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Abstract

This work explores a self-interacting scalar field in flat spacetime, where the dynamics of an extended
configuration is governed by coupling to its ground state profile. The Klein-Gordon equation yields
analytical solutions under constraints, which organize accessible states and induce a mass relaxation
process that stabilizes at late times. The resulting residual value aligns with the mass scale of light
neutrinos and is interpreted as a remnant of field stabilization. A key contribution is the conceptual
shift from the energy level to quantization of geometry, establishing direct relations between scale
parameters and energy density consistent with standard estimates. Quantum transitions between
neighboring arrangements, driven by vacuum fluctuations, lead to an effective expansion rate compati-
ble with observed cosmic dynamics. The model provides a unified description of the dark sector arising
from field self-organization, highlighting the role of geometric emergence within this framework.

Keywords: self-interacting extended field; emergent geometry; quantum constraints; vacuum energy
density; mass relaxation mechanism; dark sector unification

1. Introduction

The relationship between spacetime structure and the dynamics of quantum fields remains one of
the fundamental problems in theoretical physics [1]. Following the development of general relativity
and quantum processes, numerous frameworks have explored how the internal properties of fields
can influence the geometry of the universe [2,3]. In this context, models based on the Klein-Gordon
equation occupy a central role, especially with self-interaction terms that generate nontrivial dynamics
beyond the free field regime [4-6].

The present work studies a class of extended configurations that exhibit intrinsic scalar properties
from which geometric features emerge. This approach aligns with extended formulations used
in theoretical paradigms and quantum cosmology [7], whose structure allows the introduction of
scalable geometric parameters in a flat spacetime. Alternatively, several recent proposals examine
the possible emergence of geometric properties from extended fields. One line considers quantum
gravity compositeness, viewing spacetime as a graviton condensate where saturation levels control
the vacuum energy [8]. Another explores scenarios that feature dark energy as a dynamical quantity
with a scale reduced by the vacuum structure [9]. Both perspectives suggest that certain geometric
variables may arise from a more fundamental field substrate, establishing relations between the energy
density and the horizon scale to motivate the present analysis.

The central hypothesis is that constrained field configurations determine the emergent geometric
scale, rather than individual energy eigenstates. This necessitates a description of the system within an
auxiliary ¢-space, implemented here via a rescaled Wick rotation. By mapping physical coordinates
onto this dimensionless domain, the metric scale is decoupled from any prescribed background,
allowing the extended field to dictate the scaling properties of the system. The expansion of the
physical volume is not a free geometric evolution, but an energetically driven process arising from the
transitions between these structural configurations.
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To develop this hypothesis, we start from a Lagrangian with a self-interaction term of the form
Ax* treated in a specific regime. The choice A > 0 is not arbitrary: in this case [10,11], the associ-
ated potential is stable and tends to favor expansive behavior and an increase in the effective mass
parameter [12,13]. In contrast, for A < 0 the potential becomes unstable and leads to contractive
behavior incompatible with consistent physical scenarios [14,15]. From the Lagrangian with A > 0, the
Klein-Gordon equation is derived and the assumptions required to obtain an analytical solution are
discussed. An ansatz x;, for the ground state is proposed, allowing the self-interacting dynamics to be
approximated by a term of the form Ay x>

The model bridges a hierarchy between the Planck scale and light neutrino masses, offering a
way to estimate the vacuum energy density [16]. This connection is realized through an analytical
mapping that reveals how the internal structure of the field and its interactions can manifest at
macroscopic levels [17,18]. The results suggest that quantum dynamics may play a meaningful role
even at cosmological distances [19]. Consequently, the transition across scales is described by a
relaxation process leading to a stable mass value, a mechanism examined in detail in Section 3.2.

Furthermore, the regime A > 0 corresponds to an expansive behavior consistent with the observed
cosmic acceleration. Generally attributed to dark energy [20,21], this provides an effective mechanism
to describe large-scale evolution. In our analysis, the self-interaction of the extended field drives
an expansion rate determined by transitions between neighboring configurations, yielding values
consistent with classical estimates [22]. In this context, quantum constraints impose discrete values on
the product of the characteristic scale and effective mass, allowing certain geometric features to be
interpreted as manifestations of the field internal coupling [23].

This formalism employs the positive self-interaction parameter to ensure stability, providing
natural mechanisms for spacetime expansion and mass spectrum generation. Our results suggest that
both the dark sector and the geometric scale emerge as the field transitions toward a stable macroscopic
state. Although the analysis is performed in flat spacetime, it establishes a robust basis for interpreting
large-scale cosmic evolution as an emergent property of the internal field dynamics.

2. Self-Interaction Framework and Analytic Construction

An extended scalar field x is considered, with local fluctuations around a ground state profile xo
driving the system through nonlinear dynamics. The analysis is restricted to a neighborhood of size
d around a reference point x'#, defining the increment as Ax* = x# — x’#. Such a localization allows
the configuration g to effectively capture the leading variations of the field. This approach enables
an effective description without requiring an exact global solution for the underlying profile. The
approximation reflects the fact that dominant couplings are controlled by local variations rather than
global behavior. Consequently, x is represented by a simplified ansatz, sufficiently accurate within
the é-neighborhood to facilitate the analytical treatment [6]. Mathematically, this takes the form

(Ax!)? < 6% = xo(Axt) = xh(Ax1), (1)

where x{, denotes an approximation used to derive closed form solutions. By introducing appropriate
scaling parameters, this work aims to identify the quantum constraints imposed on those scales. These
conditions define the physical states of the system and reveal how geometric features emanate from
the field, effectively establishing a link with the resultant spacetime geometry.

Furthermore, such an ansatz simplifies the resolution of the Klein-Gordon equation. From a
physical perspective, x{, incorporates the self-interaction effects that generate the emergent geometry.
This local representation remains robust for vacuum energy estimates and defines the regime in which
the field and spacetime geometry arise as a single physical entity.

2.1. Lagrangian Formulation and Choice of Interaction

The starting point is typically a scalar potential with both a mass term and a nonlinear coupling,
given by V(x) = %mzxz + %Ax‘l. In the present case, the interaction acts as a quartic term in the
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vicinity of the ground state. However, for higher states, the field is considered to converge toward a
semiclassical background defined by ). This leads to a reformulation of the potential that encodes the
coupling between the fundamental state and the excited modes of yx, resulting in

1 1
V(x) = 5m* X" X + 5Ax5(x " x). @
Although the interaction term is written as X%( X*x), only x requires complex conjugation to ensure the
reality of the Lagrangian. The profile x( acts as a reference state and remains strictly real at all stages,
including within the transformed space presented below. Accordingly, the Lagrangian reads

L= 0uX " x — 5mX"x = MG (X X- 3)

It provides a consistent way to track the emergence of geometry, linking the effective potential to
the intrinsic field structure; namely, a self-organizing system in line with Refs. [24,25]. The analysis
demonstrates how this yields the self-interacting Klein-Gordon equation, establishing the quantum
constraints that define the allowed states.

The introduction of a specific coupling x3(x*x), rather than the standard quartic potential x*,
models the emergence of geometry from an ordered medium. Unlike a canonical term x* describing
local interactions, the proposed coupling establishes x( as a macroscopic phase regulator. The ground
state profile governs the dynamics of its own excitations, constraining their degrees of freedom into
a synchronized collective mode. This intrinsic organization allows the system to transcend the free
field regime and manifest emergent metric features. Consequently, expansion arises from an ordered
evolution of the field profile driven by this fundamental state rather than external forces. Although
entropic gravity or thermodynamic approaches in Refs. [26,27] point toward a non-fundamental
geometry, our model explores this emergence via a mechanism rooted in the non-linear dynamics of yx.

2.2. Ground State Ansatz and Quantum Constraints

Starting from Lagrangian (3), the Klein-Gordon equation for a self-interacting potential is derived,
in which the field x depends on the spacetime coordinates x*. To facilitate an analytical solution, x is
replaced by a suitable ansatz x{,, allowing the resulting field equation to be expressed as

0,0 x + mx + Axgx = 0. (4)

Defining the temporal and spatial increments as Ax? = x0 — x0 and Ax’ = x' — x'/, respectively, the

proposed form of the approximation function is given by
r_ 1 2 oy2_ 1 2 i\2
X = vo[1 = 5(1/8) (A - 2 (1/62) (8 )2]. ©)

This expression depends on the spacetime x-coordinates, with the distances from an arbitrary fixed
point x’ scaled by the parameters é; and Js. The distinction between temporal and spatial scaling
introduces a specific factor for each coordinate type. To preserve homogeneity, the same factor ds
is applied in all spatial components x’. In addition, a parameter vy is introduced to represent the
amplitude of the ground state. However, negative signs within the quadratic terms of the ansatz are
required to ensure asymptotic stability of the field, providing a consistent basis for the coordinate
transformation. Based on these considerations, a transition is made from physical spacetime to the
dimensionless auxiliary ¢-space, defined as

¢ =(1/6)8x°, & = (1/8)x, (6)
given this transformation, the field is written as x(x) = §(¢). This mapping effectively deconstructs

the physical spacetime interval, delegating the recovery of measurable lengths to the scale parameters,
consistent with the constraint relations. Since |¢|? = (&0)2 + & &, the ansatz acquires the form
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%= vo(1- 512). @)

In accordance with condition (1), the approximation |¢|?> < 1 is applied to the ansatz, ensuring that its
quadratic form remains valid within the local region where the auxiliary -coordinates are defined, so
that ¥{? ~ v3(1 — |€|?) can be used directly in the Klein-Gordon equation

Lo

2%

x—évﬁ+m%+A%u—MWX—a ®)
A normalizable solution for the ground state is given by fo = voe’%m2 ; indeed, once the ansatz
has been proposed in the indicated form, a decaying exponential with amplitude vg is expected
for the ground state. This implies that within the approximation level adopted in (1), a particular
solution is obtained consistent with that requirement. For verification, the decaying exponential
can be approximated to first order in a polynomial expansion to reproduce the ansatz, ensuring
that Yo — %, when |¢[*> < 1. Moreover, this function is well-behaved and bounded, vanishing
outside the limits where the approximation holds. The constraints required to satisfy the governing
equation are determined by substituting the partial derivatives into the original expression. The
temporal component is given by aéo %o = —Xo + (&°)%%0 and the homogeneous spatial components

V% %o = —3%0 + &&i%o. Substituting both differential expressions yields

1 B B 1 B L B B B
(%o + (8%)%0) = 57 (=3%0 +§'¢'Xo) + %o + AviRo — AvG[E Ko = 0.
t S

Matching the quadratic terms in ¢, the following conditions must be satisfied

1 1
5—% = A3, and — ) = Av3, )
the remaining terms cancel as
—(1/62) + (3/82) +m? + Av§ = 0. (10)

Here, the coefficients —1 and +3 stem from the second time derivative and the diagonal terms of the
Laplacian evaluated over the ground state solution. Moreover, as a consequence of these conditions,
the temporal and spatial scale parameters are uniquely fixed to the values

6 =0, and & = id. (11)

The appearance of the imaginary unit in the spatial scale parameter Js = i is not a consequence
of the sign convention of the metric itself, but of the Wick-type rotation implicitly performed when
transforming Minkowski space into an effectively Euclidean ¢-space. Depending on whether the
rotation is applied to the temporal or spatial sector, the factor i would appear in é; or Js, respectively.
The choice made here is purely operational and does not affect the physical content of the field.
Consequently, this reduces both relations that appear in (9) to become a single one A6?v3 = 1, and then
(10) simplifies in this particular case to Pm? = 3.

Up to this point, the particular solution has been analyzed. The governing equation and its
ground state solution are mathematically very similar to the standard approach used to solve the
quantum harmonic oscillator [28]. We propose a general solution consisting of the Hermite polynomial
Hy(¢) = ]_[;44:1 H,(¢") multiplied by the decaying exponential of the particular solution; this is
Xn = ZCan(g)e’l/ 2|§‘2, consequently, the amplitude for the ground state, n = 0, must be Cy = vy.
The field states depend on the excitation level, where n = ny = n; = np = n3 is a non-negative integer
(n €{0,1,2,...}) assumed for simplicity to ensure homogeneity in the spacetime coordinates. This
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solution has the usual form associated with the separation of variables. A parameter a? could have

been introduced to redefine the bare mass m?

, hamely m'2 = m? 4 a2; however, this has no significant
effect in our case. Due to the structure based on Hermite polynomials, the field x(x) may acquire
complex components after the inverse transformation ¢ = &(x), since this mapping introduces an
imaginary factor. This behavior does not affect the analytical treatment in transformed space, with {(&)
consistently treated as a real field. The product x*x in the physical Lagrangian ensures hermiticity
without imposing restrictions on the quantum number 1 or on the parity of the excitation levels,
preserving the coherence of the formalism. A consistency relation similar to that of the particular case
is found Ad?v3 = 1. By induction, the general case produces 6?m? = 2(4n + 3/2), which depends on 7.
These algebraic relations are referred to as quantum constraints because they arise from the discrete
structure of the Hermite solutions.

Thus, the quadratic ansatz §j = vg(1 — 3|&|?) is not merely an approximation for mathematical
convenience; it is the leading order Taylor expansion of the Gaussian solution for |¢|?> < 1.This
quadratic structure ensures that the field equations are satisfied locally, representing the ground state
profile of the field within the expansion domain of validity.

Applying the transformation (6) and the scaling conditions in (11) yields a direct mapping between
the physical spacetime distances and their counterparts in the auxiliary ¢-space

s> = 8%[¢f?, (12)

the left-hand side of this expression is purely geometric. In fact, it identifies with the relativistic interval
s2 = Axy, Ax¥; therefore, the transformation has a geometric character, relating the Lorentz invariant
interval s? to the dimensionless Euclidean distance |¢|2. This relation is governed by the parameter &,
which rescales the spacetime interval through a transformation analogous to a Wick rotation (11). In
this context, the geometric identity in (12) is physically more robust than the individual mappings in
(6). Although the latter appear as simple scaling rules, the coupling with the field constraints integrates
this relation into an invariant structure in which the interval scaling depends on the quantum state
Xn. Consequently, the auxiliary ¢-space acts as the primary domain to derive the physical geometry.
As shown in Section 3.3, this approach employs ¢ to project results from the internal ¢-space onto
the x-space, suggesting that the field configuration provides a physical basis for the description of
macroscopic spacetime.

2.3. Time Independent Regime and Extended Configuration

In this particular case, and to isolate the purely spatial behavior of the system, we work directly
in the transformed ¢-space, assuming from the outset a field {(¢) with an explicit dependence on the
¢-coordinates. This implies starting from a transformed Lagrangian, which serves as the basis for the
subsequent development

£@) = 352008 ~ g (Ve — gmii ~ AR 13)
it is the Lagrangian in (3) but rewritten using the scaling rules in (6). Furthermore, the action S(x)
transforms as follows $(¢) = [ 6:63d*¢L(&). Now, we assume that the scaling parameters satisfy the
condition &y > Js. As a consequence, the transformed time coordinate satisfies & < &'. This condition
effectively suppresses the time dependence of the field in the transformed description, making ¥
independent of ¥ in a controlled approximation, so that (&%, &,&2,&) — (&1, &2, &%) = x(&).
From a physical perspective, this amounts to assuming an implicit dimensionless time 7 that is fully
extended and evolves much more slowly than ¢, with the relation T = t/4y; this auxiliary time does not
play a dynamical role, but merely accounts for a slow background evolution. Since the field depends
only on spatial components, the interval s? is spatial and equal to the proper distance L2. The temporal
coordinate 7 is effectively decoupled, acting as a global evolution parameter independent of the local

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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reference frame. In this way, any undefined or ambiguous behavior is avoided when determining the
time evolution of the system parameters. These conditions lead to

~ 1 B 1 5. 1. 5.
L) = —@(Vé;)()z - Emzxz - E/\X%)Cz, (14)
S

and, consequently, the action transforms as S(¢) = [ 63d3¢L(¢). Thereafter, the procedure to derive
the Klein-Gordon equation and obtain a general solution follows that of Section 2.2, with only minor
differences. For example, in this case |¢|? = &&, the notation &'&' is used instead of |¢|? to emphasize
that only spatial components are involved. Similarly, the ansatz fj, is employed to represent the
background configuration within its Taylor validity range, which is given by ¥ ~ v3(1 — &i¢’).
Substituting this approximation into the Klein-Gordon equation derived from the proposed Lagrangian

1 B B L
—?V%x+m2x+/\v%(l—§l§l)x =0. (15)
S

The ground state solution to this equation is given by a decaying exponential with amplitude vy, of the
form
1 i i
Ko = voe 28¢, (16)

with és = i, the same quantum constraint equation is thus recovered
AS%03 =1, (17)
as well as a mass constraint that depends on the excitation level
Fm? =203n+1), (18)

where n = ny = ny = n3 corresponds to the three spatial dimensions in the homogeneous case. A
general solution for the field can also be written as

Xn = ZCan(g)e_%CiCi/ (19)

with Hy (&) = [T, Hu(¢"), where H,(¢") denotes the Hermite polynomials for each individual
coordinate component. The amplitude Cy of the ground state must coincide with the amplitude vy
defined for the ansatz. To clarify, the appearance of the factor i in s reflects the Wick-type structure of
the transformation and does not imply any complex nature for (&), which remains strictly real in this
space.

Considering the definition of the relativistic interval s, together with the fact that ¢ < &, and
recalling that the sign convention (4, —, —, —) is being used, a physical distance L = (x' — x') (x’ — x"f)
can be related to L? = —s%0;). Under this convention, the spatial interval is negative; hence, a minus
sign is introduced in its definition to ensure positivity, yielding

L? = s2@iE, (20)

This identity aligns with the invariant form in (12). Because only the spatial part is evaluated under
the assumption of an extended time, the equivalence between physical distance and spatial interval
allows L to be considered a geometric invariant.

Although the general solution (19) is presented in Cartesian coordinates to simplify the algebra, the
postulated homogeneity and isotropy of the field imply an underlying spherical symmetry. This consis-
tency is easily verified by transforming the field equation into spherical coordinates. The solutions for
the radial excitation levels are given by associated Laguerre polynomials §, (&) o Lgh/2(gig!)e~1/2'¢
for n = ny = ny = n3, depending exclusively on the spatial invariant &&. Consequently, any excited
level ¥, preserves its functional structure under rotational transformations, ensuring that the physical
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consistency of the model is maintained for any arbitrary orientation and reinforcing the geometric
nature of the relation (20).

The general solution (19) and the methodology developed around it is similar to that used in
the quantum harmonic oscillator, so its properties can also be applied here. This allows us to define
differential operators 4(&) and 4 (&) that induce excitations, namely

_ 1 1
V2 V2

These operators retain the same algebraic structure as in the standard harmonic oscillator formulation,

a(¢) (E+3g), 4'(2) = —=(5—0). (21)

since the differential representation in ¢-space is fully real. Furthermore, they are not occupation
operators in the sense of creating or annihilating particles in a given mode; in an extended field of the
type considered here, this cannot be defined in such a direct and simple manner. Rather, 4(¢) acts as
an operator that removes excitations, while 4T () acts as an operator that generates excitations. With
this in mind, the corresponding relations are given by

a(8)[n) = vnln —1), 4"(&)|n) = vVn +1|n +1). (22)

In this setting, the number operator N(¢&) is defined to characterize the discrete configurations of the
field, expressed as

N(&) = a*(&)a(g), (23)

while these operators mirror those of the usual creation-annihilation algebra, their role here is purely
to classify spatial excitations of ¥. Then, N(¢) satisfies

N(g)|n) = n|n). (24)

Applied to a given state, the operator yields the number of excitations; this property will be used
to determine, in the limit of large n, the evolution of the field through its emergent parameters in
Section 3.4.

Although the mathematical structure resembles that of the quantum harmonic oscillator, this
similarity is only apparent; specifically, the system Hamiltonian cannot be explicitly expressed in
terms of the operators 4(¢) and 4t (). This is because the Lagrangian does not incorporate a standard
harmonic potential, but rather an ansatz that describes the ground state profile through a quadratic
approximation. Despite it may appear similar to such a potential, it possesses a crucial distinguishing
feature: the sign of the interaction term is opposite to that of a restorative potential. Physically,
the systems also differ significantly. Whereas the proposed Lagrangian describes self-interactions
A3 %2 with a positive A coefficient, corresponding to an expanding system, a strict harmonic potential
would describe bound and confined states. Accordingly, we argue that the system defines discrete
configurations of the field geometry rather than energy levels. This stems from the inherent requirement
for discrete states linked to the scale 9.

3. Results and Discussion

In this section, we evaluate the physical implications of the constraint relations derived in
Section 2.3, focusing on the effective mass, emergent spectrum, vacuum energy density, and dynamical
behavior of the scale parameter.

3.1. Effective Mass and Level Dependence

To compute a physically measurable effective mass, the Lagrangian (14) can be rewritten and
grouped as follows
~ 1 . 1 NS
L£(G) = ﬁ(vcﬁz - E(mz +AX0) (25)
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it is important to stress that the effective mass defined here does not arise from radiative corrections
in the usual quantum field theoretic sense, but from the coupling between ¥ and its background
configuration o defined in (16). This allows us to identify the following term mZ2, which is commonly
referred to as the effective mass in this context, then

mag = m* + A(%5)- (26)

The expectation value of the extended field ¥ is defined as the identity (0|%|0)/(0]0) = %o under a
mean-field approximation. This approach, standard in Bose-Einstein condensates and topological
defects, determines the physical observables from the order parameter profile rather than individual
particle fluctuations. Consequently, (f3) is computed as the spatial average over the ground state ex-
tent, namely ({3) = ([ d3¢{3eY/ 28 /( [ d3ge~1/28'E"). With this definition, the following calculation
can be carried out

V3

5 1 oo n _laixi
(x5) = WLM dexge 2t = 5 vor (27)

by substituting this value into the expression for the effective mass and applying the constraint
relations A0?v3 = 1 and 6m? = 2(3n + 1) from Section 2.3, the following result is obtained

V3

2
18(3n + 1)]"1 ' @8

2
e = [1+
The effective mass, m.g, is determined by the bare mass, m, and modified by a factor depending on
n. As n increases from 0 to oo, g varies only marginally from ~ 1.05m to m. This mild dependence
results from the large hierarchy induced by the constraint A6%v3 = 1, keeping meg ~ m throughout the
range.

3.2. Hierarchy of Scales and Mass Stabilization

Assuming that the effective mass is equal to the bare value, mg can be estimated for case n = 0
by setting the Planck length as the lower bound for the ground state scale parameter, § = /;,. In this
way, using (18) directly, it can be written

= V2my, (29)

Mefr) = M =

~I%
<IS

this yields a value of the order of the Planck mass my, which can be regarded as the expected value for
a supposedly primordial field state.

Another interesting case is to assume that the mass evolves from this initial primordial state to
values with n > 0. We can represent this evolution by increasing both terms in relation (18). On the
left-hand side, small and continuous increments are assumed, ensuring differentiability; this is justified
because the variables involved are expected to approach a continuous spectrum for very large values
of n. The term on the right-hand side, which depends only on #, increases by one unit, leading to
A(6*m?) = 2[(3(n+1) + 1) — (3n + 1)]. A straightforward calculation yields

A(8*m?) = 26m*AS 4 26°mAm = 6. (30)

The identity A(6?m?) = 6 encapsulates the entire relaxation mechanism: it is the algebraic bridge
between the discrete quantum structure of the field and the emergent large-scale dynamics. Imposing
the stabilization threshold Am = 0 fixes the residual mass purely through geometric information.
This condition defines the point at which the internal dynamics no longer modify m. Consequently,
a transition occurs wherein the scale parameter 6 becomes dependent only on #; and under these

assumptions, the mass is
m(8) = V3(6A5)"1/2, 31)

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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This relation reveals that the stabilized mass is determined solely by the ratio between the global scale &
and the minimal step AJ, linking microscopic and macroscopic scales within a single algebraic identity.
Thus, J can be set to a value equal to the radius of the observable universe, § = R = 4.4 x 1026 m. To
maintain consistency with the first case, the variation of ¢ is taken to be the Planck length, Ad = £,.
Substituting these limits into the previous expression yields the following result

Megiy = m = V3(Rlp) /2 = 4.04 x 103 eV. (32)

The value obtained for m.g; is of the same order as the lightest neutrinos, the smallest particle mass
observed. This numerical coincidence follows directly from the internal structure of the model,
justifying the proposal in Ref. [16]. Relaxation initiated from a primordial state [29,30] concludes once
the underlying geometry is established at § = R. As a result, the mass evolves from meg = ﬁmp at
n = 0 toward a stabilized spectrum, yielding n.¢ = 4.04 x 1073 eV for n >> 0.
Now, substituting the mass value obtained in (31) into the constraint relation (18), the following
can be written
0 = 2lpn, (33)

here, J acts as a discrete distance tied to the Planck length. Its dependence on the quantum number
arises from the stabilization condition Am = 0, once the mass relaxation process is complete. In this
manner, the field state ¥, effectively determines a spatial length element through the relation (20). At
the same time, both 1 and J appear as effective quantum variables subject to imposed constraints,
suggesting a self-consistency between the field and the background geometry. According to (33), the
field excitations described by # can assign length elements as a statistical property; the dynamical
concept is further explored in Section 3.4. Despite the quantum constraints on the underlying variables,
the derived physical lengths can remain continuous. This distinction ensures that the geometric
background preserves its smooth structure, even as it emerges from a discrete state. Consequently, the
value of 1 can be determined from which stabilization occurs

- ~ 101, (34)

R
EP

NI —

This order of magnitude coincides with that provided by other authors in Ref. [28], from which the era
dominated by dark energy is reached, but using different arguments than those presented here. Such
large values of 7 justify treating the spectrum as effectively continuous in the dynamical analysis of
Section 3.4. Likewise, under the same conditions, the ground state amplitude is computed as

1

v = AV220,n

(35)
the constraint relation (17) has been used together with the dependence of § on # for this purpose. In
the stabilization regime, the ground state reconfigures its amplitude in response to excited states as a
consequence of the Lagrangian self-interaction terms.

3.3. Vacuum Energy Density and Scaling Relations

In general, the quantum vacuum is difficult to define precisely, and this becomes even more
problematic for extended fields. This occurs because, in such cases, the canonical Fock space formalism
cannot be rigorously applied. Furthermore, it is often impossible to unambiguously define particle
creation and annihilation operators, and thus cannot assign well-defined occupation numbers to the
field modes. In fact, identifying those modes with precision is itself ambiguous, and even the notion of
localized individual particles becomes diffuse and ill defined.

The n = 0 state stands out as the only configuration whose functional form is strictly invariant
and independent of the geometry used to describe the field. Unlike the excited levels, this solution
remains identical in both Cartesian and spherical coordinate representations. Such a mathematical
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property grants it the character of a unique primordial vacuum state, as it is the only level that does
not rely on the choice of coordinate system to preserve its structure [31].

The ground state amplitude vy establishes a permanent energetic substrate that persists alongside
any further scaling dynamics, since this configuration must coexist indefinitely with any field state.
Because this state acts as a primordial dynamical vacuum and a transient local equilibrium, the field
evolves toward n >> 0 in search of global stability. During this transition, the system moves along the
potential gradient, geometrically redistributing the original energy, a result to be verified at the end of
this section.

With this in mind, we propose a general relation for computing pyac, consisting of two terms:
a kinetic contribution T(f{o) and a potential contribution V(o). This relationship is based on the
Hamiltonian derived from the Lagrangian (25), given by H = %7ty — L. Here, the conjugate momentum
vanishes because the field does not explicitly depend on time 7, = 0, and the resulting Hamiltonian
then becomes H = —L = -T + V.

The vacuum energy density pyac is defined as the expectation value of the Hamiltonian density
operator 7{. For the extended field ¥, this leads to the identity (0|#|0)/(0]0) = H (o) under the same
considerations as in Section 3.1. Consequently, pyac is computed as the spatial average over the ground
state extent, namely pyac = ([ @3¢H (%o)e 288 /( [d3geV 28'¢"). Thus, it can be written as

pvac = (H(%0)) = —(T(%0)) + (V(X0)), (36)

computing the kinetic energy term derived from the Lagrangian, with 6 = £, as

- 1 N
T(%0) = 5,5 (Vexo)®, (37)
245
given the homogeneity of the spatial coordinate terms, (V¢ %0)? = 3(8§i Xo)?, differentiating the ground
state, dgi Xo = —¢i%0, and computing the average kinetic energy contribution, the following is obtained
- 3 » 3 1 *© N2 _lgigi
(T(%0)) = 2 ((—¢'%0)) = 22 2n)P 72 /700 g5 xpe 27

This kinetic contribution is computed entirely in the ¢-space, where %y is real and the Euclidean
structure ensures normalizability, the result is

2
(T(%0)) = \1/735%’ (38)
p

In exactly the same way, the potential term can be evaluated
> Looo 1,4
V(Xo) = 5m°Xo + 5 Ko, (39)

computing the average of the potential and considering that the first term has already been calculated
in (27)
- o 1 2,2 1 ~4\ 1 2 \/g 2 1 1 e 3z ~4 _lgigi
(V(%0)) = S (Xo) + E/\<X0> =M (7”0) + EW}\ /_oo d”Cxoe 2% ° .
The potential term must be evaluated consistently with the constraint relations derived in Section 2.3,
that is, m2_, = 2/ 6123 and As—y, =1/ (El%v%). Simplifying and substituting terms

5W§+9\/§)vj

V(%) = (F ) = (40)
p

Inserting the computed values of (T(Xo)) and (V (%)) in (36), and denoting the numerical factor as
& = (25v/3 +91/5) /450 = 0.141, the vacuum energy density yields the following result
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2
U,

Pvac = “ﬁ- (41)
P

Finally, a value for pyac is obtained that depends exclusively on the amplitude vy of the ground state.
This dependence reflects the essential role of vy in regulating the field configuration. However, it
must be interpreted carefully because it is dynamical in nature; as suggested in Refs. [32-34]. The
reason is that vy depends directly on n for n >> 0, and therefore on the quantum state of the field
and, consequently, on its evolution, as will be shown in Section 3.4. The order of magnitude of pyac is
primarily governed by the amplitude, but its sign is determined by the functional form of the ground
state and the associated quantum constraints of the field. This plays a decisive role in ensuring a
positive energy density.
Given the constraint relation A6*v3 = 1, the vacuum energy density (41) can also be written as

1
Pvac (5) == DCT%. (42)

This is a relation in which pyac(d) is expressed in terms of its fundamental parameter, implying that
different densities can be obtained for different states of the scale. Then, given the magnitude of 6 = £,
the vacuum energy density of the contracted state pyacc represents the maximum achievable energy

density and is defined as
1
Pvace = IXT%- (43)

At the other end of the scale, corresponding to § = R, the vacuum energy density of the extended state

Pvace is defined as
1

Pvace = “m- (44)

Considering these two densities, which essentially reflect a dynamic transition between two different
scales, we can propose a ratio that matches the well-known hierarchy between the naive QFT vacuum
density and the observed vacuum energy scale, leading to the following

2
Ovacc _ IZT ~ 10122[ (45)
Pvace p

which spans 120 orders of magnitude [35]. This value reflects the well-known enormous gap between
the energy density assigned to a primordial contracted state and that assigned to a fully expanded
state; furthermore, within our framework, it points to a possible transition of the field § from the n = 0
state to states with n > 0. Alternatively, pyacc is expressed solely as a function of the mass using (29)

4 4
m m
Ovacc = & effl _ o AP . (46)

4A

The same can be done for pyace, but in this case using (32) it is obtained

4
Mot
9A

Ovace = & (47)
Moreover, if pyace is identified with the energy density p5 associated with the cosmological constant
A, then pyace = pa, yielding afic/ (/\RZK%,) = Ac*/(87G). Expressing all terms in the same units, the

result is given by
8t
A= —5~017. 4
gz 0 (48)
The fact that A = 0.17 is of order unity provides a compelling argument for the naturalness of the

model, as discussed in Ref. [16]. Unlike standard cosmological constant fine-tuning, this result aligns
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with the expectation that fundamental dimensionless parameters should not deviate by many orders
of magnitude from unity. Using this adjusted self-interaction constant and returning to (47), the
identity establishes a numerical relation between density pyace and mass mgffz. This expression is often
described in the specialized literature as a coincidence when g, is assumed to represent a neutrino
mass [16]. The numerical equivalence follows directly from the fundamental relation (42) and, in
particular, the stabilization condition Am = 0. Consequently, this yields a residual mass value that, as
previously shown in Section 3.2, is remarkably close to that of light neutrinos.

Additionally, assuming a surface S = 47162 that encloses the density pyac (6)asa bounding surface,
and using the expression (42), with the Planck length expressed in terms of the gravitational constant
G, yields

dprrct

AG

It is noteworthy that this geometric relation emerges without invoking gravitational dynamics, as the

SPvac = (49)

model remains strictly in flat spacetime. Furthermore, by expressing (49) in SI units, it is intrinsically
independent of 7 at macroscopic scales. This suggests that pyac should not be interpreted as a standard
stochastic quantum fluctuation; instead, it emerges as a deterministic geometric manifestation of
the field configuration, as supported by (42). Our result aligns with the proposals of Refs. [36-39]
concerning the link between energy density and a physical scale of the system; yet it offers a divergent
theoretical origin. Whereas these authors often rely on holographic quantum counting, we interpret the
constancy of the Spyac product as a structural coupling mediated by the self-interaction term ¥3¢°. If
Ovac is associated with the ground state §o via vy, then the surface S represents the dynamical boundary
of the field ¥, such that any transition between field states is necessarily reflected in the evolution of S.
Next, a vacuum energy Ey is defined within a volume V, where the density pyac is expressed as
Pvac = AEy/AV. If this volume element is represented by AV = SA/, the relation (49) can be written

darrct
AEy = e

AL (50)

The resulting equation implies a necessary linear correspondence between a portion of the vacuum
energy AEy and the geometric length element A/. This relation integrates the Einstein tension ¢*/G
together with the coupling parameter A. The energy surplus derived from the mass relaxation process
does not dissipate; it constitutes the fundamental basis of the field. This dynamic identity ensures
that the system is energetically self-consistent across all scales, enabling an equilibrated closed model.
It is relevant to note that the numerical factor, given by 4a7t/A ~ 10.4, indicates that the emergent
geometry requires approximately ten units of Planck energy for every unit of Planck length to maintain
its macroscopic scale. This factor of order ten is not arbitrary; it arises from the spherical symmetry
and intensity of the self-interaction A. The structure of this linear relation between energy and length
naturally explains the independence of 7 in pyac. Since AEj is proportional to A/, the dependencies
on V1 in both the Planck mass and the Planck length cancel exactly across all scales, unlike the scale
dependent behavior observed in (42).

The term X% K2 from (14) establishes the state §o as the mandatory substrate for any field con-
figuration. Furthermore, unlike the amplitudes C, of the excited modes, vy is strictly fixed by the
internal constraints. Thus, §o persists alongside any transient excitations, ordering the self-interaction
processes between the different field states. An evolution occurs from ground state energy dominance
toward the geometrization of higher order field excitations.

3.4. Dynamical Scale Evolution and Emergent Expansion

The geometric transformation (20) shares some similarities with the flat FLRW metric. As dis-
cussed in Section 3.2, the evolution of the field § requires a dynamical law for the scale parameter J
to govern the transitions between its states. Consider the spatial distance between two coordinate
points (x1,y1,2z1) and (x2,y2,z2). Assume that the measurement is performed simultaneously at both
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points, then t; = t,. If the flat FLRW metric can be written as ds> = —dt? + a?(t)(dx? + dy? + dz?), the
resulting physical length L follows L? = a?(t)L2. This means that L expands in time through a scale
factor a(t) multiplying a fixed comoving length L.. A similar calculation can be performed by applying
(20) to points 1 and 2, which yields an observable physical distance L equivalent to the previous case.
This analogy does not imply that J replaces the cosmological scale factor, but rather that it induces an
emergent dilation compatible with FLRW type expansion. Thus, it is possible to express the physical
distance as L2 = (x}, — x})(xh — x]) = 62¢'¢, where the distance can be dilated by a parameter ¢ that
rescales the transformed dimensionless Euclidean distance &'&'.

Accordingly, for a physical length L evaluated in both frameworks, a(t) and ¢ play equivalent roles
in the expansion and dilation processes. These factors arise from distinct mathematical formalisms.
However, despite the methodological differences in their origin, both interpretations of the physical
length L coincide. A time dependent parameter 6(¢) transforms static scaling into a dynamical
evolution, effectively describing the dilation of observable physical space [40]. This mechanism
provides a field theoretic basis for the expansion observed in the FLRW description. To this end, let us
evolve both sides of equality (33) in dimensionless time T, resulting in

AS An 1

AT P AT (51)

Describing the dynamical evolution in the n >> 0 regime requires assuming that transitions between
states ¥, occur sequentially and in an orderly manner. Consequently, each quantum jump # to n + 1 is
necessarily associated with a physical time increment At of the order of Planck time ¢;,. This assignment
is not arbitrary but mandatory to preserve the consistency of the model. Since the system evolves
from the minimum scale § &~ ¢, to the current scale § ~ R through n =~ 10°! levels, the accumulated
physical time t = ) 6;AT for this number of steps accurately recovers the observed cosmological
chronology. The dimensionless interval At = At/{; acts as a differential counting element within
the global framework é; ~ R/c. Thus, the inverse of the interval 1/AT represents the fundamental
frequency of jumps per unit of temporal scale, providing a natural justification for the proportionality
between the macroscopic expansion rate and the quantum transition probability, namely
1 Q 2

EmP(n—wH—l):|<n+1|N(s)|n)| . (52)
Here, the transition operator used is N(e), this is the number operator N defined in (23), but with
the aim of adding a perturbation term ¢ to destabilize the system and induce transitions between
states. Since the Hamiltonian is not easily expressed through the ladder pair 4 and 4%, we adopt the
number operator as the fundamental observable that governs the field configuration. In this scheme,
the transition between states is treated as a discrete jump in the excitation level, which drives the
bonding dynamics, rescaling the emergent metric with each step. Therefore, it can be written as

A,

N(e) = (a" +¢)(a+e), (53)

how the operator N, by itself, cannot induce transitions between different field states; thus, a perturba-
tion is introduced to the creation and annihilation operators, whose nature and origin will be clarified
later. The calculation proceeds via the orthonormality of states |n) and the relations in (22)

(n+1|N(e)|n) = (n+1|(a" +e)(a+¢)|n) = (n +1|N +e(a* +a) + &|n),

where all terms vanish except for (n + 1]at|n) = v/n + 1. In the limit n > 1, yields (n + 1|N(e)|n) =
ey/n. Finally, 1/AT can be written by introducing a proportionality constant A as

1
i & &n = Aen. (54)
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Returning to (51), substituting the value obtained for 1/A7, by introducing the variation of J with
respect to time t as 6 = AJ/At = (AS/At)(c/R), and using (33) again to eliminate #, results in the
following

5 C 2

The constants .A and ¢ encapsulate the effective transition rate between neighboring configurations,
and their order of magnitude can be determined as will be shown below. Ultimately, we find that the
dynamics of the parameter J is consistent with the Hubble law, similar to a(t), and thus it is compatible
with the dark energy processes involved in the standard model.

The nature of the perturbation ¢ follows from the definition of the operator 4(¢) = 4 + ¢, which,
expressed as 1/v/2((¢ + V/2¢) + 9¢), identifies the relation (&) = & + v/2¢. Consequently, ¢ appears
as a dispersion o, of the variable ¢, or equivalently, e manifests itself as an intrinsic fluctuation of the
system. Defining the perturbation limit as the dispersion of the ground state profile, according to (16),
yields

C(s):§+0£:>\/§£:agz1:>s~\2. (56)

The dynamical expansion results from the propagation of these fluctuations through the field, triggering
transitions to higher states. This process is supported by a mathematical structure in which transition
probabilities are proportional to the excitation number, driving an ordered extension of the field and
the subsequent dilation of the surrounding space.

Concerning the value of A according to (55), the factor ¢/ R acts as the fundamental frequency that
scales the quantum probability to the macroscopic domain. It is physically consistent to assume that the
proportionality constant A is of the order of unity A ~ 1. This choice is justified by normalization of
the system in the transformed ¢-space, where the interaction scales are reduced to unity. Furthermore,
it is supported by the highly ordered character of the transitions in the n > 0 regime, in which the
system evolves almost deterministically level by level. With these values, and considering that both .A
and &2 are of the order of unity, we can rewrite (55) as follows

Ho = g ~ % (57)
This relation is consistent with the expected order of magnitude of the Hubble parameter Hj at late
times.
In this context, Am = 0, in (30), define the moment when the mass m has relaxed and stabilized,
we interpret it as a regime change where the field enters an expansionary stage described by (57); a
phase that in the standard model is associated with the dark energy domain [41]. In fact, the order of
magnitude of this mass given in (32) coincides with that proposed by some authors, such as Ref. [42].
Imposing a mass stabilization condition on the field quantum constraints yields an evolutionary
mechanism consistent with the FLRW metric. Two perfectly synchronized phases emerge from this
process without forced dynamics [43]. A closer inspection of these implications reveals how Am = 0
leads to a density evolving inversely to volume, p « 1/6%, accompanied by a vanishing pressure
p = 0. This identifies a state where the density evolves freely and without exerting pressure on its
surroundings, a notable feature of dark matter once it enters the expansion regime driven by dark
energy. Thus, a qualitative link is suggested between the stabilization of m and the onset of the
expansion driven by J, pointing to a unified description of dark matter and dark energy within the
same field framework. Moreover, since the phase transition entails a significant energy redistribution,
the overall activity of the system is reduced following the global equilibrium. The resulting mechanism
aligns with the proposals of Mass Varying Neutrinos [44,45]; however, unlike those models, our
approach does not require an external neutrino field, as the dynamics arise instead from intrinsic
ground state fluctuations. By considering the extended field as the driver and regulator of the dynamics,
we find that the energy relaxation during the phase transition facilitates conditions for high quantum
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occupation and coherent configurations of the vacuum state. Accordingly, the residual mass m.g; is
expected to undergo gravitational condensation into bosonic halos; these structures represent stable
and localized remnants of field self-organization and populate the dark matter sector. This process is
consistent with the “nugget formation” proposed in Ref. [46], albeit under a different interpretation.
Thus, the emergence of cold dark matter and the expansion driven by dark energy are intrinsically
linked through Am = 0. This requirement, internal to the model, provides a consistent and unified
description of the dark sector.

4. Conclusions

This work establishes a framework where the physical field ¥ is not a mere passive background,
but an extended entity with intrinsic scaling dynamics. It is demonstrated that the self-organization
mediated by the coupling term §3? generates fundamental quantum constraints. Rather than mere
mathematical requirements, these conditions define the allowed configurations of the system, ensuring
that a coherent geometry emerges as a direct consequence of the internal dynamics.

A central aspect of this study is the mass relaxation mechanism within this substrate. It has
been demonstrated how § evolves from the Planck scale to a stable residual magnitude. Although
comparable to light neutrino masses, such a result is interpreted as a remnant of the stabilization
process rather than a particle mass. This approach provides a robust bridge between microscopic and
macroscopic scales, arising from the self-consistent field properties.

The energy density is treated as a persistent expectation value of the vacuum state. The present
analysis demonstrates that pyac stems from a geometric manifestation of the field configuration, strictly
governed by the underlying constraints. A geometric-energetic correspondence has been established
that ensures the exact cancelation of i across all scales, arising as a structural property of the system.
Although limited to flat spacetime, these results link the derived relations to observational estimates of
the cosmological vacuum density.

Furthermore, the scale parameters are not static and exhibit a dynamical behavior governed by
transitions between neighboring configurations. By treating these transitions as the result of intrinsic
ground state fluctuations, an effective expansion rate compatible with a late-time accelerated regime
is obtained. This provides an interpretation of how large-scale evolution emerges from quantum
processes without requiring external cosmological drivers.

Finally, our results suggest that f constitutes an extended entity dominated by its ground state
profile fp. Once the mass stabilization condition Am = 0 is reached, the remnants of this process
constitute the fundamental properties of the emergent spacetime. Under this unified perspective, the
dark sector is not composed of independent substances; rather, dark matter and dark energy arise as
distinct manifestations of the field transition toward a stable macroscopic state.
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