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Annotation: In wheeled vehicles, there exists a challenge concerning the alignment of the front wheels during 
turns. When both wheels are turned to the same extent, the inner wheel experiences lateral slippage on the road 
surface, resulting in reduced steering efficiency. Such problems can be solved by using the Ackermann principle. 
There are two approaches: through the steering mechanism or by employing autonomous wheel control. From 
a technical standpoint, it is achievable to synthesize a steering mechanism that fulfills the Ackermann condition, 
ensuring as accurately as possible for any given turning radius. This research paper focuses on synthesizing a 
steering mechanism, specifically a two-circuit linkage that links the left and right wheels. The structure and 
kinematics of this mechanism are being investigated. Following the principles of Ackermann, an objective 
function for the kinematic synthesis of the mechanism has been formulated. The synthesis process of the 
mechanism is conducted using the analytical method of interpolation in four parameters. A dedicated method 
has been developed, and kinematic analysis of the mechanism using the synthesized parameters has been 
performed. The simulation results have demonstrated high accuracy in achieving the desired implementation of 
the Ackermann condition. 

Keywords: Ackermann transport mobile robot; synthesis; steering mechanism 
 

1. Introduction 
The creation of mobile transport robots presents a wide range of challenges. The designs must 

incorporate various factors such as operational ease, efficiency, reliability, and safety. The 
development of simple wheeled mobile robots entails addressing complex tasks that demand 
thorough analysis and effective solutions. Practical mobile robot designs necessitate comprehensive 
research and enhancement of multiple components, including the design, kinematics, and dynamics 
of drive mechanisms, control systems, sensor systems, and artificial intelligence. 

Rolling serves as the primary mode of operation for wheeled robots (machines), allowing them 
to function effectively. However, when both wheels are turned to the same extent, the inner wheel 
experiences lateral slippage on the road surface, resulting in reduced steering efficiency. This slippage 
not only generates undesirable heat but also leads to premature wear of the wheel. To mitigate these 
issues, it is necessary to turn the inner wheel at a greater angle compared to the outer wheel. The 
solution to this challenge is rooted in the Ackermann principle [1], which establishes the steering 
geometry applicable to any vehicle, ensuring the appropriate steering angle during cornering or 
navigating curves. Meeting this requirement necessitates a specific connection between the front 
wheels, typically accomplished through the utilization of the articulated four-link mechanism 
pioneered by the French inventor Janto. As early as 1917, Mlodzeevsky B.K. [2] demonstrated that 
Janto's steering mechanism approximated the principles outlined by Ackermann, asserting its 
practical adequacy. In contemporary times, wheeled vehicles can attain high speeds, and even a slight 
deviation from the Ackermann conditions (up to 1°) results in undesirable phenomena. 

Contemporary wheeled vehicles have moved away from employing Janto's pure steering 
mechanism due to its limited consideration of crucial dynamic and compliant effects. Nevertheless, 
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this steering principle remains applicable for low-speed maneuvers. On the other hand, certain high-
speed machines adopt a reverse Ackermann geometry to address the substantial difference in slip 
angle between the inner and outer front tires when cornering at high velocities. Implementing this 
geometry assists in reducing tire temperatures during high-speed cornering situations. However, it 
may result in reduced performance during low-speed maneuvers. The mobile cargo transport robot, 
as described in the research paper by U. Joldasbekov Institute of Mechanics and Engineering 
scientists [3], incorporates a customized steering mechanism comprising two circuits built upon a 
four-bar linkage. The dimensions of the mobile transport robot are (1200×2300) mm, with a weight of 
1200 kg. It is equipped with sturdy rubber-rimmed wheels capable of achieving a travel speed of 45 
km/h. 

The Ackermann principle has been extensively explored in numerous scientific papers. In [4], a 
study is conducted to assess the compliance of commonly used mechanisms in modern cars with the 
Ackermann principle. The analysis method employed involves the formulation and modeling of a 
finite-difference equation that describes the motion transmission process facilitated by a steering rack 
and pinion mechanism, which is essential for wheel turning. In order to enhance the accuracy of 
implementing the Ackermann principle, the lateral steering rods of both wheels are interconnected 
using a toothed rack. The control of wheels utilizing a rack and pinion mechanism is further 
examined in [5, 6, 7]. Specifically, [5] focuses on analyzing the rack and pinion tie rod for an ITS 
electric vehicle, providing insights into the dimensions of the steering rod and motion transmission 
to minimize steering errors. It is worth noting that the rack and pinion steering gear typically operates 
at a low speed [6], usually in the range of 10-15 rpm, resulting in less emphasis on the dynamics of 
these mechanisms. Zhao, etc. focuses on the synthesis of a four-link steering mechanism with the aim 
of achieving Ackermann steering [8]. The paper examines the precision with which a conventional 
four-link circuit or linkage can track a certain number of points. It then delves into the steering 
geometry for steerable wheels and introduces a steering mechanism featuring partial non-circular 
gears. The proposed mechanism aims to enhance the accuracy of meeting Ackermann's conditions 
for optimal steering performance. In [9], a six-link mechanism is synthesized to achieve five points of 
steering accuracy in automotive applications. The inner wheel is capable of turning up to 61 degrees 
with a satisfactory level of precision. This result is then compared to the outcomes obtained from the 
four-bar Ackermann steering mechanism (ASM) and the Fahey-Eight-Member-Mechanism (FEMM). 
The proposed mechanism demonstrates a reasonably accurate performance, falling between the two 
aforementioned mechanisms. Meanwhile, [10, 11] focus on the optimization synthesis of a steering 
mechanism utilizing a two-circuit four-link configuration. The double-circuit arrangement of the 
four-rod mechanism enables the adjustment of errors in two stages [10]. The first circuit generates an 
approximate function to achieve correct steering, while the second circuit fine-tunes the function for 
improved accuracy. The synthesis problem of the mechanism is resolved through the utilization of 
the geometric optimization method. 

Kinematics is a fundamental aspect in the design, analysis, synthesis, control, and simulation of 
robots. The effectiveness and simplicity of numerical algorithms rely on the chosen method and 
structure of the manipulator mechanism, emphasizing the importance of selecting an appropriate 
method for kinematic studies. Several methods exist for studying the kinematics of planar and spatial 
mechanisms, including geometric (triangle), coordinate, matrix, and vector methods. The matrix 
transformation method [12, 13, 14] is widely employed in this context. This method utilizes rotation 
matrices (3x3) and translation matrices (3x3) to account for the various types and classes of kinematic 
pairs. To consider the translational motion of a coupled coordinate system, a homogeneous 
transformation matrix (4x4) is utilized in place of the rotation matrix [12, 14]. Denavit and Hartenberg 
[13] were pioneers in utilizing matrix representation to describe the spatial geometry of manipulators. 
The application of screw calculus methods has proven highly effective in studying the statics, 
kinematics, and dynamics of parallel structure manipulators [15, 16, 17]. Additionally, the vector 
method for mechanism kinematics is presented in the form of vector recurrent formulas [12, 18]. 
These methods offer valuable tools for analyzing and understanding the kinematic behavior of 
robotic systems. 
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The synthesis of mechanisms can be approached through various analytical methods, including 
algebraic, geometric, and optimization techniques. Algebraic methods, as described in [12], 
encompass several approaches such as the interpolation method, best fit method, method of blocked 
zones [18], and specific methods focused on resolving branching defects [19]. Geometric methods are 
rooted in the principles of differential geometry. They can be further categorized into Burmester 
kinematic geometry methods and approximate kinematic geometry methods [20]. Optimization 
methods, drawing from the theory of nonlinear optimization, involve multiple analyses of the 
mechanism [21, 22]. They encompass a range of analytical and optimization techniques [23], wherein 
some parameters of the mechanism are explicitly determined using formulas, while the remaining 
parameters are derived through nonlinear optimization. These diverse analytical methods provide 
valuable tools for synthesizing mechanisms by enabling precise and efficient design optimization. 

This research paper centers around the synthesis of a steering mechanism, specifically a two-
circuit linkage that connects the left and right wheels. The study involves an examination of the 
structure and kinematics of this particular mechanism. By adhering to the principles of Ackermann 
steering, an objective function for the kinematic synthesis of the mechanism has been devised. The 
synthesis process of the mechanism employs the analytical method of interpolation in four 
parameters. A specialized method has been developed for this purpose, and a kinematic analysis of 
the mechanism utilizing the synthesized parameters has been conducted. The simulation results have 
indicated a high level of accuracy in achieving the desired implementation of the Ackermann 
condition. 

2. Basic Idea 
Figure 1 illustrates the kinematic diagram of the steering mechanism being examined. The 

mechanism comprises two circuits, namely 𝑂𝑂𝐸𝐸1𝐷𝐷1𝐶𝐶1𝑂𝑂 and 𝑂𝑂𝐸𝐸2𝐷𝐷2𝐶𝐶2𝑂𝑂, responsible for driving the 
left and right wheels, respectively. Notably, the links within each circuit share identical dimensions. 
This mechanism is referred to as the two-circuit Ackermann mechanism, as it implements the 
Ackermann principle. The objective of this study is to develop a highly precise Ackermann steering 
mechanism, with a particular focus on adjusting the variable thrust 𝐸𝐸1𝐸𝐸2. The research is conducted 
based on methods involving kinematic analysis and synthesis of lever mechanisms. 

 
Figure 1. Modified two-circuit Ackermann steering mechanism. 

Ackermann principle. Figure 2 depicts a kinematic diagram of a mobile robot platform with four 
wheels and a two-circuit steering mechanism. The purpose of the two-circuit steering mechanism is 
to implement the Ackermann Principle, which ensures that the wheels have the correct steering angle 
when navigating corners or curves. This principle aims to prevent the tires from sliding sideways 
during curved motion. The geometric solution involves positioning the axes of all the wheels along 
the radii of circles that have a common central point 𝑀𝑀, which also coincides with the instantaneous 
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center of velocities (ICV) of the mobile platform's planar motion. Since the rear wheels 3 and 4 are 
fixed, the central point 𝑀𝑀 must lie on a line extending from the rear axle. Additionally, the front 
wheel axles intersect this line, which requires the inner front wheel 1 to turn through a larger angle 
than the outer wheel 2 during cornering. By positioning the wheels correctly in the direction of 
motion, stable steering is achieved without excessive wear and heat generation on each wheel. This 
configuration ensures that the Ackermann condition is met, promoting efficient and reliable steering 
performance for the mobile robot platform. 

Based on the analytical representation of the Ackermann condition [1], Figure 2 also illustrates 
the angles involved in the steering mechanism. The angle 𝜃𝜃1 represents the steering angle of wheel 
1, 𝜃𝜃2 represents the steering angle of wheel 2, and 𝜃𝜃 represents the average steering angle of the 
front wheels. 

 
Figure 2. Ackermann principle for four-wheeled platforms. 

To create a conditional mechanism based on the two-circuit mechanism and the Ackermann 
condition, Figure 3 presents the kinematic diagram of this conditional mechanism. It is achieved by 
attaching two structural groups (TRT-type) to the kinematic chain of the Ackermann two-circuit 
mechanism shown in Figure 1. Group (6,8) is connected to link 1, which is rigidly connected to front 
wheel 1, while group (7,9) is attached to link 2, which corresponds to wheel 2. Consequently, the 
conditional Ackermann mechanism consists of 𝑛𝑛 = 9 moving links and 𝑝𝑝5 = 13 kinematic pairs of 
the 5th class type R and T [12]. The degree of freedom of the conditional mechanism can be 
determined using the Chebyshev formula. 

𝑊𝑊 = 3𝑛𝑛 − 2𝑝𝑝5 = 3 ∙ 9 − 2 ∙ 13 = 1 
Based on Figure 3, it is observed that  

cot𝜃𝜃2 =
|𝑀𝑀2𝐵𝐵| + 𝑏𝑏

𝑙𝑙
 

cot𝜃𝜃1 =
|𝑀𝑀1𝐵𝐵| − 𝑏𝑏

𝑙𝑙
 

According to the Ackermann condition, the equality of |𝑀𝑀2𝐵𝐵| = |𝑀𝑀1𝐵𝐵| holds, which leads to the 
formation of Eq. (1). This equation represents the analytical representation of the Ackermann 
principle. 

cot𝜃𝜃2 − cot 𝜃𝜃1 =
2𝑏𝑏
𝑙𝑙

 (1) 
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Figure 3. Conditional Ackerman mechanism. 

3. Steering Mechanism Kinematic Equations 
In Figure 1, the two-circuit steering mechanism is depicted, comprising five movable links whose 

positions are defined relative to the reference system 𝑂𝑂𝑂𝑂0′𝑋𝑋0′ , with angular coordinates 𝜑𝜑1,𝛽𝛽1,𝜓𝜓1,𝛽𝛽2, 
and 𝜓𝜓2 . The mechanism possesses constant geometric parameters represented by 𝑒𝑒, 𝑏𝑏, 𝑟𝑟,𝑝𝑝,𝑑𝑑,𝛼𝛼, 𝛾𝛾, 
and 𝑅𝑅  (Figure 1). The vector equations governing the contours 𝑂𝑂𝐸𝐸1𝐷𝐷1𝐶𝐶1𝑂𝑂  and 𝑂𝑂𝐸𝐸2𝐷𝐷2𝐶𝐶2𝑂𝑂  are as 
follows: 

𝑑𝑑 + 𝑝⃗𝑝 = 𝑟𝑟 + 𝑒𝑒 + 𝑏𝑏�⃗  

𝑑𝑑 + 𝑝⃗𝑝 = 𝑟𝑟 + 𝑒𝑒 − 𝑏𝑏�⃗  
(2) 

The projections on the axes of the reference system 𝑂𝑂𝑂𝑂0′𝑋𝑋0′   are given by the following 
expressions: 

𝑑𝑑 cos𝜑𝜑1 + 𝑝𝑝 cos𝛽𝛽1 = 𝑟𝑟 cos𝜓𝜓1 + 𝑏𝑏, 
𝑑𝑑 sin𝜑𝜑1 + 𝑝𝑝 sin𝛽𝛽1 = 𝑟𝑟 sin𝜓𝜓1 + 𝑒𝑒, 

(3) 

𝑑𝑑 cos(𝜑𝜑1−∝) + 𝑝𝑝 cos𝛽𝛽2 = 𝑟𝑟 cos𝜓𝜓2 − 𝑏𝑏, 
𝑑𝑑 sin(𝜑𝜑1−∝) + 𝑝𝑝 sin𝛽𝛽2 = 𝑟𝑟 sin𝜓𝜓2 + 𝑒𝑒, 

(4) 

Taking into account the relationships 𝜓𝜓1 = 𝜃𝜃1 + 𝜋𝜋 + 𝛾𝛾 and 𝜓𝜓2 = 𝜃𝜃2 + 𝜋𝜋 − 𝛾𝛾 from Figure 1, we 
can rewrite Eq. (3) and Eq. (4) in the following form, where we solve them with respect to 𝛽𝛽1,𝜃𝜃1,𝛽𝛽2, 
and 𝜃𝜃2for a given 𝜑𝜑1: 

𝑑𝑑 cos𝜑𝜑1 + 𝑝𝑝 cos𝛽𝛽1 = −𝑟𝑟 cos(𝜃𝜃1 + 𝛾𝛾) + 𝑏𝑏, 
𝑑𝑑 sin𝜑𝜑1 + 𝑝𝑝 sin𝛽𝛽1 = −𝑟𝑟 sin(𝜃𝜃1 + 𝛾𝛾) + 𝑒𝑒, 

(5) 

𝑑𝑑 cos(𝜑𝜑1−∝) + 𝑝𝑝 cos𝛽𝛽2 = −𝑟𝑟 cos(𝜃𝜃2 − 𝛾𝛾) − 𝑏𝑏, 
𝑑𝑑 sin(𝜑𝜑1−∝) + 𝑝𝑝 sin𝛽𝛽2 = −𝑟𝑟 sin(𝜃𝜃2 − 𝛾𝛾) + 𝑒𝑒, 

(6) 

Assuming a relationship between the average angle of rotation of the front wheels 𝜃𝜃 and the 
angle 𝜑𝜑1 as follows:  
𝜑𝜑1 = 𝜋𝜋 − 𝜃𝜃 +

𝛼𝛼
2

 

Then we can also determine 
𝜑𝜑2 = 𝜋𝜋 − 𝜃𝜃 −

𝛼𝛼
2
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The kinematic requirements for the synthesized mechanism are not contradicted by them. 
Certainly, when one wheel is turned more than the other, it results in a mismatch in the direction 

of the wheels. However, it is crucial to ensure that both wheels are aligned in the forward direction 
when the robot is not turning, as depicted in Figure 4. To achieve this, the mismatch in heading angles 
between the wheels should gradually increase from zero (when the wheels are pointing straight 
ahead) to a point where there is a substantial difference in angles between the two wheels (at 
maximum wheel steering). This ensures both effective steering during turns and proper alignment 
for straight-line motion. 

 
Figure 4. The diagram to determine the angle 𝛾𝛾 when the platform undergoes direct movement 

The rockers 𝐶𝐶𝑖𝑖𝐷𝐷𝑖𝑖 , where 𝑖𝑖 = 1, 2, are rigidly attached to wheels 1 and 2, respectively, and both 
rockers are inclined at an angle 𝛾𝛾 with respect to the wheel directions. In order to enable the platform 
to undergo translational movement, it is necessary for these rockers to intersect at a single point, 
namely point 𝐵𝐵. By satisfying this condition, the angle 𝛾𝛾 and the dependence of 𝜃𝜃1 and 𝜃𝜃2 through 
𝜃𝜃 [1] can be determined using expressions in Eq. (7).  

tan 𝛾𝛾 = 𝑏𝑏
𝑙𝑙� = 𝜆𝜆 

cot𝜃𝜃1 = cot𝜃𝜃 − 𝜆𝜆 
cot𝜃𝜃2 = cot 𝜃𝜃 + 𝜆𝜆 

(7) 

The cot𝜃𝜃1 and cot𝜃𝜃2 in Eq. (7) can be expressed using basic trigonometric functions as follows: 

sin𝜃𝜃𝑖𝑖 =
sin𝜃𝜃
𝑓𝑓𝑖𝑖(𝜃𝜃, 𝜆𝜆) 

cos 𝜃𝜃𝑖𝑖 =
cos𝜃𝜃 ∓ 𝜆𝜆 sin𝜃𝜃

𝑓𝑓𝑖𝑖(𝜃𝜃, 𝜆𝜆)  

(𝑖𝑖 = 1,2) 

(8) 

where 𝑓𝑓𝑖𝑖(𝜃𝜃, 𝜆𝜆) = √1 ∓ 𝜆𝜆 sin 2𝜃𝜃 + 𝜆𝜆2 sin2 𝜃𝜃 , 𝑖𝑖 = 1,2. 
In certain cases, it is feasible to utilize approximate formulas to describe the relationship of these 

rotation angles [1]: 
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𝜃𝜃1,2 = 𝜃𝜃 ± 𝜆𝜆𝜃𝜃2 (9) 
whence 𝜃𝜃 ≈ (𝜃𝜃1 + 𝜃𝜃2) 2⁄ .  

The angle 𝜃𝜃  holds a specific physical interpretation. When 𝜃𝜃  remains constant during the 
platform's movement, the position of ICV remains unchanged. This indicates that the robot rotates 
around a fixed point, causing all its points to move in a circular path. On the other hand, when 𝜃𝜃 is 
equal to 0, the robot moves forward in a straight line.   
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3. Synthesis of the Two-Circuit Ackermann Mechanism. 
Let's examine the left turn of the platform, which is illustrated in Figure 2. When the IVC turns 

to the right, point 𝑀𝑀  will shift towards the right side of the platform. In order to satisfy the 
requirements of the mechanism's synthesis aimed at achieving the desired trajectory of point 𝑀𝑀, the 
larger rotation angle 𝜃𝜃1 must lie within the range of 𝜃𝜃1 ∈ �0, 𝜋𝜋

2
�. Consequently, it becomes crucial to 

specify the values of the variable parameters including their allowable ranges and nodal points to 
ensure proper mechanism synthesis.  

To accomplish this, we can plot graphs of 𝜃𝜃𝑖𝑖(𝜃𝜃) using Eq. (8). The angle 𝜃𝜃 can be determined 
using the formula (𝜃𝜃)𝑘𝑘 = (𝜃𝜃)𝑘𝑘−1 + ∆ , where 𝑘𝑘 = 1,𝑁𝑁����� , (𝜃𝜃)0 = 0 , 𝑁𝑁 = 9 , and ∆= 𝜋𝜋

18 . For the given 
transport robot, the parameter λ is calculated as 𝜆𝜆 = 6

20
= 0.3, which implies 𝛾𝛾 ≈ 17.3°. The results 

of the calculations are summarized in Table 1. Figure 5 displays the graphs of 𝜃𝜃𝑖𝑖(𝜃𝜃), for 𝑖𝑖 = 1, 2. 

Table 1. 

N 0 1 2 3 4 5 6 7 8 9 
𝜃𝜃 0 0,174 0,348 0,522 0,696 0,87 1,044 1,218 1,392 1,566 
𝜃𝜃1 0 0,18308 0,3843 0,6037 0,8413 1,097 1,371 1,663 1,9732 2,302 
𝜃𝜃2 0 0,1649 0,3117 0,4403 0,5507 0,643 0,717 0,773 0,8108 0,83 

 
Figure 5. Graphs of the angles of rotation of the wheels and the platform when turning to the left by 
90° from the vertical position of the crank (Fig. 4). 

Upon analyzing the graphs of the rotation angles, it becomes evident that for small rotations, the 
discrepancies in 𝜃𝜃𝑖𝑖(𝜃𝜃), where 𝑖𝑖 = 1, 2, are barely noticeable. However, as the angle approaches 90°, 
the mechanism can approach a special position that complicates the synthesis problem [12]. 
Therefore, it is advisable to select the nodal synthesis points within the region indicated by the red 
quadrangle on the graph. Taking these considerations into account, we can accept 𝜃𝜃 ∈ {00, 830}. 

Let's consider the kinematic chains 1 and 2 of the hypothetical Ackerman mechanism as depicted 
in Figure 3. Kinematic chain 1 defines the contour 𝑂𝑂𝐸𝐸1𝐷𝐷1𝐶𝐶1𝑀𝑀1𝐵𝐵1𝑂𝑂, while kinematic chain 2 defines 
the contour 𝑂𝑂𝐸𝐸2𝐷𝐷2𝐶𝐶2𝑀𝑀2𝐵𝐵2𝑂𝑂. By analyzing chain 1, we can determine the coordinates of the moving 
point 𝑀𝑀1  as (𝑋𝑋𝑀𝑀1,𝑌𝑌𝑀𝑀1) , and by analyzing chain 2, we can determine the coordinates of 𝑀𝑀2  as 
(𝑋𝑋𝑀𝑀2,𝑌𝑌𝑀𝑀2). According to the structure of the mechanism, it can be stated that 𝑋𝑋𝑀𝑀1 = 𝑋𝑋𝑀𝑀2 = −𝑙𝑙 + 𝑒𝑒, 
𝑌𝑌𝑀𝑀1 = 𝐵𝐵𝑀𝑀1 = 𝜌𝜌𝑀𝑀1  and 𝑌𝑌𝑀𝑀2 = 𝐵𝐵𝑀𝑀2 = 𝜌𝜌𝑀𝑀2 . The latter satisfy the Ackermann condition (1). 
Consequently, the objective function can be expressed in the following form: 

∆= |cot 𝜃𝜃2 − cot𝜃𝜃1 − 2𝜆𝜆| → 𝑚𝑚𝑚𝑚𝑚𝑚 (10) 
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It is important to mention that if we assume the coordinates of point 𝑂𝑂  to be known, and 
consequently 𝑋𝑋𝑀𝑀1 = 𝑋𝑋𝑀𝑀2 = −𝑙𝑙 + 𝑒𝑒 to be known, then during the synthesis process, we can focus on 
the kinematic equations (5) and (6) specific to the real Ackermann mechanism. However, if the known 
coordinates are not limited to point 𝑂𝑂, we would need to formulate the synthesis equations for the 
entire conditional mechanism. 

Let's consider the case when 𝑋𝑋𝑀𝑀1 = 𝑋𝑋𝑀𝑀2is considered as a given value. Taking into account 𝜑𝜑1 =
𝜋𝜋 − 𝜃𝜃 + 𝛼𝛼

2
, we can express equations (5) and (6) in relative terms as follows: 

−𝑑𝑑 cos(𝜃𝜃 −
𝛼𝛼
2

) + 𝑝𝑝 cos𝛽𝛽1 = −𝑟𝑟 cos(𝜃𝜃1 + 𝛾𝛾) + 1, 

𝑑𝑑 sin(𝜃𝜃 −
𝛼𝛼
2

) + 𝑝𝑝 sin𝛽𝛽1 = −𝑟𝑟 sin(𝜃𝜃1 + 𝛾𝛾) + 𝑒𝑒, 

−𝑑𝑑 cos �𝜃𝜃 +
𝛼𝛼
2
� + 𝑝𝑝 cos𝛽𝛽2 = −𝑟𝑟 cos(𝜃𝜃2 − 𝛾𝛾) − 1, 

𝑑𝑑 sin �𝜃𝜃 +
𝛼𝛼
2
� + 𝑝𝑝 sin𝛽𝛽2 = −𝑟𝑟 sin(𝜃𝜃2 − 𝛾𝛾) + 𝑒𝑒, 

(11) 

where 𝑑𝑑 = 𝑑𝑑
𝑏𝑏� ,𝑝𝑝 = 𝑝𝑝

𝑏𝑏� , 𝑟𝑟 = 𝑟𝑟
𝑏𝑏�  , 𝑒𝑒 = 𝑒𝑒

𝑏𝑏�  – relative parameters. 
Hence, the system (11) comprises six constant parameters: 𝑑𝑑,𝑝𝑝, 𝑟𝑟,𝛼𝛼, 𝛾𝛾,  and 𝑒𝑒 , along with 

variable parameters: 𝜃𝜃,𝛽𝛽1,𝛽𝛽2,𝜃𝜃1,  and 𝜃𝜃2 . The synthesis parameters are 𝑑𝑑,𝑝𝑝, 𝑟𝑟,  and 𝛼𝛼 . In this 
scenario, the parameters 𝛾𝛾 and 𝑒𝑒 are predetermined. Let's assume 𝑒𝑒 = 0.22. 

We can represent system (11) as:  
𝑝𝑝0 − 𝑝𝑝1(cos 𝜃𝜃 − 𝑒𝑒 sin𝜃𝜃) − 𝑝𝑝2[sin𝜃𝜃 + 𝑒𝑒 cos𝜃𝜃] + 𝑝𝑝3 cos[𝑓𝑓1(𝜃𝜃) + 𝜃𝜃 + 𝛾𝛾] − 

−𝑝𝑝4 sin[𝑓𝑓1(𝜃𝜃) + 𝜃𝜃 + 𝛾𝛾] = − cos[𝑓𝑓1(𝜃𝜃) + 𝛾𝛾] − 𝑒𝑒 sin[𝑓𝑓1(𝜃𝜃) + 𝛾𝛾], 
 

𝑝𝑝0 − 𝑝𝑝1(cos𝜃𝜃 − 𝑒𝑒 sin𝜃𝜃) + 𝑝𝑝2(sin𝜃𝜃 + 𝑒𝑒 cos𝜃𝜃) + 𝑝𝑝3 cos[𝑓𝑓2(𝜃𝜃) + 𝜃𝜃 − 𝛾𝛾] − 
−𝑝𝑝4 sin[𝑓𝑓2(𝜃𝜃) + 𝜃𝜃 − 𝛾𝛾] = − cos[𝑓𝑓2(𝜃𝜃) − 𝛾𝛾] − 𝑒𝑒 sin[𝑓𝑓2(𝜃𝜃) − 𝛾𝛾], 

(12) 

where 
𝜃𝜃1 = 𝑓𝑓1(𝜃𝜃),𝜃𝜃2 = 𝑓𝑓2(𝜃𝜃), 

𝑝𝑝0 =
𝑝𝑝2 − 𝑟𝑟2 − 𝑑𝑑2 − 𝑒𝑒2 − 1

2𝑟𝑟
,𝑝𝑝1 =

𝑑𝑑
𝑟𝑟

cos
𝛼𝛼
2

,𝑝𝑝2 =
𝑑𝑑
𝑟𝑟

sin
𝛼𝛼
2

,  

𝑝𝑝3 = 𝑑𝑑 cos
𝛼𝛼
2

,𝑝𝑝4 = 𝑑𝑑 sin
𝛼𝛼
2

. 

To solve system (12) with three nodal points (𝑘𝑘 = 1,2,3), we can set the values 𝜃𝜃𝑘𝑘 = (𝜃𝜃)𝑘𝑘, where 
𝑘𝑘 = 1,2,3 , within the range 𝜃𝜃𝑘𝑘 ∈ {00, 830} . Let's assign the nodal point values as follows: (𝜃𝜃)1 =
0.348; (𝜃𝜃)2 = 0.87; (𝜃𝜃)3 = 1.392. 

As a result, the system will consist of six equations: 
𝑝𝑝0 − 𝑝𝑝1(cos 𝜃𝜃𝑘𝑘 − 𝑒𝑒 sin𝜃𝜃𝑘𝑘) − 𝑝𝑝2[sin𝜃𝜃𝑘𝑘 + 𝑒𝑒 cos𝜃𝜃𝑘𝑘] + 𝑝𝑝3 cos[𝑓𝑓1(𝜃𝜃𝑘𝑘) + 𝜃𝜃𝑘𝑘 + 𝛾𝛾] − 

−𝑝𝑝4 sin[𝑓𝑓1(𝜃𝜃𝑘𝑘) + 𝜃𝜃𝑘𝑘 + 𝛾𝛾] = − cos[𝑓𝑓1(𝜃𝜃𝑘𝑘) + 𝛾𝛾] − 𝑒𝑒 sin[𝑓𝑓1(𝜃𝜃𝑘𝑘) + 𝛾𝛾], 
(𝑘𝑘 = 1,2,3) 

 
𝑝𝑝0 − 𝑝𝑝1(cos 𝜃𝜃𝑘𝑘 − 𝑒𝑒 sin𝜃𝜃𝑘𝑘) + 𝑝𝑝2(sin𝜃𝜃𝑘𝑘 + 𝑒𝑒 cos𝜃𝜃𝑘𝑘) + 𝑝𝑝3 cos[𝑓𝑓2(𝜃𝜃𝑘𝑘) + 𝜃𝜃𝑘𝑘 − 𝛾𝛾] − 

−𝑝𝑝4 sin[𝑓𝑓2(𝜃𝜃𝑘𝑘) + 𝜃𝜃 − 𝛾𝛾] = − cos[𝑓𝑓2(𝜃𝜃𝑘𝑘) − 𝛾𝛾] − 𝑒𝑒 sin[𝑓𝑓2(𝜃𝜃𝑘𝑘) − 𝛾𝛾], 
(𝑘𝑘 = 1,2,3) 

(13) 

Since the mechanism consists of two circuits, we can determine 𝑝𝑝0  by solving the first and 
fourth equations of the system (13). 
𝑝𝑝0 = 𝑝𝑝1(cos𝜃𝜃𝑘𝑘 − 𝑒𝑒 sin𝜃𝜃𝑘𝑘) ± 𝑝𝑝2[sin𝜃𝜃𝑘𝑘 + 𝑒𝑒 cos 𝜃𝜃𝑘𝑘] − 𝑝𝑝3 cos[𝑓𝑓𝑖𝑖(𝜃𝜃𝑘𝑘) + 𝜃𝜃𝑘𝑘 + 𝛾𝛾] − 

−𝑝𝑝4 sin[𝑓𝑓𝑖𝑖(𝜃𝜃𝑘𝑘) + 𝜃𝜃𝑘𝑘 + 𝛾𝛾] − cos[𝑓𝑓𝑖𝑖(𝜃𝜃𝑘𝑘) + 𝛾𝛾] − 𝑒𝑒 sin[𝑓𝑓𝑖𝑖(𝜃𝜃𝑘𝑘) + 𝛾𝛾], 
(𝑘𝑘 = 1,3, i = 1,2) 

(14) 
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Now, let's eliminate the parameter 𝑝𝑝0 from (13) by substituting the first equation (14) into the 
second and third equations, as well as substituting the second equation (14) into the fifth and sixth 
equations of the system. After substituting, we will have a modified system without 𝑝𝑝0. The 𝜃𝜃1 will 
be represented the value of 𝜃𝜃 at the first nodal point of the synthesis, corresponding to 𝜃𝜃1 = (𝜃𝜃)1. 
Thus, we have a system of linear equations: 

A1𝑝𝑝1 + B1𝑝𝑝2 + C1𝑝𝑝3 + D1𝑝𝑝4 = F1 
A2𝑝𝑝1 + B2𝑝𝑝2 + C2𝑝𝑝3 + D2𝑝𝑝4 = F2 
A3𝑝𝑝1 + B3𝑝𝑝2 + C3𝑝𝑝3 + D3𝑝𝑝4 = F3 
A4𝑝𝑝1 + B4𝑝𝑝2 + C4𝑝𝑝3 + D4𝑝𝑝4 = F5 

(15) 

where 
𝐴𝐴𝑘𝑘−1 = (cos𝜃𝜃1 − 𝑒𝑒 sin𝜃𝜃1) − (cos𝜃𝜃𝑘𝑘 − 𝑒𝑒 sin𝜃𝜃𝑘𝑘), 𝑘𝑘 = 2,3 
𝐵𝐵𝑘𝑘−1 = (sin𝜃𝜃1 + 𝑒𝑒 cos𝜃𝜃1) − (sin𝜃𝜃𝑘𝑘 + 𝑒𝑒 cos𝜃𝜃𝑘𝑘), 𝑘𝑘 = 2,3 
𝐶𝐶𝑘𝑘−1 = − cos[𝑓𝑓1(𝜃𝜃1) + 𝜃𝜃𝑘𝑘 + 𝛾𝛾] + cos[𝑓𝑓1(𝜃𝜃𝑘𝑘) + 𝜃𝜃𝑘𝑘 + 𝛾𝛾] , 𝑘𝑘 = 2,3 
𝐷𝐷𝑘𝑘−1 = − sin[𝑓𝑓1(𝜃𝜃1) + 𝜃𝜃1 + 𝛾𝛾] − sin[𝜃𝜃1(𝜃𝜃𝑘𝑘) + 𝜃𝜃𝑘𝑘 + 𝛾𝛾] , 𝑘𝑘 = 2,3 
𝐹𝐹𝑘𝑘−1 = − cos[𝑓𝑓1(𝜃𝜃1) + 𝛾𝛾] − 𝑒𝑒 sin[𝑓𝑓1(𝜃𝜃1) + 𝛾𝛾] − cos[𝑓𝑓1(𝜃𝜃𝑘𝑘) − 𝛾𝛾] − 𝑒𝑒 sin[𝑓𝑓1(𝜃𝜃𝑘𝑘) − 𝛾𝛾],  𝑘𝑘 = 2,3 
𝐴𝐴𝑘𝑘+1 = (cos𝜃𝜃1 − 𝑒𝑒 sin𝜃𝜃1) − (cos𝜃𝜃𝑘𝑘 − 𝑒𝑒 sin𝜃𝜃𝑘𝑘), 𝑘𝑘 = 2,3 
𝐵𝐵𝑘𝑘+1 = −(sin𝜃𝜃1 + 𝑒𝑒 cos𝜃𝜃1) + (sin𝜃𝜃𝑘𝑘 + 𝑒𝑒 cos𝜃𝜃𝑘𝑘), 𝑘𝑘 = 2,3 
𝐶𝐶𝑘𝑘+1 = − cos[𝑓𝑓1(𝜃𝜃1) + 𝜃𝜃𝑘𝑘 + 𝛾𝛾] + cos[𝑓𝑓2(𝜃𝜃𝑘𝑘) + 𝜃𝜃𝑘𝑘 − 𝛾𝛾] , 𝑘𝑘 = 2,3 
𝐷𝐷𝑘𝑘 = − sin[𝑓𝑓1(𝜃𝜃1) + 𝜃𝜃1 + 𝛾𝛾] − sin[𝑓𝑓2(𝜃𝜃𝑘𝑘) + 𝜃𝜃 − 𝛾𝛾] , 𝑘𝑘 = 2,3 
𝐹𝐹𝑘𝑘+1 = − cos[𝑓𝑓1(𝜃𝜃1) + 𝛾𝛾] − 𝑒𝑒 sin[𝑓𝑓1(𝜃𝜃1) + 𝛾𝛾] − cos[𝑓𝑓2(𝜃𝜃𝑘𝑘) − 𝛾𝛾] − 𝑒𝑒 sin[𝑓𝑓2(𝜃𝜃𝑘𝑘) − 𝛾𝛾],  𝑘𝑘 = 2,3 

The system of linear equations (15) is solved to obtain the values of 𝑝𝑝𝑖𝑖, where 𝑖𝑖 = 1,2,3,4. The 
parameter 𝑝𝑝0 can be determined using one of the equations from Equation (14). After obtaining the 
values of 𝑝𝑝𝑖𝑖, the parameters 𝑑𝑑,𝑝𝑝, 𝑟𝑟, and ∝ can be defined as follows: 

tan
∝
2

=
𝑝𝑝4
𝑝𝑝3

, 

𝑑𝑑 = ±�𝑝𝑝32 + 𝑝𝑝42 

𝑟𝑟 = ±�
𝑝𝑝32 + 𝑝𝑝42

𝑝𝑝12 + 𝑝𝑝22
 

𝑝𝑝 = �2𝑟𝑟𝑝𝑝0 + 𝑟𝑟2 + 𝑑𝑑2 + 𝑒𝑒2 + 1 

(16) 

Based on the synthesis process and calculations, the following results have been obtained for the 
geometric dimensions of the mechanism: 𝛼𝛼 = 0,02094 𝑟𝑟𝑟𝑟𝑟𝑟;  𝑑𝑑 = 0,34 ;  𝑟𝑟 = 0,4077;  𝑝𝑝 = 0,97, 𝑏𝑏 =
1, 𝑒𝑒 = 0,22. These values represent the relative geometric dimensions of the synthesized mechanism. 

4. Analysis of the Two-Circuit Ackermann Mechanism and Discussion of the Results 
The kinematic analysis of the two-circuit Ackermann mechanism can be performed using the 

algorithms implemented in the ASIAN-2014 software package [24]. This software package provides 
tools and functionalities specifically designed for kinematic analysis, allowing for accurate 
calculations and evaluation of the mechanism's motion characteristics. By utilizing the ASIAN-2014 
software, detailed kinematic analysis of the two-loop Ackermann mechanism can be conducted 
efficiently and effectively. 

Figure 6 illustrates the assembly of a two-circuit steering mechanism, accompanied by a table 
that specifies the dimensions of the links and the coordinates of the racks and hinges in the depicted 
configuration. The table utilizes designations such as 𝐿𝐿1-5 and 𝐿𝐿2-6, which correspond to the links 
𝐷𝐷1𝐶𝐶1  and 𝐷𝐷2𝐶𝐶2 , respectively, as shown in Figure 1. The values of the geometric parameters are 
determined using relative values with a given 𝑏𝑏 = 246,352 𝑚𝑚𝑚𝑚. Figure 7 showcases the results of the 
mechanism's motion, including the trajectories of the characteristic hinges of the links and a table 
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displaying the positions of the rudder (crank 1) and the two wheels (rockers 3 and 5). In this particular 
case, the position of crank 1 varies within the range of 0 to 𝜋𝜋. 

 
Figure 6. Assembly and kinematic diagram, table of steering mechanism parameters. 

 
Figure 7. Kinematic diagram of the steering mechanism with a table of positions of the steering wheel 
(crank) and two wheels (rockers) on the ASIAN-2014. 

Figure 8 presents the deviation of function Δ , which was calculated using the values of the 
angular positions of links 3 and 5, as indicated in the table in Figure 7. The maximum deviation of 
the synthesis results, based on Eq. (10), occurs at positions 𝜃𝜃 = 32,070 , 𝜃𝜃1 = 33,780,  and 𝜃𝜃2 =
33,330. It is observed that the maximum deviation is less than 1.6%. It is worth noting that a deviation 
of less than 1.6% for the interpolation synthesis mechanism is considered relatively high. This 
indicates that the calculated values closely align with the desired values, demonstrating the 
effectiveness and accuracy of the synthesis process for the mechanism. 

1 3 

5 

2 4 
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Figure 8. Deviation of the objective function Δ between the synthesis nodal points. 

The successful mechanism synthesis is further supported by the graphs depicting the angular 
displacements of links 3 and 5 in Figure 9a. The green line represents the displacement of link 3 (𝜃𝜃1), 
while the red line represents the displacement of link 5 (𝜃𝜃2). The nature of these curves corresponds 
to their counterparts in Figure 5, which depict the complete range of motion from 0  to 𝜋𝜋/2 . 
Furthermore, Figure 9c presents the angular positions of connecting rods 2 and 4 exhibiting 
symmetrical movements. This symmetrical behavior is indicative of the well-designed and 
coordinated motion of the mechanism. The consistency between the synthesized results and the 
graphical representations of angular displacements and positions further validates the effectiveness 
of the synthesis process and the accuracy of the synthesized mechanism. The graphs in Figure 9 
provide visual representations of the respective components' angular displacements, showcasing the 
steering mechanism's motion characteristics. 

 
a) 

 
b) 

Figure 9. The graphs of the angular displacements of the steering mechanism links: a)the angular 
positions of the left (green line) and right (red line) wheels; b) the angular positions of the left (green 
line) and right (red line) connecting rods. 

The symmetry of the movements in the left and right parts of the Ackermann mechanism can be 
observed through the analysis of velocities and accelerations. The graphs in Figures 10 and 11 show 
that the left and right wheels have similar velocity and acceleration profiles, indicating symmetry in 
their movements. The projections and absolute values of the velocities and accelerations of the hinges 
𝐷𝐷𝑖𝑖 (𝑖𝑖 = 1,2) of the wheels are shown in the graphs. By comparing the corresponding graphs for the 
left and right wheels, we can observe that the green and red lines, representing the projections of the 
velocities and accelerations of the left and right wheels, respectively, are almost identical in shape 
and magnitude, indicating symmetry. The blue lines, representing the absolute values of the 
velocities and accelerations, also show a high degree of symmetry between the left and right 
components of the mechanism. 
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a) 

 
b) 

Figure 10. The velocity graphs of the wheels’ hinges 𝐷𝐷𝑖𝑖 (𝑖𝑖 = 1,2) in the steering mechanism: a) the 
projections (green and red lines) and the absolute velocity (blue line) of the hinge 𝐷𝐷1of the left wheel; 
b) the projections (green and red lines) and the absolute velocity (blue line) of the hinge 𝐷𝐷2 of the 
right wheel. 

  
a) b) 

Figure 11. The accelerations of the wheels’ hinges 𝐷𝐷𝑖𝑖  (𝑖𝑖 = 1,2 ) in the steering mechanism: a) the 
projections (green and red lines) and the absolute acceleration (blue line) of the hinge 𝐷𝐷1 of the left 
wheel; b) the projections (green and red lines) and the absolute acceleration (blue line) of the hinge 
𝐷𝐷2 of the right wheel. 

5. Conclusions 
In conclusion, the synthesis of a six-link two-circuit steering mechanism for four-wheeled mobile 

robots (machine) has been successfully accomplished. The mechanism has been designed to adhere 
to the Ackermann condition with a high level of accuracy. By determining the appropriate relative 
geometrical parameters of the two-circuit Ackermann mechanism, the mechanism has been 
optimized for efficient operation. The synthesis process involved interpolation in four different 
positions, leading to the achievement of the desired objective function. Through thorough kinematic 
analysis, the mechanism has demonstrated satisfactory performance and accuracy. Overall, the 
synthesized steering mechanism is a reliable and effective solution for four-wheeled mobile robots, 
meeting the requirements of the Ackermann condition. 
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