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Article

Milankovitch Theory Revisited to Explain the
Mid-Pleistocene and Early Quaternary Transitions

Jean-Louis Pinault

Independent Researcher, 96, Rue du Port David, 45370 Dry, France: jeanlouis_pinault@hotmail.fr

Abstract: The theory of orbital forcing as formulated by Milankovitch involves the mediation by the
advance (retreat) of ice sheets and the resulting variations in terrestrial albedo. This approach poses
a major problem, that of the period of glacial cycles which varies over time as happened during the
Mid-Pleistocene Transition (MPT). Here, we show that various hypotheses are called into question
because of the finding of a second transition, the Early Quaternary Transition (EQT) resulting from
the million-year period eccentricity parameter. We propose to complement the orbital forcing theory
to explain both the MPT and the EQT by invoking the mediation of western boundary currents
(WBCs) and the resulting variations in heat transfer from the low to the high latitudes. From
observational and theoretical considerations, it appears that very long period Rossby waves winding
around subtropical gyres, the so-called “gyral” Rossby waves (GRWs), are resonantly forced in
subharmonic modes from variations in solar irradiance resulting from the solar and orbital cycles.
Two mutually reinforcing positive feedbacks of the climate response to orbital forcing have been
evidenced, namely the change in the albedo resulting from the cyclic growth and retreat of ice sheets
in accordance with the standard Milankovitch theory, and the modulation of the velocity of the WBCs
of subtropical gyres. Due to the inherited resonance properties of GRWs, the response of the climate
system to orbital forcing is sensitive to small changes in the forcing periods. For both the MPT and
the EQT, the transition occurred when the forcing period merged with one of the natural periods of
the climate system. The MPT occurred 1.25 Ma ago when the dominant period shifted from 41 ka to
98 ka, with both periods corresponding to changes in the Earth's obliquity and eccentricity. The EQT
occurred 2.38 Ma ago when the dominant period shifted from 408 ka to 786 ka, with both periods
corresponding to changes in the Earth's eccentricity. By providing new information, the aim of this
article is essentially to spark new debates around a problem that has been pending since the discovery
of glacial-interglacial cycles, where many hypotheses have been put forward without, however, fully
answering all our questions.

Keywords: ice sheet; mid-pleistocene transition; subharmonic modes; long-period ocean rossby
waves; quaternary; subtropical gyres; western boundary currents

1. Introduction

Since Milankovitch's work, that variations in solar irradiance at certain latitudes and seasons are
responsible for the growth and retreat of ice sheets with induced variations in the earth's albedo,
observations from climate records have shown shortcomings in the theory of orbital forcing. Indeed,
the orbital forcing resulting from obliquity should prevail over eccentricity. This is due to the
magnitude of the variation in solar irradiance, especially in the high latitude regions of the Earth's
north during the summer. Milankovitch calculated that ice ages occur approximately every 41 ka.
Since then, various observations have confirmed that they occurred at 41 ka intervals between one
and three million years. But about 1.2 Ma ago, the cycle of ice ages lengthened to 100 ka,
corresponding to the cycle of eccentricity of the Earth. The Milankovitch theory has proved unable to
explain the 100-ka cycle from orbital forcing [1], which became known as the "100 ka problem" [2].
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1.1. The Mid-Pleistocene Transition (MPT)
1.1.1. The Observations

The discovery of the Mid-Pleistocene Transition (MPT), that is a fundamental change in the
behavior of glacial cycles during the Quaternary glaciations, is the result of observations of
foraminifera in sediment cores, that is, benthic 880 records. The series obtained from 57 globally
distributed sites [3], what is named the “LR04" stack, highlights the variations in the Earth's average
temperature over the past 5.3 Ma. This synthesis shows with a remarkable resolution the oscillations
of the temperature subject to orbital forcing. The influence of orbital forcing on global temperature
observed from proxy records was confirmed following the publication of a seminal paper by Hays,
Imbrie and Shackleton [4], before further evidence was provided [5,6].

MPT occurred nearly 1.25 million years ago, during the Pleistocene. Prior to MPT, the mean
period of glacial cycles was 41 ka, consistent with orbital forcing due to axial tilt (Figure 1). After the
MPT, the period increased around 100 ka, exhibiting a sawtooth pattern (gradual growth and rapid
termination), consistent with orbital forcing due to eccentricity. However, the intensity of forcing
resulting from eccentricity is much lower than that induced by axial tilt.
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Figure 1. Fourier transform of solar irradiance (SI), average of values calculated at 15°N and 65°N in the northern
hemisphere from [7,8] representative of the radiative forcing exerted on the North Atlantic gyre. The peak at
23.4 ka reflects precession variations, the one at 41.1 ka reflects obliquity variations, the peaks at higher periods
reflect variations in eccentricity. The blue arrows indicate the periods involved in the Mid-Pleistocene Transition
(MPT) and the Early Quaternary Transition (EQT). The red arrows indicate the periods which require a
latitudinal shift in the centroid of the GRW to resonate. Values in parentheses indicate that the peaks concerned

are not directly involved in the transitions.

1.1.2. Hypotheses Are Based on the Coevolution of Climate and Ice Sheets

A natural resonance frequency of 100 ka resulting from feedback processes within the Earth's
climate system has been hypothesized, but without proposing a plausible physical mechanism [9,10].
A master-slave synchronization between the natural frequencies of the climate system and the forcing
resulting from eccentricity has been propounded, which triggered the 100 ka ice ages of the late
Pleistocene with large amplitude [11]. Here again, it remained to find internal climatic feedback that
may be at work.

e  One or two thresholds control ice-sheet stability.

Most of the physical mechanisms invoked to explain the modification of the response to orbital
forcing, which is assumed to be immutable, include various nonlinear feedbacks. These involve ice
sheets and the carbon cycle inducing a slow and steady cooling trend throughout the Pleistocene.
Many ice-sheet-climate feedbacks mechanisms rely on the existence of one or two thresholds that
control ice-sheet stability during the Pleistocene [12-18].

Berends et al. [18] propose that the sensitivity of an ice sheet to changes in insolation depends
on its size. More specifically, the response of the ice sheet is divided into three regimes, the passage
from one to the other being governed by thresholds. An ice sheet that is too small in size cannot
survive an insolation maximum, which leads to the almost linear response of ice volume to variations
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in insolation of period 41 ka during the Lower Pleistocene [13,19]. Above a certain size, the ice-albedo
and elevation-temperature feedbacks allow the ice sheet to survive an insolation maximum. Above a
greater size, the bedrock-mass-balance feedback and calving lead to the ice sheet becoming unstable.
An insolation maximum will then trigger a self-sustained retreat, leading to the rapid vanishing of
the ice sheet.

The existence of the first threshold that separates small ice sheets with linear-response to solar
irradiance, from medium-sized ice sheets, less sensitive to external forcing, is well supported by the
various model studies [12,20,21]. Indeed, ice-albedo and altitude-temperature feedbacks are well
established in the literature and have been shown to lead to such a threshold. The physical
mechanisms underlying the second threshold, above which ice sheet sensitivity increases sharply, is
more uncertain. The magnitude of their effects is difficult to quantify.

From [22] the ocean is the intermediary of the orbital forcing of the ice sheet. The ocean is
assumed to be inherently turbulent and tends toward maximum entropy production, which makes
the ice sheet bistable. Since the bistable frequency is lowered during Pleistocene cooling, the ice-
albedo feedback could explain the mid-Pleistocene transition.

e Long-term changes in atmospheric CO..

Works based on the dynamics of ice sheets [23,24] may include long-term changes in
atmospheric CO2 over the Quaternary [25-29]. Insolation and internal feedbacks involving the ice
sheets and the lithosphere-asthenosphere system may explain the 100-ka periodicity [12]. For this,
the authors argue that the larger the ice sheet grows and extends towards lower latitudes, the smaller
the insolation required to make the mass balance negative. An almost complete retreat of the ice sheet
is favored by the lowered surface elevation resulting from delayed isostatic rebound, which makes
the ice sheet more vulnerable to melting. Carbon dioxide is involved but is not determinative in the
adjustment of the natural frequency. By supposing no change in orbital forcing over the past million
years, these assumptions are all based on the properties of the ice sheets in the Northern Hemisphere
linked to the gradual cooling during the Pleistocene [13,14,29-32].

From [25] the forcings are both insolation and CO2 concentration. By using a linearly decreasing
CO2 concentration going from 320 ppmv at 3 Ma to 200 ppmv at present, nearly before 1 Ma the
dominating period is about 41 ka, then the ~100 ka period becomes dominant. From [13] is
emphasized the importance of ice dynamics and ice—climate interactions in controlling the 100 ka
glacial cycles. This is based on the temporal changes in air temperature and ice volume, with
enhanced North American ice-sheet growth and the following merging of the ice sheets. According
to [30] the gradual cooling of the deep ocean during the Pleistocene leads to the initiation of the 100-
ka oscillations. Gradual glaciation and rapid deglaciations occur because the mean value of the ice
sheet ablation is close to the maximum rate of snow accumulation during warm periods.

e Gradual erosion of high-latitude northern hemisphere regolith.

Some papers are based on gradual erosion of high-latitude northern hemisphere regolith by
multiple cycles of glaciation, which would have caused a transition in ice sheet response to external
forcing. From [14] the Laurentide ice sheet is controlled by glacial erosion of a thick regolith and the
resulting exposure of unweathered bedrock. From [31] 100-ka periodicity in the ice volume variations
and the timing of glacial terminations during past 800 ka result from strongly nonlinear responses of
the climate-cryosphere system to orbital forcing. This supposes that the atmospheric CO2
concentration stays below its typical interglacial value. The 100-ka cycle is primarily attributed to the
North American ice sheet and requires the presence of a large continental area with exposed rocks.
From [32] the “regolith hypothesis” is strengthened by supposing a combination of climate and ice-
flow changes, with crystalline bedrock producing thicker, colder ice sheets that accumulate more
snowfall and have a smaller ablation zone. Willeit et al. [29] used a coupled ice-sheet — climate —
carbon cycle model, forced with orbital cycles. The co-evolution of climate and the arctic ice sheet


https://doi.org/10.20944/preprints202502.2227.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 February 2025 d0i:10.20944/preprints202502.2227.v1

4 of 22

over the last 3 million years implies a decrease in atmospheric carbon dioxide content as well as a
progressive elimination of regoliths during the Quaternary.

e Certain insolation peaks are ‘skipped’.

Presently, a predominant view is that eccentricity is not the driver of the 100-ka cycle that rather
reflects integer multiples of the 41-ka obliquity cycle (82/123 ka) or the ~20 ka precession cycle
(80/100/120 ka), e.g. [33-36]. From [35] interglacial occurs when the energy related to summer
insolation exceeds a threshold, about every 41 ka. Larger ice sheets over the past million years are a
consequence of an increase in the number of skipped insolation peaks. From [36], before the MPT,
obliquity alone was enough to end a glacial cycle, before losing its influence on deglaciation since ~1
Ma. This is attributed to the southward extension of the north hemisphere's ice sheets. According to
the MPT, a combination of obliquity and precession cycles is required to initiate deglaciation. The
two-threshold model [18] supposes that all terminations are caused by insolation maxima that occur
every 41 ka, but not all insolation maxima cause terminations so that the duration of glacial cycles
can vary arbitrarily between 82 and 123 ka. This hypothesis will be challenged when results are
presented showing that the period of orbital forcing resulting from obliquity has varied little over the
last 2.5 million years. These small variations cannot explain the MPT without invoking the resonant
forcing of the climate response.

1.2. In Search of a Unified Explanation of Climate Transitions

The hypotheses based on the determining role of the dynamics of growth and retreat of the ice
sheets in tuning the natural frequency of the climate system to 100 ka suffer from arbitrary
assumptions to justify the precise timing of the transition. Conditions which make the ice sheets
insensitive to variations in insolation resulting from the precession and the obliquity of the earth, but
sensitive to the eccentricity, have to be hypothesized, which supposes an opportune adjustment of
the Earth system to explain what is observed [29].

Facing this challenging puzzle, machine learning approaches has been used to disclose the main
mechanisms underlying Pleistocene variability, with the aim of explaining proxy records and testing
existing theories [37]. With a similar idea, a dynamical ramping mechanism with frequency locking
has been used, assuming an interaction between the internal period of a self-sustained oscillator and
forcing that contains periodic components [38,39]. Such approaches relying on conceptual
mechanisms with frequency locking did not bring anything concrete on the physical phenomena
involved. But they show the need to search for a physical basis for the resonant forcing of the climate
system.

By testing competing forms of the Milankovitch hypothesis from a multivariate approach, it has
been shown that the climate variables are driven partly by solar insolation, determining the timing
and magnitude of glaciations and terminations, and partly by internal feedback dynamics, pushing
the climate variables away from equilibrium [40]. The authors argue that the Milankovitch hypothesis
should be restated as follows: “internal climate dynamics impose perturbations on glacial cycles that
are driven by solar insolation and, from adjustment dynamics, that solar insolation affects an array
of climate variables other than ice volume, each at a unique rate.”

1.3. The Milankovitch Theory Revisited

Returning to the theory of orbital forcing stricto sensu, here, we propose to fill a gap. The sole
mediation by ice sheets of the response of the climate system to orbital forcing cannot explain a
phenomenon, the MPT, which presents resonance characteristics. This insufficiency will become even
more blatant when we highlight a second transition, the Early Quaternary Transition (EQT). The
search for a complementary mediator leads to ocean subtropical gyres which cause the climate system
to be subject to resonant orbital forcing. The method we will use to explain both transitions consists
of taking advantage of very long-period Rossby waves winding around subtropical gyres, the so-
called Gyral Rossby Waves (GRWs) which have the property of resonating in subharmonic modes
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under the effect of orbital forcing [41-43]. Their climatic impact is considerable because they control
heat transfers from low to high latitudes depending on whether the acceleration of the western
boundary current (WBC), west of the ocean gyre circulation, occurs poleward or equatorward. New
hypotheses will be advanced about feedback on the climate involving both ice sheets and WBCs so
that the climate sensitivity to orbital forcing depends on the deviation between the forcing period
and the nearest natural period of the climate system.

2. Method
2.1. Dynamics of Oceanic Subtropical Gyres

As indicated in the introduction, the innovative character of this research lies in considering the
key role played by the WBCs in climate variability and, more particularly, in the properties of Rossby
waves guided by the WBCs. In the northern hemisphere they are observed in the western basins of
the Atlantic and Pacific subtropical gyres, that is, regions of intense WBCs: the Gulf Stream and the
Kuroshio [44-47]. The mass input into the western boundary region is accurately described by the
jet-trapped Rossby wave framework. Historically it was thought that Rossby waves govern the
formation of warm-core anticyclonic eddies shed from the East Australian Current jet, that is, the
WBC associated with the South Pacific subtropical gyre [48-50]. These pioneering works highlight
the key role in mass and heat transfer of short-period Rossby waves driven in WBCs.

Long-period Rossby waves have been demonstrated from a weakly damped mode of variability
in the North Atlantic, corresponding to the oceanic signature of the Atlantic multidecadal oscillation
(AMO) [51]. This results from a westward propagation of density anomalies in the pycnocline, typical
of large-scale baroclinic Rossby waves. This mode is described in four phases composing a complete
oscillation cycle. It involves alternately the basin-wide North Atlantic circulation and the Atlantic
meridional overturning circulation (AMOC) along the North Atlantic Current after bifurcation of the
Gulf Stream to the north: 1) basin-scale warming of the North Atlantic (AMO positive phase), 2)
reduction of the AMOC, 3) basin-scale cooling (negative AMO), and 4) AMOC intensification.

Examination of the latest unforced CMIP6 simulations in the study of Eurasia winter
temperature unveils a significant contribution of the AMO’s thermodynamic effects, resulting in
warm (cold) phases during positive (negative) AMO cycles, along with increased (decreased) warm
extremes and reduced (enhanced) cold extremes [52]. More generally, the AMO is a global-scale
coupled ocean-atmosphere oscillation of the climate system with significant sea surface temperature
(SST) anomalies in all ocean basins [53].

These works report the omnipresence of Rossby waves guided by WBCs, but also of long-period
Rossby waves which impact the North Atlantic circulation on a basin-scale, the average period of
which revealed by the AMO is nearly 64 years. Other observations based on the frequency analysis
of SST anomalies over the global ocean highlight Rossby waves with a mean period of 64 or 128 years
around the 5 subtropical gyres [42].

1/2-,1-, 4- and 8-year period Rossby waves highlighted from Sea Surface Height (SSH) anomalies
are confined to the west of the gyres with a maximum amplitude where the WBCs leave the
continents. They extend further towards the east of the gyre as their period increases. As for the long-
period Rossby waves, they are highlighted by an SST anomaly around the gyre as well as an SST
anomaly outside the gyre towards the pole (the AMOC in the North Atlantic), these two anomalies
being in phase opposition. These observations highlight the superposition of multi-frequency Rossby
waves, mainly where the WBCs leave the continents to re-enter the subtropical gyres, but also around
the gyres.

2.2. The Annular Representation of Long-Period Rossby Waves

Oceanic Rossby waves have the propensity to be resonantly forced in harmonic modes, by
variations in solar irradiance containing periodic components [41-43]. Indeed, long-wavelength
Rossby waves are approximately non-dispersive. Propagating at the interfaces of stratified media,
they owe their origin to the gradient (3 of the Coriolis parameter relative to the latitude. As they
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propagate westward, their phase velocity depends on the latitude. They are embedded in an
eastward-propagating background current, so they appear to propagate eastward relative to a fixed
referential. Resonant forcing supposes adjusting their apparent wavelength in order to tune their
natural period to one of the forcing periods.

Conceptualizing multi-frequency very long period Rossby waves winding around subtropical
gyres, orbital resonance occurs when the forcing frequency is close to one of the natural frequencies
of GRWs. These having in common the modulated polar and radial currents of the gyre, they are
coupled so that the resonance occurs in subharmonic modes [54,55]. GRWs, as for them, owe their
existence to the variation in the Coriolis parameter according to the mean radius of the subtropical
gyre in which they are embedded (Appendix A).

Sea surface height anomalies induced by GRWs are added or subtracted from the SSH anomalies
induced by wind curl so that Ekman pumping strengthens or weakens according to the phase of
GRWs [56]. The latter propagate cyclonically around the gyre but their phase velocity being lower
than the velocity of the steady anticyclonic wind-driven current, their apparent phase velocity is
anticyclonic. GRWs wind up according to an integer number of turns which corresponds to an
apparent half-wavelength. First around the gyre, the GRW then propagates outside the gyre towards
the pole (the drift current in the North Atlantic, the circumpolar current in the south hemisphere).
Therefore, the height of the sea surface increases around the gyre as it lowers outside the gyre.
Although these are progressive waves, they look like two antiphase antinodes, one around the gyre,
the other outside the gyre towards the pole, which, in the North Atlantic, is referring to AMOC.

GRWs are resonantly forced by solar and orbital cycles as a result of the variations in solar
irradiance. According to the linearized equations of motion of GRWs in a stratified ocean, the
geostrophic radial current of the gyre is in phase with the forcing while the up and down motion of
the pycnocline is in quadrature, the geostrophic polar current as well. Furthermore, the amplitude of
the oscillation of the velocities of the modulated polar and radial currents is proportional to the
amplitude of oscillation of the pycnocline.

The principle of superposition applies both to Rossby waves among themselves and to each of
the turns of a Rossby wave winding around the gyre. Consequently, the apparent half-wavelength
of GRWs has no upper limit because the number of turns compensates for wave damping due to the
Rayleigh friction as the period increases both being proportional to the period but with antagonistic
effects. Indeed, as a first approximation the variation in sea water mass transferred by the modulated
polar current of the gyre would be proportional to the number of turns in the absence of friction, as
would the variation in thermal energy transferred from low to high latitudes by the WBC. The same
is true of the proportionality between the amplitude of the GRWs and the number of turns.

2.3. Subharmonic Modes

Multi-frequency GRWs overlap around the gyres. The stability of this dynamic system implies
that the GRW resonance occurs in subharmonic modes (Appendix B). Each subharmonic mode
represents the number of turns the GRW travels around the gyre before leaving it towards the pole.
As shown in Table 1, each period is deduced from the previous one by multiplying it by 2 or 3. The
spectrum of the climate response to solar and orbital forcing specifies the different dominant
subharmonic modes as shown by the paleotemperatures observed in the climate archives.

2.3.1. Solar Forcing

Solar activity exhibits characteristic centennial or millennial cycles, including the century-type
cycle of Gleissberg showing a wide frequency band with a double structure consisting of 50-80 years
and 90-140-year periodicities, the de Vries/Suess cycle that is less complex showing a variation with
a period of 170-260 years, and a quasi-cycle of 2000-2400 years (Hallstatt cycle). Longer cycles are
intermittent and cannot be regarded as strict phase-locked periodicities [57-60].

2.3.2. Orbital Forcing

d0i:10.20944/preprints202502.2227.v1
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As shown in Figure 1 the characteristic periods of solar irradiance resulting from the orbital
parameters are 23.4 ka for the precession, 41.1 ka for the obliquity, 98-132 ka, 408 ka, and 786-1058 ka

for the eccentricity.

2.3.3. The Different Subharmonic Modes and Their Forcing Mode

They are summarized in Table 1.

Table 1. The natural periods of Gyral Rossby Waves (GRWs) and the period ranges of subharmonic modes,
which have to be divided by 2 in the North and South Pacific. From [41], Table 1, with kind permission from
Journal of Marine Science and Engineer (JMSE).

Natural
. Periods  Subharmonic _
Rank  Band Width (yr) ¢ GRW Mod Forcing Mode
0 s ode
(yr)
1 48 - 96 64 n; =2° Solar forcing (Gleissberg cycle)
2 96 - 192 128 n, =2 Solar forcing (Gleissberg cycle)
3 192 - 576 o56 52 Solar forcing (de Vries/Suess
= cycle)

4 576 - 1152 768 n, =3x2? No external forcing
5 1152 - 2304 1536 ns =3x2° Solar forcing (Hallstatt cycle)
6 2304 - 4608 3072 ng =3 x2* No external forcing
7 4608 - 9216 6144 n; =3x2° No external forcing
8 9216 — 18,432 12,288 ng =3 x2° No external forcing
9 18,432 - 36,864 24,576 ng =3 x2’ Orbital forcing (precession)
10 36,864 — 73,728 49,152 ny =3 x 2° Orbital forcing (obliquity)

11 73,728 — 147,456 98,304 n;; =3X 2° Orbital forcing (eccentricity)
12 147,456 - 294912 196,608 n;, =3 x2'° No external forcing

13 294,912 - 589,824 393216 n;; =3 x 2" Orbital forcing (eccentricity)
14 589,824-1,179,648 786,432 n;, =3x2'?  Orbital forcing (eccentricity)

1,179,648 —
15 1,572,864 135 =3 x 2" No external forcing
2,359,296

The time required for the Rossby waves to propagate around the gyre is constrained by
considering that their periods are subharmonics of the fundamental wave. From the estimation of the
period of short-period Rossby waves extrapolated to GRWs, it follows that the mean period of the
fundamental GRW is 64 years in the North and South Atlantic, and in the South Indian Ocean. It is
128 years in the North and South Pacific Ocean [42].

2.4. Resonance of Gyral Rossby Waves

A property of the GRWs being to resonate in subharmonic modes, they behave as mediator
between the orbital forcing and the response of the climate system. Under these conditions, the
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climate sensitivity to radiative forcing depends closely on the difference between the forcing period
and the nearest natural period among the subharmonic modes. This phenomenon of orbital
resonance explains why certain modes of radiative forcing, although of low amplitude, take
precedence over other modes producing variations in solar irradiance of larger amplitude.

The role of mediator attributed to the GRWs highlights their determining influence on the
climate due to the alternations of heating and cooling of the sea water at high latitudes of the gyres
via the sequences of poleward and equatorward acceleration of the WBCs (the acceleration of the
wind-driven component of the polar current of the gyre is assumed to be zero due to its inertial
properties). From the dispersion relation of GRWs (A6), the bandwidth of the resonant orbital forcing
is controlled by the latitudinal shifting of the centroid of GRWs. Any GRW can tune to the forcing
period independently of the others by the latitudinal shifting of its centroid. In the North Atlantic the
centroid of the gyre is currently at 27.78°N, so the (cyclonic) phase velocity is -0.027 m/s. The
(anticyclonic) wind-driven current velocity is 0.035 m/s and the apparent anticyclonic velocity of
GRWs is 0.035-0.027=0.08 m/s so that they propagate around the gyre in 64 years (the perimeter of
the gyre is 16,300 km) [43].

3. Results and Discussion

The concept of resonant forcing of oceanic and atmospheric Rossby waves has shed new light
on major phenomena. They are El Nifio [61], the Arctic amplification [62], the climate variability on
decadal and multidecadal scales [56] or the role played by Rossby waves embedded in the polar and
subtropical jet streams at the tropopause in the genesis of heatwaves and extreme precipitation events
[63,64]. Here, this approach applied to orbital forcing opens wider perspectives.

3.1. In Search of a Unified Theory of Orbital Forcing

Considering the mediation of solar and orbital forcing by the subtropical ocean gyres, a positive
feedback loop involving the WBCs occurs. It is all the more responsive as the temperature difference
between the low and high latitudes of the subtropical gyres is higher. Poleward acceleration of the
WBCs transfers more heat from the low to the high latitudes, which tends to cause the ice sheets to
recede. On the contrary, the equatorward acceleration of the WBCs favors the reconstitution of the
ice sheets. Thus, two positive feedbacks involving the modification of the albedo and the modulation
of the velocity of the WBCs to the west of subtropical gyres synergize. Wider perspectives are opening
up, the main interest of which is that they rely on constrained properties of GRWs while being
verifiable [65,66].

An empirical hypothesis according to which major cycles, on global and astronomical scales,
belong to a family of harmonically related oscillations has already been formulated [67-69]. The
periods of the cycles were generated from a base-period by a sequence of period-tripling and period-
halving operations, empirically estimated. This work could be considered as a precursor of what will
be exposed, although established in a different context. Yet the fact that the glacial-interglacial cycle
was tuned to obliquity before MPT, and then to eccentricity, suggests that orbital forcing plays a
primary role in the rapid period change. But for this hypothesis to be plausible, two conditions must
be met: 1) the orbital forcing must evidence a resonant feature - 2) a shift in the frequency of orbital
forcing must occur during the Quaternary, even small.

3.2. What Happened During the MPT?

Most authors postulate that the periods of orbital forcing did not vary significantly during the
MPT. It is that the wavelet analysis of data from orbital calculations, which is usually used for this
exercise, is not sensitive enough to highlight variations in forcing periods as a function of time. On
the other hand, the Fourier transform of solar irradiance over successive 500 ka length time segments
clearly highlights variations in the period of eccentricity ~100 ka over the last 2000 ka (Figure 2a).
From 1750 ka to 250 ka, the period varied from 94 to 111 ka (Figure 2b), approaching the period of
resonance between 1200 and 1300 ka ago.
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Figure 2. Shifting of the period of eccentricity in the vicinity of 100 ka from [7]- (a) Fourier transform of solar
irradiance over successive time segments — (b) Maxima of the Fourier transforms versus time (middle of the

successive time segments). The period of resonance (98.3 ka) is represented by an orange dotted line.

In a global temperature proxy, which is deduced from 6'%0 in foraminifera in sediment cores [3]
is compared to the modeled temperature T obtained so that T = SI X Sensitivity where both the
solar irradiance SI obtained from calculations [7,8], and the temperature proxy T are filtered in
period ranges associated with the subharmonic modes n,, (Figure 3a) and n;; (Figure 3b). The
sensitivities, which are represented in Figure 3c, are fitted by a polynomial of degree 3 defined so that
the root mean square error (RMSE) between the observed and modeled temperatures is minimum
(Figure 3a, b). These figures show that the amplitude of temperature proxy oscillations is globally
reproduced by the model with some significant deviations. This is especially noticeable in Figure 3b
when the solar irradiance collapsed during one cycle 400 ka ago while the temperature amplitude
was not affected, which reflects the inertial character of multi-frequency GRWs. On the other hand,
the phase shifts between the observed global temperature and the model are moderate.
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Figure 3. Orbital forcing and de-trended global temperature response into the shifted period range 28.8 - 65.5 ka
representative of the 41-ka period of obliquity, and the period range 73.7 — 147.5 ka representative of the 98-ka
period of eccentricity (Figure 1, Table 1) —(a) Comparison of the observed and modeled global temperature
variations within the shifted period range 28.8 - 65.5 ka — (b) Comparison of the observed and modeled global
temperature variations within the period range 73.7 — 147.5 ka — (c) Climate sensitivity within 28.8 - 65.5 ka and
73.7 —147.5 ka period ranges. The shifted period range corresponding to the subharmonic mode n,, is deduced
from the Table 1 by considering that the period to be framed is no longer 49.2 ka, but 41 ka. The dotted green
line indicates when the transition occurs (<1250 ka ago).

The climate sensitivity in the period range 73.7 — 147.5 ka framing the 98-ka period of eccentricity
highlights a resonance whose tuning is sharp, reflected by its rapid and quasi-linear growth since
1250 ka. It reaches 4.0 °C (W/m?)! at present, suggesting that the tuning is still improving . The period
of eccentricity (Figure 2b) is close to the resonance period which, for the n;; subharmonic mode, is
98.3 ka (Table 1).

Regarding the climate sensitivity to obliquity, it remains nearly constant during the observation
period, that is 2500 ka, which shows that the MPT did not exert any influence on the response of the
GRW whose subharmonic mode is n;q. The mean period of obliquity, i.e., 41.1 ka from Figure 1, is
far from the nearest natural period of GRWs, i.e., 49.2 ka from Table 1, which assumes that the multi-
frequency system of GRWs is at its optimum stability (Appendix B). According to the dispersion
relation (A6), the centroid of the GRW has to be shifted by 0.8° towards the equator to ensure that its
natural period merges with the forcing period. The climate sensitivity, which remains lower than 0.45
°C (W/m?)7, and steady during the observation period, reveals a poor-quality tuning between the
forcing and the natural periods.

Since nearly 1.25 Ma, the quasi coincidence of the forcing period of eccentricity, and the natural
period of the GRW whose subharmonic mode is n;; caused eccentricity to take precedence over
obliquity despite the low amplitude of solar irradiance modulations related to eccentricity compared
to that related to obliquity (Figure 1).
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3.3. Another Transition Occurred 2.38 Ma Ago

Another transition occurred 2.38 Ma ago, the Early Quaternary Transition (EQT), involving
forcing periods nearly 10 times longer than during MPT. This transition is highlighted by considering
the period ranges 295-590 ka and 590-1180 ka, associated with the subharmonic modes n;3 and nj,
(Table 1), in order to frame the forcing periods of eccentricity whose mean periods are 408 or 786 ka
(Figure 1). The same data are used as in the MPT study. Here again, the SI obtained from calculations
[7], multiplied by the climate sensitivity is compared to the observed global temperature obtained
from Lisiecki and Raymo [3] filtered in the relevant period ranges. This transition went unnoticed for
some time due to the alleged lack of a 400,000-year periodicity resulting from orbital eccentricity in
the geologic temperature record over the past 1.2 million years [70], which became the " 400,000-year
problem.”

As with MPT, a shift in the forcing period occurred, putting the subharmonic mode n,, into
resonance under the effect of the eccentricity whose period is 786 ka (Figure 4). Estimation of the
period of eccentricity over time from wavelet analysis is not precise enough to highlight small
variations. Using the Fourier transform, a compromise must be found on the width of the time
segments on which the transform is performed. The greater the width, the finer the resolution of the
transform, but the greater the uncertainty on the representativeness of the maximum of the transform
which is supposed to relate to the half-time of the segments. Conversely, the narrower the time
segment over which the Fourier transform is performed, the poorer the resolution (the peaks are
increasingly wider) but the better the time frame to which it refers. Here, this drawback is
counteracted by searching for the maximum of the peaks after smoothing the transform.
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13 » <
&
w11 7(
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Figure 4. Shifting of the period of eccentricity in the vicinity of 800 ka from [7]- (a) Fourier transform of solar
irradiance over successive time segments — (b) Maxima of the Fourier transforms versus time (middle of the

successive time segments). The period of resonance (786.4 ka) is represented by an orange dotted line.

To cover the observation period between 2000 and 2500 ka, 5 overlapping segments of width
3000 ka are used. Estimation of the climate sensitivity to radiative forcing by minimizing the RMSE
between the observed [3] and calculated series from [7,8], filtered in the period ranges 295-590 ka
(Figure 5a) and 590-1180 ka (Figure 5b) shows that the variations of the global temperature anticipate
those of the SI by 100 ka and 180 ka, respectively. The cause of this gap, which increases with the
period, cannot call into question data on orbital forcing because the deviations between the phases
given by two sets of data are small of the order of 20 ka (Figure 6). More likely, they result from
residual biases attributable to diagenesis processes that remain after de-trending the data.
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Figure 5. Orbital forcing and de-trended global temperature response into the period range 295 - 590 ka
representative of the 408-ka period of eccentricity, and the period range 590 — 1180 ka representative of the 786-
ka period of eccentricity (Figure 1, Table 1) —(a) Comparison of the observed and modeled global temperature
variations within the period range 295 - 590 ka — (b) Comparison of the observed and modeled global
temperature variations within the period range 590 — 1180 ka — (c) Climate sensitivity within 295 - 590 ka and
590 - 1180 ka period ranges. The dotted green line indicates when the transition occurs (=2380 ka ago).
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Figure 6. Deviation between the phases of orbital forcing calculated by Berger et Loutre [7] and Zeebe et Lourens

[71]. The two period ranges considered are representative of the 408-ka and 786-ka periods of eccentricity.

As shown in Figure 5c, the climate sensitivity in the period range 590-1180 ka reached a
maximum nearly 0.8 Ma ago. At its peak, the climate sensitivity reached 3.5 °C (W/m?)-!, which is
considerable since this value is comparable to that reached in the period range 73.7 — 147.5 ka framing
the 98 ka period of eccentricity (Figure 3c). This slow oscillation in temperature therefore has a
significant impact on the energy balance of the second half of the Quaternary with a drop in
temperature of 2 °C between 1.2 Ma and 0.8 Ma, then a rise of 2 °C between 0.8 Ma and 0.4 Ma.

The climate sensitivity in the period range 295-590 ka framing the 408 ka period of eccentricity
remains low, nearly 0.5 °C (W/m?)”, and steady. Here again, this reveals a poor-quality tuning
between the forcing and the natural periods, and which remained insensitive to EQT. The tuning of
the subharmonic mode n,3 to the forcing period only required a 0.2° poleward shift of the centroid
of the GRW to increase the period from 0.39 to 0.41 Ma (table 1 and Figure 1).
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3.4. Forcing Efficiency

The properties of the dynamic system consisting of multi-frequency GRWs around oceanic
subtropical gyres are based on a simple physical model which supposes that GRWs behave as
coupled oscillators with inertia (A7). The formulation of the first 15 natural periods of GRWs (Table
1) assumes that this dynamic system is at equilibrium. This means that over time, each oscillator
transmits as much coupling energy to the other oscillators as it receives.

In fact, this dynamic system is most of the time out of equilibrium because both the periods and
the amplitudes of the forcing terms, that is, the orbital cycles vary over time (the variation of the
periods of the solar cycles probably has little influence given their large bandwidths). In addition, the
response of this inertial system is very spread out over time. However, it always remains as close as
possible to equilibrium, which ensures its sustainability.

As shown in Figures 3c and 5c, the efficiency of orbital forcing increases over time once the
GRWs of subharmonic modes n;; and n;, enter into resonance. This inertial character persists after
the forcing period moves away from the resonance period as shown in Figures 2b and 4b. Whether it
is MPT or EQT, the increase in the efficiency of orbital forcing after the transition implies the
rearrangement of the dynamic system towards its equilibrium configuration for which the new
resonance conditions are met (the anticipation with respect to the transition of the observed efficiency
curves results from the smoothing introduced by the deconvolution method used).

In the case of MPT the forcing efficiency in the 73.7 — 147.5 ka period range continues to increase
at present. This can be explained by the fact that before the MPT the centroid of the GRW of
subharmonic mode n;, had slipped 0.8° towards the equator to tune to the orbital cycle of period 41
ka while the natural period of the GRW is 49 ka. The dynamic system remained out of equilibrium to
best adapt to the cycle of obliquity whose amplitude is larger than that of the cycle of eccentricity at
98 ka. During the MPT, the perfect tuning between the eccentricity period and the natural period of
the GRW of subharmonic mode n;; changed the resonance conditions. The centroid of the GRW of
subharmonic mode n;, had to return to its equilibrium position by sliding 0.8° towards the pole.
This rearrangement of the dynamic system is still in progress because the equilibrium configuration
has not been reached yet.

In the case of EQT, the forcing efficiency in the period range 590-1180 ka reached a maximum
around 0.8 Ma ago and has been decreasing since then. This can be explained by the fact that before
the EQT the centroid of the GRW of subharmonic mode n;; had slipped 0.2° towards the pole to
tune to the orbital cycle of period 408 ka while the natural period of the GRW is 393 ka. The dynamic
system remained out of equilibrium to best adapt to this eccentricity cycle whose amplitude is larger
than that of the cycle at 786 ka. During the EQT, the perfect tuning between the eccentricity period
and the natural period of the GRW of subharmonic mode n;, modified the resonance conditions.
The centroid of the GRW of subharmonic mode n;3 had to return to its equilibrium position by
sliding 0.2° towards the equator. The rearrangement of the dynamic system continued until the
forcing efficiency reached a maximum 0.8 Ma ago, while the equilibrium configuration had not yet
been reached. Then, the increasing gap between the forcing period and the natural period of the GRW
of subharmonic mode n,, again favored the prominence of the subharmonic mode n;3, due to the
larger amplitude of the orbital cycle at 408 ka compared to that at 786 ka. The decrease in efficiency
shows that the rearrangement of the dynamic system is still in progress. This will continue until a
stable value for efficiency is reached. The dynamic system will remain out of equilibrium until the
resonance conditions are changed.

The functioning of the dynamic system suggests a strong interaction between two GRWs of
consecutive subharmonic modes as is the case of modes n,, and n,;, as well as ny3 and n;4. On the
other hand, this interaction seems to vanish when the deviation between subharmonic modes
increases, which may explain the apparent independence of the two transitions, the MPT and the
EQT.

Note that the climate sensitivity to orbital forcing represented in Figures 3c and 5c is large
compared to the value reported in [28], that is, 0.1 °C (W/m?)". The latter is an average value covering
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a wide spectrum of periods, including that of the precession nearly 23.4 ka, which confirms that
climate sensitivity depends greatly on the fine tuning between the orbital forcing period and one of
the GRWs' natural periods while varying considerably over time.

3.5. The Last Glaciation

Regarding the last glaciation, in the period range 73.7 — 147.5 ka framing the 98-ka period
eccentricity, the orbital forcing reached a maximum 103 ka ago and a minimum 50 ka ago (Figure 7).
Global temperature, which is nearly in phase with orbital forcing, is at its maximum when the
pycnocline is deepening and halfway between its lowest and highest level. The acceleration of the
polar current of the gyre in the anticyclonic direction also reaches its maximum while that of the
radial current vanishes, in accordance with the equations of motion of gyral Rossby waves (Appendix
A). Ocean-atmosphere heat exchanges are favored both by 1) the acceleration of the WBC in the
anticyclonic direction, which enhances heat exchanges between the tropics and high latitudes, and 2)
the deepening of the pycnocline, which enhances convective and evaporative processes and the
departure of latent heat. On the other hand, the vanishing of the radial current promotes the
confinement of thermal exchanges along the gyre.

Therefore, the acceleration of the WBC reached a maximum in the anticyclonic (poleward)
direction 103 ka ago, then reversed 78 ka ago (a quarter period corresponds approximately to 25 ka).
The pycnocline reached its lowest level (surface height perturbation at its highest level) when the
acceleration of the radial current reached its maximum, oriented towards the outside of the gyre,
which favored the dissipation of heat outside the gyre. The acceleration of the WBC reached a
maximum in the cyclonic (equatorward) direction 50 ka ago, with the vanishing of the radial current.
The glaciation phase was then the most active because heat exchanges between the tropics and high
latitudes were minimal. The pycnocline was in its ascending phase, halfway along its course, which
reduced ocean-atmosphere exchanges. The acceleration of the WBC reversed 25 ka ago while the
acceleration of the radial current was oriented towards the gyre. The acceleration of the WBC is about
to reach a maximum in the anticyclonic (poleward) direction today. The deglaciation phase is then
the most active because heat exchanges between the tropics and high latitudes are maximal. The
pycnocline is in its descending phase, halfway along its course, which enhances ocean-atmosphere
exchanges.

——Filter 73.7-147.5 ka =—Model 73.7-147.5 ka

A temperature (°C)
o A N O N
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Time (ka)
Figure 7. Comparison of the observed and modeled global temperature variations within the period range 73.7
—147.5 ka.

The feedback of the Gulf Stream response to orbital forcing is all the stronger when the
temperature gradient of seawater above the pycnocline between the high and low latitudes of the
gyre is large, which is a consequence of the advance of the Arctic ice sheet. This has the effect of
further accelerating the geostrophic current of the gyre (which flows anticyclonically), which
increases the heat transfer from the low latitudes to the high latitudes of the gyre, as occurred at the
end of the ice age.

This explains the strong asymmetry that is observed between the glacial and interglacial periods
(Figures 8 and 9). The southernmost limit of the ice sheet was reached nearly 21 ka ago, that is nearly
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30 ka after WBC acceleration was canceled out as the complete deglaciation cycle lasted only 25-30
ka.

melting glaciation

Acceleration of the Acceleration of

anticyclonic WBC is I I l the cyclonic WBC
maximum is maximum
1 1 1 1 ] 1 1
] T 1 T T 1 T

0 20 40 60 80 kaBP

Figure 8. Last glacial - interglacial and western boundary current acceleration phases in the period range 73.7 —
147.5 ka. The red arrow indicates the end of the expansion of the ice sheet (southernmost limit of the ice sheet
nearly 21 ka BP).

Figure 9. Acceleration vectors of the geostrophic polar current, and ice sheet edge motion — (a) 50 ka ago — (b) 12
ka ago. The current winter ice edge and 21 ka ago (southernmost limit during the last glaciation) are represented
by thin blue lines. The acceleration of the polar geostrophic current of the North Atlantic gyre is represented by

brown arrows. The wide blue arrows indicate the motion of the edge of the ice sheet in winter.

This approach shows how the surface of polar ice caps and WBC accelerations interact
synergistically during periods of glaciation (deglaciation). This coupling is especially strong in the
North Atlantic due to the advance of Greenland. Thermohaline circulation essentially acts as an
overflow. The main driver of the modulated polar currents of the gyres as well as the drift current
are the geostrophic forces, i.e., the Coriolis force and gravity, whose action is reinforced by the
positive feedback induced by the thermal gradient between low and high latitudes of the gyres,
which is tightly controlled by the advance (retreat) of ice sheets.

3.6. Open Issues Fixed

Most of the open problems concern the selectivity of the climate sensitivity to orbital forcing as
a function of the period, which brings us back to the problem of transitions. These observations,
which are incompatible with the standard Milankovitch theory, find a straightforward explanation
while subtropical gyres are supposed to mediate the climate response. Due to the inertia of the
geostrophic polar and radial currents of the subtropical gyres, the heating phase may precede the
increase in insolation, the period of which may vary significantly as shown by the width of the peaks
of the SI in the Fourier spectrum (Figure 1).

4. Conclusions

The original Milankovitch theory hypothesized that variations in eccentricity, axial tilt, and
precession result in modulations of the intra-annual and latitudinal distribution of solar radiation at
the Earth's surface, strongly influencing the Earth's climate patterns as a result of the growth and
retreat of ice sheets. A number of specific observations were not explained by the standard
Milankovitch theory. Indeed, the mediation of ice sheets between the orbital forcing and the climate
response is not sufficient to explain the various observations, primarily the multiplicity of transitions
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during the Quaternary. This insufficiency reflects the absence of resonance properties of the climate
system inherited from this mediation.

To complete the Milankovitch theory another mediator is introduced, the WBCs. These currents,
to the west of subtropical ocean gyres, play an essential role in regulating the climate system by
transferring warm waters from low to high latitudes, which means that the variation in their
acceleration has a considerable climatic impact depending on whether it is oriented towards the pole
or the equator. Mediation by ocean subtropical gyres of the climate response to orbital forcing helps
explain the climate variability quantitatively. As a result of positive feedback between the WBC
acceleration and the advance (retreat) of the arctic ice sheet, the latter acts as an amplifier of the
climate response, mainly in the North Atlantic due to the advance of Greenland. But this effect is
observable in both hemispheres, nearly in phase. It is strengthened by the variations in terrestrial
albedo.

Moreover, the climate responds resonantly to orbital forcing according to subharmonic modes,
that is, a key property of GRWs considered as coupled oscillators with inertia. By giving the climate
system a resonant feature, it is then possible to explain the non-proportionality between the intensity
of the orbital forcing and the climate response, the climate sensitivity being able to vary significantly
over time. This complement to Milankovitch theory allows a unified explanation of the two climate
transitions observed during the Quaternary when an orbital period merges with a natural period of
GRWs for a particular subharmonic mode.

This new approach prompted both by the multiplicity of climate transitions during the
Quaternary, and by the significant variations in the periods of orbital forcing, opens wider
perspectives for better understanding the causes of the variability of the climate system, which is a
current issue in the context of climate change. The purpose of this article is essentially to arouse new
debates around a problem that has been pending since the discovery of glacial-interglacial cycles,
when many hypotheses have been put forward without, however, fully answering all our questions.
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Appendix A: The p-Cone Approximation

The 3-cone approximation [42] replaces the B-plane approximation for expressing the equations
of motion of long-period Rossby waves that propagate over a significant range of latitudes around
the subtropical gyres. A cone of revolution tangent to the terrestrial sphere whose axis passes through
the centroid of the gyre defines a circle C at the contact; the apex angle 0 is defined so that the radius
of C equals the average radius of the gyre (Figure 10).

Figure 10. The -cone approximation, From [42, Figure 1] with kind permission from Journal of Marine Science

and Engineering (jmse).
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The momentum equation for a material element located on C in the upper layer of two
superposed fluids whose density is p; and depth H; is [55]:

oV /ot + f x V = —pLAp + forcing (A1)

where Ap is the pressure gradient, V the velocity vector (u, v); u and v are the polar and radial
current velocities. Since the radius r of C is small compared to the radius R of the earth the Coriolis
vector f is considered constant around C so that f =~ j_r;: j_”; is the Coriolis vector at the center of the

gyre.
Using the polar coordinate r¢ and the radial coordinate § on C, the momentum equations are:
ou/ot — fv=—gan/o(re) + X/p H, (A2)
ov/ot+ fu=—-gaon/ds +Y/p,H, (A3)

1 is the vertical perturbation of the surface height and g the acceleration of gravity. X and Y are
the surface stress forcing terms relative to r¢ and 0 (0 is the distance to the apex of the cone, @ is the
polar coordinate).

The equation of continuity on the surface of the cone is:

on/ot + HydivV = —E/p,

where E is the evaporation rate. div V=-—

L a(s? cini .
Py ou/o(ro) + 2 0(8°v)/06. In the vicinity of C:
on/ot + Hy[0u / d(rp) + v / 06] = —E/p, (A4)
The equation of conservation of the relative vorticity ¢ is:
& = f1/H) + pv = ——(r Y /9(rg) = 0X/06 + fE)  (A5)
& — fn/H, is absolute vorticity.

r

The relative vorticity ¢ = av/o(re) - % 0(6u)/04 is the component of the curl of velocity

8sin®
V (curl V) perpendicular to the surface of the cone at the considered location.

So & = dv/d(re) — 0u/06 in the vicinity of C.

Expanding f versus d: f = f, + 86, the equations of motion A2, A3, A4, A5 along convex paths
close to C on the (3-cone (r¢, 0) are virtually the same as those expressed on the -plane (longitude,
latitude) f = f, + f.latitude. In the first case, the variational calculation is applied to the mean
radius of the gyre. In the second case, it is applied to latitude.

The phase velocity w/k is given by the following dispersion relation:

w/k = —c? cos @,/20R sin? ¢, (A6)

where c is the phase velocity along the equator for the first baroclinic mode and ¢, is the
latitude of the center of C.

Appendix B: Prototype of Coupled Oscillator Systems

Subharmonic modes of coupled oscillator systems are derived by considering the conditions of
durability of the dynamic system. For this, consider the system of Caldirola-Kanai equations
governing the motion for a system of N coupled oscillators corresponding to the N resonance
frequencies:

Mi®; + yM@; + Yoy Ji; (0 — 0;) = I; cos(2t) (A7)

where @; represents the phase of the i oscillator (this terminology is borrowed from theoretical
physics. Here the phase represents the modulated geostrophic polar current u; around the gyre), M;
the inertia parameter, i.e.,, the mass of water displaced during a cycle resulting from the quasi-
geostrophic motion of the it oscillator, y the damping parameter referring to the Rayleigh friction
and J;; measures the coupling strength between the oscillators i and j. The right-hand side
describes the periodic forcing with frequency Q where I; is the amplitude of the forcing on the i*"
oscillator. The restoring force simply depends on the phase difference between the oscillators. So, it
vanishes when the phases are equal u; = u; witch, in the absence of friction, removes any interaction
between the oscillators i and j. On the other hand, the interaction is all the stronger as the difference
in polar velocities is higher.

To understand the meaning of the restoring force, one must refer to the operation of sound pipes
such as brass instruments. They produce sound by forcing air through a mouthpiece at one end of
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the pipe. The player's lips vibrate in the mouthpiece at a predetermined frequency of the fundamental
wave. Multi-frequency standing pressure waves are formed in the pipe between the mouthpiece and
the bell at the opposite open end of the pipe, with the half-wavelength of the fundamental wave
coinciding with the length of the pipe. Consequently, the frequency of the fundamental wave, i.e. the
pitch of the note, is higher the shorter the pipe. Harmonics are formed whose frequencies are
multiples of the fundamental frequency for which the length of the pipe is tuned.

Subtropical gyres, on the other hand, are fed by north- or south-equatorial currents. Orbital
forcing of the gyral Rossby wave (GRW) is exerted around the gyre by sustaining the oscillation of
the pycnocline around the gyre as well as the modulation of the polar current of the gyre of which
the western boundary current (WBC) is a part. This induces positive feedback due to the modulation
of thermal energy transferred from the tropics to high latitudes. Half a period later, after having
described one or more turns around the gyre, the antinode of the gyral wave reaches its minimum
while the antinode located outside the gyre towards the high latitudes, in phase opposition, reaches
its maximum. The gyre behaves like a multi-frequency sound pipe whose circumference is tuned to
the half-wavelength of the fundamental wave resulting from orbital forcing. The modulated polar
currents of GRWs i and j merge around the gyre, notably along the WBC where the streamlines
tighten, so that the equation A7 applies to GRWs.

This model is both simple and very general since it applies to all multi-frequency waves whose
modulated currents meet as occurs for planetary waves both in tropical oceans and around
subtropical gyres. In the case of GRWs, each of them obeys its own dispersion relation (A6) related
to the latitude of its centroid. The coupling of the GRWs as formulated in the restoring force in (A7)
results from the meeting of their polar modulated currents and, to a lesser degree, their radial
modulated current. The restoring force is applied to each pair of oscillators whose modulated
currents meet. The coupling of the GRWs is exerted through the geostrophic forces, that is, Coriolis
and pressure gradient forces which regulate the functioning of the subtropical gyres.

The interaction energy of the j*™* oscillator, that is the Hamiltonian of the dynamic system, is
[72]:

E;(©)=-Xi<;jJijcos (9; — @;) (A8)

It is from this relationship that a necessary and sufficient condition to ensure the durability of
the resonant oscillatory system is established: the coupled oscillators form oscillatory subsystems so
that the resonance conditions are to be defined recursively:

T;=N;T;_qy With 1 =T (A9)

where n; = 2 or 3. T is the period of the fundamental wave (generally one year).
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