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Abstract: The paper focuses on the different dynamical systems for the prey-predator model for
different cases which includes greater depth of the food chain and varying number of preys and
predators. We simulate the different postulated models and provide a comparative study for the
same.
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1. Introduction

One of the major predators of the snowshoe hare is the Canadian lynx and on the other hand,
snowshoe hares are one of the major food sources for the Canadian lynx. Over hundreds of years, they
have hunted the hares and their populations show cyclic behaviors. This relationship in particular
has been a basis for the prey predator models. Dynamical systems for prey-predator relationships is
one of the topics which is of high interests in the field of mathematical ecology. One of the simplest
models includes the model of Lotka Volterra which involves only one prey and one predator. The
system can become more complicated as we start to consider more conditions which may include
increasing the depth of the food chain or involving more than one preys or predators. Additionally,
different functional responses also lead to varying models. The presence of the non linear dynamics
in higher modifications of the prey predator models, leads to chaotic behavior which suggests the
presence chaos in nature in large numbers. The paper is intended to provide a review on some of the
models and their simulations which are closely related to the Lynx-Hare relationship.

2. Preliminary models

2.1. One prey One predator Model

The most basic model assumes exponential growth of the prey in the absence of the predator. In
the case of the presence of a predator, the growth decreases naturally and the decline is dependent on
both the populations of the prey and the predator as more prey implies more food for the predators
implying rise in predator population, which in turn results in decline of prey population. The same
idea holds true for the predator except the sign changes as more prey implies more food for the
predators including its reproduction rate and further we will have to eliminate the death rate. Putting
all the parameters in the form of equations, we will have the following system of equations for prey
and predator population respectively.

dx

7f = ax— pxy ey)
dy _
T oy +rxy 2)

The plots we get on solving the equations are periodic which further implies the closed structure
of the phase plot. Depending on the initial conditions, which in this case is the initial value of y, we get
concentric closed figures around the equilibrium point in the phase, which in this case is a center (The
equilibrium occurs when both x, y = 0).
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Figure 1. The plot of x vs t on solving the Lotka Volterra equation.
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Figure 2. The plot of y vs t on solving the Lotka Volterra equation.
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Figure 3. The phase plot of y vs x on solving the Lotka Volterra equations.

Table 1. For the simulation we took the following values into consideration for equations 1 and 2.

Variables | Values
2
1.1
1
0.9

SR || R
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2.2. Modified Model

Volterra had given a general theory on species. For two species, the modified equations are

dx >

i Bxy — Ax 3
d

d—f = —0x + yxy — py? (4)

The plots we get for the same values for the variables additionally considering A = p = 0.1 show
damping plots. The phase plot we get on solving the equations is a spiral with focus at the equilibrium
point. This gives us a damped oscillation of the populations for both the species. The equilibrium here
forms a stable focus. The different spirals are for the different starting values of y.
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Figure 4. The plot of x vs t on solving the modified Lotka Volterra equation.

)

T T T T T T
o 10 20 30 40 50

Figure 5. The plot of y vs t on solving the modified Lotka Volterra equation.
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Figure 6. The plot of x vs t on solving the modified Lotka Volterra equation.

2.3. Depth three prey predator model

The depth three food chain includes one predator, one prey and a lowest level species which
is fed on by the prey. This may include producers like carrots for food chains like Fox — Rabbit —
Carrots. Simple models considering functional responses for both species have been studied before.
Incorporating type II functional responses for both the prey and the predator, and considering logistic
growth of the lowest level in the absence of the prey, we get the following model.

ax
a7 = RoX(1—X/Kp) — CiR(X)Y (5)
ay
= R(X)Y - B(Y)Z - DY (6)
az
Fi CFR(Y)Z —DyZ )
where Al
E(U) B+ U fori=1,2
The parameters can be reduced which will further give us the equations
dx
o =x(1-x)— Ay ®
dy
o5 = h(@y = fly)z —diy ©)
dz
= fo(y)z — dyz (10)
where
a;u

fi(u) = T+ b fori=1,2

1
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considering the reductions
X
=— 11
= (1
Gy
V="K (12)
Gz
= 1
z Ko (13)
t=RoT (14)

Table 2. The authors set the values, with the intention to consider biologically reasonable food chain
and check if chaotic behaviors are likely to exist for the equations 8, 9 and 10.

Variables Values
ay 5.0
by 2.0 to 6.0
ap 0.1
by 2.0
di 0.4
dy 0.01

Although we get to see some kind of cyclic plots, the nonuniform behavior of the plots suggests
chaotic nature of the model. On varying the value of by, we start to observe chaos. The plot of the peak
value of z against the values of by gives us the bifurcation diagram as in Figure 10.
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Figure 7. The plot of x vs t for the depth 3 prey predator model.
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Figure 8. The plot of y vs t for the depth 3 prey predator model.
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Figure 9. The plot of z vs t for the depth 3 prey predator model.
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Figure 10. The plot of the peak value of z in each cycle against b; for the depth 3 prey predator model.
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Figure 11. The phase plot for the depth 3 prey predator model considering b; = 3.
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The authors consider a modified model for the two predator one prey system, considering the

Leslie Gower equations with Holling type I functional response. The equations are

dx

== rx(1—x/k) — B1xyr — Baxya
d

% =yir(l—y1/x) —ayiye

d

% =yora2(1—y2/x) — aoy12

(15)
(16)

(17)

However the authors of [3] consider a different model ( Hanski and Korpimaki), considering three
predators for the Snowshoe Hares, Lynx, Coyote and Great Horned Owl. The plots for this model
are according to the given values in Table 3. The authors suggest the following model for single

prey-predator relationship

aN _ (1 N yN?  aNP
dt k N2+y4? N+upu

which can be generalized for arbitrary number of predators as

2 NP
d—N:r 1_5 N _Z:oclNPZ
dt k N2—|—172 N—l—“l/li

= (1)

i

T u T T T
0 20 40 60 80

Figure 12. The plot of Hare population for the model in equations 20 and 21.
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Figure 13. The plots of Horned owl (yellow), coyote (red) and lynx (blue) for the model in equations 20
and 21.

Table 3. The values of the variables are considered for the simulation to be as close to the real data (The

n_n

suffixes "1","c" and "g" correspond to the lynx, coyote and owl) for the equations 20 and 21.

Variables Values
r 5.0
k 2.0to0 6.0
¥ 0.1
1 2.0

a;, &, &g | 505,858,100
Hi ety | 03,080.15

s1,5c,5¢ | 0.85,0.55,0.35
q1,9¢,9¢_| 700,1075,100

3. Canadian Lynx-Snowshoe Hares population data

Although a major chunk of the food for the Canadian Lynx consists of snowshoe hares, the lynx
also feeds on other preys and further hares are being preyed on by other predators like owls and
coyotes. This entire system therefore can turn quite complex. We observed that chaos can occur
considering depth three food chain, which in this case is relevant as the hares also feed on vegetations.
Although the models suggest the cyclic behavior of the population dynamics, the exact reason for the
10 year cyclic nature of the population remains as a topic of debate. The theory that the hare-lynx cycle
is a model example of a prey-predator oscillation has been challenged (Krebs 2001), while Trostel et
al. (1987) contend that predation may be at least partially to blame for the cycle of snowshoe hares.
According to May (1973), an illustration of a Lotka-Volterra oscillation is the population oscillation
of hares and lynxes in Hudson Bay. But Leigh (1968) and Gilpin (1973) discovered that the hare-lynx
dynamic is not an oscillation between prey and predator. The authors of [1] also claim to have not
found any significant predation effect and they suggest that the rate of growth of hares and lynx as
self-regulated or density dependent. Authors in [5] suggest that the Hare cycles appear to be most likely
to be caused by three key factors: food, predation, and social interactions. The authors of [5] suggest a
two factor explanation for the fluctuations in the amplitude of the cycles. A possible explanation for
amplitude dampening being the migration of predators from areas with an increasing amplitude cycle
to areas with a dampening one and the three assumptions according to the plant-quality model of Liu
et al. (2012).
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Figure 14. The plots of Lynx and Hare population (Source: http://people.whitman.edu/~hundledr/
courses/M250F03 / LynxHare.txt).

4. Conclusion

In this paper we have discussed about the Lotka-Volterra Model which considers only two species,
the prey and the predator which gives us periodic plots. A modified version of the model does not
consider indefinite increase of the prey in the absence of the predator. This gave a damping plot, where
both the populations reach a certain equilibrium. The depth three food chain additionally includes
vegetation on which the preys feed. Considering the Holling type II functional response for both the
prey and the predator, we get to see a chaotic behavior in the dynamics. We finally considered the case
of many predators and single prey, potraying two models. The relationship between Canadian Lynx
and the snowshoe hares is a point of interest for ecologists. A variety of models are being proposed to
suit the chaotic behaviors.
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