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Abstract

By combining the sum of a weighted group inverse and a quasinilpotent element, we introduce an
extension of the m-weak and generalized group inverses in a Banach *-algebra. We develop various
properties and representations of this weighted generalized inverse. Furthermore, we apply this new
generalized inverse to complex matrices and solve a minimization problem.
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1. Introduction

An involution of a Banach algebra A is an anti-automorphism whose square is the identity map
1. A Banach algebra A with involution * is called a Banach *-algebra. The involution * is proper if
x*x =0 == x = 0forany x € A, e.g., in a Rickart *-algebra, the involution is always proper. Let C"*"
be the Banach algebra of all n x n complex matrices, with conjugate transpose * as the involution.
Then the involution * is proper. Throughout the paper, all Banach algebras are complex with a proper
involution *.

An element a € A has group inverse provided that there exists x € A such that

xa® = a,ax® = x,ax = xa.
Such x is unique if exists, denoted by a*, and called the group inverse of a. Evidently, a square complex
matrix A has group inverse if and only if rank(A) = rank(A?).
Following Wang and Chen (see [28]), an element 2 € R has weak group inverse if there exist
x € Rand n € N such that

2 * 2

ax? = x, (a*a®x)* = a*a?

x, xa" T = ",

If such x exists, it is unique, and denote it by a®. In 2014, Prasad and Mohana extended core inverse
and introduced core-EP inverse for a complex matrix (see [26]). A matrix A € C"*" has core-EP inverse
X if and only if

XAX = X,R(X) = R(X*) = R(A¥),

where k = ind(A) is the Drazin index of A and R(X) is the range space of X. Such X is unique, and
we denote it by A®. Evidently, a square complex matrix A has weak group inverse X if it satisfies the
equations

AX? =X, AX = AP A.

(see [28]).
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Following Chen and Sheibani, an element a € A has generalized group inverse if there exists
x € A such that
x = ax?, (a*a®x)* = a*a®x, lim ||a" — xa”+1||% =0.
n—o0
Such an x is unique if it exists, and is denoted by a® (see [5]). Following Chen and Sheibani, an element
a € Ahas generalized group inverse if there exists x € A such that
x = ax?, (a*a®x)* = a*a®x, lim ||a" — xa”+1||% =0.
n—o0
Such x is unique if exists, denoted by a® (see [5]). Many properties of weak group inverse are extended
to the wider case such as linear operator on an infinitely dimensional Hilbert space.

In [33], Zhou et al. introduced and studied the m-weak group inverse. Recently, m-weak group
inverse was extensively studied by many authors (see [13,15,16,22,23,25]). Recently, the authors
extended m-weak group inverse and introduced m-generalized group inverse (see [2]).

On the other hand, many authors studied various weighted generalized inverses. Let 2, w € A.
An element a € A has generalized w-Drazin inverse x if there exists unique x € A such that

awx = xwa, xwawx = x and aw — xw(aw)? € AT,

We denote x by a?® (see [19]). If we replace A7 by the set .A™! of all nilpotents in A, a®% is called the
w-Drazin inverse of a, and denote it by aP. Evidently, aP® = x if and only if

awx = xwa, xwawx = x and (aw)" = xw(aw)"

for some 1 € N. If the weight w = 1, we call a%® (aP) the g-Drazin (Drazin) inverse of a, and denote
it by a?(aP).

Definition 1. (see [12]) An element a € A has w-group inverse if there exist x € A such that
AWX = XWA, XWAWX = X, 0 = AWXWA.

The preceding x is unique if it exists, and we denote it by a¥,. The set of all w-group invertible elements in A is
denoted by A%

Evidently, a € AZ, if and only if aw,wa € A*. In [3], the author introduced and studied
generalized w-group inverse in Banach algebras. Many properties of weak group inverse was thereby
extended to the generalized inverse with weights.

Definition 2. (see [3]) An element a € A has generalized w-group inverse if a € A% and there exist x € A
such that . .
x = a(wx)?, ((aw)?) " (aw)?x = ((aw)?)"a,

; n__ n+1 % _
nh_r)rolo [|(aw)™ — xw(aw)" || 0.

The preceding x is unique if it exists, and we denote it by ag. The set of all generalized w-group invertible
elements in A is denoted by A .

The objective of this paper is to introduce the (m, w)-generalized group inverse, defined as the sum
of a weighted group inverse and weighted quasi-nilpotent elements. Consequently, many properties
of weighted and m-generalized group inverses are extended to a broader context.
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Definition 3. An element a € A has (m, w)-generalized group inverse if a € A* and there exists x € A

such that
x = a(wx)?, [(aw)?]* (aw)" 1 x = [(aw)*]* (aw)"a,

; n_ n+1 %:
Jim || (aw)" — xw(aw)"|x = 0.

The preceding x is unique, and is called the (m, w)-generalized group inverse of a. We denote it by a$™.

In Section 2, we establish the fundamental properties of this new generalized inverse, which in
turn reveal several new characteristics of the generalized inverses mentioned above. We prove that
a € A$" if and only if (aw)™ 1a € A$. The representations of the (m, w)-generalized group inverse
are presented.

Definition 4. An element a € A has (m, w)-generalized group decomposition if there exist x,y € A such that
a=x+yxa" ly=yx=0,xc Af,y € Al

In Section 3, we prove that a € A has (m,w)-generalized group inverse if and only if 2 has
(m, w)-generalized group decomposition.

As is well known, a € R has generalized Drazin inverse if and only if it has quasi-polar property
(see [6, Theorem 6.4.8]). The polar-like property for (m, w)-generalized group inverse is established.
Leta € A$™. We prove that there exists an idempotent p € A such that

aw+p € A”L, paw = pawp € AT,
(((aw)™)*(aw)"p)" = (aw)™)* (aw)"p.

We introduce the weighted weak group inverse as an extension of the m-weak group inverse for a
complex matrix.

Definition 5. An element a € A has (m, w)-weak group inverse provide that there exist x € Rand n € N
such that
x = a(wx)?, ((aw)") " (aw)" M x = ((aw)") " a"a, (aw)" = xw(aw)" .

If x exists, it is unique, and we denote it by af™.

Finally, in Section 4, we apply our results to complex matrices and characterize the (m, w)-weak
group inverse. We present the formula of weighted weak group inverse by using the related Moore-
Penrose inverse, i.e.,

A = (AW) (AW)P[(AW)?" L AW)P]F (AW) "1 A.

Applying the weighted weak group inverse, we prove solvability of the following minimization
problem with respect to X € C"*" in the Frobenius norm:

min|[(AW)"X — (AW)"1 AB]||
subject to R(X) € R(AW)P is X = AR™B.

2. (m,w)-Generalized Group Inverse

In this section, we explore the fundamental properties of the (1, w)-generalized group inverse of
elements in a Banach *-algebra. We start with

Theorem 1. Leta € A. Thena € A3™ if and only if (aw)™ 'a € A. In this case,

0% = (aw)" " ((aw)"a)$.
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Proof. = Since a € AE", then a € A% and there exists x € A such that

(xw

Lety =

)m—l

x = a(wx)?, [(aw)?]* (aw)"*+x = [(aw)?]* (aw)" !

— xw(aw)" 1|7 = 0.

a,
3 n
nhrrolo [|(aw)

x. Then we verify that

(aw)™ 1 [a(wx)?) (wx)?" 2
(aw)™2[a(wx)?](wx)?" =3 = (aw)™ 2x(wx
m—(m—+1) _ x(wx>m—1 _ (xw)m—lx =y,

m—law)zy
m—1

)2m—3

e

Moreover, we have

Hence, we have

<

Therefore

By virtue of [3, Theorem 2.2], (aw)"'a € AZ. Then ((aw)"1a)® =y = (xw)

=
g
i

(aw)m 1aw)n+l
) — (xw)" xw((aw)" la
xaw)™ ((aw)™)" 1

“H((aw)" =1 ((aw)") + (xw)™
( )mfl)nqtl
xw>(ﬂw>n+l)((ﬂw>m 2)n+1

— (xw) (aw)"* 1) ((aw)™ )"+
aw)™m— 2)n+l((uw) )2+(xw)m—2
) ((aw)"=2)" 41 ((aw)")

( )n+1)((aw)m—l)n+1
aw)m—S)n+l((aw)n)3 + (xw)m—
) ((aw)"=3)+ 1 ((aw)")?
aw)" 1) ((aw)™=2)" 1 ((aw)")
)n+1)((aw)m—1)n+l
XﬂwY”JGaWY0m‘1+‘~
( w)" 1) ((aw)" 2" ((aw)")?
(aw)" 1) ((aw)™=2)" 1 ((aw)")

w)n+1)((aw)m—1)n+l.

w)nJrl
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o+ + o+
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I(

(aw)"y" — yw((aw)")" 1|
L [l (aw)" = xeo(aw) o] (((aw)")" 1) (o))"=
Lim [|((aw)" )" — yw((aw)"~1a)"™ |7 = 0.

m=ly, as required.
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<= Lety = ((aw)"™ 'a)®. Then (aw)" 'a € A%*, and so (aw)™ € A?. In view of [6, Lemma
15.1.13], a € A%®. Moreover, we derive

[(aw)™a] (wy)* =
(((aw)" " aw))*((a ) aw)’y = (((W)’”‘lbllW)d)*((aw)m‘1aW),
lim [|(((az)" 1 aw)" —yW((( w)™taw)" | |x

= 0.

Hence,
(@)™ a) (wy? =y,
((aw)™) ) @™y = (((aw)")")* (aw)",
Jim || (aw0)"™ — yro(aw)™ D5 = 0.

Take x = (aw)™~ly. In view of [3, Theorem 3.3], we can find z € A such that y = (aw)(aw)?z. Then
we verify that

a(wx)? =

((aw)?) " (aw)"™x =

e T T e e N R e e |

Obviously, we have

(aw)m("+1)_l _ xw(aw)m(n—i-l) — (aw)mn+(m—1) _ xw(aw)m(n—H)
(aw0)" ()™ — ((aw0)" o) () ")
= (aw)" M[((aw)™)" — yw((aw)™)"+].

Hence,

[ (a0) "0+ — xap(gap) ) | T

(o) =[O | (a0} ™) — yo((awo)yr+1| T
(@)= T (||<<aw>m>" — yoo((aw)"y |7 T
lazo] |55 (] m>n yw((awmw“%)@

1
||awol | 50T (]| aw)" — yw((aw)™ Law)" | [w) T

IN

Thus, we derive

lim || (aw)™" D=1 — xw(aw)m("“)ﬂ"“"*11)*1 =0.
n—oo
Therefore a$” = x = a”ly = (aw)" ' ((aw)"1a)®, as asserted. [J
Corollary 1. Leta € A$". Then ((aw)" 'a)@ = (a$"w)" 1a$".

Proof. This is obvious by the proof of Theorem 2.1. [

Setim(x) = {xr | r € A}. We are ready to prove:

Theorem 2. Let a,w € A. Then the following are equivalent:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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1) a®" =x.
Q) awx = (aw)"[(aw)"a)§
(3) awx = (aw)"[(aw)" " a]§

,a(wx)? = x.
,im(x) C im(aw)?.

Proof. (1) = (2) Obviously, we have x = a(wx)?. By virtue of Theorem 2.1, x = (aw)™ ![(aw)" 1a]®,
and then awx = (aw)™[(aw)™ 'a]$, as required.
(2) = (3) By hypothesis, we check that

x = a(wx)? = (aw)x(wx) = (aw)x(wx)
= (aw)*x(wx)? = --- = (aw)"x(wx)"
= [(aw)" — (aw)? (aw)" 1 ]x(wx)" + (aw)?(aw)"+ 1 x(wx)"
[(aw)" — (aw)? (aw)" ) x(wx)" + (aw) (aw)? (aw)"x (wx)".

Hence,
1 10l
[l = (aw) (aw) x| | < [[(aw)" — (aw)(aw)" || ||| ] |wx]|.
Since lim || (aw)" — (aw)9 (aw )"+1||n = 0, we have lim l|x — (aw)(aw)? x||n = 0. Therefore x =
n—oo

(aw) (aw)?x; hence, im(x) C im(aw)?.

(3) = (1) Since im(x) C im(aw)?, we see that x = aw(aw)?x. Hence,

X

|
o e e W s R S |

Therefore we complete the proof by Theorem 2.1. [

Corollary 2. Let a € AS™. Then ay" waway™

=ag".

Proof. By virtue of Theorem 2.3, we verify that

ag"wawad" = ﬂ%’”w[ﬂwa%m]
= ag"w(aw)"[(aw)" 'a]§
= (ﬂw)m (aw)™al§
= aw ’

as asserted. [

We are ready to prove:
Theorem 3. Let a € A. Then a € AZ™ if and only if

(1) ac A%w;
(2) There exists x € A such that

(ad,w)*adwx _ ( dW) (aw)mfla‘

In this case, 22" = ((aw)?)"™+3ax.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Proof. = Obviously, a € A%%. By virtue of Theorem 2.1, (aw)"~'a € A$. Setz = ((aw)"1a)¥. In
light of [3, Theorem 2.2],

(((a)™)®)" ((a)™)?z = (((aw)™)?)" (aw)" " a.
Write z = ((aw)?)?" (aw)?y for some y € A. Then
()" (@) (@) (aw0)y = (o) (aw)" .

Hence,
(ad'w) *[(aw)?a)[w((aw)?)?a)wy = (ad'w) *(aw)" a.

Then
(%) 2% [w((aw)?)*alwy = (a)" (aw)™'a.

Set x = [w((aw)?)2a]wy. Then (a®®)*a®®x = (a®®)* (aw)™ 'a, as required.
<= By hypothesis,

for some x € A. Then
(((aw)™)?a)* ((aw)®)?ax = (((aw)®)?a)* (aw)™ a.

Hence,
(((aw)™)%a)*((aw)®)" ! (aw) " ((aw)?)?ax = (((aw)?)?a)* (aw)™ .

This implies that
(((aw)®)?a)*((aw)")"* (aw)"™ax = (((aw)?)?a)* (aw)" 4.
Set z = (wa)"1x. As ((aw)"La)® = ((aw)?)"+1a, we see that
(((aw)"™a)¥®)* ((aw)" 1a)**z = (((aw)"~"a)™*)* (aw)™ a.
In view of [3, Theorem 4.4], we have
((aw)"a)@ = [((aw)™)"]* (aw)" " az.

According to Theorem 2.1, we have

agr = (aw)" " ((aw)" )
= (aw)" ! [((aw)")")* (aw)" ' az
= (aw)" 1 [((aw)™)")* (aw)" ' a(wa)" " x
((aw)d)m+3ax

Therefore we complete the proof. [J
Corollary 3. Leta € AS™. Thena € AS™'. In this case,

az®um+1 —

[a8"w)?a.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Proof. By virtue of Theorem 2.5, 2 € A% and there exists x € A such that (a®)*a%®x =
(a®®)*(aw)™ 1a. Then (a®®)*a%® (xwa) = (a®®)*(aw)™ 'a(wa) = (a®®)*(aw)™a. By using Theo-

rem 2.5 again, a € A&+ Moreover, we derive that

ﬂgm+l

This completes the proof. [

As a consequence, we give an interesting relationship between two projectors formed by the
weighted generalized group inverse as follows.

Corollary 4. Leta € AS". Then (a8"w)(aw) = (aw)(ag" ' w).

Proof. In view of Corollary 2.6, g™+ = [a2™w]?a. Hence,
awal"" = awl[a®"w)?a = a®"wa;

and so awa®" ' w = a®"waw, as asserted. [

Recall that a € A has w-Drazin inverse if there exists x € A such that a(wx)?

xwa, (aw)" = xw(aw)"*! for some n € N. Such x is unique, if it exists, and we denote it by aP%. We

= x,awx =
derive

Corollary 5. Leta € A. Then a € A®m if and only if

(1) ae APw;

(2) There exists x € A such that

m—1

(aD,w)*aD,wx — (uD,w)*(aw) a.

In this case, aly" = ((aw)P)"™+3ax.

Proof. We easily prove that a € A% if and only if a € A$" N AP, Therefore we complete the proof
by Theorem 2.5. [

3. Algebraic Properties

In this section we investigate algebraic properties of (m,w)-generalized group inverse. We
now establish the relation between (m, w)-generalized group inverse and (m, w)-generalized group
decomposition.

Theorem 4. Let a € A. Then the following are equivalent:

(1) ac AZm
(2) ahas (m, w)-generalized group decomposition, i.e., there exist x, y € A such that

a=x+y,x* (aw)" ly = ywx =0,x € A%,y € Al

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Proof. (1) = (2) By hypothesis, a has the (m,w)-generalized group decomposition a = a1 + a5.
Then (a1)*(aw)™ 'ay = 0 and apwa; = 0. Let x = (a7)¥. Then we verify that a(wx)?> = (a; +

az) (w <a1>w)2:a1( <a1> )2 = (a1)h = x.

Since aywa; = 0, we have

aw — xw(aw)?

(a1 + a2)w — ((a)f,way + (a1)way)w(ay + ax)w

mw + ayw — (ay)fwaw(ay + az)w — (a1)hwazw(ay + az)w
aw + ayw — (aq) ¥ w(agw)? — (a1 waywarw — (a1)f,w(aw)
[1 = (a)hwar — (1)} war] (warw),

2

and so
| (aw)" — (xw) (aw)"*1 |
|| (aw — xw(aw)?) (aw)" 1| |%
1[1 = (a1)f,way — (a1)h, waz](wazw)(a1w+azW)
[1— (a1)fway — (

"

a)hwazlw|| 7 || (azw)"|| 7.

IN

Since a, € AZ,nil, we have nh_r}r.}o [|(anw)"| |% = 0, and then

n+1 %_
Jim || (a0)" — () (awo) " = 0,

Since aywa; = 0, (a1w)(a;w)™ = 0 and (a,w)? = 0, it follows by [[1] Corollary 3.4] that aw € A? and
(aw)? = (mw)* + ¥ ((a1w)*)"* 1 (a,w)". Then
n=1

((aw)d)* (ﬂw)m_l a
= ((aw)*)*ay + E ((a1w)*)" 1 (agw)") " (aw)™ ' ay

n=1
e}

= ((mw)")?)" (w*(a1)* (aw)"taz) + L (((aw)*)"2(azw)")" (w* (a1)*a2)

n=1

hence, ((aw)?)"(a1w)"'a; = ((aw)?)"(aw)"'a. Accordingly, we have

d\*

aw aw)™ (aw 1)#
aw)? ajw)™( a1+a2) (a )ﬁ,

(a)?) "
(a)?) "
(aw)?)* (@)™ >z,
(aw)?)" (arw
(a)?)"

((aw)?)" (aw)™+1x = :

*
d mw m
d *

aw

I
A~ N NN

aw

aw 1

(2) = (1) By hypothesis, there exists x € A such that

x = a(wx)?, [(aw)?)* (aw)™ 1 x = [(aw)?]* (aw)™a,

: n__ n+1 % —
tim | (ae)" — weo(arw) 41| =
Let a; = (aw)?x and a; = a — (aw)?x. Then we check that

|lazway || = |[a — (aw)?x]w(aw)?x|| = ||(aw)’x — (aw)*x[(wa)? (wx)] ||
Sx — (aw)?x((wa) 1 (wx)*||

|
—

X

S
~—~

= |la(wa)*(wx) — a(wa) (wx)|(wa)**" (wx)*]]
= |la(wa)"! (wx)* — (aw)?[xw(aw)"][a(wx)"]]]
[la(wa)** (wx)* — (aw) ! [a(wx)¥]]|.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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k—o0

Moreover, we have

|laj (aw)™a
= |I((aw)x) " (aw)™ " (a — (aw)*x)||
= |I((aw)*x) " (aw)"™a — ((aw)*x) " (aw)™+x||
= |I((aw)*x) " (aw)™a — ((aw)* (xw)*2x)" (aw)"™x|]
= |((aw)*x)" (aw)™a — ([(aw)* — (aw) (aw) ] (xw)*2x) " (aw)"x
_ ((aw d aw)k+1(xw)k )*( w)m+1x||
< [((aw)* — (aw)? (aw) 1) * (| ((xw)*22)*||]| (aw)™ x|
+|[((aw)x) " (aw) ™ a — [(aw)? (aw) ! (xw)* 2] (aw)™ x|
< [((aw)* — (aw)? (aw) 1) *[|((xw)*22)* ||| (aw)™ x|
+ [ |((aw)*x) " (aw) ™2 — [(aw)* (2 )"*zx]*[(M)d]*(aw)m“x!|
< ((aw)* = (aw)? (aw) )| ((xw)*22)* ||| ()™ x|
+ [ |((aw)?x) " (aw) ™2 — [(aw)* ! (xw )" 2x]*[(aw)")*al|
< ((aw)* — (aw) (aw) )] ((xw)*2x)* ||||(ﬂw)’”+1XI|
+ |I((aw)?x) " (aw)™a — [(aw)? (aw)** (xw)*2x]*al |
< |[((aw)* — (aw)? (aw)H1)*[]((xw)*22) ||| (aw0)™ x|
+ ||((aw)* (xw)*2x) "a — [(aw) (aw)* 1 (xw)*2x] al|
< |[((aw)* — (aw)? (aw) ) [ ((xw)*22) ||| (aw0)™ x|
+|([(aw)* — (aw) (aw) 1] (xw)*2x) "a |
< |[((aw)* — (aw) (aw) ) [ ((xw)*22) ||| (aw0)™ x|
+ |l(aw)k = (aw)? (aw) | |[] ((xw)*2x) " ||al|
Then .
Ia; (a)" 1 | 1 1
< II((aw)"—(aw>d(uw)"“)*llfll(( ) 2x)*||x II(auiY”“xllE
+ [[((aw)¥ = (aw) (aw)+ 1) £ || ((xw)*—2x) ||| £.

By using [5, Lemma 2.1], we have klim ||((aw)* — (aw)?(a )k+1) ||% = 0. Therefore hm ||aj (aw)™™
—00

0, and then a} (aw)™ lay

= 0. Moreover, we check that

2 2

mwx = (aw)’xwx = aw[a(wx)?] = awx = xw(aw)*x = xway,
mwxwa; = awxw(aw)’x = (aw)*x = ay,
xwaywx = a(wx)? = x.
Hence (a1)# = x.
We further verify that
[aw — zw(aw)?|z = [aw — zw(aw)?|a(wz)?
= [(aw)? — zw(aw)3]z(wz)
= [(aw)* — zw(aw)’] [a(wz)?] (wz)
= [(aw)? — zw(aw)*)z(wz)?
= [(aw)" — zw(aw)")z(wz)" 1.
Therefore

(a0 — zo(aw))z| [ < ||(aw)" — zew(aw)

Since lim ||a" — za"+1||7 = 0, we have lim ||[aw — zw(aw)?]z||7 = 0. This implies that zw(aw)
n—o0 n—00

awz.

|z (wz)" |7,
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We check that )
|[(aw — zw(aw)?)" ||

= [J[aw — zw0(aw)2]aw — zew(aw)?) (aw) ||

2]7171(

= ||[aw — zw(aw) aw)2||%+1

|| (aw — Zw(aZU)z)(aw) ||n«1+11

[[](aw)" — zw(aw)™ 1|7 747 || (aw)" | |7+1.

IA

Accordingly, lim || (aw — zw(aw)?)" 1| 1 = 0. This implies that aw — zw(aw)? € AT, By using

Cline’s formula (see [17, Theorem 2.1]), y = a — (aw)Zz c AZ;nil- B
Corollary 6. Let a € AG". Then awaG" = (aw)"~'a(wag™)" for any n € N.

Proof. These are obvious by the proof of Theorem 3.1. [

We come now to characterize (m, w)-generalized group inverse by the polar-like property.
Theorem 5. Let a € AG™. Then there exists an idempotent p € A such that

aw+p € A7, paw = pawp € A™M,
(((aw)™)* (aw)"p)" = (aw)™)* (aw)™p.

Proof. By virtue of Theorem 3.1, there exist z, y € A such that
a=z+y 2 (aw)" ly =ywz =0,z € A,y € Al

Set x = z#. The we check that

awx = (z+y)wzt = zwz,
a(wx)? = (awx)wx = z(wzk)? =z = x.
Since ywz = 0, we see that (aw)*z = (aw)*1(y + 2)wz = (aw)(zw)z = (aw)*2(y + z)wzwz =
(aw)*=2(zw)?z - - - = (zw)*z. As z*a™ 1y = 0, we derive that
((aw)")*(zw)" = w*a*((aw)"")* (zw)" = w*[z*(aw)"" 1(y+2)]*(wz)m 'w

w*[z* (aw)™ 1z)* (wz)" 1 = w*[z* (zw) " 1z]* (wz) ™~
[z (zw) " Lzw]* (wz)" 1w = [(zw)™]*z(wz)" 1w

[(z0)™]* (zw)™.

Hence, we have

((aw)™)*(aw)"xw = ((aw)™)* (azo)™ (ﬂwxW) ((aw)™)*(aw)™ (zwzl,w)
= ((aw)™)*((aw)"zw)zlyw = ((aw)™)*((zw)"zw)zl,w
= [(aw)™)*(zw)™ ]sz w = [(zw)"]* (zw)" 12
= [(zw)"]* (zw)™" [( w)?zh Jw
= [(zw)"]* (zw)™"
= ((zw)")*(zw)™
Therefore

[((aw)™)* (aw)"™ xw]* =

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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#

Let p = 1 —zwzhw. Then p = 1 —awxw = p?> € A. Since aw — awzwz'w = aw(1 — zwzhw) =
#

(z4 y)w(1 — zwzt w) = yw € A7, we have awp = aw(1 — zwz!,w) € A7, Therefore we have

[((aw)™)* (aw)"pl* = (

((aw)™)* (aw)™ — [((aw)™)* (aw)"* xw]*
((aw)™)* (aw)™

= — ((aw)™)* (aw)"™ ' xw
(aw)™)* (aw)™p.
Since paw(1 — p) = (1 — zwzhw)(z + y)wzwzhw = (1 — zwz! w) (zw)?zh,w = 0, we see that paw =

pawp. Obviously, zw + 1 — zwzhw = (ZXw + 1 — zwzhw) = € AL Since yw(zfw + 1 — zwzhw) =

yw € A it follows by Cline’s formula that (z%w + 1 — zwz!,w)yw € A Hence 1 + (2w +1 —
zwz*w)yw € A~1. This implies that

aw+p = zwt+yw+1-—zwzhw
= (zw+1—zwzhw)[1 + (zw + 1 — zwz! w) ~lyw]
e AL

as desired. [
Corollary 7. Leta € Aand w € A~L. Then the following are equivalent:

(1) ac AZ".
) a € A% and there exists an idempotent p € A such that

aw+p € A”L, paw = pawp € AT,
(((aw0)™)*(aw)"p)” = (aw)™)* (aw)"p.

Proof. (1) = (2) This is obvious by Theorem 3.3.
(2) = (1) By hypothesis, there exists an idempotent p € A such that

aw +p € A7Y, paw = pawp € AT,
(((a)™)*(aw)™p)" = (aw)™)* (aw)"p.

Set x = aw(1 — p)w~! and y = awpw™!. Then x +y = aw(1 — p)w~! + awpw™~! = a. Since paw €
A7l by using Cline’s formula, we have yw = awp € A% Hence, y € AT Since paw(l —p) =0,
we have ywx = [awpww[aw(1 — p)w™'] = aw[paw(1 — p)Jw~! = 0.

Setu = aw + p. Letz = (1 — p)u—'w~!. Then we check that

z(wx)? = (1-pu(xw)x = (1—p)ulaw(l - p)x

(1—putaw+p)(1—p)x=(1-p)x =x.

Sincea € A%, awp € A% and pwa(1 — p) = 0, it follows by [29, Lemma 2.2] that x = aw(1 — p)w~! €
A% Hence xw, wx € A“. We verify that

xw = zw(xw)? = (zw)"(xw)" !
— (zw)(xw)" — () (xw) )xw + (z0)" (x0) (xw) 2,
(xw)Z(xw)d = (zw(xw)z)(xw)(xw)d:(zw)”(xw)”*z(xw)d.
Then ) )
[[(xw) — (xw)?(xw)d|[n = II(Zw)"((lxw)’“(ﬂv)dﬁf"“)(m)lIﬁ1 1
< l(zw)" ||| (xw)™ = (xw) (xw)™ || ]] (xw)]] 7.
Accordingly,

lim ||xw — (xw)zxw)d||% =0.
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Therefore we have xw = (xw)?(xw)?, and so xw € A*. Likewise, wx € A*. Therefore x € A*.
Obviously, pxw = paw(1 — p) = 0, and then

Wt (aw)" ly = (xw)*(aw)" My = ((xw)™((xw)*)" 1) (aw) ™y

|
S~

Hence, x*(aw)™ 1y = 0. Therefore a = x + y is the (m, w)-generalized group decomposition of a. By
virtue of Theorem 3.1, 2 € A%". [

Corollary 8. Leta € A" and w € A1, Then a is the sum of three invertible elements in A.
Proof. In view of Theorem 3.3, there exists an idempotent p € A such that

u:=aw+p € A", paw = pawp € A,
(((aw)™)* (aw)™p)" = (aw)™)* (aw)™ p.
Hence,
1 1-2p

aw = E + )
1-2p

Obviously, [#]2 = 1 and then [-57]~! = 2(1 — 2p). Therefore

+ u.

wl (1-2p)w!
=5t 2

-1
+uw -,

as desired. O

Leta,b,c € A. An element a has (b, ¢)-inverse provide that there exists x € A such that
xab = b,cax = cand x € bAx( | xAc.

If such x exists, it is unique and denote it by a(t<) (see [10]). We now establish the relationship among
(m, w)-generalized group inverse, m-generalized group inverse and generalized w-group inverse by
using the (b, ¢)-inverse.

Theorem 6. Let a € AS". Then

)

Proof. Let x = a$™. Then there exists x € A such that

x = a(wx)?, [(aw)"]* (aw)"™ lx = [(ﬂg})"’]*(aw”"la,
Jim |[(aw)" — xzw(aw)" || =0.
Hence,
xw = (aw) (xw)?, [(aw)?]* (aw) " (xw) = [(aw)?]* (aw)" ! (aw),

: n__ n+1 % —
nh_r)rgo [|(aw)" — xw(aw)" || 0.
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By virtue of [2, Lemma 3.1], xw = (aw)®m. Thus
x = (xw)(aw)x = (aw)®" (aw)x € (aw)®™ Ax.
In view of Theorem 2.1, x = (aw)" ! ((aw)"™'a)$. Then
x = x(waw)x = x(waw) (aw)™((aw)™ a)® € x A((aw)™ 1a)®.

Hence, we verify that

x(waw)[(aw)®r] = (aw)" ! ((aw)""a)§ (waw)[(aw)®n]

= (aw)" ! ((aw)" " a)Fw(aw)" [ (aw) ®n]"
= (aw)"[((aw)" " a)§w][((aw)™ a)w][(aw)®m]™
= (aw)"![(aw)®n]"
= (aw)®r,

((aw)"1a)§ (waw)x = ((aw)"'a)§ (waw)(aw)" " ((aw)"'a)
= ((aw)" 'a)gw|(aw)" " a]w((aw)" 1 a)

((aw)™a).

Therefore
ag" = (waw) (@)@ ((aw)" 1)),

as asserted. [

Leta € Aand T,S C A. We say that a has {2}-inverse x provided that xax = x,im(a) =
T,ker(a) = S. We denote x by a(Tz )S We next consider the relation between the weighted generalized
group inverse and {2}-inverse in a Banach algebra.

Theorem 7. Let a € AS™. Then

)

%m . .
im(aw)d ker ( (uw)”’) (aw)m—1g

= (waw)

Proof. Let x = a$". In view of Corollary 2.4, x = x(waw)x.
Step 1. im(x) = im(aw)“. In view of Theorem 2.5, we have im(x) C im(aw)?.
We claim that xaw(aw)? = (aw)?. One directly checks that

||(aw)? —ag" (aW)(W) I

[|(aw)" ((aw)®)"*+! — a (aw) ™+ ((aw)®)"+1]]
[((aw)" — ag" (ﬂW)"“)((ﬂW) )

(aw)" I

[|(aw)" — ®"1(aW)"“III (aw)®)" 1|

IA

Then )
Iaw) —agr @)@ 5
< |[(aw)" — af™ (aw)™ [ x| | (aw)|[* .

Thus,

lim ||(aw)? — a®" (

i _
lim aw)(aw)?||n = 0.

This implies that a®" (aw)(aw)? = (aw)?. Accordingly, im(aw)® C im(x). Therefore im(x) =
im(aa’a*).

Step 2. ker(x) = ker((aw)?)*(aw)" ta. If ((aw)?)"(aw)™ 'ar = 0 for some r € R, then
((aw)?)* (aw)™xr = 0. Write x = (aw)?z for some z € A. Then ((aw)?)" (aw)?(aw)"*'zr =
((aw)d) (aw)" 1 (aw)?zr = 0. Since the involution * is proper, we easily get (aw)(aw)"+1zr = 0; and

then xr = (aw)?zr = [(aw)?)" 1 [(aw)“ (aw)"+1zr] = 0. Hence, r € ker(x).
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If x(r) = 0, then ((aw)?) " (aw)"lar = ((aw)?)" (aw)"*! (xr) = 0. Hence, r € ker((aw)?)" (aw)"a,
as required.
Therefore the proof is completed. [J

Corollary 9. Leta € A®m. Then
a®n = g? .
im(ad),ker(ad) am

Proof. This is obvious by choosing w = 1 in Theorem 3.7. [

4. Applications to Complex Matrices

We now proceed to examine certain applications of the weighted weak group inverse in the
context of complex matrices. For further use, we establish the interrelation between the m-generalized
group inverse and the (m, w)-weak group inverse.

Theorem 8. Leta,w € A. Thena € AY" ifand only ifa € AP \RE™. In this case, aly" = a$".

Proof. —> Clearly, aw € AP; hence, a € AP®. Thena € AZ™. According to Theorem 2.1 and [3,
Theorem 2.4], we see that ay” = a®™.
<= Let x = a®™. Then there exists x € A such that

x = a(wx)?, [(aw)?]* (aw)" 1 x = [(aw)?]*a™ a, lim ||(aw)" — xw(aw)"HH% =0.
Since a € AP we can find some y € Asuch that
yw(aw)*! = (aw)k, ywawy = y, awy = ywa
for some k € N. Set z = (aw)*y(wx)¥. Then we verify that

awz = ((aw)yw(xw) e = [(yw) (aw) ) (xw) 1 x
(aw)k (xw)*Txw = (aw)* (xw)*1x = (aw)?xwx.

Claim 1. z = a(wz)?.

u(wz)2 —_ 2 k k

awz)wz = [(aw)*xwx]w(aw)*y(wx)
aw)? (xw)?] (aw)*y (wx)*
(

aw) ]y (wx)*

o~ — — — o~

[(aw)]* (aw)" 1z = aw )y (wx)* = [(aw))* [y (wa) 1 (wx)*

)kfl

Claim 3. (aw)* = (zw) (aw)+1.
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Since (aw)(yw) = (yw)(aw), we see that

(aw)* — (zw) (aw)*1 = (aw)k — (aw)*yw(xw)* (aw)*+1
= (aw)* — (yw) (aw)* (xw)* (aw)*
= (aw)* = (yw) (aw) (xw) (aw)*
= (aw)* — (yw)[(aw) ! (xw)* ] (aw)*+!
= (aw)* — [(yw)(aw) 1] (xw)F+1 (aw)*+!
_ (aw)k _ (aw)k(xw)k+1(aw)k+l
= (aw)* — (aw)(xw)?(aw)k+1
= (aw)* — [a(wx)w(aw)k+?
= (aw)* — xw(aw) 1
(aw)k+”(yw)” xw(aw)””“(yw)”.

Then
[[(aw)* — (zw) (aw)H| < ||(aw) " — xw(aw) || |[yw] |

Since lim ||(aw)*+ — xw(aw)<1+1| |7 = 0, we see that
[ee]

: k_ k+1y13 _
Jim || (a0)* — (zz0) (aw0) 1] = .

Hence, (aw)* = (zw) (aw)**1. Thereforea € AG". O

The following example illustrates that (m, w)-generalized group inverse is different from the
(m, w)-weak group inverse.

Example 1. Let V be a countably generated infinite-dimensional vector space over the complex field C, and let
{x1,x2,x3,- -} bea basis of V. Let 0 : V. — V be a shift operator given by o(x1) = 0 and o(x; 1) = x; for
all i € N. Then o has (m, 1)-generalized group inverse, while it has no any (m, 1)-weak group inverse for any
m € N.

Proof. Define the matrix A given by

U(xll X2, X3, " ) = (0/ X1,%X2,%X3," " )
- (xll X2,X3,° " )A

The linear shift operator o can be regarded as an element in a Banach *-algebra of complex matrix,
with conjugate transpose * as the involution. Then ¢ is quasinilpotent as all its eigenvalues are zero.
Hence, it has (m, 1)-generalized group inverse and ¢ = 0. For any k € N, ¢ (x1,x5,x3,++) =
(0,0,---,0,x1,x2,-- - ); whence, ¢ is not nilpotent. If ¢ has (m, 1)-weak group inverse; it has Drazin
inverse by Theorem 4.1. Then there exists some n € N such that ¢" = ¢"*ly and o7 = 5o for a
linear operator 1. Hence 0" (1 — o) = 0. As ¢ is quasinilpotent and oy = 5o, we have 1 — oy is
invertible, and the ¢" = 0. This gives a contradiction. Therefore ¢ has no (m, 1)-weak group inverse,

as asserted. [

Theorem 9. Let A,W,X € C"™", with conjugate transpose * as the involution. Then the following are
equivalent:

1 AR =X
(2) ThereexistY,Z € C"*" such that

A=Y +ZYZ=7ZW"1ly =,

Y € C"*" has W-group inverse X, Z € C"*" is nilpotent.
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(3) There exist n € N such that

X = A(WX)Z, (AW)" = XW(AW)"H1,
(AW)P)*(AW)"1X = ((AW)P)" (AW)"1A.

(4) There exist n € N such that
(AW)" = XW(AW)"™1, Im(X) = Im(APW),
((AW)P)" (AW)™H1X = (AW)P)" (AW)" 1A,
(5) There exists S € A such that (APW)*APWS = (ADW)*(AW)"~1A and X = ((AW)P)"+3As.

Proof. Evidently, A € C"*" has W-Drazin inverse.

(1) © (2) For a complex matrix, the quasi-nilpotent and nilpotent properties coincide with each
other. This equivalence is proved by Theorem 3.1 and Theorem 4.1.

(1) = (3) In view of Theorem 4.1, we have

X = A(WX)?, ((AW)P)" (AW)"+1X = ((AW)P)"(AW)"14,
lim [[(AW)" — XW(AW)"H|[5 = 0.

This implies that (AW)" = XW(AW)"*! for some n € N.
(3) = (1) This is obvious by Theorem 4.1.
(1) < (4) This is proved by Theorem 2.1, Theorem 4.1 and [3, Theorem 3.3].
(1) < (5) This is similar by using Theorem 2.5 and Theorem 4.1. [J

As an immediate consequence of Theorem 4.3, we derive

Corollary 10. Let A, X € C"*", with conjugate transpose * as the involution. Then the following are
equivalent:

(1) AW =X
(2) ThereexistY,Z € C"*" such that

A=Y+ZY'Z=ZY =0,

Y € C"*" has W-group inverse X, Z € C"*" is nilpotent.
(3) There exist n € N such that

= A(WX)?, (AW)" = XW(AW)"*1,
(( W)P)"(AW)2X = ((AW)P)"A

(4) There exist n € N such that

(AW)" = XW(AW)"™1, Im(X) = Im(APW),
((AW)P)"(AW)2X = (AW)P)" A

(5) There exists S € A such that (APW)*APWg = (APW)*A and X = ((AW)P)*AS.
We are ready to prove:
Theorem 10. Let A,W € C"*". Then

AR = (AW)Am=D goWp oW (A )™,
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Proof. In view of Theorem 2.1 and Theorem 4.1, we have
Ay = (AW)" (AW Ao
By virtue of [7, Theorem 3.1], we see that

(AW)" 1A =X+Y,X*Y =0,YWX =0,
X € C"™" has W-weighted core inverse, Y € C"*" is nilpotent.

Then
[(AW)m—LtA]oW = xo W,

In light of [7, Theorem 2.4], we have

XOW — (XW)* XW(WXW)*,

Then
¢ (XW)F)2X@W(IWX)2 = ((XW)FBX(WXW)(WXW)HIWXW)X
= [(XW)*PX(WXW)X
= [(XW)*2X = X%,
Thus, we have
X4 (XW)*)2xoW(WX)?

)")
(XW)FZXWX@WWXOW(WX)?
XW)*2XW[XWXWWXOWIWXOW (W X)?
XW)FXWXOWWXOWWXOWW XWX
[XOWWPXWX.

~ A~~~
—

Therefore
Xh = [XOWWPEXWX.

By using [7, Theorem 3.1], we have

X = (AW)" TAWX®WW(AW)"1A
(AW)"X@W(WA)™,
Accordingly, we have
AR = (AW)m1XE

= (AW)" HXOWW]BXWX

= (AW)" HXOWWPB(AW)"XOW(WA)"W(AW)" XOW(WA)™
= (AW)" HXOWW]B(AW)"XOW(WA)2MIWXDW (WA)™

(AW)"—1HADWWIB(AW)" AW (WA)ZMIWASW (IWA)™.

as asserted. [

Let A,W € C"" and k = max{ind(AW),ind(WA)}. The weighted core-EP inverse of A is the
unique solution to the system:

WAWX = (WA)*[(WA)K]T, R(X) C R((AW)¥),
and we denote such X by A®W,
Corollary 11. Let A, W € C"*". Then

AW — (AOWW)24,
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Proof. This is obvious by choosing m = 1 in Theorem 4.5. [
Lemma 1. Let A,W € C"*". Then the W-weak group inverse of A can be expressed as
AW — (AW)(AW)P[(AW)3 (AW)P]T A.

Proof. Set X = (AW)(AW)P[(AW)3(AW)P]T A and n = ind(AW). Then we verify that

= =
p)

E\/
E/‘\
b
223
2=
b

T
b
=
W

AW (AW)P]T(AW)2(AW)P[(AW)? (AW)PTT A
AW)P](AW)P[(AW)3(AW)P]* A
W)3(AW)P]A

—

ENENENES
=

~-.

)°)

AW)P)(AW)P (AW)P[(AW)*(AW)P]T A
)°)
)

AW)3(AW)P[(AW)3 (AW)P]T(AW)P)" A

I
NIRRT X

=
N

=2
=
R

I
PR
=3
S

N
=
PR

b
=

S
=
|
=
=
S

Therefore AW = X, as asserted. [

We now develop a formula for the weighted weak group inverse of a complex matrix.
Theorem 11. Let A, W € C"*". Then the (m, W)-weak group inverse of A can be expressed as
AR = (AW) (AW)P[(AW)?" L AW)P]F (AW) ™1 A.
Proof. In view of Theorem 2.1 and Theorem 4.1,
AR = (AW)" (AWt A] oW,
By virtue of Lemma 4.7, we have

[(AW)"=TAJOW = (AW)" ((AW)™)P[(AW)>™ ((AW)™)P]T(AW)" 1A
= (AW)(AW)P[(AW )"+ (AW)P]T(AW)" 1A,

Therefore we conclude that
AGr = (AW)" (AW)P[(AW)" 1 (AW)P]F (AW)" 1 4,
as asserted. [J
Corollary 12. Let A € C"*". Then the weak group inverse of A can be expressed as
A® = AAP[ASAPTT A,

Proof. Straightforward by Theorem 4.8. [J
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Applying the weighted weak group inverse, we prove solvability of the following minimization
problem with respect to X € C"*" in the Frobenius norm:

Theorem 12. Let A € C"*". The minimization problem with respect to X € C"*":
min || (AW)2"X — (AW)" L AB]|

subject to R(X) C R(AW)P is
X = ApB.

Proof. Since R(X) C R(AW)P, we may write X = (AW)(AW)PY for some Y € C"*". Then X is
the solution of the preceding minimization problem if and only if Y is the solution of the following
minimization problem:

min || (AW)2" 1 (AW)PY — (AW)" 1 AB||f.

By the relation between the minimization problem and the Moore-Penrose inverse, we claim that
Y = ((AW)?" 1 (AW)P) T (AW)" 1 AB.

Therefore
X = (AW)(AW)D([(AW)3(AW)D])*(AW)"1*1AB = AR"B,

as asserted. [J

Corollary 13. Let A € C**". The minimization problem with respect to X € C"*™:
min ||[A?"X — A"B]||r

subject to R(X) C R(AP) is

X = A®"B.

Proof. This is immediate by choosing W = I,, in Theorem 4.10. O

Corollary 14. Let A, W € C"*". The minimization problem with respect to X € C"*":
min [|(AW)2X — AB]||¢

subject to R(X) C R(AW)P is
X = A®WB.

Proof. This is obvious by choosing m = 1 in Theorem 4.10. [
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