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Abstract: We study the collapse of spherical cold clouds beyond black hole (BH) formation to investigate the

possibility of a bounce in the in-falling matter when a critical density or pressure is reached. As a first step, we

analyze the pressureless collapse in general relativity (GR), where an analytic solution exists, and demonstrate that

an equivalent Newtonian solution can be derived. Such equivalence also holds for spherically symmetric perfect

fluids with uniform density and non-vanishing pressure. We numerically investigate the Newtonian collapse of

such clouds with masses of 5, 20, and 1000 M⊙ obeying a polytropic equation of state (EoS). By choosing EoS

parameters inspired by typical neutron star conditions, we observe bounces at and above nuclear saturation

density. Assuming approximate uniformity, we explore the equivalent GR behaviour of the matter during the

bounce. Our findings are: i) A GR bounce occurs around the ground state of the matter, characterized by P = −ρ.

ii) The GR solution significantly differs from the Newtonian result due to the presence of curvature (k ̸= 0). iii)

Both the curvature and the ground state are crucial factors in allowing a GR bounce to occur.

Keywords: cosmology; theory; inflation; early Universe; dark energy; black hole physics; hydrodynamics

1. Introduction

In 1970, Hawking and Penrose proved that singularities can not be avoided in GR [1]. Due to the
success of these singularity theorems, the solutions and ideas of non-singular or bouncing universes
have been overlooked in the last 30 years of the 20th century [2]. A bounce of collapsing matter at
supra-nuclear densities naturally avoids the formation of a singularity. To allow for such a bounce in
this class of solutions, Einstein’s gravity would have to violate the strong energy conditions (SEC). For
a perfect fluid with energy density ρ and pressure P, the SEC corresponds to ρ + 3P ≥ 0. This SEC
violation only started to be accepted in the arising models of inflation [3,4]. In 1998, the discovery of
positive acceleration of the universe proved the existence of the SEC violation [5], and the models of
bouncing cosmologies obtained new interest [2]. These models aim to solve the problems encountered
by the standard model of cosmology, among which are: i) the singularity problem: the existence of
a singularity means that the spacetime is geodesically past incomplete; ii) the flatness problem: the
critical value of matter-energy density of the universe needs to be extremely fine-tuned, any small
deviation from this value will lead to a non-flat universe; and iii) the horizon problem: we see a
uniform CMB sky where superhorizon scales appear (these are scales larger than the Hubble horizon
at the time when the CMB photons were emmitted). How is this possible if the structures were not in
casual contact in the past? Alternatively, new theories of modified gravity and the concept of quantum
gravity [6,7] were developed. However, the latter is incomplete and not readily testable [see 8, for a
review].

One realization of the bouncing universe is the Black Hole (BH) Universe or BHU model presented
in [9,10]. In this model, some of the problems faced by the standard model are avoided without the need
to introduce new theories of modified gravity or Dark Energy (DE). In the BHU model, our observable
universe is in the interior of its corresponding BH event horizon, and the Λ-term in the standard
cosmology arises as a boundary to the evolution of the system inside the BH event horizon. The initial
condition of such a universe could be a tenuous, cold, but large Friedmann-Lemaitre-Robertson-Walker
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(FLRW) cloud containing the total mass of our observable universe. This cloud collapses under its
own gravity into a BH. For such a large mass, the density at the time of the formation of the BH is
very small, and the pressureless collapse inside the BH event horizon proceeds as if there was no BH
formed. Note that we use the expression cold to describe a fluid at zero temperature, resulting in zero
thermal pressure. We use both expressions equally. Therefore, if not stated otherwise, pressureless
refers to zero thermal pressure. The gravitational collapse occurs homologously on a shorter time
scale than thermal interaction, which could create significant thermal pressure. It is thus reasonable
to assume that the fluid of the cloud stays cold during the entire process of the collapse. This means
that if nothing else occurs, the density of the cloud continues to increase during the collapse until a
singularity is formed.

However, there are effects that can slow down, if not even bring the cold collapse to a halt.
Whenever one of the fermionic constituents of the cloud reaches its quantum ground state, the Pauli
Exclusion Principle creates a degeneracy pressure independent of temperature. Assuming a cloud
of neutral hydrogen, firstly, the electrons would become degenerate and create a pressure that could
stabilize configurations up to the Chandrasekhar mass limit (∼ 1.4M⊙). Typical maximum densities
allowed in this way are lower than ρ ≲ 107g cm−3. At higher densities, reached for larger initial masses,
the electrons recombine with protons, and the collapse continues. Similarly, at nuclear saturation
densities, the collapse could be stopped due to the quantum pressure of the ground state of nuclear
matter. The maximum mass allowed for this to happen depends sensitively on the equation of state
(EoS) of nuclear matter [11,12], but it should lie between 2 − 3 M⊙.

Similar scenarios are actually observed in nature at the end of the life of massive stars. The fate of
these objects depends on the final mass of their collapsing cores. Stars can lose a significant amount
of their initial mass during their different burning stages through stellar winds or at the end of their
lifetime by ejecting the outer layers during the collapse of the central cores. For stars with zero-age
main-sequence masses of up to about ∼ 8M⊙, the final cores reach at most up to the Chandrasekhar
mass (∼ 1.4M⊙). Therefore, these stars end their lives as White Dwarfs. The cores of more massive
stars (∼ 8M⊙ ≲ M ≲ 40M⊙) eventually become unstable and collapse once the Chandrasekhar mass is
reached. This collapse is halted once the collapsing core of the progenitor of ∼ 1.4M⊙ reaches nuclear
saturation density, and matter cannot be compressed further. The still-infalling outer layers bounce
back from the proto-neutron star (PNS) surface and create an outward-moving shock wave. However,
this shock wave stalls due to energy losses by neutrinos and by dissociating the infalling nuclei. The
details of how this shock gets revived and the bounce finally leads to an exploding supernova is a
fascinating topic of current astrophysical research [see 13–18, for reviews]. What is of interest to the
current work is the existence of the bounce of the infalling matter. Note that the densities in neutron
stars and in the nucleus of an atom are comparable, despite the former having a mass 1057 times
larger than the latter. Having this in mind, the step from stellar size objects we study here with tens to
thousand solar masses to the mass of the universe (∼ 1022 M⊙, [19]) appears less exaggerated.

However, we have to note that there are essential differences between the cold collapse we are
interested in and a supernova explosion. Supernova are ’hot’ events. This not only means that there are
photons present that mediate thermal pressure, but there are also plenty of nuclear reactions occurring
simultaneously. Depending on the conditions of temperature, pressure and density, different reactions
create and destroy nuclei, releasing copious amounts of neutrinos that may interact with matter in
different locations. The outwards moving shock increases entropy and, hence, the temperature of the
infalling matter, which leads to the dissociation of the nuclei into nucleons. The composition of the
matter depends sensitively on all the conditions and on the dynamics of the entire process. Fortunately,
most of these complications disappear once we make the reasonable assumption of a cold collapse of
neutral hydrogen.

The scenarios discussed above describe what happens for density distributions whose total mass
is sufficiently low, and the bounce occurs before the respective distribution is confined within its
gravitational radius. The larger the total mass, the lower the density at which a BH forms, and
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consequently, for more massive density distributions, (supra-)nuclear densities only appear inside the
corresponding horizon. This brings us back to our BHU model, where we investigate the collapse of a
very massive cloud, for which the cold collapse occurs within the black hole itself. Given the enormous
mass, one might assume that the collapse would not be halted at nuclear saturation density, potentially
leading to even higher densities.

In the BHU model ([19]), the working hypothesis is that some kind of quantum degeneracy
pressure or a more energetic ground state of matter could be reached at some supra-nuclear density.
For masses as large as our universe, the threshold density could be much larger than the nuclear
saturation density. In analogy to a supernova, the matter then may not be compressed beyond this
threshold, the collapse halts abruptly, and the infalling matter bounces back. Consequently, the
propagation of the matter changes from collapse to expansion, potentially providing an alternative
explanation for cosmic inflation and the related dark energy. A mathematical singularity, which is
inevitable in non-bouncing GR models, can be avoided with such a bounce. After the Big Bang, the
superhorizon perturbations from the collapsing phase re-enter the horizon as the expansion proceeds
and seed structure formation ([20]), solving the horizon problem. As we see in the later sections, the
value of curvature in the GR framework (k) goes to a finite value during the bounce, but the spacetime
flattens out as the expansion proceeds and density reduces. Therefore, the flatness problem is solved
in a similar fashion to inflation.

As a first step towards a model for our Universe, we first need to understand the mechanism
of the cold collapse and bouncing. We begin our study by considering masses in the range of 5 −
1000M⊙, where numerical results of BH formation are available. Traditionally, simulations done in
GR usually i) stop when a trapped surface or an apparent horizon forms [for example 21], ii) ‘excise’
the central part of the evolution inside the Apparent Horizon (AH) [22–26] or iii) replace the BH
interior with analytic solutions, for example, ‘punctures’ [27–29]. What happens inside the black hole is
generally not of interest since no information can come out of the black hole and does not influence the
exterior dynamics. By ignoring the interior evolution, the singularity arising from the BH formation is
effectively excluded, and the exterior evolution beyond BH formation can be followed.

In contrast, we are interested here in what happens when the matter continues to collapse inside
the BH. [9] showed how a spherically symmetric FLRW cloud collapses to form a BHU (called the Black
Hole Universe). The collapse continues inside the BH. This is the starting point of our study, and we
investigate the dynamics of the GR solution for the collapse of such a uniform, pressureless spherical
mass distribution with total mass M. For this configuration, the relativistic solution is mathematically
equivalent to the corresponding Newtonian solution for a system with net zero total energy. We further
assert that this kind of mathematical equivalence exists also for cases with non-zero pressure. To
investigate the collapses and bounces of uniform spherical clouds of different masses quantitatively,
we simulate their evolution numerically in Section 3. For simplicity, we assume a polytropic EoS. In
particular, we investigate the initial conditions and EoS parameters required for the bounce and the
properties of the latter. We conclude in Section 5.

2. Collapse of a Uniform Spherical Mass Distribution

To find the analytical equations describing the dynamics of the collapse of a uniform, spherical
mass distribution with total mass M, we closely follow the approach presented in [19]. The spherically
symmetric metric gµν in polar coordinates with a proper time dxµ = (dτ, dχ, dθ, dϕ) can be expressed
by the line element [30–32]:

ds2 = gµνdxµdxν = −dτ2 + eλ(τ,χ)dχ2 + r2(τ, χ)dΩ2. (1)

Here, we use units of speed of light c = 1, and the time and radial coordinates (τ, χ) are comoving
with the matter (we use t to refer to rest frame or Newtonian coordinates). The corresponding metric is
sometimes referred to as the Lemaitre-Tolman [30,33] or the Lemaitre-Tolman-Bondi (LTB) metric. This
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metric is localized around a reference central point in space, which we have set as the origin (⃗r = 0) for
simplicity.

For an observer moving with a perfect fluid, the energy-momentum tensor is diagonal: T ν
µ =

diag[−ρ, P, P, P], where ρ = ρ(τ, χ) is the relativistic energy density and P = P(τ, χ) is the pressure.
The off-diagonal terms of the field equation vanish, e.g., 8πGT 1

0 = G 1
0 = 0. These equations can be

reformulated into:
(∂τλ)(∂χr) = 2∂τ(∂χr) . (2)

This equation can be solved with the ansatz: eλ = C(∂χr)2, where ∂τC = 0. The particular case C = 1
corresponds to a flat geometry:

ds2 = −dτ2 + (∂χr)2dχ2 + r2dΩ2 . (3)

Consequently, there is only one function required to be solved: r = r(τ, χ) and r corresponds to the
radial proper distance. For a perfect fluid in the comoving frame:

T ν
µ = diag[−ρ, P, P, P] =


−ρ 0 0 0
0 P 0 0
0 0 P 0
0 0 0 P

 . (4)

The field equations for r are then:

H2 ≡ r−2
H ≡

(
ṙ
r

)2
=

2GM(τ, χ)

r3 , (5)

M(τ, χ) ≡
∫ χ

0
ρ 4πr2(∂χr)dχ , (6)

where M is the mass inside χ at time τ and the dot here is ṙ ≡ ∂τr. See Appendix §A for a discussion
on the Newtonian and relativistic masses. The remaining field equations correspond to energy
conservation, which we discuss later in equation (13). When ρ = ρ(τ) is uniform, we have M =

4πr3ρ/3 and:
r = a(τ)χ, (7)

where a(τ) denotes the scale factor of the collapsing cloud. Thus, the metric in equation (3) reproduces
the flat (global) FLRW metric:

ds2 = −dτ2 + a2
(

dχ2 + χ2dΩ2
)

. (8)

Equation (5) can then be expressed as 3H2(τ) = 8πGρ(τ), and corresponds to a global solution. Since
ρ(τ) does not depend on χ, any point can be chosen to be the centre r⃗ = 0. In general, non-flat
geometries or more sophisticated global topologies can be reproduced with a more general metric, i.e.
C ̸= 1. When considering spherical perturbations within a flat FLRW background, it is analytically
appropriate to model the perturbation using a closed FLRW topology (i.e., with positive curvature,
k = +1) in general relativity (GR). This approach accounts for the compensation of the surrounding
background around the spherical perturbation (see §2.3). In particular, the positive local curvature
in the FLRW metric reflects the curvature induced by the local overdensity. This helps maintain the
isotropy and homogeneity of the perturbed solution, as it mirrors the curvature effects arising from
the spherical symmetry of the perturbation.
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2.1. Uniform Cloud

The equations (5)-(6) can also be used to solve non-homogeneous configurations. The simplest
example is an expanding (or collapsing) uniform spherical mass distribution inside a comoving
coordinate χ∗, embedded in vacuum:

ρ(τ, χ) =

{
ρ(τ) for χ ≤ χ∗
0 for χ > χ∗

. (9)

Consequently, we have

M(τ, χ) =

{
4
3 πr3ρ(τ) for χ ≤ χ∗
MT for χ > χ∗

. (10)

Here, we introduced

MT ≡ M(χ = χ∗) =
4
3

πR3ρ(τ) , (11)

where R ≡ aχ∗ is the boundary or surface of the cloud. Inside χ < χ∗, this solution is identical to the
infinite FLRW solution r = aχ with the same ρ. Any off-centre comoving observer inside χ∗ still sees
the same homogenous and isotropic metric ([9]). The Hubble-Lemaitre expansion law: ṙ = H(τ)r of
equation (5) with 3H2(τ) = 8πGρ(τ) is also the same in both cases within χ < χ∗. The only difference
is that for a mass distribution like equation (9), the FLRW solution only holds inside; outside χ∗, there
is empty space. Consequently, the total mass is finite MT < ∞.

The equivalence is given by Birkhoff’s theorem (see [34,35]), which states that a sphere cut out from
an infinite uniform distribution has the same spherical symmetry as the total distribution. Thus, the
FLRW metric is both a solution to a global homogeneous (i.e. infinite MT) uniform background and
also to the inside of a local (finite mass) uniform sphere centred around one particular point. The local
solution is called the FLRW cloud ([9]).

2.2. Newtonian Equivalence

The total energy of a fluid with zero total Energy E = 0, uniform density and zero pressure in a
Newtonian framework can be expressed as:

E = 0 =
1
2

˙̃r2 − GM(t, r̃)
r̃

⇒ ˙̃r2(t) =
8πG

3
ρnewt(τ)r̃2(τ) , (12)

where r̃ is here the radius of the spherically symmetric mass distribution and ρnewt is the usual
Newtonian mass density. This equation (12) is equivalent to equation (5) when replacing the surface
of the relativistic cloud at r̃ → r = R. Solving equation (5) for R = R(τ) requires 2 more equations.
One is provided by the EoS P = P(ρ), and the other one is the continuity equation for ρ. For a perfect
fluid, the latter can be derived from GR energy conservation ∇µTµν = 0. The corresponding time
component (µ = 0) for a uniform distribution gives:

dρ

dτ
=

∂ρ

∂τ
+ 3 H (ρ + P) = 0 . (13)

The radial equation (µ = 1) is:
∂p(τ, χ)

∂χ
= 0 , (14)

which expresses the uniformity of the pressure in the comoving frame. We recall that we have chosen
a comoving proper time τ so that g00 = −1. The angular equations µ = 2, 3 are readily satisfied for a
spherically symmetric fluid.
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For vanishing pressure P = 0, the energy conservation equations (13) and (14) also apply for a
uniform Newtonian cloud with M given by equation (10) and replacing r → r̃ and ρ → ρnewt. Thus,
when written in the appropriate coordinates, the equations of motion describing the fully relativistic
GR collapse of the flat FLRW cold cloud (defined by equations (8)-(9)) are equivalent to the equations
of motion of the corresponding Newtonian problem with E = 0. This correspondence is well-known
in the context of GR. Moreover, for the FLRW metric, this property does not depend on the particular
choice of an EoS [see ][35][for a comprehensive description of the correspondence of GR and Newtonian
solutions].

As is well known, speeds greater than c are allowed in Newtonian mechanics and also appear in
our simulations (see Section 3). For the description in the GR framework, velocities larger than c pose
no problem because they can be interpreted in a novel way. Since we are considering a background
solution, the faster-than-light velocities are related coordinate velocities ṙ, which do not carry physical
information. The Newtonian equivalence for P = 0 is evident, and the interpretation is straightforward
in GR. How to interpret different EoS with P = P(ρ) ̸= 0 within the Newtonian treatment in the GR
solution requires more work. In any case, the description of the GR solution with the use of a metric
does not allow for information to travel faster than c.

2.3. Spherical Collapse

Consider a spherical perturbation of radius R embedded in a background with mean density ρ̄.
The perturbed region has initiated their gravitational collapse and thus has a larger density ρ = ρ̄(1+ δ),
which is initially only slightly higher than ρ̄. We assume that the background with mean density ρ̄

follows the evolution of a flat universe dominated by matter (i.e. EdS universe). To guarantee the
conservation of mass, the increase in density in r < R has to be compensated by an area of low or
vanishing density. This low-density zone (or void) is generated when the high-density perturbation
has initiated its collapse from its initial radius r = rout to its current value r = R and left behind empty
space between R < r < rout, see Figure 1 for a graphical representation. The background could be
expanding or collapsing at a lower rate. In any case, mass conservation implies:

M =
4π

3
(rout)

3 ρ̄ =
4π

3
R3 ρ̄(1 + δ) . (15)

Figure 1. Graphical representation of the spherical collapse. There are three uniform spherically
symmetric distributions: i) outer region with radius larger than rout and mean density ρ̄, ii) inner region
with radius less than R and larger mean density ρ = ρ̄(1 + δ), iii) between R < r < rout empty space.
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Because of Gauss’s theorem (or the corollary to Birkhoff’s theorem in GR, see [34]), both spheres
in Figure 1 follow the FLRW* metric (where ∗ denotes the flat FLRW metric with the constraint
r = aχ < R), but each one has a different expansion/collapse rate H2. The outside has k = 0, and
the inside has k > 0 (k is known as the curvature: k = 1/χ2

k , where χk is the comoving radius of
curvature of the metric of equation (20) below). The resulting exact dynamics of R in GR also agree
with Newton’s law:

R̈ = −GM
R2 = −4π

3
GρR = −1

2
H̄2(1 + δ)R . (16)

In the last equality, we have used the Friedmann equation (5), where H̄2 = H̄2
0 a−3 refers to the

background expansion rate: ṙ = H̄r and r̈ = −H̄2r/2, where r ≥ rout. Combining with second
derivative of equation (15):

δ̈ + 2H̄δ̇ − 3
2

H̄2 δ =
4
3

δ̇2

1 + δ
+

3
2

H̄2 δ2 . (17)

This equation is exactly the same in Newtonian Cosmology (Newtonian dynamics in expanding
coordinates) and in the GR dynamics, as given by the Raychaudhuri equation for an irrotational and
shear-free fluid (see [36]):

∇µqµ =
dΘ
dτ

+
1
3

Θ2 = −Rµνuµuν = −4πG(ρ + 3P) + Λ , (18)

where qµ is the acceleration four-vector, Λ is the cosmological constant, Θ = ∇νuν and uν is the
4-velocity. The Raychaudhuri equation is the GR equivalent of the Newtonian Poisson equation. It is a
purely geometric equation describing the evolution of the dilatation coefficient Θ of a bundle of nearby
geodesics in proper time τ. Together with the continuity equation (mass conservation), it results in
equation (17). In other words, the Newtonian spherical collapse describes the actual GR dynamics when tidal
effects are neglected.

2.4. Dynamics Close to the Ground State

We assume here that the cold collapse to a classical singularity ρ → ∞ will be halted by the ground
state of a matter degeneracy pressure, similar to what is expected from the Pauli Exclusion Principle in
Quantum Mechanics. A ground state is characterized by a system dominated by its potential energy.
In Appendix §B, we show how for a generic system described by a single degree of freedom, which
we represent by an effective scalar field ψ in curved spacetime, such a ground state corresponds to
equation (A16). In this case we see from equation (A14)-(A15) that ρ = −P and the EoS of the fluid
P = P(ρ) = ωρ is characterized by ω = −1.1 Combining equation 13 with equation 5, the acceleration
in the FLRW metric is given by:

ä
a
= −4πG

3
(ρ + 3P) , (19)

which should be compared to equation (18). We are interested in the collapse of cold, non-interacting
matter characterized by initially vanishing pressure P = 0. Once the collapse reaches a density at
which matter cannot be compressed further, the pressure rises and causes the bounce. Just before
the bounce, ψ̇ << V, and from equations (A14)-(A15) we obtain P = V(ψ) = −ρ. This is also what
happens during inflation or DE domination.

When P changes from zero to −ρ, ä/a in equation (19) changes from negative (accelerated collapse)
to positive, describing a bounce and the subsequent expansion. Note that equation (19) is independent
of the curvature k.

1 Here, we assume the fluid to be barotropic, i.e. the pressure is assumed to not depend on the temperature. How far this
holds during the collapse has to be investigated.
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2.5. A Closed FLRW Perturbation

In the spherical collapse solution presented in Figure 1, we have assumed a closed local geometry
for the perturbation with k = 1/χ2

k . This is the standard approach in perturbation theory [see, for
example, 36,37]. Such perturbation can be modelled as a closed FLRW metric:

ds2 = −dτ2 + a2
(

dχ2

1 − kχ2 + χ2dΩ2
)

. (20)

Note, that this metric is only valid for χ < χk, i.e. inside the closed perturbation. Outside, we assume
that the metric is flat, as in the spherical collapse configuration of Fig.1. In proper coordinates, the
curvature radius is aχk so that in the limit of large a, we map to the flat case (infinite curvature radius).
The Friedman equation (5) for such GR perturbed spacetime is then given by:

H2 +
k
a2 =

8πG
3

ρ , (21)

where the value of k refers to the curvature scale at the time τ0 = 0. At this time, we choose a = 1: i.e.
k = 1/χ2

k , where χk = χ∗ is the comoving curvature radius in equation (9). Since H is related to the
collapse/expansion velocity ṙ, and the latter should vanish right at the time of bounce, we also need
H = 0 at this time. Therefore, at the bounce we can define ρB as function of a = aB:

ρB =
3k

8πGa2
B

. (22)

As explained in the subsection above, the conditions for the bounce are: change to positive acceleration,
which requires ω < −1/3 and is fulfilled by a ground state with ω = −1 and zero velocity (H = 0) at
the bounce itself. When dominated by the ground state, ω = −1, the expansion becomes exponential,
but it turns into a regular expansion as soon as the density becomes smaller than the ground state
ρB. In this work, we will study the Newtonian collapses of pressureless and polytropic fluids. In
both the Newtonian and GR cases, we start from the same asymptotically free initial conditions. In
the Newtonian framework, this corresponds to E = 0, while in GR, it corresponds to k = 0. The
perturbation grows through gravitational instability, and we begin the numerical study at a point
where the Newtonian solution already has some initial velocity, corresponding to a finite overdensity.
At this stage, the GR equivalent problem has developed k > 0 due to the finite curvature radius
associated with a finite perturbation mass. Note that [9] focus on the junction conditions in equation (9)
for a flat k = 0 case (which is the right approximation for our expanding universe or a flat expanding
perturbation). The corresponding case with curvature during collapse was solved in §12.5.1 of [36].
We start from an initial perturbation with constant density up to χ = χ∗ in equation (9), which means
that χ∗ = χk in the spherical collapse model. The junction conditions in this case correspond to:

rs = 2GMT = (H0/c)2χ3
k ⇒ k = [rs/c/H2

0 ]
−2/3. (23)

After the bounce, the curvature term is diluted by the exponential expansion and the expansion follows
the flat case described above.

2.6. White Holes (WH)

When the bounce happens inside the Black Hole (BH), in both the Newtonian and GR solutions,
the spherical perturbation expands and crosses back the gravitational radius rs from the inside out.
This corresponds to a WH (White Hole) solution. While this behaviour is natural in the Newtonian
framework, [38] has argued that such a solution cannot exist in a GR scenario bouncing inside a BH. The
standard argument supporting WH solutions is based on the time symmetry of GR equations—since
the metric is quadratic in time, one can reverse the arrow of time and convert a BH solution into a WH
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solution. While this is theoretically true, we cannot arbitrarily change our choice of the time arrow as
the solution evolves.

For an external observer outside the black hole (BH), the arrow of time points towards collapse.
Once the bounce occurs inside the BH, the solution cannot transform into a WH because, according to
the Schwarzschild metric, once the collapsing time arrow is fixed, nothing can escape the Schwarzschild
radius rs. The resolution to this conundrum, as detailed in [38], involves imposing a boundary
condition on the GR action, given that the internal dynamics are confined within rs. See Appendix §C
for more details. This modifies Einstein’s field equations of the expanding solutions from equation (5)
to:

H2 =
2GM(τ, χ)

r3 +
1
r2

s
. (24)

This boundary term is only needed for the bouncing cloud that falls inside its gravitational radius rs.
In our GR equivalent solution, we have ignored this term because it provides a very small contribution
close to the bounce, but it is straightforward to include it if we want more accurate modelling after the
bounce. which prevents the expansion from crossing rs. This term corresponds to a reinterpretation of
the measured Λ in cosmic expansion as a boundary term in the BHU solution: rs =

√
3/Λ. According

to this approach, a WH solution cannot emerge out of a BH. After the bounce, the expansion inside
the BH is initially exponential, dominated by the ground state’s negative pressure. It then transitions
to being dominated by the more regular expanding density (which, in a more realistic scenario, will
also contain radiation density) and eventually becomes dominated by the Λ boundary term, which is
effectively determined by the initial mass MT of the collapsing perturbation: rs = 2GMT =

√
3/Λ. In

the comoving frame, the expansion accelerates, but in the rest (de Sitter) frame, the expansion becomes
asymptotically static within rs as given by de Sitter metric (see [39] for further details).

3. Numerical Simulations

As we have seen in the previous section, the solution for the collapse of an FLRW cloud is
equivalent to solving the Newtonian problem outlined by equation (12), utilizing equation (13) for
vanishing pressure P. In this section, we make use of this equivalence and investigate the collapse
numerically with the CASTRO2 code.

In Section 3.1, we first concentrate on the pressureless collapse, for which we highlight again
that the Newtonian formulation is not an approximation to the relativistic problem. Rather, both
formulations are mathematically equivalent to each other. In GR, r is interpreted as a surface coordinate
r = a(τ)χ rather than a physical distance as in the Newtonian framework. In the Newtonian solution,
velocities ṙ > 1 larger than the speed of light are allowed, and they indicate the formation of a Black
Hole. In the GR formulation, the coordinate distance r is not related to the propagation of information.
In contrast, the world lines of actual physical events or objects are described by equation (8) or the
corresponding metric, and their propagation follows causality by definition. In this context, we note
that, generally, no BH forms in Newtonian simulations. However, we can estimate when a BH would
form in GR as the time tBH when the matter of a given mass is located within its Schwarzschild radius
rs ≡ 2GM/c2 in the Newtonian solution.

Once we have reproduced the pressureless case, we investigate the collapse of a polytropic fluid.
Here, the pressure is negligible initially, and the analogy between Newtonian and GR solutions holds
approximately. However, at some point, we postulate a strong interaction of quantum particles based
on the Pauli principle, which leads to a significant increase of the pressure and finally to a bounce of
the infalling matter. We then tentatively discuss the approximate Newtonian-GR equivalence for the
second case in Section 4

2 CASTRO is a Newtonian code that solves multi-component compressible hydrodynamic equations for astrophysical flows
using the unsplit second-order Godunov method. For details, see [40]
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3.1. Pressureless Collapse

In the Black Hole Universe (BHU) interpretation, the observable Universe is expanding inside
its own gravitational radius. This suggests that our observable Universe could originate from the
collapse and subsequent bounce of a very large cloud. Given that the total mass MT is extremely large
(of the order of MT ≃ 5 × 1022M⊙), the density of the cloud at black hole formation ρBH would be
correspondingly very low:

ρBH =
M
V

=
3M

4πr3
S
=

3r−2
S

8πG
≃ 3.9 × 10−48

[
M

MT

]2 M⊙

km3

(25)

For our Universe, this density is of the order of 1 atom per m3 and motivates the idea that such an
initial cloud existed within a very large manifold with comparable or even lower density. The original
density must have been so low that the inter-molecular separation was much larger than any potential
source or interaction term, which implies that it was also extremely cold. In such a manifold [which
was called the Apollonian Universe by 10,20], small perturbations could give rise to a new type of
primordial stars and black holes in hierarchical structures of different sizes. This perspective leads us
to consider that the starting point of the Universe originated from such dilute, cold (T = 0 K) clumps
of different sizes made of non-interacting, neutral hydrogen atoms.

There is no specific reason to assume that this primordial cloud was composed of neutral hy-
drogen atoms and other initial compositions are certainly possible. However, we select this scenario
for concreteness, given that the results do not appear to depend significantly on the exact initial
composition as long as the collapse remains cold. While absolute zero temperature is not physically
realizable, assuming a very low initial density makes this a reasonable approximation. Additionally,
we assume that the cloud is spherically symmetric, homogeneous, non-rotating, and non-dissipative.

During the homologous collapse of such a clump, the atoms feel each other only through their
gravitational interaction, and if initially T = 0 K, no temperature will be created. As the collapse
proceeds, the dust cloud reaches densities at which the wavefunctions of electrons in nearby atoms
overlap. At this point, electrons become more and more degenerate due to the Pauli exclusion principle.
Consequently, a pressure component is built up and ionizes the atoms. This phenomenon is completely
temperature-independent and is called pressure ionization [41]. This electron degeneracy pressure
is responsible for the stability of White Dwarfs and allows hydrostatic equilibrium in stellar cores
until they reach masses greater than ≈ 1.44 M⊙, the famously-known Chandrasekhar mass limit [42].
For more massive, spherically symmetric mass distributions, the electron degeneracy pressure is
insufficient to prevent gravitational collapse. In our simulations of collapsing clumps starting at
masses of at least 5 M⊙, which should ensure that electron degeneracy pressure does not affect the
collapse significantly. With masses significantly above the Chandrasekhar limit, our configurations
are too massive to be influenced. Additionally, we start the collapse at very low densities (E = 0),
and once the densities reach values where electron degeneracy becomes important, the atoms have
already acquired a significant infall velocity. Therefore, the collapse cannot be halted by the electron
degeneracy pressure.

Since it is not physically realizable, the particular case of a pressureless fluid is generally not
included in hydrodynamical codes and causes numerical problems. However, practically, a very
small pressure does not affect the evolution of the collapse of a dust cloud. We follow [43] and use a
gamma-law EoS with an initial pressure

P0 <<
4πG

γ
ρ2

0r2
0, (26)

where γ is the relation of specific heats of the gas, and ρ0 and r0 are the initial, uniform density and
radius of the cloud, respectively. In order to save numerical resources, we do not start the simulations
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right at the onset of the collapse. We rather approximate the initial phase of the collapse, where
the pressure can be neglected, with the free fall solution for P = 0. The velocity at any point of the
evolution is given by u0 = c

√
rs/r0. The collapse time of the analytical solution is

τc =
2
√
(r3

0/rs)

3c
(27)

and it will serve as a reference time for our numerical simulations.
We set up our initial data inside a simulation box of radius rb and place a uniform-density (ρ0)

sphere of radius r0 < rb = 300 × 106 cm in the centre. The exterior of the sphere is filled with a very
low-density medium (ρamb). In between the two regions, the transition profile is defined as [40]:

ρnewt = ρ0 −
ρ0 − ρamb

2

[
1 + tanh

(
r − r0

h

)]
, (28)

where h is the smoothing length, which we fix to be h = 4 × 104 cm in our simulations.
We simulate the cold or pressureless collapse of an 8 M⊙, spherically symmetric, and homoge-

neous cloud of dust starting at r = 100rs. We obtain the corresponding values of initial density and
collapse time at that radius from the theoretical solution for a pressureless collapse. The corresponding
values are given in the first row of values of Table 1. We set the initial pressure to P0 = 1010 dyne
cm−2 << 4πG

γ ρ2
0r2

0 = 2.26 × 1027 dyne cm−2. We stop the simulation at the estimated time of collapse
tc = 0.0532 s. The simulation uses a CFL number of 0.5, and the radial resolution is set to 10240
grid points. At the outer boundary, we use outflow boundary conditions, while at the centre, sym-
metry conditions are applied. The gravitational potential is calculated using the monopole gravity
ϕG(R) = −GM/R, which represents the spherically symmetric component of the gravitational field.

Table 1. Initial conditions and employed EoS for the different models simulated.

M EoS γ K r/rs ρ0 ρamb r0 rb u0
[M⊙ ] [1012g cm−3] [g cm−3] [106 cm] [106 cm] [1010 cm s−1]

8 approximately - - 100 2.8 × 10−4 10−4 239 300 −0.299zero pressure

5 polytropic
2 105 cm2

2 89.6 10−4 2.99 3.2 −2.112.5 10−2 cm3

3 10−9 cm4

20 polytropic
2 105 cm2

2 5.6 10−2 11.9 13 −2.112.5 10−2 cm3

3 10−9 cm4

1000 polytropic
2 105 cm2

0.05 143 10−1 14.9 18 −13.42.5 10−2 cm3

3 10−9 cm4

Results

In the top panel of Figure 2, we plot the density as a function of radius r. The initial configuration
(blue curve, t = 0.0tc) is a solid sphere with r = 100rs. The sphere has a sharp transition to the
low-density exterior. During the evolution, the density increases, and the radius decreases as expected.
The density inside the sphere stays roughly constant until the mass is concentrated within r = rs. At
this point, the resolution in the centre limits the accuracy of our simulation. In addition, unavoidable
numerical diffusion leads to a smearing of the initially sharp edge between the high-density sphere
and the ambient matter. However, the edge is still qualitatively well-defined and is visible at all times.
The density jump at the edge decreases from 12 orders of magnitude in the beginning to 3 orders at
t = tc. Note that the exterior also evolves with time.
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Figure 2. Snap shots of the radial distributions of ρnewt (top panel), enclosed mass (central panel) and
velocity (bottom panel) of the simulations of the collapse of the pressureless dust cloud of 8M⊙ starting
at r = 100rs.

In the last time-step t = tc, the densities have reached supranuclear densities, ρnewt ≈ 107ρ0 =

2.8 × 1015g/cm3. As the simulation proceeds, the total mass of the system is concentrated in smaller
and smaller radii (central panel of Figure 2). Once the radius of the sphere is comparable to rs, the
limited numerical resolution causes a loss of some of the mass. We could increase resolution or use
adaptive methods. However, our interest here is in the time up to the collapse, which is reproduced
well. The formation of a black hole is indicated by a free fall velocity |u| > c. As we can see in the
bottom panel of Figure 2, this is reached around t = 0.99964tc (green curve).
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We can compare our simulations with the theoretical results predicted by GR. For this purpose,
we plot the radius and the corresponding density of the collapsing spherical cloud as functions of time
in Figure 3. From the Friedmann equation (12), we get the radius r(τ):

r = r0

(
1 − τ

τc

)2/3
=

(
3
2
(τc − τ)

)2/3
. (29)

In our simulations, the radius is defined as the location of the edge of the mass density profile and
the density of the sphere is approximated as the average of all densities inside the sphere enclosed by
this radius. The comparison of the simulation (magenta dots) to the analytical prediction (blue line)
for the radius (density) is depicted in the top (bottom) panel of Figure 3. We obtain a good agreement
up to short before t = tc. In the theoretical GR solution, r tends to zero, and the density ρR increases
towards infinity. We anticipate that in the presence of non-zero pressure, the GR solution will not
be exact anymore, and the collapse time will be longer. This is already reproduced in our numerical
results, which include a small but unavoidable pressure. The results of the simulations lag behind the
theoretical curve after t > 0.999tc.
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Figure 3. The radius and density of the collapsing cloud as functions of time in the top and bottom
panels, respectively. The magenta dots represent the simulation results, and the blue lines represent the
exact GR solutions.

We have seen that the numerical resolution in our simulations affects the total mass inside r,
and the edge of the sphere becomes less sharp with time. In order to take this into account, when
considering the formation of BHs in the GR analogy, we take a more conservative approach. Instead of
checking whether the entire mass is within its Schwarzschild radius, we check for each radius whether
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the mass Mencl(r) = 4π
∫ r

0 ρ(r̃)(r̃)2dr̃ enclosed by a given radius r has reached its Schwarzschild radius
rs(Mencl) = rs(r) or whether it is still more extended r > rs(r). In Figure 4, we plot the Schwarzschild
radius of the mass distribution with 8 M⊙ at each radius at different times, both rescaled by the
Schwarzschild radius of the entire mass rs0. Initially (blue line), the radii are much larger than the
corresponding rs. With time, the collapse proceeds, and the radii approach the Schwarzschild radii.
Once the coloured curves, representing the evolution, cross the black dashed line where r = rs a BH
would form in the GR case. This has happened for the last two steps shown, and the system’s total
mass is located inside its Schwarzschild radius. As we will see later in our simulations, some of the
models bounce back before r = rs is reached. We find that a threshold value of 95% of the mass is a
good indicator to see whether the collapse of the mass distribution has reached r = rs or not.
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t = 0.96476 tc
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t = 1.00000 tc
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95% mass

Figure 4. Rescaled Schwarzschild radius, rs/rs0 as a function of the rescaled radial coordinates r/rs0.
Note that rs0 is the Schwarzschild radius of the initial mass, whereas rs is the Schwarzschild radius
for a sphere of radius r with an enclosed mass Mencl(r). The black dashed line indicates the location
where r = rs and the dotted line represents the rs of 95% of the initial mass.

3.2. Collapse with a Polytropic EoS

Even for a zero-temperature gas, the negligible pressure approximation applied in the previous
section breaks down at some point. First, electrons become degenerate and create temperature-
independent pressure. By performing simulations with a zero-temperature-white-dwarf EoS, we
found that the collapse for sufficiently high masses (M ≥ 5M⊙), is basically indistinguishable from
the zero pressure case. However, already at nuclear saturation densities, nucleon degeneracy can
halt the collapse and initiate a bounce for masses up to several 10′s of M⊙. This scenario is actually
observed at the end of the life of massive stars as supernova explosions. Analogously, we assume that
for more massive objects, a yet unknown pressure, based on the Pauli principle for quantum objects
at the subnuclear scale, prevents further collapse and leads to a bounce. To simulate this effect, we
investigate the behaviour of collapsing clouds with a polytropic EoS. For a perfect fluid, the latter is
given by:

P = Kργ , (30)

where K is the polytropic constant and n = 1/(γ − 1) is the polytropic index. This kind of EoS can be
a good approximation for nuclear degenerate matter with γ = 2 . . . 3 (see [44]). Though not taking all
subtleties of the nucleonic interaction properly into account, the polytropic EOS has the advantage
of being simple. Since we also do not know what happens at much higher densities than nuclear
saturation density, we can encode all our ignorance on what may happen at supra-nuclear densities
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into the parameters of a polytropic EoS. We do not aim to explain the realistic bounce of a collapsing
cloud of matter under these conditions. However, the polytropic EoS allows us to study qualitatively
under which conditions a bounce may happen and what the properties of this bounce are.

For the γ values in the range 2 . . . 3, we choose the K parameter of the polytropic EoS such that the
pressure resembles a strong repulsion once nuclear densities are reached. The combinations of γ and K
are given in the 3rd and 4th columns of Table 1. The EoS are constructed such that they have the same
pressure at ρ = 1014 g cm−3, which is a little lower than the nuclear saturation density ρns. This choice
ensures that the evolution until reaching densities of the order of ρns is not affected significantly by
the pressure and that all simulations are comparable until these densities. The larger γ, the stiffer the
EoS and the stronger the pressure increases with density. So, for larger γ, we would expect a bounce
to occur at lower densities. Similarly, bounces at higher (lower) pressures for a given density can be
achieved by choosing a lower (higher) value of K.

For the study of the effect of the different polytropic EoS, we consider three different masses
M = 5M⊙, 20M⊙ and 1000M⊙. The other initial conditions of the mass distributions are chosen similar
to the ones used in subsection 3.1. We place a barotropic fluid with given γ and K of uniform density
ρ0 in a sphere of radius r0. This sphere is placed inside a simulation box of radius rb > 1.1 × r0 filled
with a very low density, ρamb. The temperature is T = 0K, and the initial pressure is obtained from the
polytropic EoS. The initial quantities are given in Table 1.

To compare our results to the previously obtained ones, we use the time of the collapse (equa-
tion (27)) of a pressureless cloud as a reference. However, now we do not stop the simulations at τc

and continue the simulation beyond it. For the polytropic EoS, the simulations inevitably create a
bounce. The pressure increases with density to arbitrarily high values, which does not allow for further
compactification. Consequently, at some point, the pressure obtained during the collapse of any mass
configuration will reach such high values that it can balance the gravitation and lead to a bounce. Once
the bounce occurs, we may encounter a number of numerical problems, like strong oscillations of the
central density or the bounced mass starting to leave our predefined outer grid boundary rb. In both
cases, we stop the analysis, even if the simulation continues. The time-stepping is controlled by the
CFL condition with a CFL number of 0.5, and the spatial resolution is set to 10240 grid points. As
before, symmetry conditions are used at the centre, and outflow boundary conditions are set at the
outer boundary of our grid.

Note that collapses of polytropic mass distributions have already been studied by [45]. They find
that for 5/3 > γ > 4/3, the system can either oscillate and be in a stable equilibrium or lead to a
bounce. Whereas the configuration with γ = 5/3 invariably leads to a bounce in the Newtonian case.
However, the initial conditions studied by [45] are different from the ones we use here. In our case,
the pressure of the whole cloud is determined by the polytropic EoS, whereas Bondi uses a polytropic
EoS only for the centre of the cloud. Additionally, the equations used in [45] work only outside the
gravitational radius. However, our results are in line with the ones found by Bondi, supporting the
close correspondence between Newtonian and GR results.

Results

We performed a total of nine simulations consisting of models with three different masses and
each with three different polytropic indices (see Table 1). In Figure 5, we plot the central densities as
a function of time. The black line is the density prediction of the zero-pressure case. As we can see,
the curves of all nine configurations follow the black line until after we reach densities ρnewt > ρns.
Initially, the pressure from the polytropic EoS is still very low, and the evolution is as if there was no
pressure. Note that in the figure for 1000 M⊙, we start the simulation for radii r < rs, such that in GR,
the simulations would have started within a BH from the beginning. In all cases, the central densities
rise up to larger values than ρns, and then, sooner or later, all models bounce. This bounce can be
recognized as a drop in density. Note that an apparent higher density in our polytropic simulations,
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compared to the pressureless case, is simply caused by a limited number of the time snapshots we
used for drawing the coloured curves, while the black line is analytic.
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Figure 5. Time evolution of the central density for the 5 M⊙, 20 M⊙ and 1000 M⊙. The simulations
started at r = 2rs for the first two clouds (top and middle panels) and at r = 0.05rs for M = 1000 M⊙
(bottom panel). The solid black line represents the analytic results for pressureless collapses.

Similarly to what we have discussed before for numerical viscosity, the pressure introduces a
complication when determining the radius of the initially sharp edge of the mass distribution. With
increasing pressure, the outermost matter falls in slower than in the pressureless case, and the edge
smears out. Therefore, when checking whether a potential BH may form in a GR solution for these
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configurations, we define r95 as the radius enclosing 95% of the total mass and plot its ratio with the
Schwarzschild radius of this mass r95/r95s0 as a function of time in Figure 6. When r95/r95s0 = 1, we
expect a BH to form in GR. In all of the models, the radius starts to expand after an initial phase with
decreasing r95. We call the time when this happens bounce time tB. For almost all models, the bounce
occurs within the Schwarzschild radius. Only the model with M = 5 M⊙, and γ = 3 bounces before
reaching rs. The bounce happens so early for this model because the pressure grows the fastest for γ =
3, and, in the case of a M = 5 M⊙ sphere, it can counteract the gravitational pull before total mass falls
into its gravitational radius rS.
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Figure 6. Radius enclosing 95% of the total mass as a function of time. r95S0 is the Schwarzschild radius
for the 95% of the total mass. Note that the collapse time tc = τc is different for different masses.

The obtained parameters of the tB, density, and pressure at bounce for all models are given in
Table 2. The densities (and pressures) increase with mass and decrease with increasing γ. Consequently,
the configuration with M = 1000 M⊙ and γ = 2 reaches the highest densities and pressures. We expect
this trend to hold for larger masses. When extrapolating to a configuration with a mass as large as that
of the entire universe, we expect to reach densities many orders of magnitude higher than the nuclear
saturation density at bounce. This is far beyond any reachable energies we can study experimentally
today. Further work in high-energy physics is needed to develop an EoS to describe the matter at those
densities.
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Table 2. Bounce time tB, central density ρ, and central pressure P at bounce for different masses and γ.
tc1, tc2 and tc3 are the collapse timescales for the 5M⊙, 20M⊙ and 1000M⊙ configurations respectively.

M Quantity γ = 2 γ = 2.5 γ = 3
tB/tc1 0.914 0.835 0.761

5 M⊙ ρ/ρns 41 12 6
P [1036 dyne cm−2] 13 4 2

tB/tc2 0.996 0.969 0.942
20 M⊙ ρ/ρns 74 21 6

P [1036 dyne cm−2] 43 19 3
tB/tc3 0.996 0.942 0.888

1000 M⊙ ρ/ρns 4580 162 42
P [1038 dyne cm−2] 1650 29 8

Further, higher pressures and densities are reached for a given mass for a lower γ value or a
higher polytropic index. This is intuitive since higher γ means higher stiffness. The cloud cannot be
deformed as much as in softer EOS, with lower γ. Equally, the bounce time for a given mass strongly
depends on the polytropic index. It takes longer for the bounce to occur for a lower polytropic index
since the pressure increase is slower.

As we have seen in this section, in the Newtonian problem, there is no problem for the matter to
expand past its Schwarzschild radius after it had collapsed to within r < rs (see Fig.6).

4. Discussion - Newtonian vs GR Equivalence

As discussed in subsection 2.2, the equations of motion describing a GR collapse of a flat FLRW
cloud have mathematically equivalent Newtonian equations for a system with zero total energy. In
the absence of pressure, the GR solution can be satisfactorily reproduced by Newtonian simulations,
as we showed in section 3.1. When the pressure does not vanish, the situation is more complex. The
interpretation of the Newtonian solution in terms of the GR equivalent is not straightforward and
requires further work.

In this work, we focus on the spherical collapse dynamics in §2.3, where tidal effects are absent. As
argued from equation (17), the Newtonian spherical collapse accurately captures the full GR dynamics
for a perfect fluid with an arbitrary EoS as long as the pressure and density are homogeneous. In
GR, we aim to simulate a flat (k = 0) background, which corresponds to E = 0 in the Newtonian
solution. However, an important distinction arises once we introduce a perturbation. A spherical
GR perturbation in a flat background is characterized by a positive local curvature k = 1/(aχk)

2 in
equation (20). In the corresponding perturbed Newtonian solution, k ̸= 0 would introduce a constant
energy term E = R0/χk (the ratio between the initial radius R0 and the initial curvature radius χk at
a = 1). This would pose a problem if we want to compare the Newtonian to a flat background GR
solution because, in Newtonian physics, energy conservation is a fundamental principle. In contrast,
in GR, there is no direct counterpart. To ensure that the Newtonian simulation aligns with the flat
background GR space asymptotically, we retain the E = 0 initial condition. This distinction becomes
vital when deriving the equivalent GR EoS from a given Newtonian EoS, as curvature and energy
terms are handled differently between the two frameworks.

Given the equivalence between the GR and Newtonian equations, under certain approximations,
we can estimate what to expect in GR from the results of the equivalent Newtonian simulation. This
kind of mapping allows us to leverage the simplicity of Newtonian simulations while gaining insight
into the corresponding GR behaviour, providing a useful approximation for more complex relativistic
scenarios.

Let us now estimate the qualitative behaviour expected for the GR solution from our Newtonian
simulations with a non-zero-pressure EoS. As a first step, we use the Newtonian simulations with a
polytropic EoS to estimate the scale factor a(t). Using equation (7) and the initial condition a(0) = 1,
we have a(t) = R(t)/R0. With a(t), we can estimate the Hubble rate using equation (5): H = ȧ(t)/a(t).
Once H is determined, we can calculate the relativistic density ρ(t) using the Friedmann equation (21).
Finally, the pressure P(t) can be obtained from the continuity equation (13). With P and ρ given, the
relativistic EoS is determined.
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We discuss our findings exemplary for the model M = 20M⊙ and γ = 2.5. Before discussing the
results, we note that finding the exact radius R(t) where the collapsing shell terminates at a given time
is tricky once P ̸= 0. The reason is that once there is pressure, the density does not remain constant
within the cloud, and the matter at the outer edge of the shell collapses somewhat slower than in the
centre. This is depicted in Figure 7, where we show the density as a function of radius for a few time
steps. There is still a region of almost constant density in the very centre of the cloud. However, this
constant density region no longer accounts for all the matter of the cloud. With the proceeding collapse,
the mass having constant density decreases further, and at the time of the bounce, the density decreases
monotonically from the inside out (cyan curve in Figure 7). Actually, this moment of maximum central
density is only the onset of the bounce, and most of the matter is still in-falling. The process takes time,
and a hump in the density moves outwards and marks the region where bounced matter encounters
the still in-falling material. Note that since the density is not constant, the assumption of an FLRW
cloud no longer holds, and our results and interpretations are only approximations.
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r/rS
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n
s

Density Profile (Mnewt = 20M¯ , γ= 2.5)

t = 0.95797 tc
t = 0.96694 tc
t = 0.96854 tc
t = 0.97022 tc
t = 0.97586 tc

Figure 7. Density profile for the model with M = 20M⊙ and γ = 2.5 before and during the bounce.

Without a well-defined edge of the density profile, we estimate the equivalent radius of our
collapsing non-zero-pressure cloud by using four-thirds of the mass-weighted radius

Requiv =
4
3

∫ rb
0 (4πρr)r2dr

M
. (31)

With this Requiv, we can calculate the scale factor and the Hubble rate. For our 20M⊙ model equa-
tion (23) gives k = 6.29 × 106 s−2. This k corresponds to a curvature radius of χk ≃ 1.19 × 107 cm,
which is lower than the Hubble Horizon c/H0 at the initial condition: H0 = H(t = 0) ≃ 1.69 × 107
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cm. This means that, initially, the cloud is still inside its Hubble horizon, and everything is causally
connected.

To estimate the behaviour of the bounce in GR, we plot different representative densities in
Figure 8. The dotted blue line represents the exact FLRW solution of the pressureless collapse, and
the solid blue line represents the corresponding central density of the Newtonian simulation with
the polytropic EoS. As expected, the pressure has a vanishing influence for t ≪ tc. However, once
approaching t ∼ 0.96tc, ρnewt,central decreases due to the bounce of the matter at the centre. As we have
seen in Figure 7, the density is not constant, and to approximate the GR solution better, we define a
mean density:

ρ̄newt =
3
4

Mencl

R3
equiv

. (32)

For early times, this ρ̄newt is identical to the central density, but the closer the simulations come to the
bounce, the more it deviates. It reaches its maximum around t ∼ tc, indicating that the bulk of the
matter has bounced by that time.
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ρ= ρ1 + ρ2
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|P (ρ)|= (ρ̇/3H+ ρ)

Figure 8. Different densities as a function of time for the collapse of a cold cloud with an initial mass
M = 20M⊙ and polytropic EoS with γ = 2.5. The exact pressureless solution, the central density,
and the average density of the Newtonian simulation are given as the dotted blue, solid blue and
solid cyan curves, respectively. The black dotted vertical line marks the time when the Black Hole
forms. The approximate equivalent relativistic (FRLW) case (solid black curve) has two contributions:
ρ1 (dashed black) from the kinetic energy term H and ρ2 (dot-dashed black) from the curvature term
k. For comparison, we also plot the absolute value of the equivalent relativistic pressure P (magenta
curve), which diverges when H = 0.
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The approximated relativistic energy density has a different behaviour (solid black line in the
figure). It shows two maxima just before and after t = tc. To understand this result, we show the two
contributions to ρ = ρ1 + ρ2 explicitly. Here, ρ1 = 3ȧ2(8πGa2)−1 is the kinetic contribution or the

term related to the Hubble rate (dashed black line) and ρ2 = 3k
(
8πGa2)−1 (dot-dashed, black line)

is related to the curvature. In contrast to the other curves, ρ1(t) has two peaks. This is caused by the
Hubble rate, which follows the dynamics of the collapse. Initially, the cloud collapses slowly, so H is
small and negative. The collapse accelerates until the bounce of the very central matter sets in, causing
H to decrease slowly until a (negative) minimum. At this point, some of the matter changes direction,
and hence, the magnitude of the Hubble rate (and ρ1) decreases. Around t ∼ tc, H and ρ1 become
zero, marking a critical point during the bounce. Subsequently, the matter continues to be accelerated
outwards and both H and ρ1 increase. However, there is still matter infalling, causing the acceleration
of the expansion to slow down until (positive) maxima of H and ρ1 are reached. Finally, all matter has
positive velocities and slows down during the expansion. The amplitudes of H and ρ1 decrease. The
magnitude of the negative minimum, corresponding to the infall velocity, is higher than that of the
positive maximum, representing the bounce expansion. Consequently, the first peak of ρ1 is larger
than the second one. At t ∼ tc, when ρ1 = 0, ρ is dominated by ρ2. This contribution behaves very
similar to ρ̄newt and has its maximum around t ∼ tc. That ρ2 has its maximum right when ρ1 = 0 in
between its two maxima creates the two-peaked structure of ρ. Note that initially, ρ2 is larger than
the Newtonian equivalents (pressureless solution or ρ̄newt), and it increases slower with time. This is
caused by our choice of k in the relativistic case. k ̸= 0 leads to the dependence ρ1 ∼ a−2 ∼ R−2 in
contrast to ρ̄newt ∼ R−3 for the Newtonian case. ρ1 is also smaller than ρ2 initially. They intersect the
first time when r = rS. At this point ρ1 = ρ2, which implies that k = ȧ2 and consequently ṙ = ȧχ = c,
which marks the formation of a BH in GR and shows that the bounce happens inside the BH.

The different dependencies of ρ̄newt and ρ2 lead to very different asymptotic behaviour for very
large a (or R). This difference arises from the non-vanishing k in the GR solution, which is a purely
geometrical term absent in the Newtonian (E = 0) solution. Only with this term, alongside the ground
state pressure (such as neutron degeneracy pressure), which causes the bounce in the Newtonian
framework, can matter rebound in GR as well. To see this, note how P = −ρ in GR results in ä > 0
(see equation (19)). This is a necessary but not sufficient condition for a bounce to occur. We also need
k > 0 (in equation (21)) to satisfy the additional bouncing condition ȧ = 0 while ρ > 0.

In Figure 8, we also plot the absolute value of the relativistic pressure. P is equal to the negative
of the density (P = −ρ) right at the two peaks of ρ. This happens, because ρ̇ = 0 at these points and,
consequently, P(ρ) = −(ρ + ρ̇/3H) = −ρ. Additionally, when H(t ∼ tc) = 0, the pressure diverges,
and ρ2 and ρ̄newt peak. This is what we expect from a speculated quantum degeneracy pressure: a
bounce caused by a mechanism similar to the Pauli exclusion principle.

We may interpret this behaviour also with the help of the analogy to a relativistic scalar field ψ in
curved space-time (see Appendix B).

When such a system is trapped in a so-called ground state, which is defined by V ≫ K = ψ̇2,
equations (A14) and (A15) read P = K − V and ρ = K + V. Here, K(ψ) and V(ψ) are the kinetic
and potential energy of the scalar field, respectively. When V ≫ K = ψ̇2, the relativistic EoS can
be expressed as P = −ρ. The pressure equalling the negative energy density is exactly what we
have found in Figure 8. When ρ has its two maxima, we find that P = −ρ. After the first peak of
ρ, P increases further up to negative infinity when H = 0. Such huge negative pressure halts the
gravitational collapse and causes the rebound or bounce. Once the matter expands, the pressure
reduces and tends towards P = 0. During this phase, the curve again passes through P = −ρ at the
second peak in the relativistic density plot. The analogy with the scalar field cannot explain how
to obtain P < −ρ in between the two density maxima. Nevertheless, we can see the similarity and
consider the case when P ≤ −ρ as the ground state of our more complex system.
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5. Conclusion

This work is motivated by finding a scenario which has the potential to explain various features of
the behaviour of our Universe (e.g. the singularity, flatness, dark energy and horizon problems), which
cannot be solved easily within the standard model of cosmology. Following the BHU model [9,10],
our Universe is inside a black hole and is currently in a state of expansion. Before this expansion, the
universe is thought to have collapsed from a cold, tenuous cloud of matter. Once a critical density
had been reached, this matter had to bounce back. As a first step to understanding the processes and
necessary conditions of such a bouncing universe model, we investigated the collapse of a spherically
symmetric matter distribution and how a potential bounce can occur for a simplistic setup.

We started by discussing the general relativistic equations that describe the collapse of a uniform
spherical cloud. For a cloud with zero pressure and zero total energy, these equations are mathemati-
cally equivalent to a Newtonian description. This equivalence is a well-known fact in GR. A numerical
simulation of one such cloud in Newtonian hydrodynamics with a mass of 8M⊙ and P = 0 shows that
the radius and density evolve approximately as is predicted by the analytical GR solution. Moreover,
this cloud remains approximately FLRW (uniform density) at all times. In our approach, we were able
to simplify the model such that the formation of a BH, a genuine GR effect, can be inferred from a
Newtonian simulation, easing the numerical implementation significantly. This simplification is valid
only under the assumption of spherical symmetry and when neglecting vorticity and tidal fields [see
§2.3 and 35]. Proceeding with the Newtonian code and abandoning the approximation of zero pressure,
we simulate the collapse of FLRW clouds of masses 5M⊙, 20M⊙ and 1000M⊙ with a polytropic EoS.
This is a simple EoS that creates a bounce and is motivated by its frequent use to describe neutron stars
that result from a collapse of stars with masses from 8 to 40M⊙. Since this is a qualitative study, we do
not intend to solve this collapse in all detail but rather want to study the basic features on the route
to understand the collapse of much more massive configurations. Our scenario of a cold collapse is
significantly simpler than a stellar collapse, where all kinds of nuclear reactions and neutrino-matter
interaction play important roles, and a much simpler barotropic EoS is justified here. However, the
exact GR equivalent solution for an EoS with non-zero pressure is not straightforward and is left to be
done in future work.

For the cases with non-zero pressures, initially, the central densities increase in our simulations
as in the pressureless solution. However, due to the equally increasing pressure, the matter bounces
once it reaches a certain maximum density, and subsequently, the central density starts to decrease.
Apart from the lightest model with the stiffest EoS, this happens when 95% of the total mass is already
inside its Schwarzschild radius. This means that in the GR framework, a BH has formed, and matter
collapses and bounces inside its event horizon. For the masses we simulated here, this repulsion
leading to the bounce could be caused by neutron or even quark degeneracy. However, for much
larger masses comparable to the mass of our universe, which we finally aim at collapsing, none of the
known physical effects could stop the collapse. In the BHU model, we thus assume that at some point,
some supranuclear saturation densities will be reached, and an exotic form of quantum matter will
instigate the bounce due to a quantum mechanism similar to Pauli’s exclusion principle. Crucially, this
quantum mechanism violates the strong energy condition in classical GR and, together with k > 0,
sidesteps the singularity GR theorems proposed by Hawking and Penrose [1], thus presenting a novel
solution to a pivotal issue in cosmological theory.

Figure 8 illustrates our key findings. When estimating the properties of the relativistic bounce
with our Newtonian simulations with a polytropic EoS, we find conditions where P = −ρ. This usually
occurs when a ground state of the matter is reached (see Appendix B for an example of a scalar field).
As stated before, such a ground state could be characterized by the Pauli Exclusion Principle for an
unknown form of quantum matter.

We started our investigation from the equivalence of the pressureless collapse in GR and Newto-
nian descriptions and used a Newtonian simulation with pressure to estimate what one can expect in
the full GR case. We have focussed on distributions containing the order of magnitude of stellar size
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masses up to 1000M⊙, where the pressure can come from neutron degeneracy pressure. For larger
masses, the particular mechanism that creates the required extreme pressures is highly speculative.
However, from quantum principles, it seems reasonable that matter cannot be compressed arbitrarily.
As a next step, we intend to increase the simulated masses and generalize our results by treating
the entire collapse within GR. This includes, in particular, the requirement to drop the condition of
homogeneous density and pressure in the GR case.
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Appendix A. Relativist and Newtonian Mass

The relativistic Misner-Sharp mass-energy MMS ([32]) inside a spatial hypersurface Σ of the
space-time determined by the metric (1) for r < R or χ < χ∗ is:

MMS =
∫ R

0
ρ4πr2dr =

∫ χ∗

0
ρ

(
1 +

ṙ2

c2 − 2GMMS
c2r

)1/2

dV3 (A1)

where dV3 = d3y
√
−h = 4πr2eλ/2dχ is the 3D spatial volume element of the metric in Σ. Note that

we recover here units if c ̸= 1 to compare to the non-relativistic limit. The first term is the matter or
Newtonian mass (which we call here M):

M =
∫

Σ
ρ dV3 =

∫ χ∗

0
ρ 4πr2(∂χr)dχ (A2)

and corresponds to equation (6). We can then interpret the next two terms in equation (A1) as the
contribution to mass-energy from the kinetic and potential energies, respectively. In the non-relativistic
limit (c = ∞), these two terms are negligible, and MMS = M. However, in general, as indicated by
equation (A1), MMS can not be expressed as a sum of individual energies as MMS also appears inside
the integral, reflecting the non-linear nature of gravity. But in the case of equation (5), the kinetic
and potential energy terms cancel for M = MMS, and we can interpret M as the total relativistic
mass-energy of the system.

Appendix B. Scalar Fields in Curved Space-Time

To understand nuclear saturation density, it is essential to grasp how the Pauli exclusion principle
leads to a ground state of matter. As mentioned in the introduction, we do not yet have a full
understanding of this process in terms of fundamental physics for massive stars or even more massive
mass distributions. To build intuition about the relativistic EoS and the behaviour of relativistic
matter-energy as it reaches the ground state, a useful approach is to study the analogies to a system
having a scalar field ψ(r) as an effective degree of freedom. The key here is to account for relativistic
effects by placing the field in a curved spacetime. By deriving the energy-momentum tensor Tµν for
this scalar field system and comparing it to that of a relativistic perfect fluid, we gain better insight
into the equivalent EoS for the ground state of ψ.

Consider the Einstein-Hilbert action with minimally coupled matter fields with Lagrangian L
(Eq.93.2 and 95.4 in [46]):

S =
∫

V4

dV4

[
R − 2Λ
16πG

+ L
]

, (A3)
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where the energy-momentum Tµν is defined as:

Tµν ≡ − 2
√

g
δ(
√−gL)
δgµν = gµνL− 2

∂L
∂gµν . (A4)

The least action principle with respect to the metric gµν yields Einstein Field equations:

δS
δgµν = 0 → Rµν −

1
2

gµνR + Λgµν = 8πGTµν, (A5)

assuming that variations of the field are zero at the integration limits (no boundary terms). For matter
fields, consider a combination of a perfect fluid in equation (4) and an effective minimally coupled
scalar field ψ = ψ(xα), sometimes called quintessence, with:

L = Lm + Lψ , (A6)

where
Lψ =

1
2
∇̄2ψ − V(ψ) , (A7)

and Lm is the standard matter-energy content. We have defined ∇̄2ψ ≡ ∂αψ∂αψ and V(ψ) is the
potential of the classical scalar field ψ. We will next explore the regime where L is dominated by Lψ.
If both Lm and Lψ contributions are not coupled, then the general result would correspond to just
adding both contributions to P and ρ. We can estimate Tµν(ψ) for ψ from equation (A4)

Tµν(ψ) = ∂µψ∂νψ − gµν

[
1
2
∇̄2ψ − V(ψ)

]
. (A8)

Comparing to a perfect fluid in equation (4) we can identify (see also equations B66-B68 in [47]):

ρ =
1
2
∇̄2ψ + V(ψ), (A9)

P =
1
2
∇̄2ψ − V(ψ), (A10)

uµ =
∂µψ

∇̄ψ
, (A11)

which fulfill uµuµ = 1. Choosing an observer that is moving with the fluid corresponds to ui = 0 and
therefore u0u0 = 1, which is equivalent to:

ui = 0 → ∂iψ = 0, (A12)

u0u0 = 1 → ∂0ψ ∂0ψ = ∇̄2ψ . (A13)

In this frame, we have:

ρ =
1
2

g00ψ̇2 + V(ψ) , (A14)

P =
1
2

g00ψ̇2 − V(ψ) , (A15)

where we have defined ψ̇ ≡ ∂0ψ.
The ground state of the system corresponds to the configuration where the energy is minimized.

In a relativistic context, this often means that the kinetic contributions (derived from the gradient terms
∂µψ) become insignificant compared to the potential energy V(ψ):

V ≫ ψ̇2 . (A16)
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This simply means that the energy is dominated by the potential energy (e.g. as it happens to us on
the surface of Earth). We expect something similar to happen when we reach the ground state at
some supra-nuclear densities in a cold collapse. The dynamics will be dominated by the potential of
the interaction of quantum particles, and their kinetic energy will not play a significant role in the
evolution at the bounce. Actually, such a state is also usually assumed to happen during Cosmic
Inflation or for Dark Energy (DE) as given by Quintessence (see, e.g. [48]). In this case we see from
equations (A14)-(A15) that ρ = −P and the EoS of the fluid P = P(ρ) = ωρ is characterized by
ω = −1.

An alternative but more complex approach involves scalar fields with multiple false vacua, where
a bubble with a false vacuum interior is created within a region of lower vacuum state (e.g., [49]). Here,
a vacuum refers to a minimum of the potential V(ψ). Constructing a consistent GR solution for such a
configuration requires addressing the issue of the discontinuity at the surface that separates the two
vacua.

Particularly intriguing are the "Baby Universe" and "Gravastar" solutions, where the interior of a
black hole (BH) is modelled with a de Sitter metric (e.g., [50–57]). These solutions are characterized by
their inherent discontinuities, necessitating additional matter-energy content at the boundary surface
(the bubble), which complicates the situation further.

It is important to note that these Baby Universes and Gravastar are distinct from the Black Hole
Universe (BHU) model. Unlike these models, the BHU does not require the introduction of new scalar
fields ψ or potentials V(ψ), and it avoids the discontinuities or surface terms associated with Baby
Universes. The BHU model simply describes an FLRW (Friedmann-Lemaître-Robertson-Walker) cloud
with a fixed mass MT , which provides a matching solution to an exterior empty space ([9]). As detailed
in Appendix §C, while in certain limits, both DE and BHU scenarios can lead to an effective Λ term,
the underlying physics behind these terms is quite different. In our paper, we use this ground state
analogy with ψ(r) primarily to understand how the relativistic bouncing solution emerges within the
BHU model.

Appendix C. The GHY Boundary and Λ Term

For over thirty years, cosmologists have accumulated compelling evidence that cosmic expansion
is accelerating: ä > 0. This acceleration appears to be dominated by a Cosmological Constant term,
commonly denoted as Λ.

This Λ term can be understood in three distinct ways: (1) as a fundamental (or effective) modifica-
tion of Einstein’s classical GR, denoted here ΛF, (2) as an effective source term from the ground state,
ΛG, which is similar to DE or a Cosmic Inflation component, or (3) as a boundary term, ΛB. These
three possible origins can be illustrated by writing the Einstein-Hilbert action in equation (A3) with
the corresponding additional terms:

S =
∫

V4

dV4

[
R

16πG
+ L− ΛF

8πG

]
+

1
8πG

∮
∂V4

dV3 K′. (A17)

The first two terms in the first integral represent the classical GR Lagrangian with matter-energy
content L as a source term. The third term corresponds to the fundamental cosmological constant ΛF.
The corresponding equations (5) and (19) have to include new terms containing ΛF:[

ȧ
a

]2
+

k
a2 =

8πG
3

ρ +
ΛF
3

, (A18)

ä
a

= −4πG
3

(ρ + 3P) +
ΛF
3

, (A19)

where P and ρ can have contributions from different source components. These equations are the same
for the finite FLRW cloud. We can express L as given by equation (A7) where Lψ = 1

2 ∇̄2ψ − V(ψ). As
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shown in the previous section, when the sources are dominated by a constant ground state (G), ψG,
this term reduces to Lψ ≃ LG = PG = −ρG = −V(ψG), see equations (A14)-(A15), and we can define:

ΛG ≡ 8πGρG = 8πGV(ψG). (A20)

In this situation, we have L ≃ ΛG
8πG in equation (A17), so that ΛF and ΛG provide degenerate interpreta-

tions for Λ in the context of cosmology. In equation (A19) and (A18), we can see both terms separated
(ΛG appears as a contribution ρ ≃ −P ≃ ΛG

8πG ), so they represent different possible changes to the
action, which could emulate the effect of the other. In the limit where ΛG is constant, we cannot tell if
Λ is DE, a ground state (i.e., vacuum energy), or a fundamental modification to GR. However, ΛG can
be dynamical and could appear or become negligible compared to the dynamic components (as we see
in our bouncing scenario, in Cosmic Inflation and possibly for DE), while ΛF is usually assumed to be
a constant (but can also be dynamical in more elaborate modified gravity models).

The last integral in equation (A17) represents the Gibbons-Hawking-York (GHY) boundary
term [58–60], where K′ is the trace of the extrinsic curvature at the boundary ∂V4 = V3. As shown in
[19], for the FLRW cloud with total mass-energy MT , this term results in:

SGHY =
1

8πG

∮
∂V4

dV3 K′ =
∫

V4

dV4

[
−2ΛB
16πG

]
, (A21)

ΛB ≡ 3
r2

S
where rS = 2GMT . (A22)

Equations (A19) remains the same with ΛF replaced by ΛB:[
ȧ
a

]2
+

k
a2 =

8πG
3

ρ +
1
r2

s
,

ä
a

= −4πG
3

(ρ + 3P) +
1
r2

s
, (A23)

This provides a fundamentally different origin for Λ compared to ΛF or ΛG: it corresponds to a
finite mass MT FLRW cloud trapped inside its own gravitational radius rS = 2GMT . This boundary
interpretation for the observed Λ term corresponds to the Black Hole Universe (BHU) model.

In the bouncing scenario presented in the main text of this paper, we start with a large (R > rs)
and low-density cloud with ΛF = ΛG = ΛB = 0, with ρ ̸= 0 and P ≃ 0. As shown in equation (12),
this can be modelled with a Newtonian equivalent problem, which also does not have any Λ term. In
the Newtonian analogue, the collapse is halted by the polytropic EoS, which (as we showed here in
Figure 8) acts similarly to the GR ground state term, with negative pressure PG = −ρG and positive
curvature k. In the above equations, the following bounce would act in a similar way as the ΛG term,
which produces the exponential expansion (the analogue of a Supernova explosion). But once the
bounce occurs, the density and pressure reduce again (because the system is no longer in a ground
state), and ΛG disappears. The curvature k is also diluted away by the initial exponential expansion.
When the bounce occurs inside the BH, we need to add the GHY boundary term, ΛB = 3

r2
s
, and this

prevents the expansion from escaping the gravitational radius rs. We explain how this term prevents
the White Hole solution in Section 2.6. Thus, ΛB and therefore MT , prevent matter from escaping
outside rs.
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