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Abstract: In this article, we propose a new distribution based on the convolution of two independent Akash (AK)

random variables with the same parameter, which we call the Akash convolution (AKC) distribution. We study

its density and some basic properties, and perform parameter estimation using the methods of moments and

maximum likelihood (ML), along with the Fisher information. We evaluate the performance of the ML estimator

through a simulation study. Additionally, we present two applications with real data, demonstrating a better

performance of the AKC distribution compared to two other distributions.
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1. Introduction

A widely used distribution is the Lindley model (see Lindley [1]), we say that a random variable
X has a Lindley distribution (L) if its probability density function (pdf) is given by

fX(x; θ) =
θ2

θ + 1
(1 + x) exp(−θx), x > 0, (1)

where θ > 0 is a shape parameter. We denote this by X ∼ L(θ). The cumulative distribution function
(cdf) corresponding to (1) is

FX(x; θ) = 1 −
[

1 +
θx

θ + 1

]
exp(−θx), x > 0. (2)

The L distribution has been used in various settings such as engineering, demography, reliability,
and medicine, among others. Some researchers who have carried out these studies are: Hussain
[2], Ghitany et al. [3], Zakerzadeh and Dolati [4], Gómez-Déniz and Calderin-Ojeda [5], Krishna and
Kumar [6], Bakouch et al. [7], Shanker et al. [8], Ghitany et al. [9], Al-Mutairi et al. [10], Oluyede and
Yang [11], Shanker et al. [12] and Abouammoh et al. [13], among others.

Shanker [14] introduced the Akash distribution and applied it to real lifetime data sets from
medical science and engineering. Thus we say that a random variable Y has an Akash distribution
(AK) with shape parameter θ if its pdf is given by

fY(y; θ) =
θ3

(θ2 + 2)
(1 + y2) exp(−θy), y > 0, (3)

where θ > 0 is a shape parameter, and it is denoted by Y ∼ AK(θ).
In Figure 1, we show the pdf of the AK distribution for several values of θ.
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Figure 1. Examples of the AK(0.6) (black color), AK(0.8) (blue color) and AK(1.2) (red color).

Some properties of this pdf are:

a) The cdf of Y is

FY(y; θ) = 1 −
[

1 +
θy(θy + 2)

θ2 + 2

]
exp(−θy), y > 0. (4)

b) For r = 1, 2, 3, . . . , the r-th moment of Y is

E(Yr) =
r!
[
θ2 + (r + 1)(r + 2)

]
θr(θ2 + 2)

. (5)

c) The moment generating function (MY(t)) is given by

MY(t) = E(exp(tY)) =
θ3

θ2 + 2

[
(θ − t)2 + 2
(θ − t)3

]
, t < θ (6)

Extensions AK distribution are given by Shanker and Shukla [15,16] and Gómez et al. [17], among
others.

In this article, we consider two independent AK random variables with the same parameter and
study their convolution. We show that the convolution distribution has a closed form and several
interesting properties. Applications show that it can be an alternative to the AK and L distributions.

The paper develops as follows: In Section 2, we furnish the AKC distribution and its properties.
In Section 3, we perform inference by the methods of moments and maximum likelihood; the Fisher
information is obtained, and a simulation study is also carried out. In Section 4, applications are made
to two real data sets and compared with the AK and L distributions. In Section 5, we provide some
conclusions.

2. AKC Distribution

In this section we introduce the density function properties of the AKC distribution.
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2.1. Density Function

Definition 1. We say that a random variable Z has a AKC distribution with shape parameter θ, Z ∼ AKC(θ),
if it has the following pdf:

fZ(z; θ) =
θ6z

30(θ2 + 2)2 (30 + 20z2 + z4) exp(−θz), z > 0, (7)

where θ > 0.

In Figure 2, we show the pdf of the AKC distribution for several values of θ.
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Figure 2. Examples of the AKC(0.6) (black color), AKC(0.8) (blue color) and AKC(1.2) (red color).

2.2. Properties

The following proposition shows that the pdf of the AKC distribution can be obtained from a
convolution of two AK distributions.

Proposition 1. Let X1 ∼ AK(θ), X2 ∼ AK(θ) be two independent random variables and define Z = X1 + X2,
then X ∼ AKC(θ).

Proof. Since X1 and X2 are independent, the pdf of Z may be obtained from the following convolution
product: for x > 0,

fZ(z; θ) =
∫ z

0
fX1(z − t; θ) fX2(t; θ)dt =

θ6 exp(−θz)
(θ2 + 2)2

∫ z

0
(1 + z2 − 2zt + t2)(1 + t2)dt.

By calculating the right-side integral, the result follows.

The following proposition shows the cdf of the AKC distribution.

Proposition 2. Let Z ∼ AKC(θ). Then, the cdf of Z is given by

FZ(z; θ) =
1

30(θ2 + 2)2

{
30θ4γ(2, θz) + 20θ2γ(4, θz) + γ(6, θz)

}
, z > 0, (8)

where θ > 0 and γ(a, v) =
∫ v

0
ua−1 exp(−u)du is the incomplete gamma function.
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Proof. By directly calculating the cdf of Z we have

FZ(z; θ) =
∫ z

0

θ6t
30(θ2 + 2)2 (30 + 20t2 + t4) exp(−θt)dt,

and making the following change of variable: u = θt, the result is obtained.

2.3. Reliability Analysis

The reliability function r(t) and the hazard function h(t) of the AKC distribution are given in the
following corollary.

Corollary 1. Let T ∼ AKC(θ). Then, the r(t) and h(t) of T are given by

1. r(t) =
1

30(θ2 + 2)2

{
30(θ2 + 2)2 − 30θ4γ(2, θt)− 20θ2γ(4, θt)− γ(6, θt)

}
,

2. h(t) =
θ6t(30 + 20t2 + t4) exp(−θt)

30(θ2 + 2)2 − 30θ4γ(2, θt)− 20θ2γ(4, θt)− γ(6, θt)
,

where θ, t > 0.

In Figure 3, we show the hazard function of AKC distribution for several values of θ.
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Figure 3. Hazard function of AKC distribution for selected values of θ: θ = 0.6 (black color), θ = 0.8
(blue color) and θ = 1.2 (red color)

Proposition 3. Let T ∼ AKC(θ). Then, the hazard function of T is increasing for all t > 0.

Proof. Using item (a) of a theorem given in Glaser [18] we have that

η(t) = − f ′(t)
f (t)

= θ − 1
t
− 40t + 4t3

30 + 20t2 + t4 ,

where f (t) is the pdf given in (7). Then differentiating the function η(t) with respect to t

η′(t) =
900 + 900t4 + 80t6 + 5t8

t2(30 + 20t2 + t4)2 > 0, ∀t > 0,
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the result follows.

2.4. Order Statistics

Let Z1, ..., Zn be a random sample of a random variable Z ∼ AKC(θ). Let us denote by Z(j) the
jth−order statistics, j ∈ {1, . . . , n}.

Proposition 4. The pdf of Z(j) is

fZ(j)
(z) =

n!θ6z exp(−θz)(30 + 20z2 + z4)

(j − 1)!(n − j)!30n(θ2 + 2)2n

{
30θ4γ(2, θz) + 20θ2γ(4, θz) + γ(6, θz)

}j−1

×
{

30(θ2 + 2)2 − 30θ4γ(2, θz)− 20θ2γ(4, θz)− γ(6, θz)
}n−j

,

where z > 0 and θ > 0. In particular, the pdf of the minimum, Z(1), is

fZ(1)
(z) =

nθ6z exp(−θz)(30 + 20z2 + z4)

30n(θ2 + 2)2n

{
30(θ2 + 2)2 − 30θ4γ(2, θz)− 20θ2γ(4, θz)− γ(6, θz)

}n−1
,

and the pdf of the maximum, Z(n), is

fZ(n)
(z) =

nθ6z exp(−θz)(30 + 20z2 + z4)

30n(θ2 + 2)2n

{
30θ4γ(2, θz) + 20θ2γ(4, θz) + γ(6, θz)

}n−1
,

Proof. Since we are dealing with an absolutely continuous model, the pdf of the jth−order statistic is
obtained by applying

fZ(j)
(x) =

n!
(j − 1)!(n − j)!

f (z) [F(z)]j−1 [1 − F(z)]n−j, , j ∈ {1, . . . , n}

where F and f denote the cdf and pdf of the parent distribution, Z ∼ AKC(θ) in this case.

2.5. Moments

In this subsection we provide the moments, the moment generating function and skewness and
kurtosis coefficients.

Proposition 5. Let Z ∼ AKC(θ). Then, for r = 1, 2, 3, . . . , the r-moment of Z is given by

E(Zr) =
r!

θr(θ2 + 2)2

r

∑
k=0

[
θ2 + (k + 1)(k + 2)

][
θ2 + (r − k + 1)(r − k + 2)

]
. (9)

Proof. Using the representation of Z given in Proposition 1 and the binomial theorem, we have that
the r-th moment is

E(Zr) = E((X1 + X2)
r) =

r

∑
k=0

(
r
k

)
E(Xk

1)E(Xr−k
2 ),

then using the moments of the AK random variable given in (5), the result is obtained.

Proposition 6. Let Z ∼ AKC(θ). Then, the moment generating function of the random variable Z is given by

MZ(t) = E(exp(tZ)) =
θ6

(θ2 + 2)2

[
(θ − t)2 + 2
(θ − t)3

]2

, t < θ. (10)
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Proof. Using the representation given in Proposition 1, we get:

MZ(t) = E(exp(tZ)) = E(exp(t(X1 + X2))) = MX1(t)MX2(t),

and using the moment generating function of the AK random variable given in (6), the result fol-
lows.

Corollary 2. Let Z ∼ AKC(θ). Then, the mean and variance Z are given respectively by:

E(Z) =
2(θ2 + 6)
θ(θ2 + 2)

and Var(Z) =
2(θ4 + 16θ2 + 12)

θ2(θ2 + 2)2 .

The skewness and kurtosis coefficients are respectively:

√
β1 =

√
2(θ6 + 30θ4 + 36θ2 + 24)
(θ4 + 16θ2 + 12)3/2 ,

β2 =
6(θ8 + 40θ6 + 172θ4 + 240θ2 + 96)

(θ4 + 16θ2 + 12)2 .

Figure 4 depicts plots of skewness and kurtosis coefficients of the AKC distribution.
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Figure 4. Plots of the skewness and kurtosis coefficients of the AKC model.
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3. Inference

In this section we estimate the θ parameter of the AKC model using the method of moments
(MM) and the method of maximum likelihood (ML). Asymptotic properties of the ML estimator are
discussed and a simulation study is presented.

3.1. Method of Moments

Let z1, . . . , zn be a random sample from Z ∼ AKC(θ). Let z = ∑n
i=1 zi
n be the first sample moment.

Proposition 7. Given z1, . . . , zn, a random sample from Z ∼ AKC(θ), the method of moment estimator of θ

(θ̂M) provides the following estimator:

θ̂M =
2
3z̄

+
−4 + 6z̄2

3 × 21/3z̄(−4 − 72z̄2 + 3
√

6
√

12z̄2 + 94z̄4 + z̄6)1/3

−21/3(−4 − 72z̄2 + 3
√

6
√

12z̄2 + 94z̄4 + z̄6)1/3

3z̄
.

Proof. The equation for the method of moments is given by

E[Z] = 2(θ2 + 6)
θ(θ2 + 2)

= z. (11)

Solving equation (11) for the parameter θ, we obtain the result.

3.2. Maximum Likelihood Estimation

For a random sample, z1, . . . , zn, derived from the AKC(θ) distribution, the log-likelihood function
can be written as

ℓ(θ) = 6n log(θ) +
n

∑
i=1

log(zi)− 2n log(θ2 + 2)− nz̄θ +
n

∑
i=1

log
(

30 + 20z2
i + z4

i

)
− n log(30). (12)

The score equation are given by

dℓ(θ)
dθ

=
6n
θ

− 4nθ

θ2 + 2
− nz̄ = 0,

so we get this equation

−z̄θ3 + 2θ2 − 2z̄θ + 12 = 0. (13)

The ML estimator for θ (θ̂) is obtained by solving equation (13). Note that this equation is identical to
the equation derived for the method of moments. Consequently, the ML estimator of θ coincides with
the moments estimator given in the Proposition 7.
Hence, for large samples, the ML estimator, θ̂, is asymptotically normal. That is,

√
n
(

θ̂ − θ
) L−→ N(0, I−1

F (θ)),

where the asymptotic variance of the ML estimator θ̂ is the inverse of Fisher’s information:

Var(θ̂) ≈ θ2(θ2 + 2)2

2n(θ4 + 16θ2 + 12)
, IF(θ) =

2(θ4 + 16θ2 + 12)
θ2(θ2 + 2)2 .
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3.3. Simulation Study

To examine the performance of the ML estimator of the parameter θ of the AKC distribution,
a simulation study is carried out. An algorithm is available to generate random numbers from the
AKC distribution. The simulation analysis is performed generating 1000 samples of sizes n = 20, 50
and 100 from the AKC distribution. The algorithm used to generate random numbers from the AKC
distribution is shown below. The Algorithm 1 is based on the representation given in Proposition 1.

Algorithm 1 for simulating from the Z ∼ AKC(θ) can proceed as follows.

Step 1: Generate Si ∼ Exp(θ), i = 1, 2.
Step 2: Generate Ti ∼ Gamma(3, θ), i = 1, 2.
Step 3: Generate Vi ∼ Bernoulli

(
θ

1+θ

)
, i = 1, 2.

Step 4: Compute Xi = ViSi + (1 − Vi)Ti, i = 1, 2.
Step 5: Compute Z = X1 + X2

Table 1 shows the empirical bias (B), the average of the standard errors (SE), the empirical root
mean squared error (RMSE) and the coverage probability (CP). It is to be noted that the CP converge
reasonably well to the nominal value used in their construction (95%), suggesting that the normal
distribution is a reasonable asymptotic distribution for the the ML estimators in the AKC model. Also,
Table 1 shows that, the performance of the estimates is very good even when n is small.

Table 1. B, SE, RMSE, and CP for the AKC model with n = 20, 50 and 100.

θ n B SE RMSE CP

0.2 20 0.001 0.018 0.018 0.942
50 0.001 0.012 0.012 0.949
100 0.0002 0.008 0.008 0.955

0.5 20 0.002 0.046 0.046 0.952
50 0.001 0.029 0.029 0.952
100 0.001 0.019 0.019 0.946

0.8 20 0.004 0.073 0.073 0.945
50 0.002 0.045 0.045 0.957
100 0.002 0.031 0.031 0.953

1 20 0.007 0.091 0.091 0.955
50 -0.001 0.056 0.056 0.954
100 0.004 0.040 0.040 0.941

2 20 0.013 0.204 0.204 0.954
50 0.007 0.126 0.126 0.943
100 0.008 0.088 0.088 0.948

3 20 0.051 0.366 0.369 0.943
50 0.021 0.223 0.224 0.952
100 0.009 0.155 0.155 0.950

4 20 0.067 0.537 0.540 0.946
50 0.025 0.323 0.324 0.953
100 0.028 0.238 0.240 0.949

5 20 0.052 0.688 0.690 0.955
50 0.049 0.441 0.444 0.954
100 0.016 0.309 0.309 0.948
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4. Applications

In this Section the AKC distribution is fitted to two engineering science data sets and compared
with the AK and L distributions.

4.1. Application 1

In this application the data set consists of the strength of glass of the aircraft window reported by
Fuller et al. [19]. The data are shown in Table 2.

Table 2. Strength of glass of aircraft window reported by Fuller et al. (1994).

18.83 20.80 21.657 23.03 23.23 24.05 24.321 25.50 25.52 25.80
26.69 26.77 26.78 27.05 27.67 29.90 31.11 33.20 33.73 33.76
33.89 34.76 35.75 35.91 36.98 37.08 37.09 39.58 44.045 45.29

45.381

Descriptive statistics are given in Table 3, where CS is the sample skewness coefficient and CK is
the sample kurtosis coefficient.

Table 3. Descriptive statistics for strength of glass data.

n Median Mean Variance CS CK

31 29.90 30.81 52.61 0.405 2.287

Table 4 shows the ML estimates of the parameters of the AKC, AK and L models together with their
standard errors in parentheses, Also the values of the AIC and BIC criteria are given for each model,
(Akaike information criterion (AIC) introduced by Akaike [20] and the Bayesian information criterion
(BIC) proposed by Schwarz [21]).

Table 4. ML Estimates of the AKC, AK and L Models for Glass Strength Data.

Model ML estimate AIC BIC

AKC(θ) θ̂ = 0.192(0.014) 225.868 227.302
AK(θ) θ̂ = 0.097(0.010) 242.682 244.116
L(θ) θ̂ = 0.063(0.008) 255.988 257.422

Observe that the smallest AIC and BIC values correspond to the AKC model, meaning that this
model produces a better fit than the AK and L models.
For the fitted AKC distribution we calculated the quantile residuals (QR). If the model is appropriate
for the data, the QRs should be a sample from the standard normal model (see Dunn and Smyth [22]).
This assumption can be validated with traditional normality tests, such as the Anderson-Darling (AD),
Cramèr-von Mises (CVM) and Shapiro-Wilkes (SW) tests.

In Figure 5 the QRs for the AKC distribution are shown together with the p-values of the AD,
CVM and SW normality tests. It is seen that the AKC distribution verifies the assumption that the QRs
come from the standard normal distribution, validating the fit of the AKC distribution to the strength
of glass data.
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Figure 5. Q-Q plots of the QRs for AKC distribution

4.2. Application 2

In this application we model a data set collected by the Department of Mines of the University of
Atacama, Chile. The data, consisting of Yttrium measurements in 86 samples of mineral, are shown in
Table 5.

Table 5. Yttrium data collected by the Mines Department, University of Atacama, Chile.

27 20 17 12 33 19 27 27 25 26
17 13 15 22 24 20 9 20 13 26
8 27 29 7 33 28 15 36 31 24

22 12 26 35 15 45 10 27 24 42
27 23 16 18 28 17 30 18 19 10
30 30 12 20 17 26 23 35 33 18
12 22 30 15 19 32 19 19 50 24
17 34 29 34 32 12 44 39 34 16
31 22 20 17 18 25

Summary statistics are reported in Table 6. ML estimates of the parameter of the AKC, AK and L
models, together with their SE and the values of the AIC and BIC are given in Table 7.

Table 6. Descriptive statistics for Yttrium data.

n Median Mean Variance CS CK

86 23.00 23.53 79.264 0.489 3.033

Table 7. ML Estimates of AKC, AK, and L Models for Yttrium data.

Model ML estimate AIC BIC

AKC(θ) θ̂ = 0.250(0.011) 617.956 620.411
AK(θ) θ̂ = 0.127(0.008) 640.645 643.100
L(θ) θ̂ = 0.082(0.006) 669.327 671.781
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We observe that the smallest values of the AIC and BIC criteria correspond to the AKC model,
meaning that the AKC model fits the data better than the AK and L models.
The residual quantiles of the AKC distribution are shown in Figure 6. Also the p-values for the AD,
CVM and SW normality tests are given to verify if the QRs come from a standard normal distribution.
These indicate that the AKC distribution provides a good fit for the Yttrium data.
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Figure 6. Q-Q plots of the QRs for AKC distribution

5. Conclusions

In this article, we have studied the convolution of two independent AK random variables with
a parameter in common. We have given some of the properties of the new AKC distribution and
developed parameter estimates by the methods of moments and maximum likelihood. A simulation
study is carried out to investigate the performance of the ML estimator. Also, the ability of the AKC
distribution is demonstrated in two applications made to real data sets. It consistently produces better
fits than the AK and L distributions.

Some additional features of the AKC are:

• The AKC distribution has a simple representation.
• The cumulative distribution and risk functions are explicit and represented by known functions.
• The Moments and Maximum Likelihood estimators coincide and have closed form solutions.
• The Maximun Likelihood estimator performs very well, even when samples are small.
• Applications show that the AKC distribution is a good alternative to model positively skewed

data when kurtosis is not too high. This is confirmed by the AIC and BIC model selection criteria
and statistical tests such as Anderson-Darling, Cramèr-von Mises and Shapiro-Wilkes.
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