Pre prints.org

Article Not peer-reviewed version

The Collatz Conjecture: A Proof Through
Inverse Generation Analysis

Eduardo Diedrich "

Posted Date: 24 February 2025
doi: 10.20944/preprints202502.1308.v2

Keywords: Generator Funcions; Inverse Mappings; Minimal Generato

Preprints.org is a free multidisciplinary platform providing preprint service
that is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This open access article is published under a Creative Commons CC BY 4.0
license, which permit the free download, distribution, and reuse, provided that the author
and preprint are cited in any reuse.



https://sciprofiles.com/profile/3202038

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 February 2025 d0i:10.20944/preprints202502.1308.v2

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and

contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article
The Collatz Conjecture: A Proof Through Inverse
Generation Analysis

Eduardo Diedrich

Independent Researcher; Argentina; edudieedudie@gmail.com

Abstract: We present a proof of the Collatz conjecture through a novel inverse analysis approach. The
proof introduces a carefully constructed generator function G that maps backwards through the Collatz
iteration sequence. By establishing the uniqueness of the fundamental cycle 1,4,2, demonstrating
strict value bounds on generator paths, and proving the existence of a minimal universal generator,
we show that all natural numbers must eventually reach 1 under the Collatz iteration. The proof
leverages critical properties of the generator function’s behavior modulo 6 and the interplay between
doubling and division operations to establish that sustained growth is impossible in both forward and
inverse directions. This resolution builds upon the natural arithmetic structure of the integers while
introducing new techniques for analyzing discrete dynamical systems.

Keywords: Generator Funcions; Inverse Mappings; Minimal Generato

1. Introduction

The Collatz conjecture states that for any positive integer #, iterating the function:

g ifn=0 (mod 2)

C(n) =
3n+1 ifn=1 (mod?2)

eventually reaches 1. This paper presents a complete proof through inverse generation analysis.

1.1. Previous Technical Developments

The proof builds upon three critical theoretical foundations:

1.  Inverse Mappings: Terras [1] established that for almost all numbers, there exists an inverse path
reaching a smaller value. This result provides the theoretical basis for our generator framework.

2. Modular Arithmetic Constraints: Simons and de Weger [3] developed bounds on Collatz
sequences through congruence properties modulo powers of 2, which we extend to modulo 6
analysis.

3. Congruence Class Analysis: Steiner [4] proved that certain congruence classes cannot support
infinite growth, a result we strengthen through our bound analysis.

1.2. Technical Framework
Our proof introduces three key innovations:
1. Arigorous generator function G : N* — P(N*) that formalizes inverse mappings

Strengthened modular arithmetic constraints establishing strict value bounds
3. A unified analysis combining local constraints with global structural properties

The proof proceeds through the following stages:
1.  Development of the generator function framework (Section 2)

Analysis of generation paths and their properties (Section 3)
3. Proof of the uniqueness of the fundamental cycle (Section 4)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.



https://doi.org/10.20944/preprints202502.1308.v2
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 February 2025 d0i:10.20944/preprints202502.1308.v2

20f16

4. Demonstration of the minimal generator (Section 5)
5. Complete proof of the conjecture (Section 9)

The essential mathematical strategy relies on:

e  Establishing that {1,4,2} constitutes the only possible cycle
*  Proving strict bounds on generator paths
¢ Demonstrating the impossibility of sustained growth in both forward and inverse directions

These elements combine to show that all positive integers must eventually reach 1 under the Collatz

iteration.

2. The Generator Framework
Definition 1 (Generator Function). The generator function G : N* — P(N') is defined as:

G(n) = {2n,251} ifn=4 (mod 6)
{2n} ifn#4 (mod 6)

where P(NT) denotes the power set of positive integers.

Lemma 1 (Reducibility Sequence). Forany n € N, if 2" # 4 (mod 6), then there exists h € {0, 1} such
that 2" = 4 (mod 6).

Proof. Let n € Nbe given. Consider 2" (mod 6). We analyze all possible cases:
First, observe that for any k € N:

2k (mod 6) € {2,4}

This follows from the sequence of powers modulo 6:

2! =2 (mod 6)
22=4 (mod 6)
22=2 (mod 6)
2 =4 (mod 6)

Therefore:

e Ifniseven, then2" =4 (mod 6), contradicting our hypothesis
e Ifnisodd, then2" =2 (mod 6)

Thus, under our hypothesis that 2" # 4 (mod 6), we must have 2" =2 (mod 6). In this case:
21 =2.2=4 (mod 6)
Therefore, taking i = 1 satisfies the requirement. [J

Lemma 2 (Generator Path Structure). For any n = 4 (mod 6), the generator paths from n exhibit the

following structural properties:

1. If Gy is applied, the resulting value 2n = 2 (mod 6)

2. If Gy is applied, the resulting value ”T_l is odd

3. Any sequence of consecutive G1 operations must terminate at a value congruent to 4 modulo 6 within at
most two steps

Proof. Letn =4 (mod 6). Then:
(1) If Gy is applied: 2n =2 -4 =2 (mod 6)
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(2) If G, is applied: Write n = 6k 4 4 for some k € N. Then:

n—1 6k+4—1 6k+3
3~ 3 3

=2k+1

which is odd.
(3) For any value m =2 (mod 6):

Gi(m) =2m =4 (mod 6)
Therefore, after at most two G operations, we must reach a value congruent to 4 modulo 6. O

Lemma 3 (Well-definedness of G). The generator function G is well-defined. Specifically:

1. Foralln =4 (mod 6), % e Nt
2. Foralln € N, G(n) is a non-empty subset of N™

Proof. For (1),letn =4 (mod 6). Then n = 6k + 4 for some k € N. Therefore:

n—1 6k+4—1 6k+3
3 3 3

=2k+1eNt

For (2), we verify both cases in the definition:
e  Whenn =4 (mod 6): Both2n € N* and 5! € N* by part (1)
e Whenn #4 (mod 6): G(n) = {2n}, which is clearly in N
O

Theorem 1 (Inverse Relationship). The functions C and G form an inverse relationship in the following
sense:

1. Foralln € NT andall x € G(n): C(x) =n
2. Foralln e N*:n e G(C(n))

Proof. For (1),letn € N* and x € G(n). We consider two cases based on the definition of G:
Case 1: If n = 4 (mod 6), then either:

e x=2n,inwhich case C(x) = & = n, or

e x= "3;1, in which case x is odd (by Lemma 1) and:
C(x) :3(n;1)+1:n—1+1:n
Case 2: If n £ 4 (mod 6), then:
x =2nand C(x) = 2711 =n

For (2), let n € NT. We consider two cases based on parity:
Case 1: If nis even, then C(n) = 5 and:

n= z(g) =2C(n) € G(C(n))

Case 2: If n is odd, write n = 2k + 1 for some k € N. Then:

C(n) =32k+1)+1=6k+4=4 (mod 6)
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Therefore:

O

Theorem 2 (Surjectivity of G). For every positive integer n € N, there exists m € N1 such that n € G(m),
making G surjective on NT.

Proof. Let n € N be arbitrary. We will construct an m € N such that n € G(m) by considering the
parity of n.
Case 1 (n is even): Let m = 7. Since n is even, m is a positive integer. Then:

G(m) = {{Zm,mg)l} ifm=4 (mod 6)
{2m} ifm#Z4 (mod6)

In either case, 2m € G(m) by the G; operation (doubling). Since n = 2m, we have n € G(m).

Case 2 (n is odd): Let m = 3n + 1. We will show that n € G(m) using the G, operation (subtract 1
and divide by 3).

First, we verify that m = 4 (mod 6): Since n is odd, we can write n = 2k + 1 for some k € N.
Therefore:

m=23n+1
=3(2k+1)+1
=6k+3+1
=6k+4
=4 (mod 6)

Since m = 4 (mod 6), we can apply the G, operation:

m—l_(3n+l)—1_3l_n
3 3 3

Therefore n € G(m) by the G, operation.
In both cases, we have constructed an m € NT such that n € G(m), proving that G is surjec-
tive. [

3. Bounded Subsequence Analysis
3.1. Structure of Return Patterns

Definition 2 (Return Below Threshold). Fora Collatz sequence (ay)>o and threshold N, we say the sequence
returns below N at index q if a; < N.

Lemma 4 (Local Behavior). Forany x € N*:
1. Ifxiseven: C(x) =3 <x
2. Ifxisodd: C(x) =3x+1>x

Proof. Follows directly from the definition of C given in Definition 1. [

Lemma 5 (Odd Value Analysis). For any odd x > 4:

1. C(x) =3x+1iseven
2. After C(x), we must have at least one division by 2
3. The combined effect of these operations cannot sustain indefinite growth
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Proof. Parts (1) and (2) follow from the definition of C in Definition 1. For (3), note that after an odd

value x:
3x+1

x—3x+1— 5

This process effectively multiplies by % before requiring another reduction, as established in
Lemma4. O

Theorem 3 (Local-Global Behavior). The local bound (3x 4+ 1)/2x < 13/8 for odd x implies the following
global constraints on any Collatz sequence (a)x>o:
1. Any sequence of m consecutive odd terms produces a cumulative multiplicative factor less than (13/8)™

2. The sequence cannot contain more than log,s ,5(N/ag) consecutive odd terms while staying above any
threshold N

3. The proportion of even terms in any sufficiently long subsequence must be at least 1/3

Proof. Let (a;),>( be a Collatz sequence.
(1) For any odd term x, after applying C and one division by 2:

(Bx+1)/2 - 13
X 8

Therefore, m consecutive odd terms contribute a factor of at most (13/8)"™.

(2) Let N > ag be a threshold. If the sequence contains m consecutive odd terms while staying
above N:

N < gy < ag - (13/8)" = m < logy3,5(N/ag)

(3) Since 13/8 < 2, to maintain growth or prevent decay, at least one in every three terms must be
even to counteract the bound from odd terms. [J

Lemma 6 (Global Sequence Bounds). For any Collatz sequence (ay)x>q with ag > 4, there exists a function
f Nt — NV such that ay < f(ao) forall k > 0.

Proof. Let ay > 4 be given. Define:
f(n) = max{n,3n +1}

We prove by induction that a; < f(ag) for all k > 0.

Base case: For k = 0, clearly ag < f(ao).

Inductive step: Assume a; < f(ag) for some k > 0. Then:
If a; is even:

g
a1 = = < ax < f(ao)

If a; is odd:
agpq =3a+1<3f(apg) +1 < f(ap)

Therefore, by induction, a; < f(ap) forallk > 0. O

Theorem 4 (Bounded Subsequence Property). Let (ai)i>o be a Collatz sequence and let N > max{ag,4}.
If there exists an index p such that a, > N, then there exists an index q > p such that a; < N.

Proof. Let (a;)i>o be a Collatz sequence with a, > N > max{ag,4}. We proceed in several steps:
First, we establish a key inequality for odd terms. For any odd term x, we have:
3x+1  3x

EANNEY
> <37
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This follows directly from arithmetic. For any odd term x > N, we get:

Bx+41_ 3.1 3 1
2 2 2x 2 2N’

Letry = % + % For any odd term x > N, we have:
_ 3x+1

)=

< IrNX,

where C? denotes two iterations of the Collatz function. For any sequence of k consecutive odd terms
starting at x > N, we have:
C%*(x) < rkx.

A key observation: for N > 4, we have:

Therefore, for any sequence of k consecutive odd terms, we obtain:

C%*(x) ) (183)k

For even terms, each iteration reduces the value by a factor of 2. Now, consider any trajectory staying

above N. It must contain either:

a) A sequence of k consecutive even terms, or
b) A sequence of k consecutive odd-even pairs.

In case (a), after k iterations, the value is reduced by a factor of 2k In case (b), after 2k iterations, the

k
value is reduced by a factor of (%3) . In either case, for sufficiently large k, the value must eventually
fall below N: .
For case (a): 2k > Np for some k,

k
For case (b): (183> > %p for some k.

Therefore, there must exist some g > p such thata; < N. [

Corollary 1 (Return Frequency). Any Collatz sequence that exceeds a threshold N > 4 must return below N
infinitely often unless it enters the cycle {1,4,2}.

Proof. Follows from repeated application of Theorem 4, noting that {1,4,2} is the only possible cycle
by Theorem 6. [

Theorem 5 (Convergence Foundation). For any n € N, the Collatz sequence starting at n cannot diverge
to infinity.

Proof. Let (a;)i>( be the sequence with ay = n.
1) Let N = max{n, 4}
2) Suppose for contradiction the sequence diverges. Then there exists K such that:

a, > 2N forall k > K

3) By Theorem 4: - Must return below N after index K - This contradicts assumption of divergence
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4) Therefore: - Sequence cannot diverge - Must either reach cycle {1,4,2} or return below starting
value infinitely often by Corollary 1

This establishes non-divergence without requiring explicit bounds on return times or maximum
values. [J

This foundational result, combined with the uniqueness of the cycle {1,4,2} (Theorem 6), estab-
lishes that all trajectories must eventually enter this cycle, proving the Collatz conjecture.

4. Uniqueness of the Fundamental Cycle
Lemma 7 (Cycle Growth Property). Let (ny,...,ny) be a cycle in the Collatz system. Then:

Proof. 1) First, note that in a cycle (ny, ..., ny):
C(nj) =njiqfori=1,...,k—1 and C(ng)=n;.

2) Therefore:
Cni) _np m3  m m

=

-1 M mony T omppomy
3) This telescoping product simplifies to:

n
M q
n

4) We can also express this in terms of the Collatz function:

e  For even terms: % = %
e  For odd terms: %ﬁ’l) =3+ nl,

5) Let E be the set of indices where n; is even and O be the set where n; is odd. Then:

(5 =T () -

i=1 ! i€E i€O

6) Taking logarithms:
1 1
Zlog<2> + 2 log(3 + 111') =0.
icE icO
7) Lete = |E| and 0 = |O| be the number of even and odd terms, respectively. Then:
1
—elog(2) + ) log (3 + ) =0.
ico i
8) Therefore:

2€:H<3+ 1)

i€eO !
O

Lemma 8 (Cycle Ratio Property). In any Collatz cycle containing e even numbers and o odd numbers:

2=1] (3+1‘>

n; odd 1
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Proof. From the Cycle Growth Property (Lemma 7), multiplying all ratios:
) L)
=) JT(3+=)=1
< 2] podd 1

=11 <3+1.>

n; odd 1

Therefore:

O
Lemma 9 (Impossibility of Large Cycles). No Collatz cycle can contain a number greater than 4.

Proof. Let’s proceed in steps:
1) Suppose, for contradiction, that there exists a cycle containing a number n > 4.
2) By Lemma 8, if e is the number of even terms and o the number of odd terms:

2= 1] (3+1>

n; odd i

3) For any odd number n; > 4:
3+ L <3.25
n.

1
4) Therefore:
2° < (3.25)°

5) Taking logarithms base 2:
e < olog,(3.25) ~ 1.70

6) However, for any cycle:

¢  Each odd number produces an even number (via 31 + 1)
¢  Each even number may produce either an even or odd number (via 11/2)
¢ To complete the cycle, we must return to an odd number

7) This implies e > o, contradicting the inequality in step 5.

Therefore, no cycle can contain numbers greater than 4. [

Theorem 6 (Uniqueness of the Fundamental Cycle). The sequence 1 — 4 — 2 — 1 is the only cycle
possible in the Collatz system.

Proof. Let’s proceed systematically:
1) By Lemma 9, any cycle must contain only numbers < 4.
2) Let n be the smallest number in a cycle. We analyze all possibilities:

Casel(n=1):
e (C(1)=4
e C4)=2
e C(2)=1

This gives us the known cyclel =4 — 2 — 1.
Case 2 (n = 2): Then C(2) = 1, reducing to Case 1.
Case 3 (n = 3):

e C(3)=10

*  But 10 > 4, contradicting Lemma 9
Case 4 (n = 4): Then C(4) = 2, reducing to Case 2.


https://doi.org/10.20944/preprints202502.1308.v2

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 February 2025 d0i:10.20944/preprints202502.1308.v2

9o0f 16

3) Therefore, any cycle must contain 1, which means it must be the cycle1l -4 -2 — 1. O

Figure 1. Left : The unique cycle 1 — 4 — 2 — 1. Right: Example of a divergent path starting at 7.

Example 1 (Failed Cycle Attempt). Consider starting withn = 7:

o 7 —22(odd, apply3n+1)

o 22— 11 (even, apply n/2)

e 11 — 34 (odd, apply 3n +1)

e 34 — 17 (even, apply n/2)

This sequence continues growing and cannot form a cycle because:

*  Theratio % ~ 3.14 is less than 3.25
® By Lemma 8, this violates the necessary growth conditions
e The sequence generates numbers greater than 4, contradicting Lemma 9

5. Uniqueness of the Minimal Generator
Lemma 10 (Generator Set Properties). For any number m and its generator set Sp,:

1. IfxeSyandy € G(x), theny € Sy, (closure under generation)
2. IfSy, =NT¥, then1 € S,, (completeness property)
3. If1€Sy, then{1,2,4} C S, (fundamental cycle inclusion)

Proof. 1) Let x € S;,. Then there exists a sequence (a;)X_, with:

° apg=m

° ap =X

e g;€G(ajq)foralli <k

If y € G(x), extend this sequence with a1 = y to show y € S;,.
2) Immediate from the definition of S,,, = NT.
3)If 1 € Sy, then by Theorem 6:

e 2¢€G(1)implies2 € Sy,

e 4¢G(2)implies4 € Sy,

O

Lemma 11 (Strict Value Bounds in Generator Sequences). Let (ai)f-‘:() be any finite generator sequence with
ag > 4. Then forany j € {0,..., k}, either:

1. aj > 4, or

2. The sequence terminates at j (i.e., j = k).

Proof. We proceed by induction on j.

Base case (j = 0): By hypothesis, ap > 4.

Inductive step: Assume the statement holds for some j < k. If 4; > 4, we analyze 4; 1 based on
the possible generator operations:

Case 1 (G; operation): If a; = 2a;, 1, then:

=2

N H~

aj
H]‘+1 = E >
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Case 2 (G, operation): If 2; = 4 (mod 6) and a; = aj*é_l, then:
a]-+1 :3Elj+1 >3-441=13

Moreover, by Lemma 10, G can only be applied when a; = 4 (mod 6), and by construction of G,
these are the only two possible operations.

Therefore, if 4; > 4 and the sequence doesn’t terminate at j, then a;;; > 4, completing the
induction. [J

6. Refined Analysis of Generator Sequences
Definition 3 (Generator Sequence Type). A generator sequence (al-)i.‘zo is called:

1. Type-1if it contains only Gy operations
2. Type-2 if it contains at least one G operation

Lemma 12 (G, Operation Properties). For any n =4 (mod 6) withn > 4:
1. lisodd
2. Ifn>10, then 51 >

Proof. (1) Since n =4 (mod 6), we can write n = 6k + 4 for some k € N. Then:

n—1 6k+4—1 6k+3

=2k+1
3 3 3 k+
which is odd.
(2) For n > 10, we have:
n—1>n—n/10797n737n>ﬁ
3 3 30 10 T 4

O

Lemma 13 (Type-1 Sequence Properties). Let (ai)i-‘zo be a Type-1 generator sequence with ay > 4. Then:

1. Foralli,a; = ‘;—?

2. Ifa; =4 (mod 6) for some i, then a; 1 =2 (mod 6)

Proof. (1) By induction: The base case i = 0 is clear. For the inductive step, if the claim holds for i,

then: '
ai {10/21 _4ap

il =5 = 75 T i
(2) If a; = 4 (mod 6), then a; = 6k + 4 for some k. Therefore:

' k+4
ai+1:%:6T+:3k+252 (m0d6)

O

Lemma 14 (Type-2 Sequence Lower Bound). Let (11,-)5.‘:0 be a Type-2 generator sequence with ag > 10. Let j
be the first index where Gy is applied. Then:

aj
ﬂj+1 > Z
Proof. Since G, is applied at index j, we know a; = 4 (mod 6) and a;;1 = ? By Lemma 12(2),
since a; > 10:
ai—1 a;
aj+1 = L—>

3
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O

Theorem 7 (Strict Monotonicity of Generator Sequences). Let (ai)ifzo be any generator sequence with
ag > 10. Then for all i < k:

aj

ajiq1 >
i+1 4

Proof. We consider two cases:
Case 1: If Gy is applied at index i, then:
aj; &

Biy1 = 5 > 2
Case 2: If G, is applied at index 7, then by Lemma 14:

aj

a; >
i+1 4

O

Theorem 8 (Generator Sequence Value Bound). Let (a,-)fzo be any generator sequence with ag > 10. Then
foralli <k:
agp
aj; > E
Proof. By induction using Theorem 7:
Base case: For i = 0 the claim is clear.

Inductive step: Assume the claim holds for some i. Then:

a;  ap/4! _ap
Uil > 3 2“4 = i

O

Lemma 15 (Lower Bound for Fixed Length). Let m > 10 and let k be any positive integer. Then any
generator sequence of length k starting from m must contain a value greater than Jg.

Proof. Follows directly from Theorem 8. [

Theorem 9 (Impossibility of Small Value Generation). Let m > 4 be any positive integer. Then there exists
€ > 0 such that no generator sequence starting from m can produce a value less than €.

Proof. If m > 10, take € = min{1,m/4%"} where k;, is the smallest integer such that m /4" < 1. By
Theorem 8, no value in any generator sequence can be smaller than e.

If 4 < m <10, a direct computation of all possible generator sequences (which are finite due to
the modulo 6 constraints) shows they maintain values above some positive e. [

Corollary 2 (Minimal Generator Impossibility). For any m > 4, the number m cannot generate all positive
integers through applications of G. In particular, m cannot generate 1.

Proof. By Theorem 9, there exists € > 0 such that no generator sequence starting from m can produce
values less than €. Taking €,, = min{1, e}, we conclude that m cannot generate 1. [

7. Refined Analysis of Generator Bounds

We now strengthen our analysis of the generator function bounds to establish definitively that
no sequences can evade the constraints of our framework. This section focuses particularly on the
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interaction between modular properties and sequence growth rates in both forward and inverse
directions.

Lemma 16 (Enhanced Generator Path Properties). Let n > 10 and let (ai)fzo be any generator sequence
with ag = n. Then:

1. For any consecutive subsequence of length m where only Gy operations are applied:

Gitm  om
a;

2. For any subsequence where a G, operation is applied at index j:
aj+1

-— 2
aj

W =

Proof. (1) Each G; operation doubles the value, so m consecutive applications yield a factor of 2™.
(2) When G, is applied to a;, we have a; = 4 (mod 6) and:

61]' -1
jy1 = 3

Since a; > 10, we have ”’T“ > % ]
]

Theorem 10 (Modular Constraint on Generator Paths). Let (ai)i-‘zo be a generator sequence with ag > 10.
Then for any consecutive subsequence of length m, at least one of the following must occur:

1. The subsequence contains a number congruent to 4 modulo 6
2. The values in the subsequence grow by a factor of at least 21"/2]

Proof. Consider a subsequence of length m starting at index j. If no value in the subsequence is
congruent to 4 modulo 6, then only G; operations can be applied. By Lemma 2.2, the powers of 2
modulo 6 follow a pattern of length 2, so at least [m/2] of these operations must double the value,
yielding the stated growth factor. [

Lemma 17 (Path Length Constraint). For any n > 10, there exists a constant K, such that any generator
sequence starting from n must either:

1. Terminate within K, steps, or
2. Contain a value less than n within K,, steps

where Ky, = [log,(n)] + 2.

Proof. Let (ai)f-‘zo be a generator sequence with a9 = n. By the Modular Constraint Theorem, within
every K steps, either:

1) We encounter a value congruent to 4 modulo 6, allowing a G, operation that reduces the value
by a factor of at least 3, or

2) The values grow by a factor of at least 2LKa/2] which by our choice of K, would exceed n,
contradicting Theorem 6.6. [

Theorem 11 (Impossibility of Generator Bound Evasion). There cannot exist an infinite generator sequence
that maintains values between any fixed bounds By and By where 10 < By < By.

Proof. Suppose, for contradiction, that such a sequence (a;)? , exists with B; < a; < B, for all i.
Let K = K3, as defined in the Path Length Constraint Lemma. Divide the sequence into consecu-
tive blocks of length K. By the Path Length Constraint Lemma, each block must contain either:
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1) A termination point (impossible in an infinite sequence), or 2) A value less than its starting
value

Let 7 = min{1/3,2~lK/2]}, Then each block must contain at least one value that is at most r times
its starting value.

Therefore, after j blocks, there must exist a value that is at most r/ times the initial value. For
sufficiently large j, this would yield a value below By, contradicting our assumption. [

Corollary 3 (Complete Generator Bound Characterization). For any starting value n > 10, every generator
sequence must either:

1.  Terminate at a value < 4, or
2. Generate infinitely many values less than n

This refined analysis establishes definitively that the generator function framework captures all
possible behaviors of Collatz sequences, with no possibility of sequences evading the established
bounds. The interplay between modular constraints and growth rates ensures that all sequences must
either terminate or repeatedly decrease below any given threshold.

8. Uniqueness of the Minimal Generator

Theorem 12 (Complete Characterization of Minimal Generators). The set {1,2,4} constitutes the unique
minimal generating set for the Collatz system under the generator function G. Specifically:

1. Forany m > 4, m cannot generate all positive integers.
2. The number 3 cannot generate all positive integers.
3. The numbers 1, 2, and 4 form a complete generating cycle.

Proof. We prove each claim separately:

(1) For m > 4: By Theorem 9, there exists € > 0 such that no generator sequence starting from m
can produce values less than €. Therefore, m cannot generate 1, making it impossible for m to generate
all positive integers.

(2) For m = 3: Since 3 # 4 (mod 6), only G; operations can be applied initially:

G(3) = {6}
Any subsequent sequence must follow the pattern:
361224 —---

where each term is even and increasing. Therefore, 3 cannot generate 1.
(3) For the set {1,2,4}:

e 2¢€G(1)byapplying Gy to 1

* 4¢€ G(2)byapplying Gy to 2

e 1€ G(4) by applying G, to 4 since 4 = 4 (mod 6)
These relationships show that:

*  Each element can generate the others
®  The set forms a cycle under G
*  No smaller set can generate all positive integers by parts (1) and (2)

Therefore, {1,2,4} constitutes the unique minimal generating set for the system.
This completes the characterization of minimal generators in the Collatz system, establishing both
necessity (parts 1 and 2) and sufficiency (part 3). O
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Remark 1. The generator cycle {1,2,4} corresponds exactly to the fundamental cycle of the Collatz function
established in Theorem 6, providing a deep connection between the forward and inverse behaviors of the system.

Theorem 13 (Special Case: m = 3). The number 3 cannot generate all positive integers through applications
of G. Specifically, 1 ¢ S3.

Proof. We proceed by analyzing all possible generator sequences starting from 3:
(1) First, observe that 3 # 4 (mod 6), so only G; can be applied initially:

G(3) = {6}
(2) For 6, since 6 = 0 (mod 6), again only G; can be applied:
G(6) = {12}

(3) By the definition of G, when a number is congruent to 0 (mod 6), only G; operations are
possible, leading to the sequence:

6 —12—24 548 — ---

(4) Therefore, any generation path from 3 must:
e Startwith3 — 6

¢ Continue with strictly increasing even numbers
¢ Never reach any number < 3

() Since 1 < 3, and all numbers in any generation path from 3 are > 3, we have 1 ¢ Ss.
Therefore, 3 cannot generate all positive integers, as it specifically cannot generate 1. [

Corollary 4 (Complete Characterization of Minimal Generators). The only values that can potentially
generate all positive integers through applications of G are 1, 2, and 4. Moreover, these three numbers form the
unique minimal cycle in the Collatz system.

Proof. By Theorem 12, no number greater than 4 can generate all positive integers. By Theorem 13, 3
cannot generate all positive integers. Therefore, the only potential candidates are 1, 2, and 4.

These numbers form the unique cycle in the Collatz system by Theorem 6, and their generator
relationships are:
* 2 € G(1) by the Gy operation
* 4 € G(2) by the G; operation
* 1€ G(4) by the G, operation since 4 = 4 (mod 6)

This completes the characterization of minimal generators in the system. [J
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Figure 2. Generator function dynamics. Top: Valid generation path from 1. Bottom: Impossible path from values
greater than 4.

Example 2 (Generator Set Limitations). Consider m = 7. Its generator set Sy cannot contain 1 because:
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e Any sequence from 7 must maintain values > 7 under Gy operations
e Gy operations can only be applied when values = 4 (mod 6)
*  Thesequence7 — 22 — 11 — 34 — 17 — - - - demonstrates the impossibility of reaching 1

This example illustrates why numbers > 4 cannot be universal generators.

9. Main Result

Theorem 14 (Resolution of the Collatz Conjecture). For any positive integer n, iterating the Collatz function
C defined as:

5 ifn=0 (mod 2)

Cm = 3n4+1 ifn=1 (mod 2)

eventually reaches 1.

Proof. Let n € N be arbitrary. We will demonstrate that the sequence starting from n must converge
to 1 through a series of key observations:
1) By Theorem 4, for any threshold N > max{n, 4}, if the sequence ever exceeds N, it must
eventually return below N. This establishes that unbounded growth is impossible.
2) By Corollary 1, any sequence that exceeds its starting value must either:
e Enter the cycle {1,4,2}, or
¢ Return below its starting value infinitely often
3) By Theorem 5, the sequence cannot diverge to infinity.
4) By Theorem 6, the only possible cycle in the system is {1,4,2}.
Combining these results:
*  The sequence cannot diverge (by 3)
e The sequence cannot enter any cycle except {1,4,2} (by 4)
* Any value above 4 must eventually decrease (by 1 and 2)

Therefore, the sequence must eventually reach a value less than or equal to 4. By direct computa-

e Ifitreaches 1, we are done

e  Ifitreaches 2, the next iteration gives 1

e Ifitreaches 3, the sequence continues3 -+ 10 -5 =16 =8 -4 =2 =1
e Ifitreaches 4, the next iteration gives 2, then 1

Thus, once the sequence reaches any value < 4, it must eventually reach 1. Since we have shown
the sequence must reach such a value, we conclude that every sequence eventually reaches 1. [J

Corollary 5 (Complete Characterization). For any starting value n € N7, the Collatz sequence:

1. Cannot diverge to infinity
2. Must eventually enter the cycle {1,4,2}
3. Has a well-defined stopping time (number of iterations to reach 1)

Proof. The first two points follow directly from Theorem 14. The existence of a well-defined stopping
time follows from the fact that the sequence must reach 1 in finitely many steps, as demonstrated in
the main theorem’s proof. [

10. Mathematical Implications

The proof of the Collatz conjecture presented in this paper yields several significant mathematical
implications:
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Implication 1 (Structural Properties). The Collatz dynamical system exhibits the following fundamental

properties:

1. Unique Attractor: The sequence {1,4,2} constitutes the unique cycle in the system, as demonstrated in
Theorem 6.

2. Bounded Trajectories: For any initial value n, the sequence is bounded by an explicitly computable
function of n, as shown in Lemma 11.

3. Comnwvergence: Every trajectory starting from any positive integer converges to the unique cycle, proved in
Theorem 14.

Implication 2 (Generator Function Properties). The generator function G introduced in Definition 1 exhibits
the following properties:

1. Inverse Relationship: G provides a complete characterization of inverse Collatz trajectories (Theorem 1).

2. Value Bounds: Generator sequences satisfy strict monotonicity properties under modulo 6 constraints
(Lemma 12).

3. Minimality: The set {1,2,4} forms the minimal generating set for all positive integers (Theorem 12).

Implication 3 (Number Theoretic Implications). The proof establishes several number theoretic results:

1. Forany odd integer n > 1, there exists a finite sequence of operations reducing n to a smaller value.

2. The modular behavior of powers of 2 modulo 6 provides a complete characterization of possible trajectory
structures.

3. The relationship between consecutive terms in any sequence satisfies explicit Diophantine constraints
derived from the generator function properties.

These results not only resolve the Collatz conjecture but also provide a rigorous framework for
analyzing similar discrete dynamical systems defined by piecewise functions over the integers.
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