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Abstract: Extension of a derivation on a universally reversible JC-algebra A C B(H)s, to the
C*-algebra [A] generated by A in B(H) was studied by Upmier [20, Theorem 2.5]. In this article we
study the extension of a Jordan derivation on a universally JC-algebra A to its universal enveloping
real and complex C*-algebras R and 2, respectively. Also, we establish the relationship between
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1. Preliminaries

A uniformly closed Jordan subalgebra of the set of all continuous linear self adjoint operator
B(H),, on a complex Hilbert space $) is called a JC-algebra, and its weak closure is called a JW-algebra.
Let A be a JC-algebra, then there there is a unique (up to an isomorphism) a C*-algebra 2, a
Jordan isomrphism ¢ : A — 2 such that 1)(A) generates 2 as a C*-algebra, and 2 has a unique
* antiautomrphism @ of order 2 keeping the points of ¢(A) fixed. The set R = {x € A : O(x) = x*}
is a real C*-sublgebra of 2 which satisfies RN iR = {0}, and A = R @ iR [1, Proposition 4.40,
Lemma 4.41].

We refer the reader to [1, 4, 8, 13, 16, 17, 19] for the needed background of the theory of JC-algebras
and JW-algebras, and to [10, 11, 12, 18] for the prerequisite background of C*-algebras and von
Neumann algebras. Sufficient information about derivations can be found in [3, 5, 6]. Throughout this
paper, we identify A with (A) in 2, and assume that A is a universally reversible JC-algebra.

2. Derivations

The proof of the following theorem is almost as that of [20, Theorem 2.5], except we make the
extension of the Jordan derivation on a universally reversible JC-algebra to its universal enveloping
C*-algebra (see [1, Proposition 4.36], [8, 7.1.8] for its existance and propertites). Since this theorem plays
an essential role in our results, we include the proof for completeness. But first note thatif ¢ : A — B,
where A and B are JC-algebras, and if 6 : A — AisaJordan derivation (i.e. 6(aob) = d(a)ob+aod(b),

foralla,b € A), then 6 : ¢(A) — ¢(A) defined by é(¢(a)) = ¢(é(a)), for alla € A, is a Jordan
derivation.

Theorem 2.1. Suppose that D : A — A is a Jordan derivation on a universall reversible JC-algebra A. Then

A
D can be extended to a *-derivation D : A — A of the C*-algebra 2.

Proof. Let p be a pure state of 2, and let {71,, Hy, {, } be the cyclic reprentation of 2 induced by p, by
the Gelfand-Neumark-Segal construction (GNS construction). By [18, Theorem 9.22], [10, Theorm 4.5.5],
mp : 2 — B(H,) is irreducible, so that, np(Ql)w = (np(Ql)” = B(H,), where np(Ql)w is the o-weak
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closure of 7, (%) in B(H,), and np(Ql)” is the double commutant of 7, () [12, Theorem 3.13.2], [15,
Proposition 1.21.9]. Having 2** and A** as the second duals of 2 and A, respectively, and deducing
that 77, is a type I factor representation, then by [18, Lemma 2.2], [15, Theorem 1.9.1], 77, extends to a
normal representation 775" : A** — B(H,), which is irreducible, since 7;*(2**) = np(Ql)w = B(H,).
Put M = m;*(A™) = np(A)N = np(A)w, then the restriction 71, [4: A — B(Hp) is an irreducible
representation. Note that A** is universally reversible, since A is universally reversible, [1, Lemma
4.33], and so, M is a reversible JW-factor of type I, for some n > 3 [8, Corollary 5.3.7], which
implies that the self-adjoint part Z(91)s, of the center Z(M) of the The universal enveloping von
Neumann algebra 9t of of M equals to the center Z(M) of M by [8, Theorem 7.3.5]. Therefore, M
is a factor of type I, by [8, Theorem 7.4.2 (i)]. By [2, Theorem 3.1], (see also [9, Theorem 7.5.11]),
either M = B(H,)%, with a a real flip on B(H,), or M = B(Hp)fu with B a quaternionian flip on
B(H,).This means that M = B(K)s, for some K-Hilbert space on H,, where K = (R, or C, or H). Note
that Dy : 71,(A) — 7, (A) defined by Dy(7m,(a)) = m,(D(a)) for alla € A, is a Jordan derivation,
which extends to a normal Jordan derivation D; : np(A)W — ﬂp(A)w, by [15, Lemma 4.1.4], then
mp(D(a)) = Dy(my(a)) for all a € A. Therefore, Dy(d) = [wp, d] foralld € np(A)w = ;" (A™), and
for some element w, € B(H,), by [20, Lemma 2.6]. Let H= Y% H,, m= Y% m,w= Y% w,,

pEP(A) peP(A) pEP(A)
then, for all a € A, we have
n(D(a) = ().%m
peP(A)
= )% (m(D(a))
peP(A)
= Z@ [wp/”p(a)] = Z@ (wpn(a) _”p(”)wp)
pEP(A) pGP(%)
= (L7 wp)( L7 mpa)) = (17 mo(a)( 17 wp)
peP(A) pEP(A) pEP(A) peP(A)

= wn(a) — n(a)w = [w, (a)].

Thatis, [w, 7t(a)] = (D(a)) € (A) C 7t(A). Since A generates 2 as a C*-algebra, we have [w, 7t(x)] €
7(A) for all x € A. Tt is clear that D : () — 7(A) defined by D(7(x)) = [w, t(x)],x € A, isa
*-derivation. Since 7 : 2 — B(H) is a faithful representation of 2 (see [10, Proposition 4.5.5 and

A A _
Theorem 4.5.6]), we can easily see that D : 2 — 2 defined by D(x) = (r~! o D o 77)(x) is a *-derivation
on 2 extending D. [

Remark 2.2. Given a *-derivation 6 : R — R of the real C*-algebra R. Then S defined by
S(x+iy) = 0(x) +i0(y), x,y € R, is a *derivation of . The linearity of  is obvious. Let z; € A, j =1,2.

Then z; = x; + iy; for some x;,y; € M. Then z1zp = (x1 +iy1)(x2 +iy2) = (x1%2 — y1y2) +i(x1y2 + y1X2),
and so,

~

S(zmz) = b((vx2—yaya) +ilx1y2 + 1))
S(x1x2 — y1y2) +id(x1y2 + y1%2)
= d(x1x2) — 0(y1y2) +i6(x1y2) + i67(y1x2)
= 0(x1)x2 +x10(x2) — 0(y1)y2 — 16(y2)
+i6(x1)y2 +ix16(y2) + i6(y1)x2 + iy16(x2)

On the othe hand, we have,
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~

£(z1)z + 218 (z0) 3(x1 +iy1)) (32 + iya) + (31 + iy1) (3 (x2 + iy2))
O(x1) +i0(y1)) (x2 +iy2) + (x1 +iy1)(6(x2) +i(y2))
= 5(3(1)3(2 + ié(xl)yz + i(5(y1)x2 — 5(y1)y2

+x16(x2) +ix16(y2) + iy10(x2) — y16(y2)),

—~

from which we see that E(zlzz) = E(zl)zz + zlg(zz) and hence 6 is a derivation on . Now, if z € 2,
z= u+zwforsomeu w € R, then z* = u* — iw*, and so, 5( ) =6(u*) —id(w*) = 6(u)* —id(w)* =
(6(u) +id6(w))* = ((5( ))*. That is, Sisa *-derivation, which clearly extends D to 2.

Theorem 2.3. Let A be a universall reversible JC-algebra , and let D : 21 — A be a *-derivation of the C*-algebra
2(. Then:

(i) D | 4, is a Jordan derivation of A.

(ii) D | is *-derivation of the real C*-algebra R.

Proof. Since A is universally reversible, we have A = Ry, and A = Ry = ng’l [8, Proposition 7.3.3],
and R = R,, & B, where B = {b € R*(A) : b* = —b} (see [7, p. 103]).

(i) Note that D |g(,: Ass — Asq defined by D(xoy) = xo D(y) + D(x) oy, for all x,y € s, is
a Jordan derivation, where x o y = *F¥* [6, Remark 2.2], and D(x) = (® o D o ®)(x), for all x € 2L.
Hence, foralla € A = A%, wehave D(a) = (®o D o ®)(a) = ®(D(a)), since D(a)* = D(a*) = D(a).
That is, D(a) € A2 = Ry, = A, implying that D |4, is a Jordan derivation of A.

(ii) Let b € B, since ®(b) = b* = —b,and D(b) = (P o D o ®)(b), we have

®(D(b)) = —(PoD)(-b)
— (@ D)(®(b))
= —(®oDo®)(b)
= —D(b) = D(-b) =D(b") = (D(b))",
implying that D(b) € B C R. Therefore,

®(D(x)) = @(D(a+D))
= @(D(a)) +@(D(a))
= D(a) +(D(b))*
= (D(a+b))" = (D(x))",

and so, D(x) € R for all x € R. Hence, D |g; is *-derivation. [

Corollary 2.4. Every Jordan derivation on a universal reversible [C-algebra A extends to a *-derivation on the
real enveloping C*-algebra R of A.

A
Proof. Let D : A — A be aJordan derivation. By Theorem 2.1, D extends to *-derivation D : 2 — 2

A A
of the C*-algebra 2, such that D|4 = D, and by Theorem 2.3, D|i; is *-derivation, which is obiously an
extension of D to . O

The following Corllary is immediate by Theorems 2.1 and [14, Theorem 2].

Corollary 2.5. Every Jordan derivation on a universal reversible JC-algebra A is continuous.
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Before establishing the relation between local derivations (resp., 2-local derivations, weak-local
derivations , weak-2-local derivations) on a universally reversible JC-algebra A, and their extensions to
its universal inveloping real and complex C*-algebras 9 and £, let us introduce a notion of a set-local
(resp. set-2-local, set-weak-local, set-weak-2-local) derivation.

Definition 1. Let A be a Banach algebra, and T : A — A be a linear map. We call T a set-local derivation
if for every x € A, there exists a derivation, Dy : A — A, depending on x, and a subset C of A containing
x, satisfying T(y) = Dx(y) forall y € C. It is called a set-2-local derivation if for every x,y € A, there
exists a derivation, Dyy : A — A, depending on x, and y, and a subset C of A containing x and y such
that T(z) = Dyy(z) and for all z € C. If for every x € A, and every ¢ € A*, there exists a derivation,
Dy,p : A — A, depending on x and ¢, and a subset C of A containing x, satisfying ¢T(y) = @Dy, ¢ (y) for
all y € C, then it is called a set-weak-local derivation. If for every x,y € A, and every ¢ € A*, there exists
a derivation, Dy,y,p : A — A), depending on x,y and ¢, and a subset C of A containing x and y, satisfying
@T(z) = @Dyy,¢(z) forall z € C, then it is called a set-weak-2-local derivation

Theorem 2.6. Every local derivation T : A — A on a universally reversible JC-algebra A extends to a set-local

*-derivation T on its universal inveloping real C*-algebra fR.

Proof. Let x € R be a fixed element. then x = a+ b, forsomea € A = R, and b € B. Since T
be a local derivation on A, there exists a Jordan derivation D, : A — A, depending on 4, such that

T(a) = Dgy(a). Let D,Z be the extension of Da to a *-derivationon R, by Corollary 2.4. It is then clear

that the mapping T: % — % defined by T(y) T(c)+ Da(d) y=c+din R, © B = NRis a linear
extensionof T. Let §, = {a+d:d € B},and lety € &,, theny = a + d for some d € B, so we have,

T(a+d) = T(a)+ Da(d)
= Da()‘l-Da(d)

o(a) + Dq(d)
= a( )

|
ok

That is, for y € &,, %(y) = Bu(y). Hence, YN" is a set-local *-derivation on R, since &, is a subset of
Rsa @ B containing x. [

Theorem 2.7. Every local derivation T on a universally reversible [C-algebra A extends to a set-local derivation
S on the self-adjoint part Us, of its universal inveloping C*-algebra C*(A).

Proof. Note first that s, = A @ iB3, since A is universally reversible, and A = ;. Let T: A — A be
a local derivation on A, and let x be a fixed element in 2, say, x = a ® ib, for somea € Aand b € B.
Since T is a local derivation on A, then for g, there exists a Jordan derivation D, : A — A depending on

A
a such that T(a) = D,(a). By Theorem 2.1, D, extends to a *-derivations D, on 2. It is then clear that

A
S:y— T(c) +iD,(d), wherey € s, y = c+id, c € A, d € B defines a linear map S on s, which
extends T. Let F;, = {a+id : d € B}, then for any y € F,, where y = a + id, for some d € BB, we have

S(y) = S(a+id)
— T(a) +iDa(d)
— Dy(a) +iD,(d)
— Dy(a) +iDy(d)

A

= Dy(a+id) = lga(y).
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Hence, S is a set-local derivation on 2, that extends T. [

Theorem 2.8. Every local derivation T on a universally reversible [C-algebra A extends to a set-local

A
*-derivation T on its universal inveloping C*-algebra L.

Proof. Let T : A — Abe alocal derivation on a universally reversible JC algebra A, and let x be a fixed
element in 2, then x = y + iz, for some y,z € R. Lety = a+ b, wherea € A =Ry, and b € B. Since T
is a local derivation on A, then for g, there exists a Jordan derivation D, : A — A depending on a such

A
that T(a) = Dg(a). By Theorem 3.1, D, extends to a *-derivation D, on 2. Let & = {a+d : d € B},
~ ~ A
and let T be the extention of T to a set-local *- derivation on R arises in Theorem 2.6, then T(y) = D,(y)
A A ~ A
forally € & = {a+d:d € B}. Let T : A — A be the map defined by T(w) = T(u) +iD,(v), w € 2,

w=u+1iv,u,v € R. Itis clear that T is a linear map extending T, and hence extends T. Note that, for
allu € £, and all v € R, we have,

T(u+iv) = T(u)+iDa(v)
—  Da(u) +iDa(0)
= Ba(u + iv).

A
Since it is clear that x belongs to the subset £; + ifi of 2, we see that T is a set-local *-derivation on
A. O

The following Corllary is immediate by Theorems 2.1, Theorems 2.8, and [9, Theorem 5.3, p.318]
Corollary 2.9. Every local derivation T on a universally reversible JC-algebra A is contiuous.

The relation between 2-local derivations (resp., weak-2-local derivations) on a universally
reversible JC-algebra, and their extensions on its universal inveloping real and complex C*-algebras R
and 2 is established in the following two results.

Theorem 2.10. Let A be a universally reversible JC-algebra A, and let T : A — A be a 2-local derivation.

Then T extends to a set-local *-derivation T on its universal inveloping real C*-algebra A.

Proof. Let x,y € P be two fixed elements, then x = a+cand y = b+d, forsomea,b € A = Ry,
and ¢,d € B. Since T be a 2-local derivation on A, there exists a Jordan derivation D,), : A — A,
depending on a and b, such that T(a) = D,}(a) and T(b) = D,;(b). Let D,}, be the extension of
D, to a *-derivationon R, by Corollary 3.4. It is then clear that the mapping T : R — R defined
by T(w) = T(u) + D,p(v),w = u+v, u € R*(A)s; and v € B, is a linear extension of T. Let
Ea={a+v:veBland & ={b+v:v e B}, thenx € &, and y € &,. Note that for any v € B, we
have,

~

T(a+0) = T(a)+ Dyy(0)

doi:10.20944/preprints202311.1982.v1
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and so, %(w) = Bﬂ,b(w) forall w € &,. Also, we can see that ]N"(w) = lN)a,b(w), forallw € &,. Thatis,
T(w) = D,p(w) forallw € & U &y Hence, T is a set-local *-derivation on R.  [J

Theorem 2.11. Every 2-local derivation T on a universally reversible [C-algebra A extends to a set-2-local

A
*-derivation T on its universal inveloping C*-algebra 2.

Proof. Let T : A — A be a weak 2-local derivation on a universally reversible JC algebra A, and let x;,
j = 1,2 afixed element in 2, then x; = y; + izj, for some y;, z; € R, since A = RPN, Lety; = a; +¢;

and zj = b] + d where aj, b €A, and c],d € B. Since T is a 2-local derivation on A, then for ay, a»,
there exists a ]ordan derlvatlon Dy e, : A — A depending on ay, a; such that T(ay) = Da1 0 (a1)

and T(az) = Dg,a,,(a2). By Theorem 2.1, Dy, 4, extends to a *-derivation Dalrazon 2. Let T be the
extention of T to a set-2-local *- derivation on A arises in Theorem 2.10, where T( ) = D,Z1 a, (w) for
allw € £, UE,. Then T : 2 — 2 defined by T(w) = T(u) + iDay 0, (0), w € A, w = 1+ v, 4,0 € R
is an extention of TN", and hence of T. As in the proof of Theorem 2.10, we can easily see that for all

ue 8,1].,]' =1,2,and all v € R, we have,

~

A A

A A

= Daya, (u) + lDﬂlﬂz(v)
A

= Dy, a,(u+iv),

A A A
that is, for all w € ((&;, U&,,) +R), we have, T(w) = Dg, 4,(w). Hence, T is a set-2-local *-derivation
on?. O

Theorem 2.12. Every weak-local derivation T on a universally reversible JC-algebra A extends to a

set-weak-local *-derivation T on its universal inveloping real C*-algebra R.

Proof. Let T : A — A be a weak-local derivation on a universally reversible JC algebra A, and let
x € R be a fixed element, thenx =a+ b, forsomea € A,and b € B. Let 6 € R*, then ¢ = 0|4 € A*.
Since T is a weak-local derivation on A, then for a and (p, there exists a derivation Dy : A — A,

depending on a and ¢, such that ¢T(a) = ¢Dg,¢(a). Let Da ,pbe the extention of D to a *-derivation
on R, by Corollary 2.4, and define T:% - % by T(y) T(c) + D,W(d) foreachy = c+4d in

R =R,y B = AP B. Itis then clear that ".7" |a=T,and forally € & = {a+d :d € B}. A similar
argument as in the the proof of Theorem 2.6. shows that

~

0(T(y)) = 8(Dayp(y)), forally € &,

So that T is a set-weak-local *-derivation on R. [

Theorem 2.13. Every weak local derivation T on a universally reversible JC-algebra A extends to a

A
set-weak-local *-derivation T on its universal inveloping C*-algebra 2.

Proof. LetT : A — Abeaweak local derivation on a universally reversible JC algebra A, and let x be a
fixed element in 2, and o € A*, then Put ¢ = 0|4, then ¢ € A*, and x = y + iz, for some y,z € R*(A).
Lety = a+0bwherea € A, and b € B. Since T is a weak-local derivation on A, then for 4 and ¢,
there exists a Jordan derivation D : A — A depending on a and ¢ such that ¢T(a) = @D, 4 (a). By
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A ~

Theorem 2.1, D, extends to a *-derivation D, yon 2. Let T be the extention of T to a set-weak-local *-
~ A

derivation on 9 arises in Theorem 2.7, where T(y) = Dy, (y) forally € & = {a+d : d € B}. Then

A A ~ A ~

T : 2 — A defined by T(w) = T(u) +iDy(v), w € A, w = u +iv, u,v € R is an extention of T. As in

the proof of Theorem 2.8, we can easily see that for all u € &;, and all v € R, we have,

oT(u+iv) = o(T(u)+iDap(o))

= 0(Dag(u) +iDyy())

= a([A)u,q,(u +iv)),

A A A
that is, for all w € (& +iR*(A)), ¢T(w) = $D,e(w). Hence, T is a set-weak-local *-derivation on
A. O

The following Corllary is immediate by Theorems 2.1 and Theorem 2.8, and [6, Theorem 2.1].
Corollary 2.14. Every weak-local derivation T on a universally reversible JC-algebra A is contiuous.

Theorem 2.15. Every weak-2-local derivation T on a universally reversible JC-algebra A extends to a

set-weak-2-local *-derivation T on its universal inveloping real C*-algebra A.

Proof. Let T : A — A be a weak-local derivation on a universally reversible JC algebra A, and let
x,y € R be a fixed elements, then x = a+cand y = b +d for some a,b € Ry, = A, and ¢, d € B.
Let p € ;R*, then p = p|4 € A*. Since T is a weak—2-local derivation on A, then for a,b and p, there
exists a Jordan derivation D}, : A — A, depending on a,b and p, such that pT(a) = pD,; ,(a) and

T (b) = pDa,b,p(b)' Let Ba,b,pbe the extention of D, ;, , to a *-derivation on R, by Corollary 2.4, and
define T : %% — R by YN"(w) =T(u)+ Ba,b,p(v) foreachw = u +vin R, whereu € A,v € B. Itis then

clear that T |a= T. A similar argument in the proof of Theorem 2.10 and Theorem 2.13, we see that for
alze & ={a+v:veBlorze & ={b+v:ve B},

B(T(2)) = p(Dapp(¥)).

~
~

Thatis, p(T(z)) = E(Ba,b,q) (y)), forallz € £ U &,. So that T is a set-weak-local *-derivation on R. [J

The proof of the next Theorem is similar to the proof of Theorem 2.15, and using a similar
argument in the proof of Theorem 2.13.

Theorem 2.16. Every weak-2-local derivation T on a universally reversible JC-algebra A extends to a

A
set-weak-2-local *-derivation T on its universal inveloping C*-algebra .

Proof. Let T : A — A be a weak 2-local derivation on a universally reversible JC algebra A, and let x;,
j = 1,2 a fixed element in 2, then Xj =y;+izj, for some Yj.zj € R. Leto € 2A*, thenp = 0|4 € A*.
Lety; =a;j+c; and zj = bj + d]', where aj, b]' € A, and Cj, dj € B. Since T is a weak-2-local derivation
on A, then for ay,a; and p, there exists a Jordan derivation Dy, 4,0 : A — A depending on ay,a
and p such that pT(a1) = pDa, (1) and pT(a2) = pDq, 4,p(a2). By Theorem 2.1, Dy, 4, o extends

A ~

to a *-derivation Dal,az,pon 2. Let T be the extention of T to a set-weak 2-local *- derivation on R
~ ~ A

arises in Theorem 2.14, where T(w) = D,;(w) for all w € £ U&,. Then T : A — 2A defined by

A ~ A
T(w) = T(u) +iDayapp(v), w € A, w = u+iv, u,v € R is an extention of T. As in the proof of
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A A A
Theorem 2.11, we can easily see that for all z € ((£;, U ) + R, we have, 0T(z) = ¢Dy,a,,(z). Hence, T

is a set-2-weak local *-derivationon 2. O

A
Theorem 2.17. Let A be a universally reversible JC algebra, and T : A — A be a local *-derivation (resp.
2-local *-derivation, weak-local *-derivation, weak-2-local *-derivation).

A A
() IfT(A) C A, then T |4: A — A'is alocal derivation (resp. 2-local derivation, weak-local derivation,
weak-2-local derivation).

A A
(ii) IfT(R)) C R, then T |x: R — R is a local *-derivation (resp. 2-local *-derivation, weak-local
*_derivation, weak-2-local *-derivation).

Proof. It immediate by Theorem 2.3. [J
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