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Abstract: This paper investigates the dynamic properties of artificial neural networks using differ- 1

ential equations and explores the influence of parameters on stability and neural oscillations. By 2

analyzing the equilibrium point of the differential equations, we identify conditions for asymptotic 3

stability and criteria for oscillation in artificial neural networks. Furthermore, we demonstrate how 4

adjusting synaptic weights between neurons can effectively control stability and oscillation. The 5

proposed model offers potential insights into the malfunctioning mechanisms of biological neural 6

networks implicated in neurological disorders like Parkinson’s disease tremors and epilepsy seizures, 7

which are characterized by abnormal oscillations. 8

Keywords: artificial neural network (ANN); neural dynamics; neural oscillation; bio-inspiration; 9

differential equations; dynamic analysis 10

1. Introduction 11

Biological neural dynamics refer to the dynamic neural activities that underlie brain 12

functions. Neural oscillations are well-defined physiological processes. This paper focuses 13

on the dynamic analysis of artificial neural networks using differential equations and 14

highlights the controllability of stability and neural oscillations through parameter adjust- 15

ments. Through stability analysis of the equilibrium point in the differential equations, 16

the conditions for asymptotic stability in artificial neural networks and the criteria for 17

oscillation occurrence are identified. The study also reveals how synaptic weights between 18

neurons can be utilized to regulate the stability and oscillation of artificial neural networks. 19

Notably, neurological disorders such as tremors in Parkinson’s disease and seizures in 20

epilepsy are characterized by abnormal oscillations in biological neural networks. Hence, 21

the developed model has the potential to offer insights into the mechanisms underlying 22

the malfunctioning of biological neural networks associated with these diseases. 23

The observation of oscillation and unstable chaotic patterns in biological brain waves 24

captured using EEG supports the findings of this model[1,2]. The model highlights the 25

critical role of synaptic delay in forming different patterns and stability states. This finding 26

could potentially provide insights into the clinical experimental results of using external 27

stimulation to suppress abnormal neural oscillation in brain disorders such as epilepsy 28

seizures[3–5] and Parkinson’s Disease tremors[6–9]. 29

Nature is rich with examples of oscillatory patterns. The oscillatory frequency is a 30

fundamental parameter for quantifying the intrinsic characteristics individual biological 31

neurons [10], and analyzing the collective behaviours of artificial neural networks[11,12]. 32

A single neuron possesses the ability to generate periodic spiking output and modify 33

its pattern by adjusting its oscillatory frequency. Nevertheless, the range of oscillation 34

patterns exhibited by individual neurons is inherently limited. In contrast, the interaction 35

among multiple neurons exhibiting periodic oscillations gives rise to a significantly broader 36

spectrum of oscillatory patterns. Various mathematical models have been established to 37

effectively simulate the dynamic behaviours of individual biological neurons [13–16] as well 38

as neural networks [17]. The Hodgkin-Huxley model [13], employing differential equations 39
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to describe neuronal action potentials, successfully reproduces oscillatory patterns that 40

closely resemble empirical observations of neuronal spiking. However, the model is 41

accurate but too complex for constructing large scale artificial neural network (ANN). 42

The allure of simplicity holds undeniable appeal in engineering, particularly in terms 43

of speed and power efficiency in hardware implementation. Research in neuroscience has 44

unveiled the phenomenon of synchronized oscillations among interconnected biological 45

neurons[18][19]. Synchronous behaviour in neural networks arises when a cluster of 46

interconnected neurons oscillates in a phase-locked manner. Such synchronized groups of 47

neurons can exhibit collective behaviour and interact with other synchronized clusters. To 48

facilitate modelling and simulation, a synchronized group of neurons can be represented 49

by a single neuron, forming a simplified neural network for dynamic analysis[20]. 50

2. Materials and Methods 51

2.1. Neuronal Oscillation Vs. Neural Network Oscillation 52

Neuronal oscillation refers to the microscopic-scale oscillatory activity exhibited by an 53

individual neuron. Depending on the neuron’s initial state and input stimulation, it can 54

generate spiking outputs characterized by oscillatory patterns. The behaviours of single 55

spiking neurons have been investigated using a combination of differential equation models 56

and analytical approaches[21]. At the macroscopic scale, neural oscillation refers to the 57

collective behaviour exhibited by synchronized neural networks[22]. Brainwaves serve as a 58

biological example of neural oscillation and can be measured using Electroencephalography 59

(EEG). When clusters of locally interconnected neurons form neural networks and engage 60

in synchronized oscillatory activity, they produce synchronized firing patterns and local 61

field potentials (brainwaves). While individual neurons in the brain experience continuous 62

synaptic stimulation and exhibit seemingly random firing patterns, rhythmic firing patterns 63

emerge when they are subjected to specific external stimuli, with positive stimuli often 64

inducing oscillatory activity. Conversely, neural networks can exhibit oscillatory behaviour 65

even in the absence of external input. Importantly, the oscillation frequency of synchronized 66

neural networks can differ from the firing frequency of individual neurons. The conditions 67

for oscillation can be analyzed by examining the interactions among neurons using the 68

Routh-Hurwitz method[23]. 69

2.2. Synchronized Neural Oscillation and Deep Brain Stimulation 70

When the brain is in a resting state, biological neurons remain active and exhibit ran- 71

dom oscillations, collectively resembling white noise. The emergence of meaningful brain 72

activities stems from the synchronization of groups of neurons. Neural synchronization 73

occurs when two or more neurons oscillate in phase. If two neurons oscillate in phase at 74

the same angular frequency (ω), they are considered phase-locked. Neurons oscillating at 75

different frequencies can also synchronize and fire together at the least common multiple 76

of their oscillation periods. 77

This study builds upon the insights gained from synchronized neural oscillation 78

behaviours and their relevance to deep brain stimulation. While brain stimulation has been 79

utilized clinically to treat neurological disorders like Parkinson’s disease tremors [7,24,25] 80

and epilepsy seizures [4,5], the effectiveness of such treatments still relies on trial and error. 81

Although several hypotheses have been proposed, the fundamental theory remains to be 82

established. It has been observed that impaired movement results from abnormal oscillatory 83

synchronization in the motor system [8]. Neural oscillation models have been employed 84

to simulate the onset of epilepsy seizures[26]. Artificial Neural Networks (ANNs) have 85

been utilized to model dynamic systems, allowing for the simulation of chaotic brainwave 86

patterns [27], and have also been employed for brain stimulation control in previous studies 87

[28]. However, ANNs require training with available data and function as black boxes 88

without providing insight into the transfer function from inputs to outputs, making them 89

unsuitable for direct parameter control. In this research, a bio-inspired neural network 90

model based on differential equations is designed to simulate the synchronized oscillation 91
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of neural networks. Classical mathematical approaches are employed to analyze dynamic 92

systems, evaluating the effects of different parameters and determining the oscillation 93

conditions of the neural network. 94

2.3. Dynamic Analysis of Neural Network Model 95

Differential equations can be used to represent dynamical systems, inlcuding various 96

dynamic properties such as character equations, equilibria, eigenvalues, stability of equi- 97

librium, bifurcation (qualitative behavioural changes), and phase space. The analytical 98

method employed in this paper is detailed in Appendix A.1. Considering a neural net- 99

work model comprised of interconnected neurons, it can be treated as a dynamical system 100

and analyzed using the same techniques employed for nonlinear systems. By utilizing 101

differential equations, the states of neural networks can be manipulated through adjustable 102

parameters[29]. In the context of predicting COVID-19 transmission cases, a bio-inspired 103

neural model is developed based on nonlinear differential equations to forecast time series 104

data [30]. In this research, the dynamical analysis approach is employed to model the 105

nonlinear behaviours of neural networks, as elaborated in [31]. 106

3. Complex Exponential Neuron Model 107

A spiking neuron exhibits periodic oscillations that can be mathematically represented 108

by a complex exponential function of time t, denoted as E(t) = Aeiωt, where A represents 109

the peak amplitude of the oscillation. To simplify computations, we can express A consis- 110

tently in exponential form as A = eθ . The parameter θ indirectly scales the peak oscillation 111

amplitude, with θ = 0 corresponding to a peak amplitude of A = e0 = 1. The angular 112

frequency ω is related to the oscillatory frequency f and the period T as ω = 2π f = 2π
T . 113

Since ω is a real number, the complex exponential eiωt can be written as cos(ωt) + isin(ωt), 114

where i represents the imaginary unit defined as i =
√
−1. Thus, a periodically oscillating 115

neuron E(t) is defined by the complex exponential model specified in Equation (1). 116

E(t) = eiωt+θ = eθeiωt = eθ(cos ωt + i sin ωt) (1)

The variable E(t) represents the membrane voltage potential of a biological neuron, 117

incorporating two intrinsic properties: the peak oscillatory amplitude and the oscillation 118

frequency. The real component of the complex exponential function, eθ cos ωt, corresponds 119

to the sinusoidal function scaled by the peak amplitude A = eθ . Similarly, the imaginary 120

component, eθ sin ωt, represents another sinusoidal function multiplied by the same peak 121

amplitude. In this context, the peak amplitude of the sinusoid is denoted as A = eθ , while 122

the oscillation frequency is given by f = ω
2π . It is worth noted that θ is not the initial phase. 123

3.1. Derivatives of Complex Exponential Neuron Model 124

The derivative of an oscillatory neuron function with respect to time is described 125

by a differential equation, which captures the rate of change of one variable with respect 126

to another. For the complex exponential neuron model E(t), the first and second order 127

derivatives with respect to the time variable t are provided in Equation (2). The first 128

order derivative represents the change in membrane potential ∆E(t) over a time interval 129

dt, indicating the speed of the change. On the other hand, the second order derivative 130

characterizes the rate of change of the speed, representing the acceleration of ∆E(t). 131

The first-order derivative of the original neuron model is obtained by multiplying the 132

model by a factor of iω, which is equivalent to multiplying the angular speed ω and adding 133

a phase shift of π
2 . This equivalence arises from the fact that multiplying by i produces a 134

phase shift of π
2 . Similarly, the second-order derivative is computed by multiplying the 135

first-order derivative by iω. This operation also results in multiplying the original neuron 136

function by (iω)2 = −ω2, where the negative sign corresponds to a total phase shift of π. 137

This property is unique to the complex exponential neuron model E(t), as it simplifies the 138
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computation of differentiation by applying a factor. Furthermore, the time integral of E(t) 139

can be obtained by dividing by the same factor: 1
iω = −i

ω = e−iπ/2

ω . 140

E(t) = eiωt+θ

dE
dt

= iωeiωt+θ = ωei(ωt+π/2)+θ = iωE

d2E
dt2 = (iω)2eiωt+θ = −ω2eiωt+θ = −ω2E

(2)

3.2. Weighted Input of Complex Exponential Neurons 141

Biological neurons are cells in the nervous system that communicate with each other 142

through synapses. These synapses serve as connections between neurons and facilitate the 143

transmission of nerve impulses from the pre-synaptic neuron to the post-synaptic neuron. 144

The length of a synapse plays a crucial role in controlling the delay and attenuation of 145

the transmitted signal. In ANNs, the synaptic weight refers to a scaling factor associated 146

with the strength of the connection between two connected neurons. It determines the 147

positive or negative impact of the input neuron on the output neuron. Each input neuron 148

in a network is multiplied by its corresponding synaptic weight, which is associated 149

with the connection to an output neuron in the subsequent layer. The input of a neuron is 150

calculated as the sum of the weighted outputs from all neurons in the preceding layer. In the 151

context of the complex exponential neuron model, the synaptic weight of interconnections 152

between neurons can be expressed either in exponential form or complex exponential form, 153

depending on the specific representation chosen. 154

3.2.1. Exponential weight W = eϕ
155

In a biological neural network, the transmission of signals between neurons is subject 156

to delays and attenuations as they traverse the synaptic connections. The amount of 157

these delays and attenuations depends on the length of the synaptic connection. Longer 158

connections result in increased delays and greater attenuation of the excitatory spiking 159

signal. To capture this relationship, it is intuitive to represent the synaptic weight using 160

the natural exponential function: W = eϕ, where ϕ represents the delay associated with 161

the length of the synaptic connection. By expressing the synaptic weight as W = eϕ, the 162

weighted input of a neuron can be calculated as the product of the neuron’s activity and its 163

corresponding synaptic weight, as indicated in Equation (3). 164

E(t)W = eiωt+θeϕ = eθ+ϕeiωt (3)

3.2.2. Complex Exponential weight W = eiϕ
165

With the synaptic weight represented in the complex exponential form as W = eiϕ, the 166

weighted input of a neuron can be computed as the product of the neuron’s activity and its 167

corresponding synaptic weight, as shown in Equation (4). 168

E(t)W = eiωt+θeiϕ = eθei(ωt+ϕ) (4)

The chosen representation of synaptic weight as W = eiϕ is biologically plausible, 169

as it introduces a time or phase delay to the signal originating from the pre-synaptic 170

neuron. In biological neurons, myelin—a membranous structure—facilitates rapid impulse 171

transmission along axons and enhances the speed of action potential propagation [32]. 172

Consequently, it is assumed that signal attenuation over infinitesimal distances is negligible. 173

Furthermore, the magnitude of the weight is constant, i.e., |W| = 1. This characteristic 174

eliminates the need for weight normalization typically required in conventional ANNs. 175

With the weighted input, the oscillatory amplitude of the input neuron (A = eθ) remains 176

unaltered, while the unit oscillating spike is modulated by the phase (ϕ) of the weight. 177
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This representation is well-suited for modelling Spiking Neural Networks (SNNs) when 178

information is encoded using temporal spike delays instead of absolute weight values. 179

The complex exponential function described in (5) exhibits periodic behaviour with a 180

period of a full 2π cycle in the polar coordinate system. This complex exponential neuron 181

model can be visualized as a vector circling around the origin in the polar plane at an 182

angular frequency of ω (radians per second). By multiplying the weight, the phase (angle) 183

of the vector can be altered. The range of ϕ is defined as π ≤ ϕ < π. Figure 1 illustrates 184

the real and imaginary components, as well as the magnitude and phase of the complex 185

exponential weight values relative to the variable ϕ. 186

eiϕ = ei(ϕ+2π∗k), k = 0, 1, 2...

W = eiϕ, −π ≤ ϕ < π
(5)

Figure 1. Complex Exponential weight W = eiϕ

The interconnections within a neural network can be represented by a transformation 187

matrix that includes weights corresponding to all input neurons. In a conventional ANN 188

architecture, a nonlinear activation function (such as sigmoid or hyperbolic tangent) is 189

typically applied to the sum of the weighted inputs in order to generate the output of 190

a neuron. The nonlinearity of the activation function is crucial for ANNs to effectively 191

represent nonlinear dynamic systems. However, with the complex exponential weights 192

used in our neural network model, the weighted sum of complex exponential inputs 193

already incorporates nonlinear properties. Therefore, the need for an additional nonlinear 194

activation function is eliminated. 195

The complex exponential weight plays a key role in constructing the neural network 196

model, and specifically, the real component of the complex weight value is used in the 197

Routh-Hurwitz method, which is further explained in Appendix A.2. 198

3.3. Weighted Sum of Complex Exponential Neurons 199

In a neural network, a post-synaptic neuron receives multiple weighted inputs from 200

pre-synaptic neurons. The aggregation of these inputs is represented by summing all the 201

pre-synaptic neuron outputs multiplied by their corresponding weights (phase delays). 202

Assuming that the neurons in the network are synchronized, the activity of the post- 203

synaptic neuron can be represented as the sum of these weighted inputs, as shown in 204

equation (6). 205

S = E1W1 + E2W2 + ... + EnWn

= eiω1t+θ1 eiϕ1 + eiω2t+θ2 eiϕ2 + ... +iωnt+θn eiϕn

= eθ1 ei(ω1t+ϕ1) + eθ2 ei(ω2t+ϕ2) + ... + eθn ei(ωnt+ϕn)

(6)
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4. Two-neuron Neural Network Model 206

The interaction between two neurons can be described by a general two-neuron neural 207

network model, as depicted in Figure 2. In this model, each neuron both excites and 208

receives excitation from the other neuron. The synaptic weight W12 indicates the direction 209

of the connection, with the subscript indicating that it is from neuron E2 to neuron E1. 210

Additionally, each neuron has a feedback connection to itself, represented by the synaptic 211

weight Wxx. 212

Figure 2. Interconnection of Two-Neuron Network Model.
The network dynamics can be represented by a system of two coupled linear equations, 213

which can be written in matrix form as shown in Equation (7). 214


dE1

dt
= W11E1 + W12E2

dE2

dt
= W21E1 + W22E2

⇒ d
dt

(
E1
E2

)
=

(
W11 W12
W21 W22

)(
E1
E2

)
d
dt

(
E1
E2

)
=

d
dt

(
eiω1t+θ1

eiω2t+θ2

)
=

d
dt

(
eθ1 eiω1t

eθ2 eiω2t

)
=

(
iω1E1
iω2E2

)
(

W11 W12
W21 W22

)(
E1
E2

)
=

(
eiϕ11 eiϕ12

eiϕ21 eiϕ22

)(
eθ1 eiω1t

eθ2 eiω2t

)
=

(
eθ1 ei(ω1t+ϕ11) + eθ2 ei(ω2t+ϕ12)

eθ1 ei(ω1t+ϕ21) + eθ2 ei(ω2t+ϕ22)

)

⇒
{

iω1eθ1 eiω1t = eθ1 ei(ω1t+ϕ11) + eθ2 ei(ω2t+ϕ12)

iω2eθ2 eiω2t = eθ1 ei(ω1t+ϕ21) + eθ2 ei(ω2t+ϕ22)

(7)

4.1. Stability and Oscillation Conditions for Two-Neuron Network 215

The stability at the equilibrium and the conditions for oscillation in the two-neuron 216

network are analyzed using the Routh-Hurwitz method, as shown in Equation (8). 217

Characteristic equation: det(A) =

∣∣∣∣(W11 W12
W21 W22

)∣∣∣∣ = 0

⇒ λ2 − (W11 + W22)λ + (W11W22 − W12W21) = 0

Routh-Hurwitz Coefficients:

a1 = −W11 − W22, a2 = W11W22 − W12W21, a3 = 0

Eigenvalues:

λ =
1
2

[
W11 + W22 ±

√
(W11 − W22)2 + 4W12W21

]
Asymptotically stable condition:

∆1 = a1 = W11 + W22 > 0,

∆2 = a1a2 = (−W11 − W22)(W11W22 − W12W21) > 0,

(λ = 0 is an eigenvalue if ∆2 = 0)

Oscillation condition:

∆1 = a1 = W11 + W22 = 0

Solution:

Ek = C1eλ1t + C2eλ2t, k = 1, 2

(8)
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There are two types of interactions between neurons: excitatory and inhibitory. In 218

an excitatory connection, the synaptic weight from neuron E1 to neuron E2 is positive, 219

leading to an increase in the oscillatory frequency of E2 when excited by E1. Conversely, 220

in an inhibitory connection, the synaptic weight is negative, resulting in a decrease in the 221

oscillatory frequency of E2 when inhibited by E1. 222

Depending on the initial values of the two neurons and the values of the four weights, 223

the neural network can exhibit different behaviours: instability, asymptotic stability, or 224

oscillation. These behaviours are illustrated in Fig.3, Fig.4, and Fig.5, respectively. The 225

figures depict the temporal responses of the two neurons and their phase states during 226

interaction. The parameters used in these examples are listed in Table.1, and the initial 227

values are set as E1(0) = −1 and E2(0) = −1. 228

Figure 3. Two-neuron Network Unstable

Figure 4. Two-neuron Network Stable

Figure 5. Two-neuron Network Oscillation
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Table 1. Parameter Control of Two-neuron Network

Parameter W11 W12 W21 W22 a1 a2 ∆1 ∆2

Unstable 1 1 -1 -0.5 -0.5 0.5 -0.5 -0.25
Stable 0.5 1 -1 -1 0.5 0.5 0.5 0.25

Oscillation 0.5 1 -1 -0.5 0 0.75 0 0

4.2. Complex exponential model and the eigenvalue λ 229

The complex exponential representation of the solution eλt provides insight into 230

relating the eigenvalue λ to the complex exponential neuron model eiωt+θ . Considering 231

that eigenvalues are complex numbers, λ = x + iy in a complex plane with Cartesian 232

coordinates, and eλt = e(x+iy)t = exteiyt. The real component x describes exponential 233

decay (x < 0) or exponential growth (x > 0), while the imaginary component y describes 234

sinusoidal oscillations. When y = 0, λ is a real number. When x = 0, the eigenvalues 235

are pure imaginary numbers, indicating the condition for oscillation. In this case, λ = 236

±iy = ±iω, where ω1 = −ω2 = ω. Since θ is a real value and eθ is time-invariant, it can 237

be separated to represent a constant Cp, so that eiωt+θ = eθeiωt = Cpeiωt. The solutions 238

represented with λ in the complex plane and with ω in the polar plane are compared in (9). 239

Complex plane: E(t) = C1eλ1t + C2eλ2t = C1e(x1+iy1)t + C2e(x2+iy2)t

Polar plane: E(t) = eθ1 eiω1t + eθ2 eiω2t = Cp1eiω1t + Cp2eiω2t{
Ceλt = Ce(x+iy)t = Cext[cos(yt) + i sin(yt)]
eθeiωt = Cpeiωt = Cp[cos(ωt) + i sin(ωt)]

⇒
{

Cext cos(yt) = Cp cos(ωt)
Cext sin(yt) = Cp sin(ωt)

(9)

5. Three-neuron Neuron Network Model 240

The three-neuron network, depicted in Fig.6, consists of three neurons interconnected 241

in a specific pattern. Each neuron excites one neuron and inhibits another neuron, while 242

also receiving excitation from one neuron and inhibition from another neuron. The synaptic 243

connections between neurons are represented by the weight matrix A, which contains the 244

weights of all neural connections. The system dynamics of this network can be described by 245

three coupled linear equations, as shown in (10). These equations capture the interactions 246

between the neurons and how their membrane potentials evolve over time. The solution to 247

these equations is given in (11), which provides the temporal behaviour of each neuron’s 248

membrane potential. By solving the equations, we can determine the evolution of the 249

network dynamics and the behaviour of the individual neurons. 250

Figure 6. Interconnection of 3 Neurons Network Model
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d
dt

E1
E2
E3

 =

W11 W12 W13
W21 W22 W23
W31 W32 W33

E1
E2
E3

 (10)

Ek = C1eλ1t + C2eλ2t + C3eλ3t, k = 1, 2, 3 (11)

The constants C1, C2, and C3 can be determined by substituting the solution into the 251

differential equations and solving for the eigenvectors with the initial conditions. The 252

derivation of these constants is provided in (12). The solution is represented as a column 253

vector E = [E1, E2, E3]
T , where T indicates a transpose operation, converting a row vector 254

to a column vector. The initial condition E0 = [E10 , E20 , E30 ]
T is also a column vector. The 255

eigenvectors v1, v2, and v3 are column vectors with three elements. These eigenvectors 256

are combined into a matrix v = [v1, v2, v3]. To calculate the constants, it is important to 257

note that the exponential of At, denoted as eAt, is equal to the product of three matrices: 258

eAt = veΛtv−1, where eΛt is a diagonal matrix. By applying these calculations, we can 259

determine the constants C1, C2, and C3 and obtain the complete solution for the network 260

dynamics. 261

Eigenvectors: v = [v1, v2, v3] =

v1(1) v2(1) v3(1)
v1(2) v2(2) v3(2)
v1(3) v2(3) v3(3)


eΛt =

eλ1t 0 0
0 eλ2t 0
0 0 eλ3t

, A =

W11 W12 W13
W21 W22 W23
W31 W32 W33


eAt = veΛtv−1 =

[
eλ1tv1 eλ2tv2 eλ3tv3

]
v−1

CC3×1 = [v]−1 ∗ E0

E1 = CC(1)v1(1)eλ1t + CC(2)v2(1)eλ2t + CC(3)v3(1)eλ3t

E2 = CC(1)v1(2)eλ1t + CC(2)v2(2)eλ2t + CC(3)v3(2)eλ3t

E3 = CC(1)v1(3)eλ1t + CC(2)v2(3)eλ2t + CC(3)v3(3)eλ3t

(12)

5.1. Stability and Oscillation Conditions for Three-Neuron Network 262

A symmetrical network geometry is adopted to simplify the dynamic analysis of 263

stability and oscillation conditions in the three-neuron network. In this configuration, 264

the same weight value We is assigned to all excitatory connections, Wi to all inhibitory 265

connections, and Wd to all feedback connections. The general analysis for the stability 266

and oscillation conditions of the three-neuron network is presented in (13). This analysis 267

provides a mathematical expression using the Routh-Hurwitz method to determine the 268

stability of the network without substituting specific parameter values. It allows for a 269

comprehensive understanding of the network dynamics and stability properties based on 270

the weight values assigned to the different connections. 271
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A =

Wd Wi We
We Wd Wi
Wi We Wd


Routh-Hurwitz Coefficients:

a1 = −3Wd

a2 = −3WeWi + 3W2
d

a3 = −W3
i − W3

e + 3WdWeWi − W3
d

Eigenvalues:

λ =

 Wi + We + Wd

−Wi
2 − We

2 + Wd −
√

3Wei
2 +

√
3Wi i
2

−Wi
2 − We

2 + Wd +
√

3Wei
2 −

√
3Wi i
2


Stable condition:

Wi + We + Wd < 0, −Wi
2

− We

2
+ Wd < 0

Asymptotically stable condition:

∆1 > 0, ∆2 > 0, ∆3 > 0

Oscillation condition:

∆2 = W3
i + W3

e + 6WdWeWi − 8W3
d = 0

⇒ Wd =

 1
2 (Wi + We)

1
4 (−We − Wi −

√
3Wei +

√
3Wii)

1
4 (−We − Wi +

√
3Wei −

√
3Wii)



(13)

When the feedback weight Wd is set to (Wi + We)/2, the solution of the three-neuron 272

network exhibits center oscillations, where the neurons oscillate sinusoidally around the 273

equilibrium point. The stability of the equilibrium point can be determined based on 274

the relationship between Wd and (Wi + We)/2. Specifically, if Wd < (Wi + We)/2, the 275

equilibrium point is asymptotically stable, whereas if Wd > (Wi + We)/2, the equilibrium 276

point is unstable. For example, consider the case where We = 2/3, Wi = −1, and Wd = 277

−1/3. The eigenvalues and the corresponding solutions of the equations are provided in 278

(14). Even without explicitly obtaining the solutions, the eigenvalues alone can provide 279

sufficient information about the equilibrium point. In this case, the equilibrium point is 280

identified as an asymptotically stable spiral point. 281

The temporal responses of the three neurons and their interacting phase states are 282

illustrated in Fig. 7. The initial values are set to E10 = 1, E20 = 0, and E30 = 0, indicated 283

by the blue dot. The phase delays between the three neurons are symmetrical. Specifically, 284

the phase of E2 lags 2π/3 behind E1, and the phase of E3 lags 2π/3 behind E2. This 285

symmetrical phase delay is a result of the symmetrical setting of the synaptic weight values. 286

When the three-neuron network oscillates, the phase delay between two adjacent neurons 287

that subsequently fire is π/3. 288

A =

−1/3 −1 2/3
2/3 −1/3 −1
−1 2/3 −1/3


Eigenvalues: λ = eig(A) = −0.667, −0.167 ± 1.443i

Solution: Ek = C1eλ1t + C2eλ2t + C3eλ3t

= C1e−0.667t + C2e−0.167tsin(1.443t) + C3e−0.5tcos(1.443t), k = 1, 2, 3

(14)
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Figure 7. Three-neuron Network (Asymptotically Stable)

5.2. Control Network Stability Using Weight Parameter Wi 289

In the three-neuron network, any synaptic weight can serve as a control parameter for 290

network stability. Let’s consider a scenario where the inhibitory weight Wi is used as the 291

control parameter, while keeping other weights fixed at We =
1
4 and Wd = − 1

8 . To satisfy 292

the oscillation condition (∆2 = 0) and ensure stability, the lower-order determinants of the 293

Routh-Hurwitz matrix need to be greater than zero. By solving the inequalities derived in 294

(15), it is found that oscillation is generated when Wi = − 1
2 . 295

The temporal responses of the three neurons and their interactions in three-dimensional 296

space are depicted in Fig. 8. The initial values are set as E10 = 1, E20 = 0, and E30 = 0. 297

The 3D plot illustrates that the solutions oscillate in a circular pattern around a central equi- 298

librium. The oscillation starts in a three-dimensional state space and eventually converges 299

to a two-dimensional plane within the 3D space. This behavior occurs because the initial 300

point is not located on the stable circle. The frequency of this oscillation is 3
√

3
8 radians per 301

second, approximately equivalent to 0.103 Hz. It is worth noting that the equilibrium is 302

asymptotically stable when Wi > − 1
2 and becomes unstable when Wi < − 1

2 . 303

A =

− 1
8 Wi

1
4

1
4 − 1

8 Wi
Wi

1
4 − 1

8


Routh-Hurwitz Coefficients:

a1 =
3
8

, a2 =
3

64
− 3Wi

4
, a3 = − 7

512
− 3Wi

32
− W3

i

Oscillation condition:

∆1 =
3
8
> 0,

∆2 =

∣∣∣∣a1 1
a3 a2

∣∣∣∣ = a1a2 − a3 = W3
i − 3Wi/16 + 1/32 = 0

⇒ Wi = −1
2

,
1
4

,
1
4

Eigenvalues (Wi = −1
2

):

λ =


1
8 + Wi

−Wi
2 − 1

4 +
√

3Wi i
2 −

√
3i

8

−Wi
2 − 1

4 −
√

3Wi i
2 +

√
3i

8

 =

 − 3
8

3
√

3i
8

− 3
√

3i
8


Solution:

Ek = C1e−
3
8 t + C2e

3
√

3i
8 t + C3e

3
√

3i
8 t, k = 1, 2, 3

(15)

6. Discussion and Conclusions 304

This paper focuses on the dynamic analysis of neural networks, particularly regarding 305

the stability and oscillation conditions in networks with symmetrical geometry. It is 306

demonstrated that the weights of neural connections play a crucial role in controlling the 307
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Figure 8. Three-neuron Network (Oscillation)

stability of the network. Importantly, these weights can be adjusted to generate neural 308

oscillation as well as stable and unstable output patterns. Individual neurons are described 309

by differential equations with interactive weights connected to other neurons, as well as 310

a feedback weight connected to the neuron itself. Analytical approaches are employed 311

to determine the dynamic states of the neurons and the network. A symmetrical neural 312

network geometry, where synaptic weights have the same values, gives rise to temporally 313

symmetrical oscillation patterns. Notably, a three-neuron network can be represented 314

by an equilateral triangle shape, and a four-neuron network by an equilateral triangular 315

pyramid shape (regular tetrahedron). These geometries are of great interest as they serve 316

as fundamental building blocks for some of the most stable structures found in nature. 317

When a two-neuron network oscillates, there is a phase shift of π/2 between the two 318

neurons. Similarly, in a three-neuron network, the phase delay between two adjacent and 319

subsequently firing neurons is π/3. These observed oscillation patterns in the presented 320

spiking neural network (SNN) exhibit similarities to the behaviors observed in biological 321

neuron networks. However, further validation through clinical experimental results is 322

necessary, and more complex SNN models are required to accurately capture real-world 323

biological neural network behaviour. It is important to note that current clinical experimen- 324

tal results are limited, and the presented model can serve as a foundation for targeted data 325

collection in clinical experiments. The insights gained from these experiments can then 326

be utilized to design more sophisticated SNN models that better capture the behaviour of 327

biological neural networks. 328
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Appendix A. Analitical Methods 332

Appendix A.1. Eigenvalues and the stability of equilibrium 333

An eigenvector (v) of a square matrix represents a nonzero vector that only changes by 334

a scalar factor when the matrix is applied to it as a linear transformation. The scalar factor 335

is the corresponding eigenvalue (λ) associated with the eigenvector. The characteristic 336

equation is derived from the equation Av = λv, where A is the matrix, v is the eigenvector, 337

and λ is the eigenvalue. This equation can be rearranged as (A − λI)v = 0, where I is the 338

identity matrix. The characteristic equation is obtained by calculating the determinant of 339

the matrix (A − λI) and setting it equal to zero. 340

To find the eigenvalues of a given matrix A, we solve the characteristic equation 341

|(A − λI)| = 0, where |(...)| denotes the determinant. Each eigenvalue is substituted into 342

the equation (A − λk I)vk = 0 to find the corresponding eigenvector vk. 343

The stability of the equilibrium is determined by the eigenvalues λ, which are the 344

roots of the characteristic equation. The characteristic equation is typically expressed as 345

a polynomial, as shown in (A1). If all the real parts of the eigenvalues are negative, i.e., 346

ak > 0 for 1 ≤ k ≤ N, the equilibrium of the system is asymptotically stable. 347

λN + a1λN−1 + a2λN−2 + ... + aN−1λ + aN = 0 (A1)
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In the two-dimensional Hénon map chaotic system, equilibria can be classified into 348

different types based on the system’s parameters. The stability of these equilibria can be 349

analyzed using eigenvalues. The types of equilibria and their stability characteristics are 350

described as follows: 351

• Spiral point: An equilibrium is classified as a spiral point when the eigenvalues form 352

a complex conjugate pair. The spiral point is asymptotically stable if the real part of 353

the eigenvalues is negative. 354

• Centre: A centre equilibrium occurs when both eigenvalues are pure imaginary. All 355

trajectories around a centre exhibit periodic oscillations. 356

• Node: The equilibrium is classified as a node when the eigenvalues are both real and 357

have the same sign. If the eigenvalues are negative, the node is asymptotically stable. 358

• Saddle point: A saddle point is characterized by a pair of eigenvalues that are both 359

real and have opposite signs. A saddle point is always unstable. 360

• Critical damping: Critical damping is a special case where the two eigenvalues 361

of the characteristic equation are identical. It represents the boundary between an 362

asymptotically stable node and an asymptotically stable spiral point. In the case 363

of critical damping, the system reaches equilibrium quickly and exhibits the fastest 364

exponential decay. Physiologically, critical damping can be associated with muscle 365

contraction. 366

The classification of equilibria and their stability properties provides insights into 367

the behavior of the two-dimensional Hénon map chaotic system and helps understand its 368

dynamic characteristics. 369

Appendix A.2. The Routh-Hurwitz Method 370

The Routh-Hurwitz method[23], proposed by Edward John Routh and Adolf Hurwitz, 371

is a mathematical technique used to analyze the dynamics and stability of systems, includ- 372

ing neural networks. It involves calculating the coefficients of the characteristic equation 373

and using them to construct a Routh array. The Routh array is then used to determine the 374

stability and oscillation conditions of the system based on the signs of the coefficients. 375

In the case of a two-neuron system, the series of determinants, derived using the 376

Routh-Hurwitz method, can be found in (A2). These determinants are used to evaluate 377

the stability and oscillation conditions of the system. Similarly, for a three-neuron system, 378

the series of determinants derived using the Routh-Hurwitz method are listed in (A3). 379

These determinants provide information about the stability and oscillation properties 380

of the system based on the coefficients of the characteristic equation. By analyzing the 381

determinants and their signs, one can determine whether the system is stable, oscillatory, or 382

unstable, and make further conclusions about its dynamic behaviour. It is mentioned that 383

the calculations and evaluations for stability and oscillation conditions are programmed 384

using MATLAB, a widely used numerical computing software that provides convenient 385

tools for such analyses. 386

∆1 = a1, ∆2 =

∣∣∣∣a1 1
a3 a2

∣∣∣∣ ∆3 = a3∆2 (A2)

∆1 = a1, ∆2 =

∣∣∣∣a1 1
a3 a2

∣∣∣∣, ∆3 =

∣∣∣∣∣∣
a1 1 0
a3 a2 a1
0 a4 a3

∣∣∣∣∣∣, ∆4 = a4∆3 (A3)

The general form of the Routh-Hurwitz determinants for an N-dimension system is 387

listed in (A4) [33]. 388
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∆k =

∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 1 0 0 0 · · ·
a3 a2 a1 1 0 · · ·
a5 a4 a3 a2 a1 · · ·
a7 a6 a5 a4 a3 · · ·
...

...
...

...
...

...
a2k−1 a2k−2 a2k−3 · · · · · · ak

∣∣∣∣∣∣∣∣∣∣∣∣∣
(A4)

The coefficient of the highest order λN is made implicit, i.e, a0 = 1. When k > N, 389

ak = 0. 390

Asymptotically stable: The condition for the system to be asymptotically stable is 391

∆k > 0 for 1 ≤ k ≤ N. In addition, λ = 0 is an eigenvalue if ∆N = 0. 392

Oscillation: The condition for an N-dimension system to oscillate is that one pair of 393

eigenvalues must be purely imaginary: ∆k > 0 and ∆N−1 = 0 for 1 ≤ k ≤ N − 2. 394
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