271 x 107 2sec, Ty = 1.0201 x 10 Psec,  Temn > T (50)

This cannot be the case, since the system cannot decay before colliding. The reason is that in the
derivation of Eq. (49), a continuum cannot be established for particles of the same size as is required to
determine the relaxation time. Let us also check the Reynolds number.

R_PYa_ M, NeriV4 M, 0a

= ~ 101 1
K TCHchrikT Tk T 0 (51)

where the dynamic viscosity is 4 = T.y2n,kT. That is, R is not small, and therefore, Stokes” formula
for obtaining the relaxation time 7,; does not work. Therefore, we should expect that it will not work
for calculating the relaxation time for electron-electron collisions either, as we will see. However, an
interesting relationship will emerge when Stokes’ theorem is used for the collision between electrons.
Indeed if 7. is replaced in Stokes” formula (Eq. (48)) by Tae. a consistent result will be obtained. This
will be analyzed in Section 4.

2.5. Rutherford Scattering

Rutherford scattering is historically very important because it was used to determine the structure
of the atom. Indeed, it represents the most important scattering because it is related to the fundamental
interaction at the atomic level, namely the Coulombic interaction. If we consider the interaction to be
repulsive, thatis (f = r% > 0), the result is [36]

n;—zk(l —ecos(6—6,)).

U= —
where u = 1/r, | is the angular momentum and ¢ = (1 + 212E/mk?)!/2. Since %
negative, and also ¢ > 1 = ¢! < cos(f — 6,). This last point simply limits the motion. In fact, it
should be noted that 6, does not define the initial position. In fact, 6, represents the axis of symmetry.

= u cannot be

Therefore, the following representation is better: let 6 be the angle such that

_mqiq2

= Uu = 12

1
- (1—ecosh).

Therefore, it is clear that the angles 6, and —#6, are such that cos(£6,) = g1 (see Figures 1 and 2). We

know that
E_\/21215+1_\/1+415252
SVomk T K2

where s is the impact parameter. As we have ©® = 7 — 26,, hence

fcos(zfg)—lsing
e 2 27 e 27
Or equivalently
TSy T 2T T T M2 TR 2% 2ds T ke

Finally, the Rutherford scattering section ¢(®) will be, putting k = 2 /47e

1 k]% ot @ 2
:2{215} co 2)_< e? 1 ) (53)

sin O sin? % 4rtegm,v* sin? %

(@) = | %
~ sin®|dO®
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Integrating this last result over the total solid angle, we have
(e 1Y e
=2 i — 0. 54
Otot T /0 Lrtegm,o? il % sin o) (54)

Indeed, this last result diverges since it is proportional to é when ©® — 0. We could have predicted
this last point by realizing that there was no impact parameter s in which the particles were not
dispersed; that is:

Smax =00
ot = 271/ sds — co. (55)
0

Y

Figure 1. Rutherford Dispersion.

27tsds
dQ

Figure 2. Fixed point dispersion

2.5.1. The Binary-like Collision Time.

The idea now is to find a binary collision time between electrons and electrons without consid-
ering multiple collisions. We know in advance that this is useless, as we have just seen the need
to consider multiple collisions. But for a reason, as we will discuss in Section 4, we are interested
in doing so. We must understand that there are two limits. The first comes from quantum me-
chanics for a non-degenerate plasma, [18], and refers to the fact that any distance is restricted to
comply with the uncertainty principle, consequently byin, = 27th/mv = 27th/+/2kTm. in a non-
degenerate plasma e?/47egm,v? is smaller than the de Broglie wavelength. Therefore, since in this

work non-degenerate plasmas are analyzed, we will then take from classical mechanics the lower limit
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bmin = 7c = €?/4megkT (see Eq. (13)). The other comes from considering the Debye shielding (Eq.
(10)), Ap = bmax = \/€0kT/n.e?, as we notice in the Introduction. Finally, we arrive at:

2 [©)
o ¢ / Om (1 in ©40 Ay S (56)
tot = ————5— sin = )
32me3m2vt JOn, \ sin? (5) 32megm2vt | sin® (5) O

Looking at Figures (1) and (2), and Eq. (52), we arrive at,

- _a €okT B e? 2
ot = ne2 27regmu?

~ n(egle‘;‘r > (57)

~ 14937 x 108

for TOKAMAK conditions. Note that 7tb2 ;. has been neglected because

2 6OkT 2 e ’ —26, 2
Mg = 7E{ gz ) > Mnin = 71( s ) = 88006 x 107m?, (58)

which implies that some authors equate it to zero. Now we should calculate the collision time from Eq.
(46) (for TOKAMAK conditions),

n_ m

be 8 Notot VvV 2kT ( )
e = 7.622 x 10 % sec

Note that the result of what we will call the binary-like collision time is very similar to the collision
duration between two electrons. This is because g, = 7.622 x 1072 sec and from Eq. (25) Tpe =
3.0408 x 10~?! sec and from Eq. (23),

1 ezm},/2
TBe 4172 (eg(kT)3/2>
Thee N e? mg/z
4\/57‘[60 (kT)3/2
~ (2m)Y/2, (60)

Now, from Eq. (23), we also have an expression between the binary collision time and the radius and
taking tp. as

1 Vm
YN (61)
Vm eOkT
1/21_ eAym /7 ne2
\J nn 4\/Ee kTVKT
a = 6.8953x10 °m, (63)

for TOKAMAK conditions. a = Ap is obvious due to Eq. (58). However, this is absurd because the
resulting diameter is greater than r; ~ 2.1544 x 10~7m (Eq. (26)). This is because considering the
particle in a binary collision but mixing the results with concepts such as the Debye length, which is
related to multiple interactions, distorts the idea of a binary collision. This nonphysical binary collision
time must be discarded, although it will be later compared with the collision time due to the Coulomb
multiple collision time of electrons.


https://doi.org/10.20944/preprints202504.1245.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 15 April 2025 d0i:10.20944/preprints202504.1245.v1

13 of 20

2.6. Collision Time for Multiple Collisions

As we have seen, if we want to define a collision time, we must take into account multiple
collisions of a charged particle because an electron does not interact with just one electron but with
all the others. Therefore, considering correlation effects, the Debye length appears, which functions
as a shielding [20], [19], [25]. This gives very classic results, since the calculation involves a series of
averages, and the root mean square deflection is calculated for a test particle. In recent years, Garcia-
Colin and Dagdug [31] have developed more refined techniques, and a collision time for multiple
collisions T, has been obtained,

4 (2r)*" 2 /meed(kT)¥2  2(27)*/*md/?€3(kT)3/2
n

Teee = 7 = AN (64)
ey ne*In <1 + 716(:52)3 )
where the screening is represented by
1/2
kT
16kTen\ 16kT€0 £
p=1In <1 + 6§°D> =Inf1+ (2"62 ) (65)
e e
Evaluating this expression for the TOKAMAK conditions, we have T,
Treee = 9.112 x 1072 sec. (66)

Finally, we have an acceptable collision time, which we can link to the effective or equivalent radius of
an electron in a plasma in general.

2.7. Relaxation Time

The relaxation time appears in the Braginskii equations for the electron-electron case [25]. It must
be calculated from the cross section for the momentum transfer.

2.7.1. Cross Section for Momentum Transfer

In Eq. (56), we must integrate over the solid angle with a weighting function (1 — cos ®) that
represents the fractional change in momentum during scattering. That is:

¢ ! o)1 . @do 67
or=— — cos —— | sin .
T 32megm2vt /@min ( ) sin? § (67)
Obtain
¢ O 4 ot @O
o = —0 4 cot
T 32megm2vt / i
4 @ ®max
= e28<lnsin> (68)
32megm2vt 2 /6.

Resulting in a relaxation time [18]

12v/273/2e2mb /2 (kT)>/2
enln A

T = Tee = (69)
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being InA = In(bmax/bmin) (see Eq. (14)). Comparing the relaxation time 7., with the multiple
Coulomb collision time t;, we have

2(271)% 2m" /22 (kT)?/2

3/2

16(kTeq)

4 0
ne ln<1+ 172.3 >

Teee
Tee 12\/§7I3/2€6mg/2(kT)3/2
etnln A
1 InA

3 16(kTeg)/2
ln<1—|— (nl/ez(;)s )

Remember that

3/2 >
A —In bmax _ In 4rt(egkT)™" = ! v €okT /nee

bmin ng/ze3 - (32/47T€0kT )
Obtain s
47(egkT)
T W i
Te 3 16(kTeg)?/?
ee In (1 + (711/6206)3)
Putting
3/2
 47m(eokT) Teee 1 In s
TR T e 3in(14 16,
e n + E%
Then, noticing that
. In s
Iim ——M— =1

Hooo ln(l + %%)

We can conclude that for 2 — oo, that is for the plasma parameter A > 1 or the coupling plasma
parameter up < 1 as it is the case of a TOKAMAK, we have

lim e = L (70)

%—00 Tge

Evaluating the relaxation time for a TOKAMAK, we have
Trg = 3.2394 x 104 sec.

It should be noted that our evaluation of the different characteristic times proposed in Eq. (19),
(rwe — 3.0408 x 102! sec) < (rm = 9.112 x 1075 sec) < Ty = T = 32394 x 10 *sec.  (71)

Jakoby’s prediction comes true to some extent [29] since for Jacoby Teee =~ (1/2)7; but in our case
turned out to be Teee =~ (1/3)7, as in Eq. (70).

3. Effective Radius of the Electron in a Plasma

The idea now is to try to find the effective radius of the electron using the relationship described
in Eq.(46):

SR L S A S Ve (72)
cee — —_— .
8 novrV2kT 4 nm/2a2\/kT

a_l\/ﬂ (73)

Therefore, we can propose

N7tV /2 (Teee ) VKT
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Then, evaluating in the case of a TOKAMAK we arrive at
ar = 63065 x 107 %m  and by =3.1532 x 107 B¥m (74)

This equivalent diameter a and radius by for the electron is acceptable because it is 10 times larger
than the classical electron radius.

However, we want to obtain the equivalent diameter for an electron in a plasma within the limits
of weak fields, densities, and low temperatures as we have been handling in the calculations. The

expression is:
-1/2

3/2
a(n,T) = - 2(2)" &5 (kT)? : (75)

3/2
é4ln <1 + —16(552)3 >

Evaluating, we have the following.

1/2
1.4074 x 105 o/ T2
an, T) = =2 (in[1+5.2454 x 10°( — (76)
T n

The corresponding graphs are shown in Figures (3), (4) and (5)

020

15x10° 0.5x1

Figure 3. Effective diameter of the electron in a plasma as a function of density and temperature. a2 in m, T in K

and ninm3

n=1 10%

510"

T

Il
1108

Figure 4. The diameter "a" in m as function of T in K for fixed n = 1020m 3.
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T=1 108

6.3 1013

1
1 .10%° n

Figure 5. The diameter "a" in m as function of n in m~3 for fixed temperature T = 108K.

4. Dynamic Viscosity

Let us return to Stokes’ law, consider the friction coefficient « and y = a/m, are (see Eq. (31))

oc—m'y—%— mg/ze‘LnlnA
U w o 12v2m2(kT)?
For TOKAMAK conditions
ar = 2.8122 x 10 ¥kgsec™ ! and yr = 3.087 x 10* sec ™! (77)

Although, when Kinetic Theory is used for a rigid sphere in some books such as Huang [23] and
Zwanzig [30] the dynamic viscosity is defined as

U = nkTTee, (78)

accompanied by Stokes’ law;
F = 6tuav =av. (79)

This results in &« = m,7y, so we can conclude that

1
Mey = Me— = 67TUA = 6TTNKT Teeell = Ty = Tee Me (80)

Toe T 67tk T Toeett

Ty = Toe = 6.0945 x 10~ sec. (81)

This does not correspond to the value of 7; even though the formula in Eq. (80), should be valid
since in this case the Reynolds number is equal to R ~ 5.8879 x 10~!7 < 1. It is more similar to
the collision duration time Trp,, = 3.0408 x 10~2! sec, but more to the binary-like collision time
Tpe = 7.622 x 10721 sec. If we exchange in Eq. (80) . for Tp, keeping the same diameter value, we

arrive at:
M

=_— ¢  —72859x%x10"° 2
kT tped 859 x 10’ sec, (82)

T = Tee

which corresponds to a value closer to Ty = T.. = 3.2394 x 10~% sec (see Eq. (71)). Moreover, if we use

the duration time of collision Tp,, = 3.0408 x 10~2! sec, we have
=T = 1826310 *sec, (83)
67Ttk T Tppo1

a better result. Finally, one might wonder if the different times satisfy equations (19) and (71), why we
get a meaningless time when applying Stokes’” law (see equation (81)). However, when using them
to calculate the dynamic viscosity, we must use Tp, = 7.622 x 107! sec that we had discarded or the
duration time of the collision Trp. = 3.0408 x 10~2! sec in Egs. (82) and (83). The question remains


https://doi.org/10.20944/preprints202504.1245.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 15 April 2025 d0i:10.20944/preprints202504.1245.v1

17 of 20

whether to calculate the dynamic viscosity of the electron in an electron bath in Eq. (78) we should
have tp. or Trp. instead of T, leaving

up = nkTtg. ~1.0518 x 10~ Pkgm sec™t.
or (84)
nkTTrpee =~ 4.1963 x 10~ 10kgmtsec™!.

Ha

The answer is that none is satisfactory.
In reality, the dynamic viscosity y is calculated from the friction with a wall. A typical model
corresponds to a spherical particle in which the other particles collide ([23]). We could then think of a

non

spherical particle of diameter "a" immersed in a bath of point particles that continually collide with

it. This is in a way representative of the Sinai billiards but in three dimensions, where the sphere is a

non

spherical electron of diameter "a" and the bath is composed of point electrons. However, the above
calculations cannot correspond to a system of particles with the same rigid radius because they do not
correspond to the model used to obtain the Stokes formula. Indeed, a continuous flux of particles is
supposed in order to obtain Eq. (79)

In fact, the idea that electrons can be considered as hard spheres implies that their dynamic
viscosity is calculated via the Braginskii equations for an effective radius [18,25]. This corresponds to
the asymptotic Champan-Enskog scheme [37] normally used in neutral gases where collisions prevail.
The typical parameter is the mean free path (see Huang [23]). Consider a neutral gas with hard-sphere

particles with mass m, and diameter a. The equations are expressed as

dn
E‘an vV = 0,
\Y%
en—+Vp+V~? = 0, (85)
ilf;;-i- SpV-V4+(R:VV)+V-q = 0,
where
Vig . . .
?:VV:(n)aﬁT Einstein summation convention. (86)
14

The friction F = F; of each species s cancels out since Fs = ) Foy with Fgy = [ msvCs d3v where C
is the collision operator and for a single species F,y = 0. The electromagnetic force was eliminated
since they are considered neutral particles, and gravity is not considered either. Furthermore, W is zero
and depends on C** = 0. Clearly, what we want in this scheme is to know 7 and q in terms of n, V or
p. The first is that it could have been calculated with the zero approximation, but this scheme gives
q = 0, and thus we will have a closed system. Recall the mean free path for a gas of rigid sphere-like
particles, Eq. (46) (A = % Z Wt .
particles. In the Chapman-Enskog method, it is considered that

). We note that A does not depend on the velocity or the mass of the

f(t,v,t) = fo(t,v,t) +efi(r,v,t) + € fo(r,v,t) + ..., (87)

with fy the Maxwell-Boltzmann distribution

m 3/2 m(v — V)2
fo(r,v,t) = n(r) (27TkT(I‘)) exp [_ZkT(r) , (88)

and p = nkT is used. Note that there is no heat flux q and 7 when using a Maxwellian distribution
function. Therefore, both the heat flux density, q and 7, depend on the first-order non-Maxwellian
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correction of the distribution function, f;. Concentrating on viscosity, let us for now forget the

B oV, IV 2
nuc,B = -7 ( ( arﬁ + E — g(saﬁv -V (89)

Using the Chapman-Enskog method [18,37], we obtain the dynamic viscosity.

calculation of q.

0 = mnxo (90)

where x, represents the viscous diffusivity. It is shown that using Sonine-Laguerre polynomials in
the Chapman-Enskog method and considering collisions between rigid spheres (even if they are rigid
spherical electrons), we have the viscous diffusivity at first order.

75 4 3 2kT
Xo= g [1 + 202} e ™ O
The dynamic viscosity is
- 75 49 3 2kT
N =mny, = mn647r {1 + 202] e A. (92)
Simplifying, obtain

= mn§n1/2 1—|—i AT Jr 1
= 64 202 |\ . 8 nma?

75 3 1
T 128[ * 202] VimekT 2 ©3)
It should be noted that 77 depends on the density and temperature through the diameter a. For
TOKAMAK conditions, we have

n =53.012 kgm lsec!. (94)

Other physical quantities for the Lorentz-like gas can be calculated by using the Chapman-Enskog
method within the Braginskii equations for hard-sphere electrons.

5. Discussion
In the following, we list the results obtained together with perspectives and implications.

*  We managed to define a Lorentz-like gas as a gas of electrons that do not interact with other
particles such as ions, and the interaction with electrons is modeled through collisions of hard-
sphere electrons. This was made possible by analyzing the different timescales;

*  We were able to compare the different times between electrons, namely: the duration time of a
Coulombic collision, the Coulombic collision time due to multiple collisions and the relaxation
time. We give the relationships between them described by Egs. (19, 36, 33, 64, 66, 69) and (70). In
particular, we highlight that for a Lorentz-like gas we obtain Ta,, < Teee < Ty = Tee Which allows
a noise force with the correlation described by Eq. (32) called white noise, and 7. = (1/3)1y;

e We have been able to calculate the equivalent or efficient radius of the electron in what we
call the Lorentz-like gas. Interestingly, unlike other proposals for obtaining the electron radius,
whose data are obtained from fixed parameters such as the electron charge, Planck’s constant,
fine-structure constant, and mass, the effective or equivalent electron radius is obtained as a
function of not only the above parameters but also of temperature and density. This radius is
consistent with the density, since it is much smaller than the occupation length for each charge, Eq.
(13). It is much larger than the classical radius of the electron that avoids radiation and timescale


https://doi.org/10.20944/preprints202504.1245.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 15 April 2025 d0i:10.20944/preprints202504.1245.v1

19 of 20

problems, 7, in Eq. (4), and although it decays according to Eq. (76) and Figures (3), (4) and (5), it
should be noted that these results have limits represented by the relativistic effects Eq. (20), and
the plasma parameter, Eqgs. (11) and (12);

* By assigning a value to the electron radius, we can describe the Lorentz-like gas as a gas composed
of rigid spheres that satisfies the Braginskii equations [18,25]. All properties of a plasma composed
of rigid particles can be calculated using the Chapman-Enskog method [37]. The dynamic viscosity
was calculated in this way, but more properties could be calculated.

The work to be done is to generalize these ideas by calculating the radius of an ion, which should be a
proton, in relation to electron-proton and proton-proton collisions. The following Braginskii equations
[18,25] must include external fields to calculate all the quantities involved in a fully ionized plasma.
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