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Abstract: In this study, we extend the Simple Equations Method (SEsM) and adapt it for finding exact
solutions of systems of fractional nonlinear partial differential equations (FNPDEs). In accordance
with the extended SEsM, the analytical solutions to the studied FNPDEs are constructed as complex
composite functions which combine two single composite functions, comprising power series of
solutions of two simple equations or two special functions. The novel and innovative aspect of the
proposed extended methodology is that the simple equations or the special functions used have
different independent variables (different wave coordinates). In this context, the proposed approach
is mostly suitable for application to systems of FNPDEs (or NPDEs) that describe the complex wave
dynamics of real processes in different scientific fields such as fluid mechanics, plasma physics, optics,
etc. The extended SEsM is applied to the time—fractional Boussinesqg-like system, assuming that each
system variable supports multi-wave dynamics, which involves the combined propagation of two
distinct waves traveling at different wave speeds. As a result, numerous complex multi-wave solutions
including combinations of different hyperbolic, elliptic and trigonometric functions are derived. In
order to visualize the complex wave dynamics obtained through the applied analytical approach, some
analytical solutions have been numerically simulated.

Keywords: Extended Simple Equation Method; time—fractional Boussinesg-like system; analytical solu-
tions; numerical simulations

MSC: 35A24; 35G50

1. Introduction

Over the past two decades, the fractional nonlinear partial differential equations (FNPPDEs)
have gained considerable popularity in the scientific community for modeling and analyzing a wide
range of phenomena observed in the real world. This efficient framework allows for more accurately
reproducing the complex wave dynamics of model systems encountered in diverse fields such as biol-
ogy and ecology [1]-[3], fluid dynamics [4]-[7], finance and economics [8]-[10], engineering [11]-[13],
among others. These systems often exhibit features such as memory effects, spatial heterogeneity and
nonlocal interactions that integer-order models fail to adequately address. One approach to better
understand this unconventional dynamic behavior is to find analytical solutions to the such models
and their expert analysis. Finding exact solutions to FNPDEs, unlike those of NPDEs, is more difficult
due to the necessary combination of elements from nonlinear dynamics with those arising from the
fractional derivative’s order.

To date, two main approaches to finding exact and approximate analytical solutions of FNPDEs
dominate the scientific literature: (1) Using fractional transformations, which allow reducing the
studied NFPDEs to integer order nonlinear ODEs. Then, various well-known approaches from the
ODE theory can be applied to the latter to obtain exact general and particular solutions of NPDEs.
The most famous and applied methodologies in this direction use the so—called ansatz techniques [14].

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Based on ansatz techniques, numerous analytical methods have been developed, including the Hirota
method [15], the homogeneous balance method [16], the auxiliary equation method [17], the Jacobi
elliptic function expansion method [18], the (G’ /G)-expansion method [19], the F-expansion method
[20], the tanth—function method [21], the first integral method [22], the exponential function method
[23], the simplest equation method [24], the modified method of simplest equation [25]-[27], etc. There
are also numerous studies that apply these methods to find analytical solutions to various single
NPDEs and systems of NPDEs. The SEsM, used in this study, is a relatively new methodology [28],[29].
It is an extension of the Modified Method of Simple Equation, and has an almost universal nature. This
is because most of the above-mentioned methods in this category are its particular cases, as proven in
[30-33]; (2) Using standard traveling wave transformations, which allow reducing the studied FNPDEs
to simpler fractional PDEs or fractional ODEs, whose analytical solutions are known (For instance,
see Ref. [34]). Then, similarly to the first approach, analytical solutions of the studied FNPDEs are
constructed on the basis of known analytical solutions of fractional ODEs. Among the methods in
this category, the most widely used is so called fractional sub—equation method [35-38]. This method
is based on known solutions of the fractional ODE of Riccati and its sub—variants. Another popular
method in this category is the fractional elliptic Jacobi equation method [39,40], which uses Jacobi
elliptic functions to derive analytical solutions of the studied FPDEs. When using the second approach,
the Mittag—Leffler functions often appear in solutions of the studied FNPDEs, because they effectively
describe the behavior of systems with fractional order.

The extended SEsM used in the current study follows the first approach, above given. In detail,
we shall adapt the SEsM [41]-[44], which is established for finding exact solutions of integer—order
NPDE:s to find exact solutions of a known system of FNPDEs by introducing an appropriate fractional
transformation. The new and different emphasis in this methodology is that the solutions of the
studied equations are presented as complex composite functions, including series of solutions of two
(or more) simple equations or two (or more) special functions. In addition, we extend the current
version of the SEsM by assuming that the simple equations used have different independent variables.
The latter is a new approach that firstly has been applied to find analytical solutions of the extended
integer-order KDV equation [45]. Numerous traveling wave solutions have been derived in [45] using
an ODE of Abel, an ODE of Bernoulli, an ODE of Riccati and its sub—variants. Later, in [46], the authors
independently proposed a similar methodology based on the extended Kudryashov method, as it
was applied to find exact solutions of an integer-order Boussinesq-like system and the integer-order
shallow-water wave equation. To obtain exact analytical solutions of the aforementioned models, the
authors in [46], used two sub—variants of the ODE of Riccati as simple equations. In terms of finding
exact solutions to systems of FNPDEs, a similar version of the extended SEsM was applied in [47,48]
to dynamical models describing natural processes in fluid mechanics and ecology. In these studies,
the obtained traveling wave solutions were presented by sums of two single composite functions
containing the solutions of two distinct simple equations with the same independent variable. In
[49], [50], another version of the extended SEsM was applied to an extended variant of a popular
ecological system of FNPDEs. In these studies, the obtained analytical solutions of the studied system
are presented by distinct single composite functions with different independent variables (different
wave coordinates) for each system variable.

In this study we shall apply the extended SEsM to the time—fractional version of the Boussinesq—
like system [51]

Difu + vy + uu, =0 (1)
D{v + uvy + vty + kityrx =0
where u(x,t) is the elevation of a water wave and v(x, t) is the surface velocity of water along x-

direction, « is a time—fractional number and k is a coefficient, related to the depth of water. For the case
k = —1/3, Equation (1) reduces to the classical Boussinesq system. Equation (1) is a very useful model
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for coastal and civil engineering in predicting the propagating nonlinear water waves in harbour and
coastal zones.

Following the extended SEsM algorithm given bellow, we shall search for analytical solutions
of Equation (1) in more specific manner taking into account the special wave characteristics of the
studied time—fractional Boussinesq model. It is known that most fluid systems exhibit simultaneously
nonlinear and dispersive properties. These distinct properties support diverse wave modes like
solitary waves, periodic waves, and dispersive wave trains. In addition, variation in wave speeds of
the distinct waves can be appeared due to factors such as the dispersion relation and the nonlinear
interactions. Thus, such systems can demonstrate multi-scale dynamics, involving fast and slow wave
components in accordance with its dispersion and nonlinear components. Taking into account these
arguments, bellow we shall present the analytical solutions for each system variable of Equation (1) as
a composition of two single composite functions with different wave coordinates. These composite
functions contain power series of solutions of two distinct simple equations. We hope that such a
presentation of the aforementioned solutions provides more accurate and insightful depiction of the
complex behaviors inherent in the studied fluid system.

2. Preliminaries

In this section we present several important definitions of the modified Riemann-Liouville
derivatives that we will use in the current study. These definitions are stated according to the basic
results obtained by G. Jumarie in [52]-[54]

2.1. Fractional derivative via fractional difference

Definition 2.1. Let f : R — R, x — f(x), denote a continuous (but not necessarily differentiable)
function, and let 1 > 0 denote a constant discretization span. Define the forward operator FW(h) by
the equality (the symbol := means that the left side is defined by the right side)

FW(n)f(x) := f(x +h); (2)

then the fractional difference of order «, 0 < a < 1, of f(x) is defined by the expression

870 = (FW = 1)* = T (1) ()l + = oW ®

k=0

and its fractional derivative of order « is defined by the limit

() i M)
£2() = lim S0 @

2.2. Modified fractional Riemann—Liouville derivative

Definition 2.2. Refer to the function f(x) of Definition 2.1.
(i) Assume that f(x) is a constant K . Then its fractional derivative of order « is

D% = KT71(1 —a)x™%,a <0, (5)
=0,a > 0.

(ii) When f(x) is not a constant, then we will set

f(x) = f(0) + [f(x) = £(0)], (6)

and its fractional derivative will be defined by the expression

f*(x) = Dx(0) + D (f(x) — £(0)), )
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in which, for negative «, one has

o — 1 * —a—1

DE(F(x) = £(0)) 1= = [ (x=0) ™ f(Q)aL, w0 ®

whilst for positive a, we will set
D (f(x) = £(0)) = D§(f(x)) = D3 (f* D (x)), « > 0. €)

Whenn <a<n+1,

fAx) = @), n < an+1 (10)

In order to find the fractional derivative of compound functions, the following equation holds:
d*f ~T(1+a)df, 0 < alpha < 1. (11)

2.3. Taylor’s series of fractional order

Definition 2.3. The continuous function f : R — R,x — f(x) has a fractional derivative of order
ka. For any positive integer k and for any «, 0 < a < 1, then the following equality holds

e = & s, )
where I'(1 + ka) = (ak)!, 0 < a < 1.
Definition 2.4. If 0 < « < 1, then
DT =T(y+ DI Yy +1—a)x”% v >0 (13)
or,ifa =n+6,n € N, then
DO =T(y+1)I Yy +1-n—-0)x"""°% 0<0 <1 (14)

3. Description of the Generalized SEsM Algorithm

In this section, we present the generalized algorithm of a specific version of SEsM, exposing all
the possibilities it provides for obtaining various complex analytical solutions to systems of FNPDEs
(or single FNPDESs), depending on the selected fractional transformation and simple equation’s types
used by the implementer. As it is demonstrated below, unlike the original SEsM algorithm outlined
in [41]-[43], we have swapped its first and second steps, incorporating methodological extensions
into both steps of the original SEsM algorithm. In addition, the proposed SEsM algorithm presented
below covers both approaches to the chosen traveling wave transformation discussed earlier in the
paper. Our goal is to allow the user to choose which of the two approaches to use when extracting
exact solutions to systems of FNPDEs similar to Equation (1).

Taking into account the problem we set out to solve in this study, we shall demonstrate all the
possible steps of the algorithm above mentioned for a system of two NPPDEs with two independent
variables:

¥1 (1, v, D%u, D*0, D%, D*v, DEu, DPv, D1, D¥0,..) = 0 (15)
Y, (u, v, Dfu, Dfv, tht‘"u, tht’"v, Dgu, va, D,chu, Digv, .)=00<gapB<1

where D denotes the arbitrary fractional order derivative operator, as superscripts «, 2«, 8,2, ... give its
fractional number and subscripts denote time and partial derivatives. Here, ¥1 and ¥, are polynomials
of u and v and their derivatives, respectively, where u = u(t, x) and v = v(¢, x) are unknown functions.
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Remark: We note that the variant of SEsM presented below is suitable to be applied mainly to
real-world dynamical models of the type (15), where the system variables are expected to exhibit
complex synchronized multi-layered wave behavior.

The generalized extended SEsM algorithm which is adopted for finding exact solutions of FNPDEs
includes the following basic steps:

1.  Construction of the solutions of Equation (15). The solution of Equation (15) can be constructed
as a complex composite function of two or more single composite functions, involving solutions
of two or more simple equations with different independent variables. There are many variants
of combination between the single composite function in constructing the corresponding solution,
but below we will present only a few of its simplest forms:

Variant 1:
u(81,82) = F1(81) + F2(G2), 0(81,62) = F3(G1) + Fa(82), (16)
Variant 2:
u(81,82) = Fi(81)F2(82), v(81,82) = F3(81)Fa(G2), (17)
Variant 3:
_ Fi(&1) _ R(é1)
u(é(l/gZ) - FZ(@Z), v(élrﬁZ) - F4(€2)l (18)
where
RE) = ¥ enlA@, BE) = Y mlh@)s, (19)
=1 =1
F3(8) = Y 0,[A(E0)]3, F(@) = Y u,[f2(282)]"%,
is—1 =1

as f1(&1) and f»(&») are solutions of simple equations , which are presented in Step 3 of the SEsM
algorithm.

2. Selection of the traveling wave type transformation. To apply the SEsM to Equation (15), it is
crucial to define the fractional derivatives in those equations. The choice of fractional derivatives
(e.g., Riemann-Liouville, Caputo, conformable, etc) is essential for accurately modeling wave
dynamics and reflecting the system’s physical properties, based on factors like the process nature,
boundary conditions, and memory effects interpretation. In this context, the following variants
of transformations are possible:

*  Variant 1: Use a fractional transformation. The choice of explicit form of the fractional traveling
wave transformation depends on how the fractional derivatives in Equation (15) are defined.
Bellow, the most used fractional traveling wave transformations are selected:

. . . xB t* xP t*
— Conformable fractional traveling wave transformation: §; = x; ¥ +wiy, 82 =K 3 +way,
defined for conformable fractional derivatives [55];

— Fractional complex transform: ¢ = F(Eil) + wy r(;il) ,C = K2r(§i1) + wzr(;:l) , de-
fined for modified Riemann-Liouville fractional derivatives [52], which can applied for
Caputo fractional derivatives and other fractional derivative types in studied FNPDEs [56].
In the both cases, the studied FNPDEs are reduced to integer—order nonlinear ODEs.

e Variant 2: Use a standard traveling wave transformation. In this case, by introducing a traveling
wave ansatz §; = x1x + wit,§r = KX + wot in the selected variant solutions from Step 1,
the studied FNPDEs are reduced to fractional nonlinear ODEs.

3.  Selection of the forms of the used simple equations.
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e For Variant 1 of Step 2: The general form of the integer—order simple equations used is:

dkl 1 ny . dkz 1 my ,
()" = Xomst (582)" = L vtk @

k k
d'§11 j1=0 dgzz j2=0

By fixing I4, I, and mq,m; (at k; = ky = 1) in Equation (20), different types integer—order
ODEs can be used as simple equations, such as:
— ODE:s of first order with known analytical solutions (For example, an ODE of Riccati, an
ODE of Bernoulli, an ODE of Abel of first kind, an ODE of tanh—function, etc);
— ODEs of second order with known analytical solutions (For example, elliptic equations of
Jaccobi and Weiershtrass and their sub—variants, an ODE of Abel of second kind, etc.). This
scenario can be applied to specific classes FNPDEs (or NPDEs) (For instance, see [57]).

e For Variant 2 of Step 2: The general form of the fractional simple equations used is:

m1 ] mz ]
&= Y mfi DE, =Y vpfy (21)
1=0 j2=0

By fixing and m1, m; in Equation (21), different types fractional ODEs can be used as simple
equations, such as a fractional ODE of Riccati, a fractional ODE of Bernoulli or other
polynomial or elliptic form equations, which solutions are available in the literature.

4.  Derivation of the balance equations and the system of algebraic equations. The fixation of the
explicit form of solutions of Equation (15) presented in Step 1 of the SEsM algorithm depends
on the balance equations derived. Substitutions of the selected variants from Steps 1,2 and 3 in
Equation (15) leads to obtaining polynomials of the functions f; and f,. The coefficients in front
of these functions include the coefficients of the solution of the considered FNPDEs as well as the
coefficients of the simple equations used. Analytical solutions of Equation (15) can be extracted
only if each coefficient in front of the functions f; and f, contains almost two terms. Equating
these coefficients to zero leads to formation of a system of nonlinear algebraic equations for each
variant chosen according Steps 1,2 and 3 of the SEsM algorithm.

5. Derivation of the analytical solutions. Any non-trivial solution of the algebraic system above
mentioned leads to a solution of the studied FNPDEs by replacing the specific coefficients
in the corresponding variant solutions, given in Step 1 as well as by changing the traveling
wave coordinates chosen by the variants given in Step 2. For simplicity, these solutions are
expressed through special functions. For a Variant 1 of the Step 3, these special functions are
Vﬂo,%11~~~,l4jl (C15k1, 11, my) and Vi .., v, (825 ko, I, my), as their explicit forms are determined on
the basis of the specific form of the simple equations chosen (For reference, see Equation (20)). For
a Variant 2 of the Step 3, the special functions are VP’O'VlI---erl (&, a;mp) and VVO,UI,,,,,V],2 (&, a;mp),
whose exact forms are determined by the type of fractional simple equations used (For reference,
see Equation (21)).

In this study, we shall demonstrate only some of the possibilities provided by the generalized SEsM
algorithm, presented above, by applying only one of its variants to Equation (1).
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4. Exact Solutions of the Time Fractional Boussinesq-Like System Using a
Fractional Wave Transformation

According to the generalized SEsM algorithm, presented above, we choose to present the general
solution of Equation (1) by Equation (16) in the way:

nq

w(EnE) = 3 e @ + 3 nlh@)] @)
=0

i1=0

W@ E) = 3 6 AT + Y (@)

i1=0 i=0

In view of the studied shallow water problem, we choose to present the memory effects occurring in
the system (1) in sense of modified Riemann-Liouville fractional derivatives, presented in Section 2.
Thus, the fractional transformations take the form:

_ wqt? B wot®
Cl—x—F 62—X+I..(a+1)

T(at 1)’ @3

In the simple equations (20), we choose to fixky = ky = 1,1y = I =2 and my = 4,mp = 3. Then,
Equation (20) is reduced to

) 2
; 4 o 3 .
<d£> =Y wylfi(@)), (dé) =) vplfa(82)]" (24)

j1=0 j2=0

The balance equations are n; = n3 = m; — 2 and np = ny = my — 2. Substitution of Equations (22)-(24)
in Equation (1) leads to a system of nonlinear equations. There are many variants and sub—variants
of Equation (24) depending on the numerical values of their coefficients. For each of these variants
or sub—variants, there are specific solutions, which are available in the literature. Below, we shall
present only a few examples of specific sub—variants of simple equations of type (24). For example, as
a starting point, we shall choose to use the first simple equation of Equation (24) in its complete form
with respect to the coefficients y; , i.e. uj; #0, j1 =0,1,..,4. Regarding to the second simple equation
of (24), however, we shall chose to use its simplest sub—variant, where vy = 0,11 = 0,1, # 0,v3 # 0.
Then, the system of nonlinear algebraic equations is:

€2 — 12keapiy +2€260, = 0 (25)
€10y + €162 + €261 — Skeppz —2kejps =0

ey + ey + 611 =0

€11 +e1p + 6171 =0

wW10r +2€1% +4er +2eper + 210€x + 21062 +2 €161 — 8 ke
+2€0by — waex + 21962 + 40, +26pex — 3 ke + wrthh — wiey =0
4e) +46) — wiep — worer +2€p€1 +210€1 + w161 + wrb

+2€06 + 21001 + 2001 + 21961 — 2keqpp — 6keapy =0

m*+ 2 — 12kgvs =0

41— wany + 21011 + 2100 + w1 + wai

+2ept1 +2€o11 + 20011 + 219 — winy — 8k =0

In the rest of this article, we shall present only a part of off-beat possible solutions which can be derived
on dependence of the numerical values of the coefficients in polynomial parts of Equation (24) for this
specific case.
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4.1. Case 1: When py = p1 =0,y # 0,43 =0, us # 0 and vy = 0,11 = 0,vp # 0,v3 # 0 in Equation
(24)

Let us consider the case, where pg = p1 = 0,42 # 0,43 = 0,4 # 0and vy = 0,11 = 0,1, #
0, v3 # 0 in Equation (24). Then Equation (24) is reduced to

2 2
dfi 2 4 (42 2 3
— = + , —_ = + % 26
<d§1> p2fi +Hafi (d€2 2fs +v3f; (26)
We present the general solution of Equation (1) by special functions in the following manner:

u(81,62) = €0+ €1Voo,u, 0 (81,1, 2,4) + €2V02,o,y2,o,,14(§1; 1,2,4) (27)
+10 + 11V0,0,05,05 (625 1,2,3)

0(&1,82) = 00+ 01V00,005 (615 1,2,4) + 02V 40,0, (§151,2,4)

10+ 1 Vo005 (82;1,2,3)

For this specific case, several families of solutions of Equation (1) can be obtained depending on
numerical values of the coefficients pip, ptq and 1, v3.

4.1.1. Variant 1: When pp = 1, ug = —1and v, # 0,v3 # 0 in Equation (26)

Let us consider the case, where yi; = 1,4 = —1 and v, # 0,v3 # 0 in Equation (26). Then,
Equation (27) reduces to

u(G1,82) = €0 +€e1Vop1,0-1(81,1,2,4) + €2V02,0,1,0,4 (£1;1,2,4) (28)
170 + 11V0,0,505 (621, 2,3)

0(E1,82) = 00+ 61Vo01,0-1(E1:1,2,4) + V31 0,1 (81;1,2,4)

10 + 1 Vo, 0,05 (62;1,2,3)

where the special function Vj10,—1(¢1;1,2,4) is a particular solution of an ODE of second order, given
in [57],[58], and the special function VO,O,V2,V3(Cl ;1,2,3) presents particular solutions of an ODE of
second order, which can be found in [59].

We solve the algebraic system (25) by fixing g = 1 = 0,42 = 1, u3 = 0, u4 = —1. Many solutions
of the system (25) can be derived, but we aim to find those solutions, where the coefficients 1, v3 are
free parameters. In this way, one non-trivial solution of this system is:

3 3
60:4k1/2—|-4k—2—170—290—210+§w1+*w2, €e1=0=n=0=1p=0,

2
o — 76(2k1/2+CU1+CL72*90710+2k) B 761/3(2kV2+CU1+w2790*l0+2k)
2T vy +1 = vy +1 '
3(2kvy + w1+ wy — 0y — 19+ 2k) 31/3(4k+(4}1 +wy — 6y — 1)
b = S == (29)
1 +1 vy +1
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According to all possible variant solutions Vj0.,,(51;1,2,3), the following families of solutions (28)
of Equation (1) are possible:

u (&), &) = dkvy +4k —2— 19— 260 — 219 + %wl + %wz (30)

B 6(2kvy + wy —:;z; 6o — 10+ 2k) Voz,o,l,o,q(glr' 1,2,4)

bz (2kvy + wq ;Lz:izl— 6o — 10 +2k) V()(})?l/z,l/:;(gz’. 1,2,3)

oM (&), &) = 3(2kvs + —l;an —b w0 t2k) Vio10-1(6151,2,4)

2 +1

 Buz(4k+ cu:/z—:—a;z — 60— 1) 0(,})),1/2,% (621,2,3)

where [57]
Vo,01,0-1(61;1,2,4) = coshl(g‘l)' (31)

and [59]

Voo (6211,2,3) = ! 5 A=13+203=0 (32)

V3

(p182+p2)e 2 —F

In Equation (32), p; and p; are arbitrary constants.

u® (&, 8) = dkvy+4k—2—1g—260) — 219 + §w1+ §w2 (33)

2 2
6(2k1/2+CU1+w2—90_10+2k)V2 (21;1,2,4)
— 0,0,1,0,—1 [

v +1
6y (2kvy + wq 1—/0;:)_21— 6o — 19 +2k) VO%?VZ’VS((:Z; 1,2,3)
v (81,82) = Wttt 2k) Vio1,0-1(6151,2,4)
rp+1
~3us (4k+ wiz—:aiz — 69— 1p) V()(,%)),uz,u3 (62:1,2,3)

where Vp010,-1(61;1,2,4) is presented in Equation (31) and [59]

(2) . B 1
VOIO/VZIVs (61.2,3) = v +VAL woVAh gy, A>0 (34)
pie 2 + poe 2 — 20
In Equation (34), p and p; are arbitrary constants.
(3) 3 3
(81, G2) = dkvy +4k =2 =10 =200 — 200 + ;w1 + S wr (35)
6(2kva + w1 + wy — O — 19 + 2k
- vy +1 ) V()Z,O,l,(),fl(‘:l) 1,2,4)
6v3(2kvy + wy +wy — 0 — 1o +2k) (3)
- 1% + 1 VO,O,I/z,V3 (52; 1/ 2/ 3)
3(2kvy + wy + wp — 0 — 19 + 2k
vt = : v )Voz,o,l,o,—1(§1; 1,2,4)
2+1
3uz(dk + wi + w2 — 0y — 1) ,(3)
- v +1 0,0,v2,v3 (62;1,2,3)
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where Vp010,-1(61;1,2,4) is presented in Equation (31) and [59]
1
T et e L S
¢ (prcos|— 3% + p sin[—Y35) — }22)

In Equation (36) p1 and p are arbitrary constants. In all the solutions provided in this subsection,
61 _x+1“1x+1 62 = x+1“(1x+1)

4.1.2. Variant 2: When pp = 1,y = —1 and vo = 1,vs # 0 in Equation (26)

Let us consider the particular case, where yp = 1,14 = —1 and vp = 1,v3 # 0 in Equation (26).
Then, Equation (29) is reduced to:

€0:81(—2—17()—29()—21()-|—§

y w1t 5w, €1=01=1n9="00=0,
6(4k+w1 +wy— 60— 1) 61/3(4k—|—w1—|—w2—60—L0)
€) = — 7 /]71:_ 2 7
0y — 3(4k+w1 +2(U2—90—10), by = _31/3(4](4—(4)1—;602—90—[0) 37)

In this specific case, the solution of Equation (1) is reduced to:

u<4><él,¢z>=8k—2—'70—290—2‘0+§“’1+§“’2 o
6(4k+wy +2wz—90 )V0010 1(E31,2,4)
-Gkt =b o)y (2193

9(E ) = 3(4k + wy +2w2 ) V2o101(E1;1,2,4)
Bu3(4k+wy —;wz — 6 — 1o) Vo(,‘(l)),l,va (€2;1,2,3)

TASY

where Vj0,1,0-1(81;1,2,4) is presented in Equation (31) and Vj ¢/ ’s (€2;1,2,3) is a particular solution

of an ODE of second order, given in [60].
2, 2
0 0 10, (8251,2,3) = 7, oS¢ h=(G2) + 7, o5 h(¢2) cosh(g>) (39)

In Equation (38), {1 = x + F(oz+l) Cr=x+ 1“(a+1)

4.1.3. Variant 3: When pp =1, ug = —1 and v, = 4,v3 = —4 in Equation (26)

Let us consider the case, where i = 1,y4 = —1 and v, = 4,13 = —4 in Equation (26). Then,
Equation (29) is reduced to:

3 3
60:ZOk—ZLQ—FEUJz—FEah—170—2—290, 612770:90:91:[0:0,

€ =-20)+2w;+2wy; — 21+ 20k, m = 860y — 8w — 8wy + 81y — 80k,
0 = —16k+60) —wy —wr+1y, 11 =16k—40p+4wi;+4wr, — 4y (40)
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In this specific case, the solution of Equation (1) is reduced to:
) - 3 3
u (c;‘l,gfz)—20k—210+§w2+§w1—170—2—290 (41)

+(—2600 + 2w +2ws — 219 +20k) Vi1 0 1 (£151,2,4)
+(86) — 8wy — 8wy + 819 —80k)Vopa _4(E21,2,3)
vO(&1,8) = (—16k+ 00 — w1 — wy +10) Vi 101(811,2,4)
+(16k — 460 + 4wy + 4wy —410)Vopa 4(E21,2,3)

where Vj1,0,-1(81;1,2,4) is presented in Equation (31) and V04 —4(82;1,2,3) is a particular solution
of an ODE of second order, given in [57],[58].

1
Vooa—4(E21,2,3) = ———— 42
0,04,-4(82 )= e @) (42)
In Equation (41), & = x + %, Cr=x+ 1"(%51)

4.2. Case 2: When pg # 0,11 =0, up # 0,43 = 0, s # 0and vy = v = 0,v, # 0,v3 # 0 in Equation (24)

Let us consider the case, where pg 7# 0,41 = 0,2 # 0,3 = 0,4 # 0and vy = 0,11 = 0,1p #
0,v3 # 0in Equation (24). Then, Equation (24) is reduced to

2 2
dfi 2 4 (df2 2 3
S 22| = 4
<d§1> o+ pafi + pafr, (déz vafy +vsfs (43)
We present the general solution of Equation (1) by special functions in the following manner:

u(1,62) = €0+ €1V 010,004 (11, 24) + €2V 15 0,0, (§151,2,4) (44)
+10 + 11 V0,0,05,05(62;1,2,3)

0(81,82) = 00 + 61 Vo000 (61, 1,2,4) + 62V 00,0, (61:1,2,4)

10 + 1 Vo0,u,05(82;1,2,3)

In Equation (44), we choose to express the special function Vj,0,0,,(81;1,2,4) (the solutions
of the first equation in (43)), in terms of Weierstrass—elliptic functions [61].The special function
V0,005,035 (€2;1,2,3) presents the same solutions, as those given in the previous section. Depending on
variant solutions Vi 0,11,,0,4, ($1;1,2,4) and Vo 0,.0,,1, (82, 1,2,3), various families of solutions of Equation
(1) can be selected.

4.2.1. Variant 1. When pg # 0, up # 0, ug 7 0 and vy # 0,v3 # 0 in Equation (43)

One non-trivial solution of the algebraic system (25) at p19 # 0,41 =0, pp # 0, 43 = 0, g # 0 and
1y # 0,v3 # 0, including the coefficients pyg, 2, 44 and v, v3 as free parameters, is:

3us(d+2n0+wr+2e+wr) Bus(4+2n9+wy+2€+wr)
60:€1:O/€2:7 /171:7 ,
2 Ho — V2 2 Ho — V2
3py(—8kpp +4+2€y+ wy +8kvp +wy +21)
Mo =00 =01=0,0=—7 ,
Mo — V2
1 3 3 1
g = 7560 — 0 + Zwal+2kV2+ an +2kpy — 5770, (45)

o §U3(8ky2—8k1/2 +4+4+2€)+ wy+wy+21)
Lo P2 — 12
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en, substitution o uation in Equation eads to the following solutions o uation(1):
Th bstituti f Equation (45) in Equation (44) lead he following soluti f Equation(1)
3 4(A+2n0+wr+2ey+ wr)
(61/52) y T] ]’12 — 1y V(l)yOOyzom(‘:l/l 2/4)
3 V3(4+27]0 +wy +2€) +w1)
2 VZ — OO Vo, U3 (62/1 2 3) (46)
3 4(—=8kuy +4+4+2€y+ wy +8kvy + wy + 21
©)(g1,8) =21 (=B 1 — 1, 1 )V(l)yoOmOm(glrl 2,4)
1 3 3 1
—EGO — 0 + sz —14+2kvy + Zwl +2kyy — 5170
3u3(8pa — 8y +4+2€0 + wy + w1 +210) (1)
*1 po — 12 Y000, (6251,2:3)
where
VD o E11.24) = |- ({13 82,85) — 3p2) )
VU/O/VZ/O/P‘I 1, 4,4 - y4 ©L61s 82/ 33 3,”2
4 2
82 = 3(#3 = 3papio) 85 = 2”7 (=243 + 9puapo)
and VO(O 105 (62;1,2,3) is presented in Equation (32).
3 4421094+ wr+2€)+w
(61162) y4( 1 o — Vo 1)V(1),U00H20V4(Cl; 1/2/4)
3 1/3(4+2110 +wy+2e)+wi) (2
+§ T VO,O,vz,V3(§2" 1,2,3) (48)
3 pug(—8kpup +4+2€9+ wyr+8kvy + w1+ 219
D (&1,8) = —;ly £ R 1 )V(l)yoOyzOm(Clrl 2,4)
1 3 3 1
—560 — 6+ sz —14+2kvy, + 1601 +2kyy — 5170
31/3(8]42 -8y +4+2e)+wr+wi+210),2)
T pa — 12 Voiouas (€271,2:3)
where V! )Oyz 08 (&1;1,2,4) is presented in Equation (47) and VO(O 105 (62;1,2,3) is presented in Equation (34).

3 ]l4(4+21’]0+602 +2€0+w1)

9(e,8) = > s V(l)yoOﬂzOm(gl/l 2,4)

3v3(4+2m0 +wr+2€ +wi) ,(3)
2 Ho — V2 Voo (62:1,2,3) )
3 pa(—8kpa +4+2€0 + wa + 8kvy + wy +217p)

2
(8) (61/ 52) = - 4 V(l)yo,O,yz,O,m (61/' ]-/ 214)

Ho — V2

3 3 1
€0—90+7w2—1+2kl/2+ w1 +2kyy — 50

2 4
31/3(8]12—81/2 +4+2€0+(JJ2—|—W1 +2170)
1 Ho — V2

VO(OVZ 1/3(62r1 2, 3)
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1)

where Vy0 Opn0,pta (&1;1,2,4) is presented in Equation (47) and V()(,?)),vz,m (€2,1,2,3) is presented in Equation (36).
3 44200+ wr+2e+w
(&, 8) = Fa( & = - 1)V(2)y00y20y4(§1}1/2/4)
H2 — V2
3 1/3(4-1-211() +wy+2¢€p +w1)
2 Plz — 1y ()()1/2 V3 (62/ 1 2 3) (50)
3 4(—8k b+ 4+2€y+ wy+ 8kvy +wi + 21
9)(§1r§2) = _1?4 E o — vy 1 )V(Z)I"OOVZOVZL(glrl 2,4)
1 3 3 1
—EGO — 0 + sz —14+2kvy, + Zwl +2kyy — 5170
3u3(8pp —8vy +4+2€ +wy +wi +2m0) (1) .
* Hy — V2 V00105 (6211,2,3)
where
V) o Ei12,4) = M (51)
MBS 3@(51;82/83) — 2

4
82 = 3 (13— 3juap), 83 = P2 (243 + 9apo)

and Vo(o Vats (€2;1,2,3) is presented in Equation (32).

3 pus(4+2n0+wr+2€ +wy
W) (g, g) = 5 1A+ 2 g IV 0 E171,2,4)
3u3(4+2m +wy+2€ +wi) (2 :
+3 - Vot (€201,2,3) (52)
3 8kupr +4+2eg+ wy +8kvy +wq +2
10 ((:1/ 52) V4( yz 2 2 2 1 ’IO) ]/100‘1420;44 (gll 1/2/4)
M2 — 12
1 3 3 1
7560 — 0+ 1(4)2 —1+2kvy + Zwl +2kyuy — 717()
3v3(8uy — 81 +4+2€p 4+ wr +wi +219) ., (2)
1 12— 12 Voowas (62:1,2,3)
where V;Eoz,)O,ptz,O,m (&1;1,2,4) is presented in Equation (51) and V| 0(0 Vavs (82;1,2,3) is presented in Equation (34).
3 442n0+wr+2€)+w
u(11>(‘:lr‘:2) = E ,744( 1 ly — 1 1)V(2)V00H20H4(€1/1 214)
BV3(4—|—2170 +wy+2e)+wi),3)
2 - Vo0was (€2;1,2,3) (53)
3 pg(—8kpp +4+2€9+ wy +8kvp +wy +219)
o (E), &) = 3 a8k — 1 V(z)mOyzOm(élrl 2,4)
4 o — V2
—%60 — 6+ Zw2 —1+2kvy + %wl +2kyy — %770
31/3(8y2 — 8y +4+2€) +wr+wi +210) ,(3)
n fy —Vp Y00 (£2:1,2,3)
where V( ) 020 (51/ 1,2,4) is presented in Equation (51) and VO( O a0 (82;1,2,3) is presented in Equation (36).

3 ug(44+2n0 4wy +2€p+ wq)

”(12)(51,52) = 2 o — 1o V(B)FOOVZOM (‘:1;1 2/4)

3u3(4+2m0 +wy +2€0 +wi) (1)
2 Hy — Vo Vo.0uas(62:1,2,3) -
3 —8kuyr +4+2€g+wy +8kvy +wq +2
0(12)(&,8) = 1 pa(—8kpo oﬂ2 « 12/2 >+ w1 +21) V(3)Voouzo,44(61;1,2,4)

1 3 3 1
—EGO — 0+ 7(4]2 —1+2kvy + Zwl +2k]/l2 — 77’]0

31/3(8}12 — 8y +4+2€)+wr + wq +2170)
3 fa — V2

Vit 1 (621,2,3)
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where
(3) V12p09(C1:82,83) + 210202+ D) 1 2
Voo (G171,2:4) = 120(1;82,83) + D + D= 5 (5p2 £ 1/9p3 — 36poa),
~ —(5u2D + 4p3 + 33popaps) 213D — 63pgpaD + 2043 — 27po o s
&2 = 12 ;83 = 216 (55)

and VO(})),vz,m (&2;1,2,3) is presented in Equation (32).

3 442n)+ wy+2€)+w
W9 (g),gy) = 5 M2 Pz b 260+ )

V(s)ﬂo 0,12,0, 44 (¢1;1,2,4)

H2— V2
BV3(4—|—2170 +wy+2e)+wi) ()
+3 — Vo (62:1,2,3) (56)
3 uy(—8kuy +4+2€y + wy + 8kvy + w1 + 21
o161, 8) = _Zy — Mo — V2 ! )VB)V00V20V4(§1;1’2’4)
1 3 3 1
—Eeo — 6+ 1602 —1+2kvy + Zwl +2kyy — 5770
3u3(8pa —8vp +4+2€0 +wa +wi +210) ,(2) ‘
1 po — 2 Voiouaus (8271,2:3)
where V”(0 )0 120,118 (&1;1,2,4) is presented in Equation (55) and VO(’%),VZ/V3 (82;1,2,3) is presented in Equation (34).
3 pus(4+2n0+wr+2€ +wy 2
u (@, 6) = 5 pa 1 2= )V(B)uo,o,yz,o,m((ﬁ;1,2,4)
31/3(4-1—2170 +wy+2€e)+wi) ,(3)
2 1y — 12 VOOI/2 V3 (621 1,2, 3) (57)
3 —8kyyr +4+2€9+ wr +8kvp +wy + 279
oM(&,6) = —ZM( F — Ay )V(3)momom(gl,1 2,4)
H2 — V2
1 3 3 1
—EGO — 0+ 7(4]2 —1+2kvy + Zwl +2kpy — 7770
31/3(8]12 -8 +4+2€ +wr+wp +2770)
4 Ho — 1 VOOVZ 1 (6211,2,5)
where V;EU)O 12,0 4((’,‘1 ;1,2,4) is presented in Equation (55) and VO(,%),Vz,V3 (82,1,2,3) is presented in Equation (36).
3 pus(4+2n0+wr+2€ +wy 2
”(15)(§1f§2) = 2 K ( 1 o — V3 )V(4);to,0,m,0,144 (‘51;1,2/4)
3v3(4+ 21 +wr+2€ +wi), (1) .
+§ =1 VO/O,VZ%(Cz, 1,2,3) (58)
3 8kup +4+2eg+ wy +8kvy +wq +2
15 ((:1/ 52) ‘u4( yz 2 2 2 ! 770) y00y20y4 ((:1/ 1/2/4)
M2 — V2
1 3 3 1
560~ 0o + 192~ 1+2kvy + il + 2kyuy — 510
3v3(8up — 81 +4+2€p + wor +wy +210) (1)
+3 g Vi e (621,2,3)
where
VH0[69(8;82,83) + Ha]
v 1,2,4) = YII69(S; %
no 0 (61 ) ©'(61:82,83) 9

1 1
&= —EV% + Hota, 83 = ﬁm(%mm —#)
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and V(

001/21/3

(82;1,2,3) is presented in Equation (32).

3 4421n)4+ wyr+2€)+ w
W19 (&, &) = 3 pa( 1o + w2 0+ wr)
2 Ho — 12

3v3(4+2m0 +wr+2€ +wi) (2
2 H2— 2 Vo0, (621:2,3) (60)

3 —8kur +4+2€y+ wy + 8kvp + wq +2
0(16)(61,62):—1%1( ) 0}[2712/2 2+ w1 +2170)

1 3 3 1
—560 — 0+ 7(4)2 —14+2kvy + Zwl +2kpy — 5170
31/3(8]12 — 8y +4+2€)+wyr+ wy +27]0)

3 P2 — 2

V(4)ﬂo 0,142,014 (61;1,2,4)

+

V(4)‘uo 0, 2, 0, Ha (Cl/ 1 2/ 4)

V0 0 a3 (82,1,2,3)

(4)

where V 0.0,1i2,

Ot (&1;1,2,4) is presented in Equation (59) and VO(%))I/Z 15 (62;1,2,3) is presented in Equation (34).

2

3 pus(4+2n0+wr+2€ +wy
) ‘u ( 17 ) V(4)‘u(),0,]42,0,]44 (él/ 11 2/ 4)

(17) _

w6 62) = 5 1 — 1)
3v3(4+2np+wr+2€+w

+§ . 170#2 *21/2 : 1)V0(%?Vz,v3(€2;1’2'3) (61)

3 8kur +4+2¢€y+ wy +8kvy +wy +2
v<17><§1,z:2>:,1ﬂ4< H2 (;2_12/2 2+ w1 +210)

V yoOyzOm(gl/l 2, 4)

1 3 3 1
7560 — 0+ *wz —1+4+2kvy + Zwl +2kyuy — 7170

31/3(8;42—81/2 +4+2¢ +w2+w1+2;70)v(

+=
4 Hy — Vo 0,0,v2,v3

(CZ/ 1,2, 3)

where Vfgs,)(),yz,O,y4 (&1;1,2,4) is presented in Equation (59) and V| 0(0 s (82;1,2,3) is presented in Equation (36).

3 44219+ wr+2€)+w
u(18)(gl’é:2) _° tha( 7o 72 0 1)
2 Ho — V2

3us(44210 +wy+2€0 +wi) (1)

2 Ho — V2 Voo (62:1,2,3) )
3 —8k 4+2 8k 2

v(18)(§lr€2) = _ZM( o +4+ eoyjiui;— vy 4wy +21p)

1
_%50 — 6+ 2&)2 —1+2kvy + Zwl —‘er}lz — 5170
31/3(8}12 — 8y +4+2€)+wy+wi+210)

"3 Ho — 12

V(S)VO 0,12,0, 114 (¢1;1,2,4)

V(S) 10,0,12,0,144 (gl; 1,2, 4)

Vi (@21,2,3)

where

(5) 3¢’ (81782, 83)
v ;1,2,4) = , 63
g (1 ) VHal69(8:82,83) + 12 (63)

1 1
£ = —EF% + poHa, 83 = myz(%ﬂom ~#3)

and VO(RVz,Va (82;1,2,3) is presented in Equation (32).

3 44219+ wr+2€)+w
u(19>(§1,§2) _° pha( 7o 72 0 1)
2 Ho — V2

3v3(44+2n9+wr+2€)+w
+§ 3 ( 170;42 _2]/2 0 1)V0(0V2V3(€2/1 2,3) (64)

3 ua(—8kpiy +4+2€0 + wo + 8kvy + wy 42
z](19)({—:1,{—:2):_1114( 1o 0}12_12/2 2+ wy +21)

1 3 3 1
—260 — 6+ 1(}.)2 —1+2kvy + Zwl +2k;42 — 5770
L 3va(Bp —8vy 4 +2e0 +wp Wi +210) (2)

4 ﬂZ_VZ 0,0,v2,v3

V(S)VO 0,12,0, 144 (¢1;1,2,4)

V(S)]Jo 0 U2, 0 U4 (é’l/ 1 2/ 4)

(82,1,2,3)
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where V( ) (&1;1,2,4) is presented in Equation (63) and VO(

100,0,12,0, 14 (€2,1,2,3) is presented in Equation (34).

01/2 V3

3 442100+ wr+2€)+w
@) (&, &) = > Ha( 1o + w2 0+ w)

2
Ve 10,0,142,0, 114 (61;1,2,4)

H2 — V2
#y PEIHR RO TN, E129) (65)
v(zo)(§1,§2) _ _% Ha(—8kupy +4+2¢€p + wy + 8kvp + wy +21) v 5)]240,0 uz,O,y4(§l; 1,2,4)
H2 — V2
—%eo — 6+ sz —1+2kvy + %wl + 2kpy — %170
+Z v3(8pp — 81p + 4 Zzz_e(:/;r wy 4wy +21p) VO(,%),Vz,V:; (62:1,2,3)
where V(0 )0 12,0108 (&1;1,2,4) is presented in Equation (63) and Vo(o 1,05 (62;1,2,3) is presented in Equation (36).

2

3 ua(4+ 200+ wr+ 260+ wi) -
V( )FOrO VZ, U4 (glrl 2 4)

WG, 8) =35

Ho— 12
3v3(4+2n)+wr+2€)+w 1
> 3( ﬂom _21/2 0 1)V0(,0),V2’V3 (E2:1,2,3) (66)
3 —8kyyr +4+2€9+ wy + 8k +wqy +2 2
Z](21)(61/ 62) = _Z H4( 12 (;42 — 12/2 2 ! ’70) V(6);¢0,0 12,014 (Cl; 1,2, 4)

1 3 3 1
——€o— b6+ 7(4]2 —1+2kvy + Zwl +2k]/l2 — 7170

2
31/3(8]12—8V2+4+260+W2+(U1+2770) .
4 Hy — 1 VO 0 V2, V3 (52/ 11 2/ 3)
where 5 ,
(6) 104y = M2/ =150/ 249 (81, 82,83) Sup a3 1B 7
o0z (€171, 2:4) 3p(Cgngs) a0 T Beus’ 2T 9 BT 5 67)
and V( 2,1,2,3) is presented in Equation (32).
001/2 V3 p q
3 pus(4+2n0+wr+2€ +wy
u(ZZ) (glr CZ) = E E ( 1 o — 1y ) V(6)}lo 0,142,0,144 (‘:1; 1, 2/4)
313(4+ 29+ wr+2€0+w1) ,(2)
+§ =1 VOOV2 1/3(4;‘2,1 2,3) (68)
3 ug(—8kps +4+2€y+ wy +8kvp + w1 + 21y 2
o (g,8) = 7111 (=8ky A I )V 6) yo, 0,00 (615 1,2,4)
2=V
1 3 3 1
560~ 0o + 12~ 1+2kvy + il + 2kyuy — 510
3v3(8up — 81 +4+2€p 4+ wr +wy +210) ., (2)
i po =12 002205 (6211,2:3)
where V]EO )O,yz Oy (&1;1,2,4) is presented in Equation (67) and V| 0(0 105 (62;1,2,3) is presented in Equation (34).
3 (4 +2n0+wr+2€0+wy 2
W) gy, 1) = § EL 2 o LV O oo (@171,24)
3v3(4+ 20+ wy+2€0+ w1) ,(3)
+§ 1y — 12 VOOI/Z V3 (62/ 1,2, 3) (69)
3 —8kupy +4+2€y + wy + 8kvp + w1 + 219 2
0(23) (élr 62) = _Z ]’l4( K o — v 4 )V(6)V0,0,]42,0,]l4 (él; 1,2, 4)
2 2
1 3 3 1
—260 — 6+ 7(472 —1+2kvy + 7(4)1 + 2kpy — 7770
L 3va(Bpz —8vy +4+2e0 +wp w1 +210) ,(3)
+ oy Vi o (621,2,3)
where Vﬂ(o )O,yz,O " (€1;1,2,4) is presented in Equation (67) and Vo(o s (82;1,2,3) is presented in Equation (36). In

all the solutions, presented in this subsection, {1 = x + .h4y a+1 , & =x+ r?;zil)
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4.2.2. Variant 2: When pg # 0,42 # 0, ug # 0 and vy = 1,v3 # 0 in Equation (43)
When v, = 1,v3 # 0, Equation (45) is reduced to:
3 y4(4+2170+w2+2€0+w1) 3V3(4+27]0+W2+2€0+wl)
60261:0,6225 s M =3 ’
p2—1 2 p2—1
3 8kup +4+2€y+wy+8k+ wy +2
o =0 =06; =0, 92:_1;”4( H2 0 2 1 770)
142—1
L ——le -0 +§w —1+2k+§w +2kypy — = (70)
0= 3¢ 0792 g H2 2170,
_%1/3(8](]42—8k+4+260+(ﬂ2+a}1+2110)
T4 ty—1

Substitution of Equation (70) in the particular variant of Equation (44) leads to the following solutions of Equation

(1):
3 ]l4(4+2170+(4)2+260+(4)1)

. (é . ) pp —1 4 1)]400]420y4(§1,1 2,4)
3V3(4+2]70+w2+2€0+w1) .
+§ pp —1 VO(,O%LW. (82;1,2,3) o
3 ua(—8kpty + 4+ 20 + wa + 8k +w; +21p)

2
o (81,80) =~ VO oo (@1:1,2,4)

po —1

1 3 3 1
7560 — 60+ *(4)2 —14+2k+ *(4]1 +2kyuy — 5170
3v3(8kup —8k+4+2€0 +wy + w1 +219) ,(4)
+3 o Vitha (62:1,2,3)
where V;EO)O o (&1;1,2,4) is presented in Equation (47), and Vo(o Lus (€2;1,2,3) is presented in Equation (39).

3 ug(4+2m+wr+2€ +w
u®) (&, 5) = > pa(4+210 + w2 +26€0 +wy)

V(Z)VO 0,142,0, 14 (¢1;1,2,4)

pa—1
31/ 4420+ wyr+2€)+w
2 3( o yz_zl 0 1)V001V (CZrl 2, 3) (72)
3 —8kuy +4+2€y+ wy + 8k 4wy +2
U<25>(§1/§2) = _Zy4( 12 22_12 ! 170) V(Z)yo()]lzom(él’l 2,4)

1 3 3 1
—560—90-‘!‘ 7w2—1+2k+7w1+2ky2— *1’]0
3V3(8ky278k+4+260+a&+w1 +219)

V()Oly (62/1 2, 3)

4 Hy —1
where V(0 )0 120,118 (&1;1,2,4) is presented in Equation (51), and V, 0 0 Lvs (€2;1,2,3) is presented in Equation (39).
u(2) (Gf &) = 3 Kald+ 210 :zaiz;_zeo ) 14 3)y00y20y4(§1/1 2,4)
"% v3(4+4219 —;Zw_z :— 2¢€p + wi) V()(j(l)),l,% (621,2,3) (73)
3 ug(—8kpp +4+2€p+ wy + 8k 4wy +21)

V(s)]/lo 0, 2, 0, 4 (él/ 1 2/4)

(26) - >
v (Cl/ CZ) 4 1y — 1

1 3 3 1
—560—90-"- 7w2—1+2k+7w1+2ky2— 51’]0
3V3(8k]l2—8k+4+2€0+602+wl +2170)

(4)
4 "142—1 V0011/3(§2/123)
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where VpEo )0 2,0, j14 (&1;1,2,4) is presented in Equation (55), and V0 0 Lus (82;1,2,3) is presented in Equation (39).

WGy, ¢ = 3 WAL L)yl (1,29
2
§1/3(4+2170—;—2w_2;—260—&-wl)VOOlV(62,123) (74)
0@ (&),8) = _% pa(—8kpp +4 + 2€;12+_wlz + 8k +w;y +21) V(4)]40 00 (E151,2,4)
—%eo — 6y + §w2 —1+2k+ §w1 +2kpp — %170
ZV3(8ky2 — 8k+4:22_601+ wy + wy +210) Vo(ow (6251,2,3)
where V”(0 )0 12,0108 (&1;1,2,4) is presented in Equation (59), and V()(,%)),l,vs (€2;1,2,3) is presented in Equation (39).
u®) (5 $r) = 3 Kald+ 210 :zaiz;_zeo +w1)V )yoomom((ﬁ,l 2,4)
J% v3(4+ 210 -;Zw_z :- 2¢ + wy) v (61,23) (75)
v (&, 8) = —% Pl —8kpz 14 +2€;)12+7a;12 8kt wi ¥ 210) VO oo (61:1,2,4)
—%eo — 0 + ng —14+2k+ Ewl +2kpp — 1170
21/3(8ky2 — 8k+4:22_€01+ wy + w1 +210) VOOlv (62:1,2,3)
where V’EO )0 2,0, j14 (&1;1,2,4) is presented in Equation (63), and Véj&’% (€2;1,2,3) is presented in Equation (39).

3 pa(4 4210+ wr + 260 + wy)

u®)(E,8) = 2 — 1 V(6)12to,0,142,0,ﬂ4(€1" 1,2,4)
i”3“”’”Z:ia“@*w”vssa,%@zl,z,s) &
o) (&, &) = 3 pa(—8kpo +4+2 52:‘_“’12 +8k+ wi +21p0) V(G)yo 002,02 (615 1,2,4)

*%60 — 6y + §w2 —14+2k+ §w1 +2kpup — %770
3 v3(8kuy f8k+4+2€0 +wy + wy +21)

+3 o] Vitha (62:1,2,3)

where VPEO )0 2,014 (6151,2,4) is presented in Equation (67), and VO(,%J?I 15 (6251,2, 3) is presented in Equation (39). In

. . . _ w1 t
all the solutions presented in this subsection, {1 = x + T(at1)’ Cr=x+ r( " +1)

4.2.3. Variant 3: When pg # 0, pp # 0, us # 0 and vp = 4,v3 = —4 in Equation (43)
When vp = 4,v3 = —4, Equation (45) is reduced to:

3]/14(4+21’]0+(JJ2+2€0+(01) 6(4+2170+(U2+2€0+(U1)

€0:6‘1:0/6225 /771:_ ’
po —4 Ho—4
3 —8kyup +4+2€)+wr+32k+wi;+2
o = Bp=0; =0, 0 = 71]’14( H2 0 2 1 770)
p2 —4
1 3 3 1

g = 7560*90+ 1(0271+16k+ 1(4)1 — 5170, (77)

3(8kup —32k+4+2¢€y+wy + w1 +210)
Ho—4

1 =
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Substitution of Equation (77) in the particular variant of Equation (44) leads to the following solutions of Equation

(1):
3 ps(4+2m0+wy+2€ +wy 2
ul (&, &) = 3 pal 1 ~ )V(l)yo,o,m,o,m(@l;1,2,4)
M2
6(4+2n)+wr+2€ +w
8 1o ~ i4 R Vo,04,-4(€2;1,2,3) (78)
3ug(—8kuy +4+2eg+wr+32k+wi +21np 2
0(30) (Cl/ CZ) = 71 £ ( E u _4 1 )V(l)ﬂo,o,}lz,o,ﬂzl(gl;1/2/4)
2
1 3 3 1
—5€0 —0p + et —1+16k+ @1 50
3(8kpup =32k +4+4+2¢€p+wp +wy +2
28k Y 1) Yos,-4(2211,2,3)
where Vﬂ(s)o 120,04 (€1;1,2,4) is presented in Equation (47) and Vj 4 —4(&2;1,2,3) is presented in Equation (42).
3 pus(4+2m0+wy+2€ +wy 2
ul (g, &) = 3 Fal 1 ~ )V(z)yo,o,m,o,m(@l;1,2,4)
H2
6(4+2n)+wr+2€ +w
8 1o " i4 0 ) Vo,04,-4(€2;1,2,3) (79)
3ug(—8kur +4+2ey+wr+32k+wi +21np 2
0(31) (Cl/ CZ) = 71 £ ( E u _4 1 )V(Z)FU,O,VZ,O,}M(gl;1/2/4)
2
1 3 3 1
—5€0 — 0 + et —1+16k+ @1 50
3(8kpup =32k +4+4+2¢€p+wp +wy +2
28k T 1) Yys,-4(2211,2,3)
where V(z) 1;1,2,4) is presented in Equation (51) and Vg4 _4(82;1,2,3) is presented in Equation (42).
10,0,142,0, 114 p q 04, P q
3 pus(4+2n0+wy+2€ + wy 2
uBd (g, 6) = 3 pal 1 ~ )V(3);40,0,;42,0,,44('§1;1,2,4)
H2
6(4+2n)+wr+2€ +w
8 1o " i4 R Vo,04,-4(€2;1,2,3) (80)
3ug(—8kup+4+2eg+wr+32k+wi+2n9 2
o (6, &) = 1 pa( =By - i )V(3)y0,0,;42,0,y4(§1;1/2,4)
2
1 3 3 1
—5€0 — 0 + et —1+16k+ @1 50
3(8kpup —32k+4+4+2¢€p+wyp +wy +2
28k e 1) Yos,-4(2211,2,3)
where Vﬂ(j’)o 120,114 (€1;1,2,4) is presented in Equation (55) and V{4 —4(&2;1,2,3) is presented in Equation (42).
3 pus(4+2n0+wy+2€ +wy 2
u® (g, 6) = 3 pal 1 ~ )V(4);40,0,;42,0,,44('§1;1,2,4)
H2
6(4+2n)+wr+2€ +w
8 1o ~ i4 0 ) Vo,04,-4(€2;1,2,3) (81)

2

3us(—8kuy+4+2¢€y+wyr+32k+ w1+ 21
3 pa(—8kp 1l )V(4)ug,0,;42,0,y4(’:1;1/2/4)

(33) _
% (Cl/ CZ) - 4 I’lz —4

1 3 3 1
7560790+1w271+16k+ @1 50

+3(8](]42—32](74—44-260-i-(,dg-i-wl +210)
po —4

V0,04,-4(62;1,2,3)
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(4)

where V 110,0,12,0 13

(€1;1,2,4) is presented in Equation (59) and Vj 4, —4(82;1,2,3) is presented in Equation (42).

3us(d+2n0+wr+2e€+wr) 2
“(34) (51152) = 2 Hy—4 V(5)yo, 0,12,0,114 (51}112/4)

_6( "o yzi‘l 0 1)V0,o,4,—4(§2;1,2,3) )

3 ua(—8kpy +4+2€0 + wy + 32k + wy +2
0(34)@1,@2):_4144( M2 (;42_2 1+210)

5)2 )
V( )”1070,]12,0,}44(61/ 1/ 2/ 4)

1 3 3 1
—§€0—90+ZWZ—1+16I(+ Zwl — 5170

+3(8ky2—32k+4+2€0+(d2+(d1+2170)
po —4

V0,04,-4(62;1,2,3)

(5)

where V 110,0,12,0 13

(€1;1,2,4) is presented in Equation (63) and Vj 4 —4(&2;1,2,3) is presented in Equation (42).

3 44200+ ws + 260+ @1) ()2
WG (g, 8) = o 1l "Oyzf L 1)V(6)uo, 0 (6151,2,4)

_6( "o y234 0 1)V0,o,4,—4(§2;1,2,3) )

3 ua(—8kpy +4+2€0 + wy + 32k + wy +2
0(35)@1,@2):_4#4( M2 (;42_2 1+210)

1 3 3 1
—§€0—90+1(U2—1+16k+ Zwl — 5170

+3(8ky2—32k+4+2€0+(d2+(d1+2170)
po —4

V(é) Ho/ O,ﬂz O,}t4 (gll 1/ 2/ 4)

V0,04,-4(62;1,2,3)

(6)
where Vﬂo 0,112,014

all the solutions, presented in this subsection, {1 = x +

(€1,1,2,4) is presented in Equation (67) and V0,04, _4(52 ;1,2,3) is presented in Equation (42). In
tD(
zx+1 6= ?;2+1)'
For all analytical and numerical calculations in thls artlcle we use the computational software Maple
(https:/ /www.maplesoft.com).

5. Numerical Simulations

In this section, we present visualizations of some analytical solutions presented in Section 4. In accordance
with the obtained exact solutions of Equation (1), which are combinations of various special functions, Figures 1-9
illustrate combinations of different type’s waves, propagating in the studied water medium. It is obvious that
Equation (1) demonstrates complex wave behavior, which can vary significantly depending on the specific exact
solution. Here, we have shown the more interesting variants of mixed waves, trying to summarize them briefly
depending on their wave type. For example, in the simplest case, one can observe combinations of waves of one
type, such as single solitons (Figure 1) or complex multi-soliton structures (Figure 3) with different amplitudes
and wavelengths. A more complex scenario involves the propagation of soliton wave packets combined with
single solitons, as shown in Figure 4 and Figure 7. Of particular interest are combinations of synchronized
kink and anti-kink waves and periodic structures (Figure 2 and Figure 5 ), as well as kink and anti-kink wave
packets combined with multiple single solitons of different amplitude and wavelength (Figure 6 and Figure 8).
The complex wave dynamics of the system (1) is also demonstrated in Figure 9, where combinations of kinks,
anti-kinks, and multi-soliton wave packets are observed. We note, that the multi-wave behavior of the system
(1), based on any analytical solution, presented in this section, can change qualitatively depending on the choice
of the numerical values of the coefficients in it, the fractional derivative order, as well as the time and spatial
numerical intervals of the plots. In this context, a more realistic picture of the wave dynamics of the studied
system for prediction or control purposes can only be obtained if numerical values or numerical intervals of the
above-mentioned parameters are specified.
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(b)
Figure 1. Numerical simulation of the solution (33): (a) u(x,t) and (b) v(x,t) at &« = 1/10,w; = 0.3,wp = 0.5,179 =
2,[0 = 3,90 = 0.6,k = 10,1/2 = 20,1/3 = 3,p1 = 3,p2 =1.

Figure 2. Numerical simulation of the solution (38): (a) u(x,t) and (b) v(x,t) ata = 1/4,w; = 0.8,wp = 0.1,19 =
3,10 = 0.3,90 = 9,k = 1.1,1/2 = 12,1/3 =3.

(b)

Figure 3. Numerical simulation of the solution (41): (a) u(x,t) and (b) v(x,t) ata = 1/5,w; = 0.5,wp = 0.1,179 =
9,10 =0.03,60 =09,k =11,v, = 2,v3 = 0.3.
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(b)

Figure 4. Numerical simulation of the solution (46): (a) u(x,t) and (b) v(x,t) ata = 1/5,w1; = 0.5,wr = 0.1,179 =
9, lp = 0.3,90 = 5.9,k = 11,1/2 = 2,1/3 = 0.3, Ho = 2, Ho2 = 5, Ha = 0.1.

(b)

Figure 5. Numerical simulation of the solution (50): (a) u(x,t) and (b) v(x,t) ata = 1/4, w1 = 0.5,wy = 0.04, 19 =
035,19 = 05,00 = 0.06,k = 1.1, 1g = 0.8, j1p = 1.2, 4y = 3,15 = 20,v3 = 30, p; = 1.2, p, = 0.06.
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(b)

Figure 6. Numerical simulation of the solution (55): (a) u(x,t) and (b) v(x,t)ata« = 1/10, w1 = 0.5,wp = 04,19 =
0.3, lp = 0.5, 90 = 0.6,k = 0.1, Ho = 0.6, Ho = 10.2, Hq = 3, V) = 2, V3 = 3, p1 = 12, p2 = 0.06.
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(b)
Figure 7. Numerical simulation of the solution (59): (a) u(x,t) and (b) v(x,t) ata = 1/5, w1 = 0.3, wr = 0.4,179 =
0.03,10 =5.5,00 =0.69,k =1.1,49g =02, 4p =02, 44 =3, =20,v3 =3,p; =2,p2 = 6.

(b)

Figure 8. Numerical simulation of the solution (75): (a) u(x,t) and (b) v(x,t) ata = 1/5,w; = 0.1,wp = 09,19 =
0.3, lp = 2.5,90 = 09,k =11, Ho = 2, Ho = 20, Ha = 3,1/2 = 1,1/3 =3.

(b)

Figure 9. Numerical simulation of the solution (83): (a) u(x,t) and (b) v(x,t) ata = 1/5,w; = 0.1,wp = 09,19 =
0.3, lp = 2.5,90 = 09,k = 1.1, }to = 2, ]/12 = 20, y4 = 3.
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6. Conclusions

In this study, we have proposed an extended version of the SEsM, which is applicable for obtaining analytical
solutions of FNPDEs (in particular, NPDEs), that model dynamics of real-world processes with complex wave
behavior. The solutions to such NPDEs are expressed as combinations of single composite functions, which
involve solutions to two distinct simple equations or two distinct special functions with different independent
variables. A generalized algorithm of the methodology has been presented, allowing the researcher to flexibly
choose an appropriate traveling wave transformation and appropriate simple equations’ types to extract exact
solutions to the studied models. This highlights the universality of the method in its application to both systems
of FNPDEs and single FNPDE:s of various types.

One variant of the extended SEsM has been applied to the time-fractional Boussinesq-like system, introduc-
ing a fractional traveling wave transformation and utilizing two second-order ODEs with different coordinates in
their generalized form as simple equations. It has been demonstrated, that for different numerical values of the
coefficients in polynomial parts of these equations, they reduce to various forms, each yielding distinct analytical
solutions. By different combinations of these solutions, we have derived a part of the possible analytical solutions
to the studied system of FNPDEs, including diverse combinations of hyperbolic, elliptic, and trigonometric
functions. In this way, the investigated water medium exhibits a variety of mixed waves, such as single solitons,
multi-solitons with different amplitudes and wavelengths, complex kink and anti-kink structures, and periodic
wave packets. The propagation of different types of waves in the studied medium, analytically and numerically
illustrated in this paper, is explained by the interplay of nonlinear interactions and dispersion effects present in
Equation (1).

It is important to note, that the analytical solutions obtained in this study, present only a a part of the possible
solutions under the selected simple equations (24). For instance, the solutions of Jacobi elliptic equation, along with
its hyperbolic and trigonometric analogues, or the solutions of the Abel equation of second kind, could also be used
in extracting the solutions of Equation (1). Additionally, the construction solutions to Equation (1) can incorporate
also combinations of series of known solutions of different ODEs of first order, or mixture combinations of series
of known solutions of ODEs of first order and ODEs of second order. Following another variant of the extended
SEsM, proposed in [50], it is also feasible to construct the solution of Equation (1) by distinct single composite
functions that include series of solutions of two distinct simple equations with different independent variables for
each system variable. These ideas, however, will be the subject of our furture investigations.

Funding: E. V. Nikolova tanks the project “Artificial intelligence for investigation and modeling of real processes”,
KP-06-H82/4, funded by the Bulgarian National Science Fund, for its financial support.
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