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Abstract: To understand phase transition processes like solidification, phase field models are fre-
quently employed. These models couple the energy (heat) equation for temperature with a nonlinear
parabolic partial differential equation (p.d.e.) that includes a second unknown, the phase, which
takes characteristic values, such as zero in the solid phase and one in the liquid phase. We consider a
simplified phase field model described by a system of parabolic p.d.e’s,

q(P)pr =V - (A(P)V) + f(p,u),
up = Du+ [p(¢)]y,

where ¢(x,y, t) represents the phase indicator function and u(x, y, t) denotes the temperature. The
functions g, p, and f are given scalars, and A is a 2 x 2 diagonal matrix dependent on ¢. This system is
posed for t > 0 on a rectangle in the x, y plane with appropriate boundary and initial conditions. We
solve the system using a finite difference method that uses for both equations the Crank-Nicolson-ADI
scheme. We prove a convergence result for the method and show results of numerical experiments
verifying its order of accuracy. The isotropic system is numerically solved using Crank-Nicolson-ADI
finite difference discretization for both equations. The initial-boundary-value problem is considered
with homogeneous Dirichlet boundary conditions for ¢ and u. The paper presents preliminary
results on finite difference approximations, establishes the main result, showing that finite difference
approximations to u and ¢ converge in the discrete L, and H; norms with bounds of order At? + 2,
given a stability condition of % < o. Finally, numerical experiments confirm the convergence orders.

Keywords: Error estimates; Finite difference methods; Crank-Nicolson-ADI method; Parabolic system;
Simplified phase field models.

1. Introduction

Phase transition processes like solidification are often understood using phase field models. These
models couple the energy (heat) equation for temperature with a nonlinear parabolic partial differential
equation (p.d.e.) that includes another unknown, the phase, which takes values such as zero in the
solid phase and one in the liquid phase. Phase field models provide a framework for describing
microstructures and capturing the dynamics of interfaces and complex patterns during solidification.
The phase field distinguishes between states of matter, with the phase variable set to zero in the solid
phase and one in the liquid phase. This allows the simulation of phenomena like dendritic growth and
intricate patterns at the solid-liquid interface.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Phase field models [6] are versatile and can be adapted to study various physical processes beyond
solidification, including melting, precipitation, and alloy formation. They incorporate various physical
parameters and boundary conditions, making them suitable for theoretical and practical applications
in materials science. The coupling of the heat equation with the phase field equation enables the
study of thermal gradients, cooling rates, and other factors on microstructural evolution during phase
transitions, providing insights into the mechanisms driving these processes and aiding in material
design.

These models have been widely used to describe phase transition phenomena such as solidifica-
tion. In these models, the energy equation for temperature is coupled with a nonlinear parabolic p.d.e.
involving the phase, which takes values like zero in the solid and one in the liquid phase, showing a
large gradient near the interface. The solution from initial conditions should show a sharp moving
front representing the interface and describe complex geometric patterns (dendrites) in solidification
problems. Accurate numerical solutions require fine spatial discretizations around the interface and
small time steps, which are time-consuming even in two dimensions.

In this note, we consider a specific system in two dimensions, simplifying a model by McFadden,
Wheeler, Sekerka, Wang et al. [13]—[16]. This “isotropic” model consists of a system of two p.d.e’s of
the form

¢r =V - (AP)VP) + f(p,u),
up = du+[p(9)],

where ¢ = ¢(x,y, t) is the phase indicator function and u = u(x, y, t) is the temperature, both defined

1)

on a rectangle () in the x, y plane for ¢ > 0. The functions f and p are given smooth scalar functions of
their arguments and A is a 2 x 2 matrix given by

where 4, b are smooth function of ¢. The system (1) is supplemented by given initial conditions
$(x,y,0) = ¢po(x,y), u(x,y,0) = up(x,y), (x,y) € Q, and boundary conditions of Neumann or
Dirichlet type for ¢ and u on the boundary 9Q) of () for t > 0. In its fully nonlinear “anisotropic”
version, where A is a function of V¢, the system has been solved numerically by Wang [15], and Wang
and Sekerka [16], using an "explicit-implicit’ finite difference scheme. This scheme employs the explicit
Euler method to advance the phase field over a temporal step via the first p.d.e., and then uses an
ADI (Alternating Direction Implicit) scheme to solve for the temperature field in the second p.d.e.
These references include numerous interesting numerical computations and measurements of the
efficiency of the underlying numerical technique. In related work, Rappaz and his collaborators [2]-[4]
considered similar systems and proved the existence and uniqueness of weak solutions. They also
constructed and implemented fully discrete, adaptive finite element methods, using them to simulate
dendritic growth in the anisotropic case. Furthermore, in [9]-[11], we constructed and implemented
a Crank-Nicolson-ADI finite difference scheme for both equations in the general anisotropic case,
demonstrating how it can be used in a parallel algorithm to efficiently solve the dendrite generation
problem. In this note, we solve the isotropic system numerically using a finite difference discretization
of the Crank-Nicolson-ADI type for both equations. We consider the initial-boundary-value problem
with homogeneous Dirichlet boundary conditions for ¢ and u on the boundary of (). (The Neumann
problem may be similarly analyzed.) In Section 2, we state the p.d.e. problem and the assumptions
on its coefficients. Section 3 presents preliminary results on various finite difference approximations.
In Section 4, we state and prove the main result of the paper, establishing that the finite difference
approximations to u and ¢ converge in the discrete L, and Hj norms, respectively, with bounds of
order At? + h?, where At is the time step and & the uniform spatial discretization mesh length, under
a stability condition of the form 4! < ¢. We conclude by presenting simple numerical experiments
that verify the orders of convergence. This comprehensive approach not only provides valuable
insights into the numerical methods but also validates their efficiency and accuracy through practical
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implementation and testing. The results demonstrate the robustness of the Crank-Nicolson-ADI
scheme in handling complex phase transition problems and pave the way for future research and
applications in the field of materials science and computational physics.

2. The Problem

This “isotropic” model consists of a system (1) of two p.d.e’s is supplemented by given initial
conditions ¢(x,y,0) = ¢o(x,y), u(x,y,0) = ug(x,y), (x,y) € Q, and boundary conditions of Neumann
or Dirichlet type for ¢ and u on the boundary 9Q) of Q) for t > 0. Let Q = («,8) x («,B). For
(x,y,t) € QO x[0,T], where T > 0, we consider the initial-boundary-value problem

a 3 J 3 i
25 (105) -5 (b5 = s,y axp
ou  Pu  FPu
o o ol ( @
¢(x,y,t) =0, u(x,y,t) =0 (x,y,t) €90 x [0, T],
¢(x,y,0) = g?(x,y) (

(

u(x,y,0) = g"(x,y)

where 1 and b, are smooth functions of ¢, such that 0 < ¢ < a(¢) <cl,0<c) <b(g) < ¢}, forf € R,
and f and p are smooth functions defined on IR? and IR respectively, with f(0,0) = 0 and p(0) = 0.
We suppose that g¢# = ¢" = 0 on 9Q). Furthermore, we make the assumption (in order to simplify the
proofs of the error estimates) that the functions f, a,b, and p are globally Lipschitz functions of their
arguments, i.e. that there exists a constant C such that:

|f(z1,22) — f(Z1,Z2)| < C(|z1 — Z1| + |22 — Z2]), 3)
la(z1) —a(Z1)| < Clz1 — Z4], (4)
1b(z1) = b(Z1)| < Clz1 — Z4], (5)
lp(z1) — p(Z1)| < Clz1 — Z4], (6)

for all z1,zy, 21, Z» € IR. We will assume that the initial-boundary-value problem (43) has a unique
solution (u, ¢), smooth enough for the purpose of the numerical approximations.

3. Notation and Preliminary Results

We discretize the initial-boundary-value problem (43) as follows. Leth = (B —«a)/(J + 1),
where | is a positive integer and x; = a + ik, yj = a+ jh, 0 < i,j < J+ 1. We define
Qp = {(xi,yj),i,j =1,...,J} and 9Q), := {(xi,yj),i =0ori=]+1lorj=0o0rj=]+1}. LetN
be positive integer and t" = nAt, n = 0,..., N, where At = T/N, and define s — + At/2,
Xip] = Xi +h/2, Yiel =Y +h/2,and
X) = {U = (Ugo, -, Ups11)" € RUF2DXU+2) . Ujj = 0 0on 9CY, }. We approximate the solution
u, ¢ of (43) by mesh functions U", " ¢ Xg as follows: For n = 0,1,2,..., N, we approximate the
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vectors (u(xg, yo, "), ..., u(xp41, Y741, "), (@(x0,yo, ), ..., p(x)+1, y741, ")) T by U", @" € XY sat-
isfying the following finite difference scheme:

@) q’% = &% (%1, vj), (xi,yj) € O UoQy,
(i) ule = g"(xi,yj), (xi,yj) € QY UoQy,
Forn=0,1,..., N—1:
n+%
U () 1
(iii) ”Tt” Se(al | O ¢n+2)
2 —j/
2
_5y(sz_%5? ij FZ;, (xi,yj) c Qh/
1
o+l _ 'tz 1
(IV) % — (sx (“?,1 ‘(55(@;-4»2)
2
—y (b}, l(sy@"“) Fll, (xi,y7) € Oy,
n+3 1 7
(V) CDi]' ‘= q):’;-‘r =0, (xz-,y]-) S th, )
n+% 1
(vi) —Z Sl
%At XX
?’H—l _ pn
Y Yy
—oygljj = ——— (xi,y7) € Oy,
n+1 n+s
] g 5
(vii) Tap U
2
n+1 n
—5 U”H u u) e
't A (xi,yj) € Oy,
(viii) ul.]. = u;“].“ =0, (xi,yj) € 0,
where Pi” = p(P! ) Ox0jj 1= vi“';l_vi’j , 0xVjj 1= % _;H’j /
5yvij — Uz,]+1h Z’:,]’ (ngij — Yij ;lfi,j—ll 5xxvij — Z’i+1/j_2;);‘/j+vi—l,j’
i1 —20;j+0i i1 n il TP
5inj =y AhU,'j = 53”3?)1']‘ + 5yy01']'. We also let for (xi, y]) e Oy ai+%j = ﬂ(f),
O 4P [OLFNEEE L) [OUIER1S
n — il il n — B+l " Tij n — it ij—1 Tp n n
T a(———1), @)= a(—F5—1), ar )= a(——"=). (The quantities bii%’j, bi,ji% are

defined analogously.) In addition, we let

e )
b | @b, it =0
/ fFE@f— 3@ 3u - sUpY), ifn>1,
where . Al
&) = g% (xi,y) + 7{”(8¢(xir]/j))gfx(xi,]/j) +b(g? (xi,7))80y (xi,v))
+a' (8% (xi, 7)) (82 (i 7)) + 0 (82 (xi, ) ) (85 (30, 7)) + f(g¢(xi/yj)rgu(xi/yj)}
and
g, Atf 2 o}
U5 == 8" (xi,yj) + = 1 88" (xiv ) + 5 7(87 (xi,yy)) [ — 87 (xi, )] -

Subtracting (48.(vi)) from (48.(vii)) we have for (x;,y;) € (,

1
urt U U
1
IAt

1
— 5W(u;}+ —Uuf) =0.
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1
Solving for UZ-+2 we get
urtt 4 u
n+1 ij At 1
Ul.j 2 — 72 — —5W(U”Jr Ul’]l) 8)
Replacing the above relation in (48.(vi)) we getfor0 <n < N —1
uf{+1 —_yn un}rl +ur At Pn+1 Pn
ij ij ij ij +1 _ ij o
A Ahf + Z5xx5yy’(u?j - u;]l) - A (xz/]/]) €Oy )

Conversely, suppose that (50) holds. Then, defining U™z from (49) we see that (48.(vi)) and (48.(vii))
are valid. Hence the relations (48.(vi)-(vii)) are equivalent to (49)-(50). Similarly, subtracting (48.(iii))
from (48.(iv)), we see, for (x;,y;) € O,

+1 n+ty
ot - 207 + @
1
At

—oy(b 1 8y(@ — @) =0,

ij—3

and therefore

o7 = Uf — Oy (b oy(@) — @), (10)

Finally, substituting in (48.(iii)) we get for 0 <n < N — 1, (x;,y;) € Q, :

1 1 1
N G T 2 o\ V197 2

+5ﬂﬂ((@§@@“@mﬂwﬁﬁ (1)

Conversely, let (52) hold. Then, if we define @'+ from (51), we see that (48.(iii)) and (48.(iv)) are
equivalent to (52) and (51).

While the solution algorithm is given by the equations (48), the error analysis will be based on
(50) and (52). It is clear that solving in (48) for Qr+h, el s, requires the solution of J, | x |
symmetric tridiagonal systems of equations in each case. There systems are clearly invertible in view
of our assumptions on the functions 4 and b.

In what follows we list a few auxiliary helpful results whose proofs are standard and may be
found in [10].

Lemmal. a) Let ¢ € X2, ¢ € X). Then

] J+1
Y (i, — i) ij = Z%% Pio1,)-

=1

b) Let p € XP, ¢ € X). Then

J+1

I
Z ¢1]+1 _471] l/’l] - Z(Pl] 1p’] lpi'ffl)'
j=1

o Ifp,v € X}, then for (x;,y;) € Q :
1) 5xxvi]‘ = 53(53701']' = 5553(01']', 5yy'vi]' = 5y5]77]ij = 5y-(5y7]i]'.
ii) 5x5y0ij = (Sy(sxvijl (5;25]/01']' = (5]/(5;2171']', 5y—<5xvi]- = 5x<5y—vl-]-.
iii) 5fgvij = (5325?7)1']' = 5y-5;z‘01‘]‘.
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iv) 0z (93 (970ij) ) = [Oxijdyuis + Pijdxgvis] — hosdixgui,
3y (i (0xvig) ) = [Oypijdrvis + Pijdrgoij] — Moy 0sgoi
V) Ox(Pijvij) = vijdxij + ¢ijOxvij + h(0xi ) (0x0i ).
Forv,w € XY, define the /, inner product on X by (v, w); := =h Z Z vjjwij, with corresponding
1
1 = ]
] J ) 2
norm ||v]|, :==h Z 2 vj;
i=1j=1
Lemma 2. Define Ay : X)) — XJ, by
Vip1,j +0ic1,j + 0ijp + 01 — 40 o
(AhU)ZJ = h? ’ (xuy]) < Oy
0, (xz-,yj) € o)y,
Then, there hold that
(Apo,w)y = (v, Myw), Vo,we X, (12)
and
(Apv,0)), = |v|1h VoeXl, (13)
where |v|% =n? Z]H 2]+1[(5 vij)? + (8qvij)?] is a discrete Hy norm.
Lemma 3. Define L} : X9 — X9 by
( ”U)- o { 53{( a._ 1 5,501]) + 5y(b 15gvij) (xi,yj) e Qy,
1) =
! 0 (xi,]/]‘) € QY.
Then, there holds that
(L}'o,w)), = (v, Llw), Vo,weX) (14)
and
n 2 feaghsy n 2 0
(L}v,0), = —h ]Z{ ;{a (Szvij) + bi,j%(égvij) } <0 VoveEXj. (15)
Lemma 4. Define, for v,w € X3, the bilinear form By (v, w) as
Bii(v,w) = (Jx(a" (J2 (0y (0" (690))))) w),, =
K2 Z% Z Oy ( ( (5]/ (b?] (5yvl])>>)>wij.
i=1j=
Then, for some constants A, y independent of h, there holds that
Br(v,v) > /\|v\xyh ‘u|v|ih VoeXp, (16)

J+1]+1

where |v|2 G —hZZZ( )

i=1 j=1


https://doi.org/10.20944/preprints202503.0401.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 10 March 2025 d0i:10.20944/,

reprints202503.0401.v1

4. Error Estimation
4.1. Local Error
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We define first the local error of the scheme (48). Let (1, ¢) be the solution of (43). For 1 <n <

N —1welet
o u(eyp ) —u(xg, g, ) A u(xy, yi, ) 4 u (g, yj, 1)
G At ook 2
At(s . TR | gt
"’Z w0y (u(xi, yj, ) — u(x;, yj, t"))
 P(p(xi,yj ")) = Plg(xiyj )
At ’
and
o Py, ) — (x, yj, 1)
i At
1 P(xiv1, Y t") + p(xi, yj, 1)

. [(‘P(%‘-&-lz%‘z tn+l) + (P(xi+1,yj' t”)) _ (‘P(xi/yj, tn+1) + <P(xi,yj, t"))]
2 2

P(xi, yj,t") + P(xio1,yj, ") )
2
* K‘P(xi/yjr 1) +<l>(xi,yj,tn)> B ((p(xi_l,y].’ pri1) +<P(xi_1,yj,t")>]
2 2

+a(

P(xi, yja, ") + p(xi, v, t") )
2

% [<¢(xi/yj+1/ thrl) + ¢(xiryj+1rtn)> . <¢(xi/yj/ thrl) + (P(xi/]/jl iﬂ))]

—b(

2 2

P (xi, yj, ") + p(xi,yj-1, ") )
2

+b(

2 2

+%5x (a?jf’j (5,2 <5y (szt% (@— (‘P(’er‘/jr ) — ¢(xi v, t”)) ) ) ) ) )

—f(pCxi, yj, ), (x5, 1)),

§ l(‘l’(xi/]/j/ ) + ¢ (xi, ;s f")) B <¢(xi/yj—1rf"+l) +4’(xir]/j—1rf")>]}

(17)

(18)

where @(xi, Yi-1, t") = %4)(951-, Yi-1, fn) — %(i)(xi, Yi-1, tn_l) and ﬁ(xi, Yi-1, t") = %u(xi,yj_l, tn) —
%u(xi, Yi-1, t"=1). Then by Taylor’s theorem we have the following local error estimate, whose proof,

long but straightforward, is omitted.

Lemma 5. Suppose that the solution (u,$) of (43) is sufficient smooth. Then, there exist constants Ce, Cy

independent of At, h such that
max - |ej] < Ce(AF? + 1),
1<n<N-1
(’filyj) €y

max  |C| < Cg(At‘2 + 1.
1<n<N-1
(xipyj) € Oy

(19)

(20)
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4.2. Error Estimate

We now prove the main result of paper.

Theorem 1. Suppose that the solution (u, ) of (43) is sufficient smooth. Let (U", ™) be the solution of (48).
Suppose that % < o, where o is sufficiently small and that ||2' ||, = O(A#* 4 h?), where z' = ¢! — ®'. Then,
there exists a constant C independent of At and h such that

_ n < 2 2

0r<na<xl\l||u u'|l, < C(at=+hn), (21)
_ n < 2 2

0r<na<xN|¢ D"y ) < C(A + 7). (22)

Proof:

In the sequel C will denote generic constants independent of At and h. At various points in the proof
we follow some techniques of Dendy, [5], extending them from the case of a single parabolic equation
considered in [5] to the case of the parabolic system considered herein.

Lete" :=u" — U", 2" := ¢" — ®". From (59) and (52) we obtain, for1 <n < N—-1,and1 <i,j < J:

Z;}+1 2
At ~ ny " n+1+ .
_5’( <a<xi 1/]/]‘, t}’l—‘,—%/ (P(xi’yj’t )+;P(xi,1,y]‘,t ))532(4)1] 5 ¢1] )
A OV AN SN w1
Dy 1 1)L D( v o &+ L on
+0x (a(xi_%,yj, tn+%/<1>(xuy],t )+;I>(xz—1,y,,t ))532( . 2+ l/))
1 &)(x,', 'ft")+<f>(x,-,y~_ ,t") (1)?#14»(1)1”
+5y(b( il %tJrz Yi ; = )(5_< e
o (“< |y 4, Bt ) @3
47( Yt )+4>( it
(e )
1 BB ,y.,n)
A‘*((i“%'+ ERARACEE N
D(x;,y;.t )+<I>(x1,y ) .
< (5 ( j -1 >(5?(CDZ'+ @”))))))
f xl/y]/t +2 (xlry]/ ),ﬁ(xi,y].,tn))
f(xuy]/ (xuy]/ ), U(xi,y].’ tn)) +§Z

. b - 5 Pt p
For n > 1 we define ¢f; := ¢(x;,yj, t"), §}; = %4)1’; - %471’} L al | () = a(L5=1) = a(¢" | ),

1 1
o 2/ =2/
" L N . .
(¢):=b(¢”£¢)=b(¢?j ) i=0,..J+1,j=1...]+1,

i=1,...,J+1,j=0,..., ] +1.b" , )
Ll=2 2

where 1/3 . 3 .
P _ -1 -1
4’?_%,j =3 (247?]‘ - E(PZ' + 54’?71,]‘ - 24’?—1,]')
3 1/ n1 1
=1 (4’:} + ‘P?—l,j) 1 (‘PZ + 4’?4,;‘)/
o 3 1
-1 1
4)2]‘,2 = ( ¢11 (PZ + Eq)ln,jfl - 24)2]‘1)

- 2(471-} i) - i@" i)
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We define similarly the discrete quantities ®, ®, al_ L (@) and b:‘l' (®) and we use the notation

24 ,]—%
Fi{(¢, ) — F}(D,U) = f(¢, u) — f(Df, UL).
We finally define for1 <v < N

J+1 ]+1(

12117 =13 )

i=1 j=1

(5;22%)2 + sz_% (d") (@Z}’j)z) . (24)

The proof proceeds inductively. Our induction hypothesis is: Suppose that the following inequality
holdsforl1 <m < M :

1 m—1
N Z 120 = 2" + (12" 171 +At Z 2" = 2"

m—1
< GAt Y 125, + Co(AF* + 1. (I)
n=1

Obviously, (I) holds for m = 1.
Taking the ¢? inner product of both sides of (64) with z" ! — z" we have for n > 2

||Zn+1 ZnHZ

(5 (o ()05 (252 ) ., (b (@0 (252 ) 2141 — 1),
+02 (5. (a () (3 (8 (0 (®) (5 (2" = 2)))))), 2"+ = 21),

= (g, ) - FH(&,0), 2 — )+Atg i+l gn)

+At(5x([an((ﬁ)_an( ) (‘Pnﬂ""‘l’n)) n+1 Zn)
(o (10

(25)

1 <®(<w+—¢ﬂ»»)”“ ")
+25 (52 (" () (32 (6 (0" (D) (55 (9" +1 = 9)))))), 21 = 1) .

By Lemma 8, the symmetry of L}, and our hypotheses on a, b, we have, using the equivalence of the

norms || - ||, and | - |1 5 with constants independent of & and At, and the notation 2" := ¢" — &"

I+1]+1(

I2"1% =1 ) ( a

i=1j=1

(5222) + b:Z]_f(qA)n) ((5;2?]-)2> <

< "M+l — 2 oee" ber”),

+C(J2" - z"*1|5yz”,5y-z")h +CAL)Z" |12,

n+1 n n+1 n
_<§x<an(é)5x(z;z)> —|—5y(b”(<i>)5g(zz+z>),zn+l—z”> >
h

1 i an—
2% = S22y +C (12" — 2 a2, 822")

Therefore

>

N

+c(J" - -2"*1|5yz",5gz")h +CAH|Z 2. (26)
In addition, there holds that

.

173 (2" T+ 12" ) 12" - (27)

(17— 2oz ) <
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To see this consider Holder’s inequality:

J+1J+1 J+1J+1 J+1J+1 i 11
Z Zfl]glj Z Z |f11|p Z Z |81]|q for —+ - =1, (28)
i=1j=1 i=1j=1 i=1j=1 L
and . .
J+1]+1 +1]+1 p []+1]+1 +1]+1 s
Z Zfl]gl]rl] (Z Z |fz]|p> <Z Z |gij|q> <Z Z |”1]|s) (29)
i=1 j=1 i=1 j= i=1j=1 i=1 j=1
for l + l + l =1
Applymg (70) forp=6,q9g= %, ands = 5 , we have,

(12 znflwfzn,sxz")h < 112" = 2 Mg l652" 11052 10

J+1J+1

where for v € X, we define |v[|,; := Y, Z 03]7) )P (with [|0]24 = ||o]lh)-
i=1 j=1

Therefore

21,

(|2n o 2n71|5fzn’5fzn>h < ”2" o 21171

From (69) we have

4141 J41J+1 4141 i 11
Z 2 ]81] Z 2 |fl]|rp Z Z |gl]|sq for — +-=1 (30)
i=1 j=1 i=1 j=1 i=1 j=1 p q

Using (71) with r = % = % p= %, g = 10 we see that

162" |12 5, < N19e2" /4| 62" I g1,

1_1
Note now that the inverse inequality [|o]],; < ch NzTy) [v]| holds on X?. For p = 6 we have

1

1 _2
1052 llon < Ch2270) 652" |5y = Ch™3 || 652" -

Hence
,z _2 1
1622" |12, < Cllozz" 13/ *(h=5||dz2" |y)/* = Ch™12||dz2" ||}y = Ch™ 6 || 62" |-

By the above we condude that

(12" = 2 Mos", 052" ) < 12" = 2" Moullosz" 1,

< cle" — 2y (onHaelly)” = o det — 2oz

< Ch=3|z" — g1~

from which (68) follows. Now, using the induction hypotheses (I) we will show that |27 |y ;,, |27 71|y
and
max{max |61 il max |67 i} are bounded for n < M.

L]

Indeed, from (I) we have for a small enagh € > 0 (that we consider fixed from now on) that

m
12" [[7—1 < CAEY (|28 [[3-q + CAEY, m < M.
n=1
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Hence, from Gronwall’s lemma we obtain
|zm|ih < CMMA form < M. (31)

Hence, using the stability condition % < ), we see that
e o\ 2 At )

Hence

J+1]+1 ) )
max(max|5x2ij|,max|(5y2,»j|> < [((5,(2?]) + ((572?]?) } < CAt,
i i !

and therefore

since |5x(f):;| is bounded, as it is easily seen. Slmllarly we see that |5y—<i>?j\ <C.
Now, from (72), supposing that n < M, we have, by the stability conttion that

1271+ |27 Y1p < eCTAR < CeCTAth < CeCTh3 Aths < CAthS.
Therefore from (68) we have, forn < M

(|2” — g2, 5,?2”) < CAH|Z"|2_,, (33)

and a similar bound for the term (|2" —gn-1 652", y—z”). Substituting (74) in (67) we have, forn < M

((ron (55 e ron(755)) 20 -2),

1 1
> 121G = 5 (12" 15 + CAtl2"[7 ) (34)
Hence, from (66) and (76) we obtain, for n < M
||Zn+1 _ ZnH%l
[ = (12713 + Catlzm2 )]
2 N
AL (00 (@7 () (6 (0"(@) (B =+ — ), 21— 27,
< At(Pi’l(&;,ﬁ’) _ F"(CI), )/ n+1 _ Zn)h —l—At(g”,Z"Jrl _Zn)h
(8 [a" "(é)]af(ﬂ"”“%qb")),znﬂ - z”)h
ot (8, (7 () — b (@)og (£52) ) 21 —2)
—%@wqw@W@wwﬂ¢mm)“ )y
88 (5 (a7(®) (52 6 (17(®) (B3 9"+ — 9)))))), 271 — 27),.
Therefore, using Lemma 9, we conclude for n < M that

(@) —a
5~
$)

)

241 =27+ At 312115 = b2 + Catl" )]

+ATt2(A|z"+1 — 2 2 —V|Z"+l _Zn|2 ) <

< At(F”((p i) — F"(q> u),z" 1 -z ) +AE(gn, 21— 2n),

(5. (" () — " (@))0x "+1+4>">) 41 o). )
+A’f(fsy([b”( — (D)) 5-( “+¢")> i+ )

=2 (04(a"(9) (3 (3, (" (9) (539" —¢"))))), 2" —2"),
+ATt2(5x(a"(<i>)(5g(5y(bn((i)) (J5(9" 1 —9))))), 211 — 21,
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We now define the following quantities
A 2 n+1 n
I = (8([a"(d) —a" (D))o ( Lr o)), 21 — 27
e e e )
+ (o (10 (@) - v @y (£FE) ) 24t - 2)
I = (3x(a™(9) (3 (0 ("(9) (3 (9" = ¢)))))), 2" = 2"),,
I = (3x(a"(D) (3 (3y (0"(@) (05(¢" " — ¢™)))))), 2" = 2"),.
From (72), since n < M, we have ||£"[|;, < C|£"|1 ), < e“TAt2.
Long but straightforward calculations yield now for ¢ > 0 that
AI] < CeA +el|z" T — 2|2, (36)
and
AP|T = 1] < CeAt® + eAP |2 — 2" . (37)

Substituting in (76) we have

270 — 272 + At [ 1274 2 = 3 (U122 + Catl2 |2 _y)]

—i—ATtZ(MZ"Jrl _ Zn@y’,h _ ;1|Z"+1 g %,h) <
T~ & 17 1 1

< AH(FU(§, ) — P'(®, 1), 2" —2") 4+ AK(g", 2 -2,

+Co A0 + €[]z — 2 ||2

+C€//At6 + e”At2|z"H iy W

where ¢/, > 0 arbitrary.
Hence, using the Cauchy-Schwarz inequality and the arithmetic geometric mean inequality we have

2t =2+ A3 = (112 + )|
+A7tz()\|zn+l _ n@y',h _ y|zn+1 _ g ih> <
< (87 1F" (@, 1) — P/ (@, D) + "]+ 2" 2)
+ (A1 + &2 =2 7)

—I—CS/,E//Até + S/HZnJrl g H%z + E//Atzlszrl _ fw_’h.

In addition since |Fy| < ¢, |F,| < ¢ we have from the mean value theorem
IE™ (¢, i) — F" (D, U) |1 < Lal|Z" [l + Lalle"

< Ly (2"l + 112" ) + La(lle"ln + lle™ )

Since for n < M (72) gives ||z"||;, < C|z"|1;, < e“T A2, we have for ¢ > 0

IE" (¢, i) — F* (@, W)l < CAE + C([le"[[F + lle" IR,

Hzn—l—l —Z”H%
N EIE fl<\|z"|\2 |+ Catlz2 )]
+At (A|Z”+l g V|Zn+1 _ anih)
2 —
< (%(cw O + 1) + £ - 2"|I2)

(SN + el = 2

+Cor e A8 + || 2T — 21|12 4 € At? |2 T — 212

xyh
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Then, for suitable ¢/, ¢”, ¢ = O(e), we see that

(1 _ e)||z”+1 o ZnH%

O lIZE = 11212 ] + AR — )|zt =22,
< Corerll + arC(Je' + eI

+APC|| |7 + CeAts + ‘u|z”Jrl — z"|ih.

Hence, since [2"1 +2"[;, < S#||2""1 +2"[|, at §! < o, we have that Athm,z”“ +2'3, <
C'o2||z"*+1 + 27|, where C’ = S
Therefore

(1—e—C'o?)||z"*! — 2|2

4 [lI2E = (127124 ] + A% — )2 — 22,
< CAP||Z"|2_ + APCe(|le"]|2

e Y2) + APC 212 + CAe, 1 < M.

Summing from n = 1 to m we have

2 Cl 2 m
(- 2 J2 4 = 22 4 2R,

AL & o e n+1l _ _n|2
+ (4 €) Z |z Z gk
n=1

m m
< CALY. [|12"[5 -1+ Cenrt Y [le"|I;

n=1 n=1

m
+CAL Y |IT"E+CeAt 1<m <M, Ve>0. (38)

n=1

Now, from (58)and (50) wehavefor0 <n < N—-1,1<4,j< J:

et _pn et +e! At
1 i _Ah< ij ]) + 1 iy, J yy( el eyz,)

At 2 ij )

1 n n n n
= A UP(xiyjt L p(xi,yj, ") = P(xi, vt (xi,y, 1))}

1 n n n n n
— g PGyt Lo (x, i, 7)) = Pxi,yj, @ (xi, y5, )]} + €

We define P;j(v)" := P(x;,y;, "™, v(x;, y;, ")) — P(x;, yj, t",v(x;, yj, t")). Taking the ¢? inner product
of both sides of the above relation with e"*1 + ¢ we have

1
(en—i-l L en)h _ At (Ah(M),e”"‘l 4 e”)

2 n
Atz Srvid n—+1 n n+1 n
+T( XX yy-(e —e ),E +e )h
= (P(qb)" — P(@)", et 4 e”)h + At(s”,e”“ + e")h. (39)

Using the symmetry of B (-, ), Lemma 9 (witha =1, b = 1), and Lemma 7 and summing the above
relation from n = 0 to m’ — 1 we have, since ¢® = 0

At™
le I+ 5 Z "t e},
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m=l 5, 5 +1 ot +1
< P(p)" — P(®)", e +e") + At et et e
L (P —P(@ )+ L ( ),

m —1 m' —1
< Y B(9) = P(@) [[ulle" T + el + At Y (€ lnlle" T + e[|
n=0 n=0
< 1 ol ! n+1 n|2
< gt T 120"~ PR+ et [+
= n=0
Atm - n n+1 |2
t1 Z ll€"]17 + Ate Z le" ™ +e|3
1 omr
< oxp Z |P(¢ (@)"]|2 4 CeAt Z €12 + Ate Z "t 4|2

In view of (79) we have

m' —1 m' —1
lle™ || §C<C6At Y ez +cCeat Y ||§”||i+CaAt4+Hzllré>

n=0 n=1
m' —1

+cAt Z ||s”||ﬁ
n=0

Hence, by Gronwall lemma we infer that

n < C
max "]} <

At Z 1277 + At Z le" 17 + At + ||Zl||0]

Therefore, by (60) and (61)
2 < 2 122 4 1
phax lle™ |12 C[At Y (AP + )% + At + |23

< C(NAt(At2 + 1) 4|2 ||3)

< (@R +122+|2'3).

Hence, using ||z!||o = O(A#? + h?) we have

omax lle"||n < C(AF? + H?).

Since "
At Z ||e”||% < C(AF +1?)?,
n=0
substituting (82) and (61) in (79) we have

2(1—s—c’ 2)

A m
Z 127 = 2"+ 12" + 28 — ) ,;1 |2 2" 3

m
< CAEY |22y 4 Ce(At* + 1)
n=1

doi:10.20944/,
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(40)

(41)

(42)
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Take now ¢ > 0'so that2(1 —e — C'0?) > 1 and 2(% —¢) > % so (83) gives

1 & n+1 ny 2 m+1112 A n+1 n|2
AL 21 12" = 2"l + 12" (|5 +Aty 21 12" — 2" n
n= n=

m
< CALY |25y + C(AE* + 1%,

n=1

which is (I) for m instead of m — 1. Hence, the inductive step is complete and (I) holds for 1 < m < N.
We conclude from (81) that (62) holds.
Finally, it follows from (I) that

m—1
2" |51 S CAL Y [IZ2"2_y+ C(A* +h*), 1<m <N
n=1

from which, by Gronwall’s lemma it follows that

mi < C(AE + 1Y),
1g3na§lelz lm—1 < C(AE* +h*)

which implies (63).
|

We may easily obtain from Taylor’s theorem an approximation at the first step satisfying ||z!|, =
O(h? + At?).

5. Numerical Verification of the Order of Convergence

In the sequel, we solved the system (43) under Neumann boundary conditions on 9Q2. (We ob-
tained similar rates for the problems with Dirichlet boundary conditions.) We took Q = [0,1] x [0,1],
T=0l,a=b=1,f=¢(1—¢)u/(1+025u), p = $>(10 — 15¢ + 6¢?). We added a suitable nonho-
mogeneous term so that the solution of the associated initial-boundary-value problem with Neumann
boundary conditions on 9Q) was (¢, u) = (e~ cos(x(x — 1)) cos(y(y — 1)), e ! cos(rrx) cos(my)).

Table 1. Errors and order of convergence of the ADI-ADI scheme, T=0.1.
Il lloo 1l

] errors order errors order
50 ¢:1920e—04 ——  8.664e—05 ——
u:1.047e — 04 —— 4.762e — 05 ——

75 ¢ : 8.708¢ — 05 1.95 3.851e — 05 1.99
u:4725e—05 196 2119¢e—05 1.99

112 ¢:3979¢e—05 193 173le—05 197
u:2.143e — 05 1.94 9.513e — 06 1.97

168 ¢ :1.806e — 05 1.94 7.747e — 06 1.98
1:9.622e—06 197 423le—06 1.99

252 ¢:8254¢—06 193  3486e—06 1.96
u :4.320e — 06 1.97 1.883e — 06 1.99

378 ¢ :3.814e — 06 1.90 1.582¢ — 06 1.94
1u:1944¢e—06 196 8383 —07 199

567 ¢:1.795¢—06 1.85  7.300e—07  1.90
u : 8.783¢ — 07 1.95 3.736e — 07 1.99
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Table 2 shows the errors and the experimental orders of convergence of the numerical solution
computed by the ADI-ADI scheme for the this problem, in the discrete maximum norm || - || and also
in the ¢, norm || - ||, We computed with h = 1/(] + 1), where | = 50,75, ...,567, and At = 0.01h. The
observed order of convergence is approximately equal to 2 for both variables in both norms. (For two
consecutive runs with values hy, hy of h, giving errors eq, ey, respectively, the rate of convergence was
computed as log(ez/e1)/ log(hy/hy).)

With this scheme we performed two numerical experiments where we took (cf. Wang[15])

on O = [0,1] x 0,1, go(x,y) = }[1+tanh L], ug(x,y) = [1“<’{°131Zii0h‘)('25°” Ry < Roo
R,
-1 " r > Roo

r=+/x24+2
a =b =149 = 1/m(1+ 6,cos(40)), where § = arctan(¢p,/¢x), f = 812(47(1 —¢)(p— 3+
30eaS g5 (1 — ¢)), p = ¢°(10 — 15¢ + 6¢?) / S, S=dimensionless supercooling of the melt, m=ratio
of the capillary to the kinetic length and e =ratio of the average interface thickness parameter.

In the isotropic case, with values of physical parameters given by t; = 0.01, Ryp = 0.1, Rgo = 2R,
S$=08m=0.1a =70, 5]4 = 0, and ¢ = 1/400, the evolution of the solution is’ given in Figures 1,
2(a)(we took h = 1073, At =2-107).
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Figure 1. ¢, u the isotropic case. (a):3D plot of ¢, (b):trace at x = 0.1 of ¢, (c):3D plot of u, (d): trace at x = 0.1 of u
(allatt =2-1073).
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Figure 2. Succesive contours of the interface of every 100 time steps for the isotropic case.

6. The Problem

This “isotropic” model consists of a system (1) of two p.d.e’s is supplemented by given initial
conditions ¢(x,y,0) = ¢o(x,y), u(x,y,0) = ug(x,y), (x,y) € Q, and boundary conditions of Neumann
or Dirichlet type for ¢ and u on the boundary 9Q) of Q) for t > 0. Let Q = («,8) x («,pB). For
(x,y,t) € Q% [0,T], where T > 0, we consider the initial-boundary-value problem

2 (103) -5 (03 =rlew, une axp,

ou  %u  u
ﬁ_ﬁ_@:ﬁp(m’ ( 3)
¢(x,y,t) =0, u(x,y,t) =0 (x,y,t) €9Q x [0,T],
¢(x,y,0) = g?(x,y) ( s

(

u(x,y,0) = g"(x,y)
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where a and b, are smooth functions of ¢, such that 0 < ¢ < a(¢) < cl,0 < cg <bp(E) < c};, for¢ € R,
and f and p are smooth functions defined on IR? and IR respectively, with f(0,0) = 0 and p(0) = 0.
We suppose that g¢# = ¢" = 0 on 9Q). Furthermore, we make the assumption (in order to simplify the
proofs of the error estimates) that the functions f,a, b, and p are globally Lipschitz functions of their
arguments, i.e. that there exists a constant C such that:

|f(z1,22) = f(Z1,22)| < C(lz1 = Za| + |22 — Z3]), (44)
la(z1) —a(Z1)| < Clz1 — Z4], (45)
b(z1) — b(Z1)| < Clz1 — Z4], (46)
lp(z1) — p(Z1)| < Clz1 — Z4], (47)

for all z,23,Z1,Z; € IR. We will assume that the initial-boundary-value problem (43) has a unique
solution (u, ¢), smooth enough for the purpose of the numerical approximations.

7. Notation and Preliminary Results

We discretize the initial-boundary-value problem (43) as follows. Leth = (B —a)/(J + 1),
where | is a positive integer and x; = « + ik, yp = a+ jh, 0 < i,j < J+ 1. We define
Qy = {(xp,y),i,j=1,...,]} and 0Qy, := {(x;,yj),i=00ri=]+1orj=00rj=]+1}. LetN
be positive integer and " = nAt, n = 0,...,N, where At = T/N, and define e S + At/2,
xii% =x;th/2, y].i% =y +h/2,and
Xg = {U = (Uoo, - - -, U]HJH)T e RU+2)x(+2) Ujj=0on BQh}. We approximate the solution
u, ¢ of (43) by mesh functions U", d" € Xg as follows: For n = 0,1,2,..., N, we approximate the

vectors (M(XO,yQ, f"), e, u(x]Jrl,y]Jrl, tn))T, ((P(Xo, Yo, tn), ey, qb(le,y]H, fn))T by u",o" e Xg sat-
isfying the following finite difference scheme:

(D) @ = g% (xi,y)), (xi,yj) € QU0
(i) Uj) = g"(xi,;), (xi,yj) € U0y,
Forn=0,1,..., N—1:
"+% PN 1
N7 ij " ntd
v ¥_ s
(111) %At Jx(alf%ljéx ij )
—@(b;“’]i%égd)?]) = Fi?’ (xl-,yj) [S Qhr
1’l+1 o q)TH‘% 1
. ij ij n+l
VA d(ary 0x®y %)
—5y(sz_%(5y-q3?j+l) = FZ;, (xi,y]-) c Qhr
+1 48
(v) CDZ' Z = Cb?jﬂ =0, (xi,y;) € 0y, (48)
”'*‘% 1 .
ij ij n+tl
(vi) %At chful] 2
?‘H‘l _ Pn
ij ij
oyl = = (xi,yj) € Oy,
n-+1 n+3
+,
(vii) — vy J 5xxUZ- 2
2 ﬂ+1 _ Pn
1 1
*5yy‘u?j+1 ) N ]’ (xi/yj) cq,,
1
(vii) uj}*z = urtt =, (x;,y) € 3y,
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Vig1,i—Vij L 0ij—0i_1
where Pi’”]. = p(qDZ]-), 0xvjj 1= g, xvy 1=
. Yij+170 . Ui Yij-1 o Vi1, 20,40
5yvij = T , (Sy-ZJZ'j = i , (5](92’0,']' = 2 /,
o V172040 o no g St
Sygvij = "=, Dyvjj = OxzVjj + dyyv;;. We also let for (x;,y;) € ai+%,j = a(—45—1),
4P . [OYRER 1 O 4P
n — Ljt "iclj n — L1 T n — ij - "ij=l it n n
aly a(———1), @ a(—=5—1), a ) a(——"—). (The quantities bii%,],, bi,],i% are

defined analogously.) In addition, we let

1 1

F.— f(vii]'rag)/ if n=0,
l] Ca (§q>n _ 1q>7’l—1 éun _ 1un—1 f > 1
fQ®) =@y U — Uy ), ifn=1,

where ) At

B = g (xi,y) + - { (g (rir )8l (i yy) + b8P (517 gl ()
' (89 (xir ) (89 (xir )2 + 1 (82 (i 7)) (85 (ri )2 + £ (80 iy, 8" (i) |
and

=IN—

. . A( . 2 1
05 = 5" )+ 5| 08" )+ 7 (89597 65 — 9G]

Subtracting (48.(vi)) from (48.(vii)) we have for (x;,y;) € Q,

1
it — 2u}}+2 +u
1
1At

1
— 5yg(u{;+ —Uuj) =0.

. n+3
Solving for U, j > we get
urtt 4 ur
nt-l ij At
Ut = L St - ). (49)
Replacing the above relation in (48.(vi)) we getfor0 <n < N —1

upt —ug A uptt +up A pitl — pn

2
m e Ol (U U = e (xiy) € Qpe (50)

Conversely, suppose that (50) holds. Then, defining U™ 3 from (49) we see that (48.(vi)) and (48.(vii))
are valid. Hence the relations (48.(vi)-(vii)) are equivalent to (49)-(50). Similarly, subtracting (48.(iii))
from (48.(iv)), we see, for (x;,y;) € O

+1 n+ty
ot - 207 - @

by( @)t — @f)) =0,

— 6, (b",
Int vty
and therefore "
QLT 4 o
n+i i ij At
@ = o = oy (b Sy (@) — @), (51)

Finally, substituting in (48.(iii)) we get for 0 <n < N —1, (x;,y;) € Q, :

+1 1 1
At T\ it 2 Y\ "ij-3 2

# 50 (a1 4 (01 0y (e — 20))))) = B ©)
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Conversely, let (52) hold. Then, if we define ®"+3 from (51), we see that (48.(iii)) and (48.(iv)) are
equivalent to (52) and (51).

While the solution algorithm is given by the equations (48), the error analysis will be based on
(50) and (52). It is clear that solving in (48) for oz, el U, Ut requires the solution of J, J x |
symmetric tridiagonal systems of equations in each case. There systems are clearly invertible in view
of our assumptions on the functions 4 and b.

In what follows we list a few auxiliary helpful results whose proofs are standard and may be
found in [10].

Lemma 6. a) Let p € X}, ¢ € X}, Then

J J+1

Y (i1, — i j)¢ij = — ; ¢ij($ij — $i-1,j)-

b) Let g € XD, ¢ € X). Then

J+1

J
Z 4)1,]+1 (Pz,] llJl] = - 2 (Pl](lpz,] - l/’i,jfl)-

j=1

o Ifp,v € XY, then for (xi,y;) € Oy :

i) Oxxvjj := Ox0z0jj = 0x0xVjj, Oyyvij := Oydyvij = Oybyvi;.

ii) 5x(5yvij = (5y(5xvij, 5;(5yv,-j = (5y(5,zv,-]-, §y—5xvij = c5x5y—vz-]-.

iii) 6570;) 1= 35650i) = 07650.

iv) 05 (9ij(370ij) ) = [Oxijoyuij + Pijdxyvis] — hoxti jxyuij
0y (¢ij (6x0ij) ) = [Oypijdxvij + ibxgvis] — Moy jsgvi

V) Oy (¢>i]'vij) = 0;j0xPij + Pijoxvij + h(5x¢i,]’) (§xvi,j).

J
For v, w € X}, define the ¢, inner product on X{ by (v, w) := h? Z Z vjjwij, with corresponding
i=1j=1
1 1 !
I T ) 2
norm ||o||, :=h Z Z vji
i=1j=1
Lemma 7. Define Ay : X)) — X by
Vit1,j + 0ic1,j + 0ijp1 + 01 — 4vj
(Ahv) 2 ’ (xi/ ]/j) €y,
0, (xi,]/]‘) € ),
Then, there hold that
(Apo,w)y = (v, Myw), Vo,w e X], (53)
and
(Ayv,0), = |v|1h VoeXy, (54)

where |v|? ini= W2 ZIH 2]“ [(59201-]-)2 + (5gvij)2] is a discrete Hy norm.


https://doi.org/10.20944/preprints202503.0401.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 10 March 2025 d0i:10.20944/preprints202503.0401.v1

21 of 33
Lemma 8. Define Lj! : X) — X{ by
(Ljo);j == { dx(aiy j0xvig) + 0y b,y 05vij) (X yj) € Ony
0 (xi,yj) S th.
Then, there holds that
(Lo, w)), = (v, Llw), Yo,weX) (55)
and
READAR ) ) .
(Ljw,0)p = —h ]; i;{ag%,j((sxvﬁ) +07, 1 (550y) } <0 VoeX. (56)
Lemma 9. Define, for v,w € X3, the bilinear form By, (v, w) as
Bii(v,w) = (Jx(a" (02 (0y (1" (650))))) w),, =
I 7
2 n - n oy .
h 1:21,;1 e (o) (05 (0 (v, r09)) ) ) s
Then, for some constants A, y independent of h, there holds that
Bii(v,0) > Aol — uloliy, YoeXy, (57)
) SRR 5
where [o|5; ), = h 21 E((SWU) )
i=1j=

8. Error Estimation
8.1. Local Error
We define first the local error of the scheme (48). Let (1, ¢) be the solution of (43). For 1 <n <

N —1welet
o ulxiyj, ity — u(x;, yj, t") A u(xi,yj, ) 4 u(x, yj, t")
€= A A 2
At 5 edyau(xs, vy, 71 Yot
+Z X% yy(u(xz/y]/ )—u(xl,y], )
 P(p(xi,yj ") — P(g(xiyj, t”)), (58)
At
and
o Py, ) — (xg, 1)
i At
1 P(xi1, Y, t") + P(xi, yj, ")

. K‘P(xm/!/j/ ) + ¢ (xi1, Y f")) B (‘P(xi/]/jr ) + (xi, v, f"))]
2 2

P(xi, yj, ") + P(xio1,yj, t") )
2

* K‘P(xi/yjr g1y +‘P(xir]/j,t")> B <4>(xi_1,y]-, pri1) +<P(xi_1,yj,t")>]
2 2

+a(

a(xir yj+1/ tl’l) + 5(9‘7{, y]/ tn)

—b( - )
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§ K‘P(xi,yjﬂft””) + 4’(xi,yj+1/t")> B <¢(xi/3/j/ )+ o (xi, f”))]
2 2
+b(¢(xir Yj, tn) +2¢(xi/ Yi-1, tn) )
| [y P oy ")\ (i ) + p(xi g )
2 2
A n+l ntl
+Zt5x (ai+§2,j (5; <5y (bi,;rzé (5y— (4)(xi,yj, £ — p(x, Yj, t”)) ) ) ) > )
—f(@(xi, y, "), 1 (xi,yj, 1)), (59)

where ¢(x;,yj_1,t") = 3¢(x;,yj-1,t") — 3¢(xi,yj—1,t" ) and @(x;,yj1,t") = FJu(x;,yi1,t") —
su(x;, Yi-1, #"=1). Then by Taylor’s theorem we have the following local error estimate, whose proof,
long but straightforward, is omitted.

Lemma 10. Suppose that the solution (u,¢) of (43) is sufficient smooth. Then, there exist constants Ce, C;
independent of At, h such that
max [efj| < Ce(AP +1?), (60)
o

max  [E] < Cy (AP + 1), (61)
1<n<N-1
(xi,yj) €

8.2. Error Estimate

We now prove the main result of paper.

Theorem 2. Suppose that the solution (u, ) of (43) is sufficient smooth. Let (U", D™ ) be the solution of (48).
Suppose that % < o, where o is sufficiently small and that ||z ||, = O(At? + h?), where z' = ¢! — ®'. Then,
there exists a constant C independent of At and h such that

U, < C(AEF+H?), 62
0SneN I I ( ) ©2

" "y, < C(AL + H2). 63
022(”@ 1 ( ) (63)

Proof:
In the sequel C will denote generic constants independent of At and h. At various points in the proof
we follow some techniques of Dendy, [5], extending them from the case of a single parabolic equation
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considered in [5] to the case of the parabolic system considered herein.
Lete" :=u" — U", 2" := ¢" — ®". From (59) and (52) we obtain, for1 <n < N—1,and1 <i,j < J:
n+l_n

4 TEj
At

P(xiyjt )+;P(Xi71,yj,t ))5

1
—Oy | a(x %,yj,t'“rz,

1Pyt +(xiyj 1t ool
xi/y]'_%/thrz/(P(x Yij ) ;P(x Yj-1 ))5( i 5 ij

i—

—5,(b

< ( )
( ( )
+0x <a(xi%,yj, sy é(xi,yj,t”)+2<T>(x,-,1,yj,tn) 16, (¢,Z_+12+q>?j>
(v (4

Oy
)
)

1 Dy, M)+ D (xy; 1 "
+5y b xi/y]'_lithrzr ( irYj ) 5 ( iYj—1 ))5

(64)

+ At ( 1 /y]/ t?’l-‘rz ‘P(Xz y] ) ;P(xfflryj,tn) )

( (5( P (xiy " +4>xuy] Lt )< (gt - n)))))

(xl it )+q>(xi—1'yj' ))
2

—75;( alx;_ 1,y],t”+2

= f(xl/]/]/ (p(xl,y], )/LZ(xi/yj/ t"))
f(xl/y]/ q)(xi/]/j/ tn)/u(xiryj/ t'rl)) +€Z

For n > 1 we define ¢; := ¢(x;, yj, t"), q?l’} = %¢Z - %4):7]»*1, al

2t 5
. . A g o .
P= L S =0 L ()= bR b )i =0, L =
7 72
where

P 2‘17?71,]‘ - ;47?—11,]')
- i(‘/’i + i 1;)
-1 %4’3]’71 24’1,] 1>

a i(‘f) +9l- 1)

We define similarly the discrete quantities ®, ®, ,ar ],( ) and b?], . (&) and we use the notation
o ]2

. 1/3
n = Zop" —
i1~ 2 (2%

5 Pij
= Z (4’;} + 4’1"171,]')
4’
)

J)n = < ¢1]

i1

3
= (o5 ot

(¢, i) — Fj(®,U) := f(@f, ufy) — f(DF, UL).
We finally define for1 <v < N
J+1 ]+1(

21157 =2} )

i=1j=1

((522}/]-)2 + ij*% () (5;2}/]-)2> ) (65)

The proof proceeds inductively. Our induction hypothesis is: Suppose that the following inequality
holdsforl1 <m < M:

1m—1
3 X I 2+ v 2|z"+1 2By
n=

m—1
< GAL Y |1Z"A-1 + Ca(AE* + 1. (I)

n=1
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Obviously, (I) holds for m = 1.
Taking the /2 inner product of both sides of (64) with z"+1 — z"" we have for n > 2
h

—t (3 (a7 ()0 (5 ) ) + 0, (b (D)0 (52 ) ) 2+ —z”)h
AL (5, (a7 (D) (65 (6, (0" (D) (85 (271 — 2M)))))), 2L —21),
- At(F" $, 1) — F'(®, U), 2"+ — z")h A, 2,

zZ
. (¢n+12+¢n)),zn+1 _ Zn>h (66)

||Zn+1 —Z”Hz

_ATi(‘Sx(”n(‘f:’)((sf(fsy(b () (55(9"1 = ™)), 2+ — 21,
B (5 () 05 (0,87 () 39 — ™)), 2441 27),

By Lemma 8, the symmetry of L}, and our hypotheses on a, b, we have, using the equivalence of the

norms || - ||, and | - |1, with constants independent of 1 and At, and the notation 2" := ¢" —

12717 ==K} )

]+l]+1(
i=1j=1

o) (o) 21 00 (5)") =

< 2"y + C(l2" — 2 Yos", 82",

+c(|zn —gn-1 |5gz",5yz")h +CAt|Z"|2_,

n+1 n n+1 n
—<5x(a”(ci>)5f<z;z))—i—@(b”(é)ﬁy(z;z)),z”“—z”) >
h

1
121 = 51215y + C (18" — 2 Mos2", 052" )

Therefore

>

+C(ja" — 2! |5y-z",5yz”)h +C A", (67)
In addition, there holds that

.

N sn—1|s n s _n N
(|Z -2 |5XZ /éxz )h < h1/3(|z

wllz" 51 (68)

To see this consider Holder’s inequality:

J+17+1 J+17+1 J+1]+1 i 11
WIE (z y w) (z 5 w) or L4l )
i=1 j=1 i=1 j=1 i=1j=1 L
and ) ) )
J+1J+1 J+1J+1 r [J+1]+1 q [J+1]+1 5
53 | < (z y |fu|v) (z y |gij|q) (z y w) 0
i=1j=1 i=1j=1 i=1j=1 i=1j=1

for J + 7 +1 =1
Applymg (70)forp =6, q= %, ands = 5 , we have,

(127 —2""oxz", 032") < 12" = 2" oplldsz"ll iz 102" |z,
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J+1J+1

where for v € X, we define [|v[|,; := Y, Z v3]7) )P (with [|0]24 = ||olh)-
i=1 j=1

Therefore

(127 — 2" Moxz", bez") | < 12" = 2"l 02" 3 L2 )

From (69) we have

J+1 )41 J+1 )41 4141 o1 1
) 2 58| < | X 2 |ﬁ]|”’ ) 2 37| for —+ - =1. (71)
i=1 j=1 i=1 j=1 i=1j=1 p q

Using (71) with r = % = % p= %, g = 10 we see that

162" |12 5, < N19e2" /4| 62" g1,

1_1
Note now that the inverse inequality [|o]],; < ch Nzy) [0]| holds on X?. For p = 6 we have

1

1 _2
1652 llon < Ch™2270) 852" |5y = Ch™3 || 852" -

Hence
-3 2 1
122" |12, < Clloez"|[3/*(h™5 || 052"|[)"/* = Ch™ 12 || 852" ||}, = Ch™ & || 052" |-

By the above we condude that

(12" = 2 Mos", 052" ) < 12" = 2" Moullosz" 1,

ny2
22" |l

< Clg" — 2 1|1h(c11 6||(5xz”||h) = Ch3 g — g

1
< Ch 3|g" — "1,

from which (68) follows. Now, using the induction hypotheses (I) we will show that |27 |y, |27 7|1,
and
max{max |6 D1 il max |67 i} are bounded for n < M.

L]

Indeed, from (I) we have for a small enagh € > 0 (that we consider fixed from now on) that

m
127171 < CAE Y [|2" (151 + CAEY, m < M.
n=1

Hence, from Gronwall’s lemma we obtain
|Zm|%,h < CMMA form < M. (72)

Hence, using the stability condition % < ), we see that

J+1]+1 4
S 1[(se) + ()] < B < o
i=1 j=1
Hence
JH1]+1 ) )
max(n}j;x|§x2ij|,n}3x|5y-2ij|) < 2}2{[( gﬁ”;) ((5-2:7]?) } < CAt

and therefore
|0D7| < [022]5] + 02| < C, (73)
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since |(5,gqf>1’;| is bounded, as it is easily seen. Similarly we see that |5gci>;7j| <C.
Now, from (72), supposing that n < M, we have, by the stability conttion that
1271+ |27 Y1 p < eCTAR < CeCTAth < CeCTh3 Aths < CAthS.
Therefore from (68) we have, forn < M
(|2" — gL, 5fz”) < CAt|Z"|_y, (74)

and a similar bound for the term (|2" —zn-1 652", y—z"). Substituting (74) in (67) we have, forn < M

(o (ron (55 e ron(55)) 20 -2),

1
> 12" - (IIZ"IIi_1+CAfI|Z”IIi_1) (75)
Hence, from (66) and (76) we obtain, for n < M
||Zn+1 _ZnH%l
+at[H 2 - (213 + carl 2 )]

+8 (0 (a7 (D) (62 (8, (b"(D) (5 (2" = 2M)))))), 21 = 27),
< at(FH(g, ) — (P, T), 2 z")h+At(gn,zn+l—zn)h
a(p

+0 (0 (o7(9) —a"(@)lor (£5247) ) 2 —a),

+o o (19°9) - (@))0g (£ ) 2 —27),

—Ai( (0" (@) (82 (0y (0" () (65 (¢" 1 — ¢™)))))), 2" = 2"),,
+2£ (5. (a ( D) (05 (Jy (0" (®) (d5(¢" ! — 97)))))), 2" 1 —2"),.
Therefore, using Lemma 9, we conclude for n < M that

2t = 21+ At F12 1 (212 + "7 )]

—I-Ath()\|Zn+1 o E?y',h _ V|Zn+l _ Znﬁ,h) <

< at(Fr(g, ) - F/(®, U), 21 - z”)h +AE(gn, 2 —2n),

+At ((5x <[a"(43) —a"(D)]dx (M)),z"” - z”)h (76)
+at (8, ([b($) - bn(é)]a-(w)),zﬂﬂ - z”)h

=2 (0(a"(9) (52 8y (0" (@) (G3(9" " — ™)), 2! =27,

+ 4 (00 (0" (D) (32 (8 (" (@) (95 (¢! = ¢)))))), 2" 1 = 2"),,

We now define the following quantities

[ = ((SX([a”((f)) #n(@,)](s_(m)) 2l zn).

2 n+1_ pn
(o (1(3) 0 (@)gg () ) 2 -2

I = (3x(a™(¢) (32 (3 ("(9) (3 (9" = 9)))))), 2" = 2"),,

HI = (0 (a" () (82 (0 (0" (2) (99(9™ ! = 9)))))), 2" = 2")
From (72), since n < M, we have 2", < C|£"|1}, < e“TAf2.
Long but straightforward calculations yield now for e > 0 that

AT < CeA 4 g||2" T — 2|2, (77)

and

AP — 11| < CeA® + AP — 23 ) (78)
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Substituting in (76) we have

2t = 2"+ A 32 = (1 2y + a2y
—i—ATtZ(MZ”'H o ?Zy‘,h B mzn—i-l B Zn'%,h) <

< at(Fr(g,m) — (@, 0), 2" - z”)h +AH(g, 2 ),
+CoAtS + ¢ ||z — 212
+Cen A0 + AP =2

where ¢/, > 0 arbitrary.
Hence, using the Cauchy-Schwarz inequality and the arithmetic geometric mean inequality we have

2741 — 272 + At [H1z 1 E = 3(212 + catlz|z )]
_|_ATt2()\|Zn+1 o éy‘,h _ V|Zn+l _ an%,h) <

< (£51F" (@) — F/(®, DI + ")}z - 27[})
(BN + el —2R)

+Cor en A0 + & || 2" — 2|12 + €/ At? 2" TL — 2" é,?,h'

In addition since |Fp| < ¢, |F;| < c we have from the mean value theorem
IE™ (¢, i) — E" (D, U) |1 < LallZ" [l + Lalle" [

< Ly(ll="lln + 112" ) + LaClle™ 1 + lle™ )

Since for n < M (72) gives ||z"||;, < C|z"|1;, < e“TAt?, we have for ¢ > 0
IE" (¢, i) — F"(®, W)l < CAE + C([le" |5 + lle" 17,

||Z”+1 *ZHH%
+0¢| 312113 = 3 (2" 2 + Catz|2_))]
A (A — 22, — - 2R
< (f(Catt +C(llemF + e 1) + €21 —2"|2)
+ (R0 + &2 2 7)
n|2

+Cyr e A0 + & || 2" — 2|2 + ¢ Af? 2" T — 2 S
Then, for suitable ¢/, ¢”, ¢ = O(e), we see that

(1—g)fz"*! — 2|3

H5 (127G = 1215 ] + AR (F — )z =272,
< CAL||Z" |21 + APCe([le™]12 + [le"1|12)
FAPRC |12+ CetMtS + AL p|zn 1 — 272

Hence, since |21 +2"|;, < G|z"*1 + 2", at 4 < o, we have that Athy|z"+1 +2"3, <

C'g?||z"+1 + 2|, where C' = CZ”

Therefore

(1—e—Clo?)|z"+! — 2|2

AR = 25 ] + A2 — o)z =23,
< CAP||Z"|2_ 1 + APCe(|le"]|2

e H2) + ARC| 2|12 + CetrS, 1 < M.
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Summing from n = 1 to m we have
2( CI 2 m
Z 2 E Nl
A (" [t 2
+2At(1 —e)nz1 |zt — 2" 2ok
<CALY "2 4 + Cedt Y [l 2
< CAEY 2" g+ Cett Y eI
n=1 n=1
m
+CeAE Y ||TMF+CeAt* 1<m <M, Ve>0. (79)

n=1

Now, from (58)and (50) we havefor0 <n < N—-1,1<4,j< [:

e+l _ on et ont At
g o Ah g g + *5x‘(5yy( n+1 e?-)
At 2 4 ij ]

1 n n n n
= 2 PGy " (i yj, £71)) = P,y ", p(xi, i £))]}

1 n n n n n
— g PGyt Lo (x, i, 7)) = Pxy, 1, @(xi, y5, )]} + €

We define D;j(v)" := P(x;,y;, "™, v(x;, y;, ")) — P(x;, yj, t",v(x;, yj, t")). Taking the ¢? inner product
of both sides of the above relation with "1 + ¢ we have

(en+1 —e et 4 en)h _ At <Ah<e”+12—|—e”>,en+l 4 e")
h

AL +1 +1
+o (Gxsdyg (e —em), e )

— (p(¢)n _ I’j(cb)n/en+l +en)h + At<£n,€n+l _|_en)h'

Using the symmetry of B;(+,-), Lemma 9 (witha =1, b = 1), and Lemma 7 and summing the above
relation from n = 0 to m’ — 1 we have, since ¢® = 0

(80)

[le™ [l + Z " "R,
n=
m' —1 . R m' —1
< (P(4>)" — P(D)", e +e"> +ALY (s”,e”“ —l—e")
n=0 h n=0 h
m' —1 R R ; m' —1 )
< ) 1P(@)" = (@) [Iulle™ +e" [l + At Y [le”[|nlle" " + e[l
n=0 n=0
1= +1 2
< LeAT Z | P(o (@)™ + et Z le" " +e"l;
n=0 n=0

4 Z l|e"]17 + Ate Z e + e |7

m/

1 . N m' =1 N-1
< deAt Z |1P(¢)" — P(CI))”H%[ + CeAt Z ||g"||% =+ Ate Z ||en+1 +en||%~
n=0 =0 =
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In view of (79) we have
, m' —1 m' —1
le™ (7 < C{ Ceat Y- lle"|Iz +Cetrt Y- I"[17 + Cetrt* + 1|21
n=0 n=1
m' —1
+cAt Z ||s”|\ﬁ
n=0
Hence, by Gronwall lemma we infer that
2 = 2 = 2 4 192
"|r < C|At " + At M|+ A+ .
pmax [l < n; 12"l n);] 1"l lIz" 1l
Therefore, by (60) and (61)
2 2L 4 12
1
<
Orgr}lagxmﬂe |r<C Atnz::l(At + K%+ A+ |2Y5
< C(NAt(At2 + )2+ ||z1||3)
< (@R +122 +|2'3)-
Hence, using ||z!||o = O(A#? + h?) we have
| < C(AFP + K?). 81
max "] < C(AF + 1) )
Since "
ALY [le"|12 < C(A +1?)?, (82)
n=0
substituting (82) and (61) in (79) we have
2(1—e—Clo?) & A n
LT =R I 20 ) ) |2 2"y,
n=1 n=1
m
< CAEY . [|2"3 4 Ce(At* + 1) (83)

n=1

Take now ¢ > 0'so that2(1 —e — C'0?) > 1 and 2(% —¢) > 2 so (83) gives

1 & A&
v L R C RS MR W
n= n—

m
< CALY |22y + C(AE* + 1Y),
n=1

which is (I) for m instead of m — 1. Hence, the inductive step is complete and (I) holds for 1 < m < N.
We conclude from (81) that (62) holds.
Finally, it follows from (I) that

m—1
I2"15 1 < CAE Y. 251 + C(A# +hY), 1<m <N
n=1
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from which, by Gronwall’s lemma it follows that
"lm-1 < C(AE* +h*),
jmax [12"[ln-1 < C(AF* +45)
which implies (63).
|

We may easily obtain from Taylor’s theorem an approximation at the first step satisfying ||z!|, =
O(h? + At?).

9. Numerical Verification of the Order of Convergence

In the sequel, we solved the system (43) under Neumann boundary conditions on 9Q2. (We ob-
tained similar rates for the problems with Dirichlet boundary conditions.) We took Q) = [0,1] x [0,1],
T=0l,a=b=1,f=¢(1—¢)u/(1+025u), p = $>(10 — 15¢ + 6¢?). We added a suitable nonho-
mogeneous term so that the solution of the associated initial-boundary-value problem with Neumann
boundary conditions on 9Q) was (¢, u) = (e~ cos(x(x — 1)) cos(y(y — 1)), e ! cos(rrx) cos(my)).

Table 2. Errors and order of convergence of the ADI-ADI scheme, T=0.1.
I lloo 1l

] errors order errors order
50 ¢:1920e—04 ——  8.664e—05 ——
u:1.047e — 04 —— 4.762e — 05 ——

75 ¢ : 8.708¢ — 05 1.95 3.851e — 05 1.99
u:4725e—05 196 2119¢e—05 1.99

112 ¢:3979¢e—05 193 173le—05 197
u:2.143e — 05 1.94 9.513e — 06 1.97

168 ¢ :1.806e — 05 1.94 7.747e — 06 1.98
1:9.622e—06 197 423le—06 1.99

252 ¢:8254¢—06 193  3486e—06 1.96
u :4.320e — 06 1.97 1.883e — 06 1.99

378 ¢ :3.814e — 06 1.90 1.582¢ — 06 1.94
1u:1944e—06 196 8383 —07 199

567 ¢:1.795¢—06 1.85  7.300e—07  1.90
u : 8.783¢ — 07 1.95 3.736e — 07 1.99
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Table 2 shows the errors and the experimental orders of convergence of the numerical solution
computed by the ADI-ADI scheme for the this problem, in the discrete maximum norm || - || and also
in the ¢, norm || - ||, We computed with h = 1/(] + 1), where | = 50,75, ...,567, and At = 0.01h. The
observed order of convergence is approximately equal to 2 for both variables in both norms. (For two
consecutive runs with values hy, hy of h, giving errors eq, ey, respectively, the rate of convergence was
computed as log(ez/e1)/ log(hy/hy).)

With this scheme we performed two numerical experiments where we took (cf. Wang[15])

on O = [0,1] x 0,1, go(x,y) = }[1+tanh L], ug(x,y) = [1“<’{°131Zii0h‘)('25°” Ry < Roo
R,
-1 " r > Roo

r=+/x24+2
a =b =149 = 1/m(1+ 6,cos(40)), where § = arctan(¢p,/¢x), f = 812(47(1 —¢)(p— 3+
30eaS g5 (1 — ¢)), p = ¢°(10 — 15¢ + 6¢?) / S, S=dimensionless supercooling of the melt, m=ratio
of the capillary to the kinetic length and e =ratio of the average interface thickness parameter.

In the isotropic case, with values of physical parameters given by t; = 0.01, Ryp = 0.1, Rgo = 2R,
S$=08m=0.1a =70, 5]4 = 0, and ¢ = 1/400, the evolution of the solution is’ given in Figures 1,
2(a)(we took h = 1073, At =2-107).
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Figure 3. ¢, u the isotropic case. (a):3D plot of ¢, (b):trace at x = 0.1 of ¢, (c):3D plot of u, (d): trace at x = 0.1 of u
(allatt =2-1073).
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Figure 4. Succesive contours of the interface of every 100 time steps for the isotropic case.
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