
Article Not peer-reviewed version

G-Subdiffusion Equation with Fractional

Caputo Time Derivative with Respect to

Another Function to Describe Ultraslow

Diffusion

Tadeusz Kosztołowicz * and Aldona Dutkiewicz

Posted Date: 2 September 2025

doi: 10.20944/preprints202509.0129.v1

Keywords: ultraslow diffusion; g-subdiffusion equation; fractional Caputo derivative with respect to another

function; anomalous diffusion; fractional calculus

Preprints.org is a free multidisciplinary platform providing preprint service

that is dedicated to making early versions of research outputs permanently

available and citable. Preprints posted at Preprints.org appear in Web of

Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This open access article is published under a Creative Commons CC BY 4.0

license, which permit the free download, distribution, and reuse, provided that the author

and preprint are cited in any reuse.

https://sciprofiles.com/profile/1189610
https://sciprofiles.com/profile/4563577


Article

G-Subdiffusion Equation with Fractional Caputo Time
Derivative with Respect to Another Function to
Describe Ultraslow Diffusion
Tadeusz Kosztołowicz 1,2,* and Aldona Dutkiewicz 3

1 Institute of Physics, Jan Kochanowski University, Uniwersytecka 7, 25-406 Kielce, Poland
2 Department of Radiological Informatics and Statistics, Medical University of Gdańsk, Tuwima 15, 80-210 Gdańsk, Poland
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Abstract

Ultraslow diffusion (slow subdiffusion) is usually defined as a random walk of a diffusing molecule
such that its mean square displacement is controlled by a slowly varying function, in practice, by a
combination of logarithmic functions. The Green’s function describing molecule diffusion is often
determined in the long-time limit. We show that the g-subdiffusion equation with the fractional Caputo
derivative with respect to another function g describes ultraslow diffusion in the entire time domain
when the function g is appropriately chosen. To determine the Green’s function we use a method
based on the Laplace transform with respect to the function g. We also use the g-subdiffusion equation
to model a continuous transition between two different ultraslow diffusion processes.

Keywords: ultraslow diffusion; g-subdiffusion equation; fractional Caputo derivative with respect to
another function; anomalous diffusion; fractional calculus.

1. Introduction
Most often, the type of diffusion is defined by the temporal evolution of the mean square dis-

placement (MSD) of a diffusing molecule σ2(t). When MSD is a power function of time, σ2(t) ∼ tα,
then α > 1 is for superdiffusion, α = 1 for normal diffusion, and 0 < α < 1 for subdiffusion [1–5].
The equations describing these processes can be derived within the continuous time random walk
(CTRW) model [3,5,6]. Superdiffusion (facilitated diffusion) occurs when anomalously long molecule
jumps can be performed with high probability, which occurs in turbulent media. This process is
described by the superdiffusion equation with a fractional derivative with respect to spatial variable.
Subdiffusion (hindered diffusion) occurs when the waiting time for a molecule to jump is anomalously
long, which occurs, for example, in gels, bacterial biofilms, porous materials, dense polymer solutions,
and crowded intracellular spaces like the cytoplasm and cell membranes, see [3–5,7–15]. Subdiffusion
is described by an equation with a fractional derivative with respect to time [3–5,16,17].

The above examples are not a complete list of types of anomalous diffusion. One of the processes
other than those mentioned above is ultraslow diffusion (slow subdiffusion), for which σ2(t) ∼ v(t)
when t → ∞, where v(t) is a slowly varying function which, in practice, is a combination of logarithmic
functions [18–20]. This process is significantly slower than ordinary subdiffusion. Although ultraslow
diffusion and ordinary subdiffusion are qualitatively different, it is rather difficult to distinguish them
from experimental data (especially when α is close to zero) unless these processes are considered
over sufficiently long times. Ultraslow diffusion occurs when the movement of diffusing objects is
extremely hindered, as in very crowded systems. The process has been observed in systems with
extreme levels of heterogeneity and disorder. The examples are water transport in sucrose glasses at
low temperatures [21], diffusion in highly congested media where particle motion is nearly arrested,
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and the dynamics of language, where the usage frequency of common words evolves logarithmically
[22].

There exists experimental evidence in numerous systems for logarithmically slow time evolution,
yet its full theoretical understanding remains elusive. In [23] there have been introduced and studied
a generic transition process in complex systems, based on non-renewal, aging waiting times. This
model provides a universal description for transition dynamics between aging and nonaging states. In
[24] the authors develop the stochastic foundations for ultraslow diffusion based on random walks
with a random waiting time between jumps whose probability tail falls off at a logarithmic rate. The
Sinai model describes motion in a random potential [25,26]. Theoretical and simulation studies have
generalized this result, showing that ultraslow diffusion appears in stationary Gaussian potentials
with spatially vanishing correlations, provided the temperature is sufficiently low or the disorder is
strong [20]. In [27] the authors use the inverse Mittag-Leffler function as the function in the structural
derivative modeling ultraslow diffusion of a random system of two interacting particles. It has been
noticed that the dynamics of two interacting particles are respectively the ballistic motion at the short
time scale and the Sinai ultraslow diffusion at the long time scale [25]. Ultraslow-like behavior has been
observed in aging colloidal glasses, where the nature of diffusion can be tuned by changing the density
and heterogeneity of the system. Logarithmic aging phenomena, in which the relaxation of the system
progresses logarithmically with time, are widespread in disordered materials and provide strong
evidence of underlying ultraslow dynamics [28]. Another example is momentum space diffusion
in billiard systems with specific geometry (e.g., a right triangle), where chaotic dynamics leads to a
logarithmic increase in the MSD [29]. A medium in which ultraslow diffusion occurs may change over
time due to changes in the medium structure or in external factors, such as temperature. Ultraslow
diffusion in a medium with parameters changing over time was considered in [26].

In systems dominated by extreme heterogeneity, hierarchical energy landscapes, or long-range
memory effects, classical diffusion and even ordinary subdiffusion models may prove insufficient. The
study of ultraslow diffusion opens new perspectives for understanding dynamics in systems far from
equilibrium, ranging from aging processes in amorphous materials to the evolution of complex social
and informational networks.

To describe ultraslow diffusion we will use the g-subdiffusion equation with an appropriately
chosen function g. This equation contains the time-fractional Caputo derivative with respect to the
function g. The g-subdiffusion equation was first used in the paper [30] to model the smooth transition
from ordinary subdiffusion to ultraslow diffusion. It has also been used to model superdiffusion [31],
subdiffusion with anomalous decay of diffusing molecules [32], smooth transitions from subdiffusion
to superdiffusion [33], and transition between two different subdiffusion processes [34]. A stochastic
interpretation of the g-subdiffusion process is shown in [35]. The g-subdiffusion equation can be
treated as a fairly general anomalous diffusion equation with certain restrictions imposed on the
function g, see also [36].

The paper is organized as follows. Section 2 presents the basics of the standard model of anoma-
lous diffusion, namely the continuous-time random walk model. It is shown how the Laplace transform
of the distribution of the waiting time for a particle to jump determines the subdiffusion equation,
its Green’s function, and the time evolution of MSD. The derivation of the ordinary subdiffusion
equation and its Green’s function is shown in Section 3. In Section 4, the general form of the Green’s
function and the time evolution of the MSD for ultraslow diffusion is derived in the long-time limit.
Section 5 describes the g-subdiffusion equation along with a method for solving it based on the Laplace
transform with respect to the function g. The application of the g-subdiffusion equation to ultraslow
diffusion is shown in Section 6. The continuous transition between two different ultraslow diffusion
processes is also considered. A discussion of the results and final remarks are provided in Section 7.
Some of the mathematical formulas used in the calculations are shown in the Appendix.
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2. Standard Model of Anomalous Diffusion
A frequently used stochastic diffusion model, providing equations for anomalous and normal

diffusion, is the continuous time random walk (CTRW) model [3,5,6]. Within the standard version
of this model, the random walk of a molecule is described by probability densities of the waiting
time for a particle to jump ψ(∆t) and the jump length λ(∆x). The type of diffusion is defined by
these distributions. For normal diffusion, both distributions have finite moments. For superdiffusion,
the second moment

〈
(∆x)2〉 is infinite and ψ has finite moments. Subdiffusion occurs when ψ

is heavy-tailed and has infinite moments of natural order, while λ has finite moments. A more
detailed description of subdiffusion processes requires consideration of fractional moments of ψ,
⟨(∆t)ρ⟩ =

∫ ∞
0 (∆t)ρψ(∆t)d∆t. For ordinary subdiffusion, there is a parameter α ∈ (0, 1) a such that

the fractional moments of order ρ ≤ α are finite, while for ultraslow diffusion (slow subdiffusion)
these moments are infinite for any positive ρ. The processes of ordinary subdiffusion and ultraslow
diffusion are qualitatively different.

We consider diffusion in a one-dimensional homogeneous, unbounded system without a bias.
Within the CTRW model, the diffusion equations and their Green’s functions are derived using the
Fourier transform F [ f (x)](k) ≡ f̃ (k) =

∫ ∞
−∞ eikx f (x)dx and the Laplace transform L[ f (t)](s) ≡ f̂ (s) =∫ ∞

0 e−st f (t)dt. The Green’s function P(x, t) is the probability density of finding a diffusing molecule at
point x at time t. We assume that the initial position of the molecule at time t = 0 is x = 0. The Green’s
function is the solution to a diffusion equation for the initial condition P(x, 0) = δ(x), where δ is the
delta-Dirac function; for an unbounded system, the boundary conditions are P(±∞, t) = 0.

The CTRW model provide [6]

ˆ̃P(k, s) = Û(s)
1

1 − λ̃(k)ψ̂(s)
, (1)

where U(t) = 1−
∫ t

0 ψ(∆t)d∆t =
∫ ∞

t ψ(∆t)d∆t is the probability that the particle will not make a jump
in the time interval (0, t),

Û(s) =
1 − ψ̂(s)

s
. (2)

We will consider subdiffusion processes, then by assumption λ has finite moments. When
considering the random walk of a particle on a lattice, we can assume

λ(∆x) =
1
2
[δ(∆x − ϵ) + δ(∆x + ϵ)], (3)

ϵ being a length of a particle jump. Then,

λ̂(k) = cos(kϵ). (4)

The main contribution to (1) is given by (4) for small k. Therefore, it is assumed that

λ̂(k) ≈ 1 − k2ϵ2

2
. (5)

Equations (1), (2), and (5) give

ˆ̃P(k, s) =
1 − ψ̂(s)

s[1 − ψ̂(s) + ϵ2ψ̂(s)k2/2]
. (6)

By transforming Equation (6) we obtain the following diffusion equation in terms of the Fourier and
Laplace transforms

s ˆ̃P(k, s)− 1 = − ϵ2sψ̂(s)
2[1 − ψ̂(s)]

k2 ˆ̃P(k, s). (7)
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Due to Equations (A1)-(A3) in Appendix, the inverse Fourier transforms of Equations (6) and (7) are

P̂(x, s) =
1√

2ϵ2sV̂(s)
e
− 2s

ϵ2V̂(s)
|x|

, (8)

sP̂(x, s)− P(x, 0) =
ϵ2V̂(s)

2
∂2P̂(x, s)

∂x2 , (9)

where

V̂(s) =
sψ̂(s)

1 − ψ̂(s)
(10)

and
P(x, 0) = δ(x). (11)

Equations (8) and (A12) provide the Laplace transform of the time evolution of MSD

σ̂2(s) =
∫ ∞

−∞
x2P̂(x, s)dx =

ϵ2V̂(s)
s2 . (12)

The above considerations show that the Green’s function, equation, and also σ2(t) for subdiffusion
are determined by the function ψ. Thus, the appropriate choice of this function defines the process.

3. Ordinary Subdiffusion
For ordinary subdiffusion we assume

ψ̂α(s) =
1

1 + ταsα
, α ∈ (0, 1), (13)

where τα is a parameter given in units of (second)α. Then, V̂(s) = s1−α/τα. Applying Equation (A8)
we get for sufficiently short time ψα(t) = (tα−1/τα)Eα,α(−t/τα), where Eα,β(u) = ∑∞

n=0 un/Γ(nα +

β), α, β > 0, is the two-parameter Mittag-Leffler function. In the long time limit there is ψα(t) ∼
ατα/[Γ(1 − α)t1+α]. The subdiffusion coefficient Dα is defined as Dα = ϵ2/(2τα). Equations (7)-(13)
give

P̂α(x, s) =
1

2
√

Dαs1−α/2
e−

sα/2√
Dα

|x|, (14)

sα P̂α(x, s)− sα−1P(x, 0) = Dα
∂2P̂α(x, s)

∂x2 , (15)

σ̂2
α(s) =

2Dα

sα
. (16)

Due to Equations (A4)-(A7) in Appendix, we have in the time domain

Pα(x, t) =
1

2
√

Dα
f−1+α/2,α/2

(
t;

|x|√
Dα

)
(17)

=
1

2
√

Dαtα

∞

∑
j=0

1
j!Γ(1 − α(1 + j)/2)

(
− |x|√

Dαtα

)j

=
1

α|x|H10
11

((
|x|√
Dαtα

)2/α∣∣∣ 1 1
1 2/α

)
,

C∂αPα(x, t)
∂tα

= Dα
∂2Pα(x, t)

∂x2 , (18)

σ2
α(t) =

2Dαtα

Γ(1 + α)
, (19)
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where
Cdα f (t)

dtα
=

1
Γ(1 − α)

∫ t

0
(t − u)−α f (1)(u)du, (20)

is the Caputo fractional derivative defined here for 0 < α < 1, f (1)(u) = d f (u)/du, H is the H-Fox
function [3].

4. Slow Subdiffusion
Slowly varying functions R(t) are often entangled with functions describing ultraslow diffusion

(slow subdiffusion). A slowly varying function at infinity R(t) meets the condition

R(at)
R(t)

→ 1 (21)

when t → ∞ for any a > 0. Logarithmic functions and functions that have finite limits when t → ∞
are slowly varying functions.

A common problem is finding the inverse Laplace transform of a slowly varying function. One
can then use the strong Tauberian theorem to determine this transform in the long-time limit [37]:

if ϕ(t) ≥ 0, ϕ(t) is ultimately monotonic like t → ∞, R is slowly varying at infinity, and 0 < ρ < ∞,
then each of the relations

ϕ̂(s) ≈ R(1/s)
sρ (22)

as s → 0 and

ϕ(t) ≈ R(t)
Γ(ρ)t1−ρ

(23)

as t → ∞ implies the other.
To determine ψ̂u(s) for ultraslow diffusion the Denisov and Kantz method can be used [18].

Within the method ψ̂u(s) is expressed by a slowly varying function U(t). Due to (2) one gets

ψ̂u(s) = 1 − sÛ(s) = 1 −
∫ ∞

0
e−qU

( q
s

)
dq. (24)

Since U is a slowly varying function, there is

U
( q

s

)
≈ U

(
1
s

)
, s → 0, q > 0. (25)

Thus,

ψ̂u(s) = 1 − U
(

1
s

)
, s → 0. (26)

Due to the normalization condition of ψu, U(t → ∞) → 0. In the following we assume U(t) ≡
U(1/s) ≪ 1. The ultraslow diffusion coefficient Du is defined by the relation ϵ2 = 2τuDu, where τu is a
parameter characterizing the distribution ψu, this parameter ensures that the argument of the function
U is dimensionless. For small s we get

P̂u(x, s) =
√

U(1/s)
2
√

Duτus
e−
√

U(1/s)
Duτu |x|. (27)

The strong Tauberian theorem provides

Pu(x, t) =
√

U(t)
2
√

Duτu
e−
√

U(t)
Duτu |x|, t → ∞. (28)

Equations (A12) and (28) give

σ2
u(t) =

2τuDu

U(t)
, t → ∞. (29)
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Even if the process is defined by σ2
u(t) in the entire time domain, the Green’s function (28) is

determined only in the long-time limit. To obtain the Green’s function as well as the ultraslow diffusion
equation for the process defined by Equation (29) in the entire time domain we use the g-subdiffusion
equation.

5. G-Subdiffusion Equation
The g-subdiffusion process is defined as the ordinary subdiffusion process with time changed by

the function g,
t 7→ g(t). (30)

This function, given in units of time, is differentiable and satisfies the conditions

g(0) = 0, g(∞) = ∞, g(1)(t) > 0, t ∈ (0, ∞). (31)

The g-subdiffusion equation is derived by changing the time variable (30) in Equation (18). To do this,
we use the Laplace transform with respect to the function g (the g-Laplace transform) [38,39]:

Lg[ f (t)](s) =
∫ ∞

0
e−sg(t) f (t)g′(t)dt. (32)

The relation between Laplace transforms is as follows

Lg[ f (t)](s) = L[ f (g−1(t))](s). (33)

Equation (33) provides the relation

Lg[ f (t)](s) = L[h(t)](s) ⇔ f (t) = h(g(t)). (34)

We note that the above relation can be used to determine the g-Laplace transform when the Laplace
transform L is known.

The derivation of the g-subdiffusion equation can be performed in two steps. First, the following
substitution is made in the ordinary subdiffusion equation given in terms of the Laplace transform
Equation (15)

P̂α(x, s) → Lg[Pg(x, t)](s), (35)

Pg is the Green’s function for g-subdiffusion. We get

sαLg[Pg(x, t)](s)− sα−1Pg(x, 0) = Dα
∂2Lg[Pg(x, t)](s)

∂x2 . (36)

Next, the inverse g-Laplace transform of Equation (36) is determined.
Due to Equation (A9), the g–subdiffusion equation is [30,35]

C∂α
gPg(x, t)

∂tα
= Dα

∂2Pg(x, t)
∂x2 , (37)

where the g-Caputo fractional derivative of the order α with respect to the function g is defined for
0 < α < 1 as [40]

Cdα
g f (t)
dtα

=
1

Γ(1 − α)

∫ t

0
(g(t)− g(u))−α f (1)(u)du. (38)

The g–Laplace transform of Green’s function reads

Lg[Pg(x, t)](s) =
1

2
√

Dαs1−α/2
e−

|x|√
Dα

sα/2
. (39)
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From Equations (39) and (A11), we obtain

Pg(x, t) =
1

2
√

Dα
f−1+α/2,α/2

(
g(t);

|x|√
Dα

)
(40)

=
1

2
√

Dαgα(t)

∞

∑
j=0

1
j!Γ(1 − α(1 + j)/2)

(
− |x|√

Dαgα(t)

)j

.

The g-Laplace transform of the time evolution of the mean square displacement is

Lg[σ
2
g(t)](s) =

2Dα

s1+α
. (41)

Using Equation (A10) we get

σ2
g(t) =

2Dαgα(t)
Γ(1 + α)

. (42)

6. G-Subdiffusion That Describes Slow Subdiffusion
As mentioned, Green’s functions for ultraslow diffusion processes are often determined for

appropriately long times. Let us assume that the process is defined by the function σ2
u(t) for t ∈ (0, ∞).

The g-subdiffusion equation can describe the process in the entire time domain. The main task is to
determine the function gu. For this purpose, we assume

σ2
gu(t) ≡ σ2

u(t). (43)

Equations (29), (42), and (43) provide

gu(t) =
[

τuDuΓ(1 + α)

DαU(t)

]1/α

. (44)

The conditions imposed on the function gu Equation (31) provide the following conditions for the
function U,

U(0) = ∞, U(∞) = 0, U(1)(t) < 0, t ∈ (0, ∞). (45)

Then,

Pgu(x, t) =
1

2
√

Dα
f−1+α/2,α/2

(
gu(t);

|x|√
Dα

)
(46)

=

√
U(t)

2
√

τuDuΓ(1 + α)

∞

∑
j=0

1
j!Γ(1 − α(1 + j)/2)

(
−

√
U(t)|x|√

τuDuΓ(1 + α)

)j

.

The equation describing the ultraslow diffusion process in the entire time domain reads

C∂α
gu Pgu(x, t)

∂tα
= Du

∂2Pgu(x, t)
∂x2 . (47)

The g-subdiffusion equation can also be used to describe the continuous transition process A → B
from ultraslow diffusion defined by σ2

u,A(t) to another process defined by the function σ2
u,B(t). Let

us assume that the transition process occurs in time interval (0, t0). The process is described by the
g-subdiffusion equation with function

gu,A→B(t) = aA→B(t)gu,A(t) + bA→B(t)gu,B(t), (48)
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where functions aA→B and bA→B satisfy the conditions aA→B(0) = 1, aA→B(t0) = 0, bA→B(0) = 0,
bA→B(t0) = 1. These functions control the rate of change of the process. When t > t0 we put
gu,A→B(t) ≡ gu,B(t).

As an example, we consider a transition process in which

UA(t) =
1

ln (1 + t/τu)
, (49)

and
UB(t) =

1√
ln (1 + t/τu)

. (50)

Equations (44), (49), and (50) provide

gu,A(t) = [τuDuΓ(1 + α)ln (1 + t/τu)]
1/α, (51)

gu,B(t) =
[

τuDuΓ(1 + α)
√

ln (1 + t/τu)

]1/α

, (52)

and
σ2

gu ,A(t) = 2τuDuln (1 + t/τu), (53)

σ2
gu ,B(t) = 2τuDu

√
ln (1 + t/τu). (54)

We assume

aA→B(t) = 1 − bA→B(t), bA→B(t) =
(

t
t0

)ν

, t ∈ ⟨0, t0⟩, (55)

ν > 0. Then,

gu,A→B(t) =
(

1 −
(

t
t0

)ν)
gu,A(t) +

(
t
t0

)ν

gu,B(t), t ∈ ⟨0, t0⟩, (56)

and

σ2
gu ,A→B(t) =

2Dαgα
u,A→B(t)

Γ(1 + α)
, t ∈ ⟨0, t0⟩. (57)

The function σ2
gu ,A→B(t) characterises the transition process controlled by the parameter ν. We

note that the process A is faster than B and σ2
gu ,A→B(t) is a decreasing function in a certain time interval.

It is interesting to study the transition process from slower to faster process B → A. Suppose that

gu,B→A(t) =
(

1 −
(

t
t0

)ν)
gu,B(t) +

(
t
t0

)ν

gu,A(t), t ∈ ⟨0, t0⟩. (58)

Then,

σ2
gu ,B→A(t) =

2Dαgα
u,B→A(t)

Γ(1 + α)
, t ∈ ⟨0, t0⟩. (59)

The Green’s functions for the transition process A → B for different times are presented in Figures
1–3. Figure 4 shows the time evolution of MSD for both transition processes A → B and B → A. In all
cases Du = 10, α = 0.7, τu = 1, and t0 = 100, the values of the parameters and variables are given in
arbitrarily chosen units. The Green’s function has been determined by taking the 50 leading terms in
the series defining the function.
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Figure 1. Plots of the Green’s functions Fequation (46) for the transition from process A to B (solid line with
half-filled symbols), for process A (dashed line with empty symbols), and for process B (dotted line with full
symbols), for t = 10 and ν = 1.0.
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Figure 2. Similar description as in Figure 1, but for t = 50.
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Figure 3. Similar description as in Figure 1, but for t = 90. .

0 2 0 4 0 6 0 8 0 1 0 0 1 2 0
0

1 0 0 0

2 0 0 0

3 0 0 0

4 0 0 0

5 0 0 0

6 0 0 0

σ2 g u(t)

t

 B
 A B ,  ν = 0 . 2
 A B ,  ν = 0 . 5
 A B ,  ν = 1 . 0
 A B ,  ν = 2 . 0
 A B ,  ν = 3 . 0
 B A ,  ν = 0 . 2
 B A ,  ν = 0 . 5
 B A ,  ν = 1 . 0
 B A ,  ν = 2 . 0
 B A ,  ν = 3 . 0
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Figure 4. Plots of the time evolution of MSD Equations (43), (57), and (59) for processes A and B, and for the
transition processes from A to B (marked as AB in the legend) and from B to A (BA), for different values of the
parameter ν given in the legend.

The Green’s function for g-subdiffusion Equation (46), which describes ultraslow diffusion,
depends on the parameter α ∈ (0, 1). Putting α = 0 into Equation (46) yields the Green’s function for
ultraslow diffusion Equation (28),

Pgu ,α=0(x, t) = Pu(x, t). (60)

The parameter α "accelerates" ultraslow subdiffusion; for larger α this effect is greater. The
acceleration is evident in the fact that a diffusing molecule is more likely to leave the vicinity of its
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initial position within a given time for larger values of α. However, this acceleration is not large, and
the process is still classified as ultraslow diffusion. The plots of the Green’s function Equation (46) for
different values of α for the processes generated by UA(t) and UB(t) are shown in Figures 5 and 6. It
can be seen that UA generates a slightly faster ultraslow diffusion process than UB.
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Figure 5. Plots of the Green’s functions Equation (46) generated by UA Equation (49) for different values of α

given in the legend, for t = 100.
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Figure 6. Plots of the Green’s functions Equation (46) generated by UB Equation (50) for different values of α

given in the legend, t = 100.
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7. Discussion
The g-subdiffusion equation (47) with the function gu defined by Equation (44) is useful in

modeling ultraslow diffusion (slow subdiffusion) processes in the entire time domain. Ultraslow
diffusion is defined here by a slowly varying function U(t) generating a slowly varying time evolution
of the MSD. The g-subdiffusion equation can also be used to describe the continuous transition between
different ultraslow diffusion processes.

The Green’s function for ultraslow diffusion Pu(x, t) Equation (28) is generated by a slowly varying
time-decreasing function U(t) such that U(t → ∞) → 0. Usually, Pu has a stochastic interpretation
based on the CTRW model in the long-time limit only [18]. The g-subdiffusion equation and the
Green’s function Pg have the stochastic interpretation for t ∈ (0, ∞), it can be derived from a modified
CTRW model [35]. If the function U(t) satisfies conditions Equation (45), it generates the function
gu(t) and, consequently, the g-subdiffusion equation describing ultraslow diffusion over entire time
domain.

The g-subdiffusion equation can also describe the transition between different diffusion processes.
A change in the diffusion process can be caused, for example, by a change in temperature or a change
in the density of the diffusing medium. For example, the latter process occurs when a bacterial biofilm
reacts to an antibiotic, thereby hindering the diffusion of antibiotic molecules within the biofilm (see
the references cited in [15]). In Figures 1-3 the gradual transition of the Green’s function from process
A to B is shown. It can be seen that the GF for process A → B moves away from the GF for A and
is getting closer to the GF for B. In Figures 4, the time evolutions of the MSD for processes A and B
and the transition processes A → B and B → A are shown. Note that the process A is faster than the
process B (although both are processes much slower than other types of diffusion). Within the model,
the transition rate between processes is controlled by the parameter ν. A larger value of ν makes the
transition process approach the final process more quickly.

The time evolution of MSD σ2
gu(t) has been used to describe the transition process only, not

to define the diffusion type. In other words, it describes a transition process that is a time-varying
combination of processes A and B. The remark is consistent with the conclusions of articles [41,42] that
the time evolution of the MSD cannot always be used as a definition of the diffusion type. When the
transition goes from a faster to a slower process, σ2

gu(t) must be a decreasing function over some time
interval. Then σ2

gu(t) certainly does not describe a process of spontaneous random walk of a particle.
The order of the time fractional derivative α plays an auxiliary role. We note that σ2

gu does not
depend on α, see Equation (43), while the function Pgu does. For α = 0 the GF Equation (46) coincides
with the GF (28) derived in the long-time limit. This fact is consistent with the remark that the ultraslow
diffusion process described by the latter GF has a stochastic interpretation when α = 0 [18]. Then,
the distribution of the waiting time for a molecule to jump has a heavy tail that is a slowly varying
function, see Equation (26). The g-subdiffusion equation extends the possibility of describing ultraslow
diffusion by an equation with a time fractional derivative of order α ∈ (0, 1). Larger value of α provides
a slight acceleration of ultraslow diffusion. The influence of parameter α on this process requires
further study, including the dependence of the first passage time distribution on both the parameter α

and the function U(t).
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Abbreviations
The following abbreviations are used in this manuscript:

MSD Mean Square Displacement
CTRW Continuous Time Random Walk
GF Green’s Function

Appendix A
We present the formulas that have been used to derive the equations and functions considered in

this article.

F−1
[
−k2 f̃ (k)

]
(x) =

d2 f (x)
dx2 , (A1)

F−1[1](k) = δ(x), (A2)

F−1
[

1
a2 + k2

]
(x) =

1
2a

e−a|x|, a > 0, (A3)

L−1

[
sν f̂ (s)−

n−1

∑
i=0

sν−1−i f (i)(0)

]
(t) =

Cdν f (t)
dtν

, (A4)

ν > 0, n = ⌊ν⌋+ 1 when ν /∈ N and n = ν ∈ N , f (i)(t) = di f (t)/dti,

Cdν f (t)
dtν

=
1

Γ(n − ν)

∫ t

0
(t − t′)n−ν−1 f (n)(t′)dt′ (A5)

is the Caputo fractional derivative,

L−1
[

1
sν+1

]
(t) =

tν

Γ(1 + ν)
, ν > −1, (A6)

L−1
[
sνe−asµ

]
(t) = fν,µ(t; a) =

1
t1+ν

∞

∑
j=0

1
j!Γ(−ν − µj)

(
− a

tµ

)j
, (A7)

=
1

µa(1+ν)/µ
H10

11

(
a1/µ

t

∣∣∣∣∣ 1 1
(1 + ν)/µ 1/µ

)
.

a, µ > 0, H is the Fox H–function (see [3,43] and the references cited therein),

L−1
[

sα−β

sα − λ

]
(t) = tβ−1Eα,β(λtα), (A8)

|λs−α| < 1, where Eα,β(u) = ∑∞
j=0

uj

Γ(αj+β)
is the two–parametric Mittag–Leffler function [44],

L−1
g

[
sαLg[ f (t)](t)− sα−1 f (0)

]
(s) =

Cdα
g f (t)
dtα

, (A9)

L−1
g

[
1

s1+ν

]
(t) =

gν(t)
Γ(1 + ν)

, ν > −1, (A10)

L−1
g [sνe−asµ

](t) =
1

g1+ν(t)

∞

∑
k=0

1
k!Γ(−ν − µk)

(
− a

gµ(t)

)k
≡ fν,µ(g(t); a), (A11)

a, µ > 0, ∫
x2eaxdx = eax

(
x2

a
− 2x

a2 +
2
a3

)
, a ̸= 0. (A12)
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