Pre prints.org

Article Not peer-reviewed version

New fractional generalized Gronwall
iInequalities and Lyapunov theorems
with applications

Bichitra Kumar Lenka "

Posted Date: 10 April 2026
doi: 10.20944/preprints202604.0720.v1

Keywords: fractional generalized Gronwall inequality; non-autonomous fractional order systems; Lyapunov
function; fractional Lyapunov theorems; global asymptotic stability

Preprints.org is a free multidisciplinary platform providing preprint service
that is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This open access article is published under a Creative Commons CC BY 4.0
license, which permit the free download, distribution, and reuse, provided that the author
and preprint are cited in any reuse.



https://sciprofiles.com/profile/5187164
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 10 April 2026 d0i:10.20944/preprints202604.0720.v1

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and
contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article
New Fractional Generalized Gronwall Inequalities and
Lyapunov Theorems with Applications

Bichitra Kumar Lenka

Independent Researcher, India; smsbklfc@gmail.com

Abstract

This paper deals with some expressions of the fractional generalized Gronwall inequality when
associated with both non-negative and non-positive singular kernels and establishes sharp Mittag-
Leffler bounds containing different ingredients. The long-term behavior of non-autonomous fractional
order systems by means of modified fractional Lyapunov theorems is analyzed. As an application,
we give a few examples that use quadratic Lyapunov functions for typical fractional order systems to
predict trajectories that ultimately aim to reach vector 0 as t — oo.
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1. Introduction

In the studies of non-autonomous fractional order systems, one often concerns generalized
Gronwall inequality to understand some basic properties of solutions to many such systems. This
paper examines a typical mathematical tool that concerns the fractional generalized Gronwall inequality
associated with both non-positive and non-negative singular kernels and develops new insights into
fractional Lyapunov theory.

The generalized Gronwall inequality with a non-negative singular kernel describes a fractional
integral inequality problem that deals with finding some reasonable bound to its solutions (see, e.g.,
[3,4]). This inequality and its many different forms are widely known to be useful in the understanding
of basic stability and bounds of solutions for the theory of fractional order systems [26-30]. The
stability theory of fractional order systems has made some progress in the last two decades, and many
interesting results are still expected. The readers can learn some interesting results and new insights
that concern fractional Lyapunov theory for many Caputo-type fractional order systems devoted to a
survey paper [5].

The non-autonomous fractional order systems are diverse in sciences and engineering, and a lot
of scientific works are devoted to holding their precise construction using the notions of fractional
integrals and fractional derivatives [1,2]. These systems seem harder owing to time-dependent
structures that may excite or force the evolution of system dynamics and reasonable mathematical
insights that are very less focused on for rigorous analysis of their behaviors.

In many applications of interest, many of these governing systems usually carry time-dependent
terms or coefficients when the state operates from one position to reach another position operated
by reasonable fractional derivative operators, and control methods were demonstrated for achieving
effective system control goal dynamics [18-24]. But how these systems’ states evolve when time
progresses forward toward co remains unknown and quite puzzling even if one considers a sufficiently
large number of initial positions. The qualitative properties of solutions of many such systems, such as
asymptotic stability and bounds, often demand new mathematical tools and are much less understood.
In this context, the ideas of the fractional Lyapunov direct method (see, e.g., [8-16,25]) were published
to give new insights to reasonably well predict some basic understanding of many such systems. But
the fractional Lyapunov theory still lacks many, many different new mathematical ingredients in its
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forms and seems crucial for some fundamental classes of such non-autonomous systems. One major
key aspect of these could be the right formulations of advanced tools are missing and not known in
the current state of the art of knowledge.

Some forms of generalized Gronwall inequality with singular kernels are known to give some
breakthrough results to many different versions of fractional Lyapunov stability theorems that concern
fractional-order systems. Many results in this issue are broadly not known, and they seem to be less
focused in the literature. First, the applications of well-known generalized Gronwall inequalities
suggested by Henry [4] and Ye et al. [3] do not give new pathways to the understanding of some
stability problems of fractional order systems. This is indeed true in the sense that these works
consider only non-negative singular kernels and do not develop good directions to basic fractional
Lyapunov theory. Second, the right mathematical insights to reasonable formulations of non-positive
singular kernel generalized Gronwall inequality remain mysterious. Recently, Lenka [7] formulated
some intuitive generalized Gronwall inequalities that contain a non-positive kernel and used them
to prove some elementary Lyapunov theorems to predict at least the asymptotic stability of non-
autonomous fractional order systems. The mentioned author has also introduced some stronger
versions of generalized Gronwall inequalities with non-positive singular kernel functions in a work
[17] and used them masterfully in predicting global asymptotic stability and bounds to solutions of
many such fractional systems.

It has been learned that there still exists some difficulty in the progress of generalized Gronwall
inequality with a non-positive kernel, which remains less understood. A typical question that remained
open is as follows: Is it possible to classify the generalized Gronwall inequality that contains both
non-positive and non-negative kernels that can give a definite reasonable Mittag-Leffler bound? To the
best of the author’s knowledge, no adequate new mathematical knowledge has yet been known in the
literature for the existence of such an inequality. We are curious about such an unknown problem and
wish to address some rigorous formulation of the mentioned inequality.

One goal of this paper concerns providing a reasonable answer to the question by means of
new modifications of previously partially known generalized Gronwall inequalities. We also study
some applications of these inequalities in the direction of developing modifications to elementary
fractional Lyapunov theorems that can give conclusive notions to asymptotic stability and boundedness
for fractional order systems. In this context, we discuss some reasonable theoretical bounds for
equations that may carry time-varying phenomena in some system configurations that were established.
Finally, some examples are presented that deal with equations of fractional order, and our new results
demonstrate the effectiveness and nature of long-term solutions and predicting sharp bounds.

Hereafter in Section 2, we first give some notations and basic ingredients that provide some useful
tools for understanding fractional order systems. In section 3 we give some new formulations to the
so-called fractional generalized Gronwall inequality, which is the main topic of this paper. In Section 4,
some new Lyapunov theorems for non-autonomous fractional order systems were addressed that build
new knowledge by using generalized Gronwall inequalities. In Section 5 we discuss some examples
that describe equations that involve Caputo fractional derivatives, and some reasonable results were
utilized to predict asymptotic dynamics and bounds of solutions. Conclusions roughly close to this
paper are summarized in Section 6.

2. Preliminaries

We shall use the following notation throughout this paper. We fix N as the set of natural numbers,
R as the set of positive real numbers, R>( as the set of non-negative real numbers, R as the set of
real numbers, and U as the transpose of U € R"*". R" is the Euclidean space, ||-|| is the standard
Euclidean norm, C? is the space of continuous functions, and C" is the space of n-times continuously
differentiable functions.
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Definition 1. The Riemann-Liouville fractional integral of an integrable function u : [b,00) — R is defined by
[1,2]:
Rzpu(t) = i [ (0= 0% u(@)dg, > b <1>
bt r( Dc) b / ’
where b € R, « € Ry and Gamma function T (a) = [;° t*~le~'dt.

Definition 2. The Caputo fractional derivative of real valued function u which is C° on [b,c0) and C™ on (b, o)
is defined by [1,2]:

t n
Dhult) = oy o (=07 @ >, ®

whenever n —1 < a < nand “D¥ ,u(t) = S5 u(t) whenever « = n, whereb € R,x € Ry andn € N.

Definition 3. The two-parameter Mittag-Leffler function is defined by an expression [6]:

o tk
Es.(t) = —, 0, vy>0,teR. 3)
7(6) kg)l“(&kij)

In many theoretical and applied areas of interest, one is often concerned with a governing equation
that can be described as a non-autonomous Caputo-type fractional-order system [5,7,17]:

bett(£) = f(tu(h)),

4)
u(b) = uy

where u(t) € R", CDZ‘,tu(t) = (CDZ‘Itul(t),...,CDZ‘/tun(t))T € R", b € R, a € (0,1], and function

f:[b,00) x D C R" — R" is continuous with its arguments.

Definition 4. [17] To say a function ¢ : [0,00) — [0, c0) belongs to class-Ke if

i) it is continuous and strictly increasing,
ii) it satisfies (0) = 0 and &(r) — ocoasr — oo.

Definition 5. [17] To say the system (4) is globally asymptotically stable if the non-trivial solution u(t) — 0
as t — oo, for all u(b) € R™.

3. Fractional Generalized Gronwall Inequality

In this section our goal is to establish new modifications to generalized Gronwall inequalities
with non-positive singular kernels that appeared recently in some works [7,17]. Our novel insights
have come to light in understanding when an integral equation that involves a Riemann-Liouville
fractional integral with kernels can be non-positive and non-negative.

We begin with the following;:

Theorem 1. Let u € Rxq be continuous on the interval [b, T), whereb € Rand b < T < co. Let w € R>g
be continuous on the interval [b, T). Let v € R>¢ be continuous, bounded, and non-decreasing on [b, T), and
suppose that g1, §» € Rxq are continuous on [b, T) that obey the integral inequality

t

u(t) < o(t) + g1 (t) /h (= 1) Lu()dr — ga(t) /b (t— 1) u(t)dt + /b =0 e, )
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forall t € [b,T), where constant « € (0,1]. Then, we have

1) < By (M1 ()~ 20) = 0)*)[o00) + (Eaa (ar@) [ 1= 0" Tw@ar) -1)], @
forallt € [, T).
Proof. The proof is immediate when

1) = Ea (@520~ 20) 1= 0)*) [o00) + (Eaa (ar@) [ (6= 0" Tomar) -1)]. @
Thus, on contrary, we may assume that

1) > By (@)1 ()~ 220)(1 = 0)*)[o00) + (Eaa (ar@) [ 1= 0" Tw@ar) -1)], @
forall t € [b, T). Next, it is possible to define

2(t) = u(t) = Eun (T(®) (81 (1) — 82(0) (¢ = 1)) [o(6) + h(1)], ¥t = b, ©)

where h(t) = (Eyq(al(a) [/ (t —7)* ‘w(t)dt) — 1). Then, one obtains from (5) that
, b

u(t) < 0(6) + (g1() — £2(0) [ (= 0" Mx(x)ae
+ (@10 — 2(0) /b“ ) fo(1) + (D)) Ean (F(0) (51(7) = g2(0)) (T = 1)")dT  (10)
+/ (t—1)" w(t)dT, YVt > b.

By noting v is continuous, bounded and non-decreasing, and & is non-negative, one has from (10) that

u(t) < 2(6) + (1)~ 22O)] [ (6= 0 e(e)ldx
i)~ g2 [ (1) 1Em( (#) (81(7) — g2(7)) (x — b)*)d
(11)
110 = 820N [ (¢ = 0 () Ean (M@ (51(0) — g2(0)) ( — 1)) e

+<E, (er( )/b(t—‘c) w(T )dT) 1),\#2;),

where v(t) < v, for some constant 0 < v, < 0. Since u, v, w, g1, and g, were continuous, by letting
t — bin (11), one gets u(b) < v(b). This contradicts to our assumption that u(b) > v(b). Therefore,
one expects intuitively the inequality (6). This finished the proof. [J

It may be noted that Theorem 1 provides a case study justification for the existence of both
non-positive and non-negative singular kernels associated with the fractional integral inequality (5).
This Theorem 1 has a special case whenever the function g; = 0 and can be found in the author’s work
[17].

Two simpler versions of such a theorem can be treated as corollaries. Here we give two corollaries
that are immediate from Theorem 1.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Corollary 1. Let u € Rx be continuous on the interval [b, T), where b € Rand b < T < oo. Let w € R>
be continuous on the interval [b, T). Let v € R be continuous, bounded, and non-decreasing on [b, T), and
suppose it obeys the integral inequality

u(t) < o(f) + Ay /bt(t—r)“*lu(ﬂdr—h/ (t— 1) dT+/ (n)dr, (12)

forall t € [b, T), where constants Ay > 0, Ay > 0, and a € (0, 1]. Then, we have

u(t) < Egp(T(a)(A1 — Ag)(t—b)") [v(t) + (Ea,l <uc1"(¢x) /bt(t — T)“lw(T)dT> — 1)], (13)
forallt € [b,T).
Proof. Take g;(t) =A; > 0,i =1,2,in Theorem 1. O

Corollary 2. Let u € R be continuous on the interval [b, T) and let w € R be continuous on the interval
[b,T), whereb € Rand b < T < oo, and let it obey the integral inequality

u(t) <A+ M\ /ht(t—T)“_lu(T)dT—Az /t(t—’l' dT+/ (t—1)" w(t)dr, (14)

forall t € [b,T), where constants A > 0, Ay > 0, Ay > 0, and « € (0,1]. Then, we have

u(t) < Ep1(T(a)(A1 —A2)(t—Db)") {A + (Ea,l (le"(a) /bt(t — T)“_lw(r)dr) — 1)}, (15)
forallt € [b,T).

Proof. Take v(t) = A > 0in Corollary 1. [

The new result below develops a mathematical insight whenever a kernel function involves a
time-dependent, non-constant, continuous, and increasing function. It gives a new analogue of the
result as compared to the previous Theorem 1, especially whenever the Mittag-Leffler function holds
the integral of the mentioned time-dependent function.

Theorem 2. Let u € R be continuous on the interval [b, T), whereb € Rand b < T < co. Let w € R>g
be continuous on the interval [b,T). Let v € Rxq be continuous, bounded, and non-decreasing on [b, T),
and suppose that g1, g» € R>q are non-constant, continuous, and increasing on [b, T) that obey the integral
inequality

t

u(t) < o(f) + Ay /h (= 1) gy (Du(T)dT — A /h (t— 1) gy (thu(t)dt

t (16)
+/b (t — )" Lw(1)dr,
forall t € [b, T), where constants Ay > 0, Ay > 0, and a € (0, 1]. Then, we have
u(t) < Eqn </\11" (/ si(T dT) — AT (a </ (T dr) )
(17)

x |v(t) + ( Ewq( aT(a) t(t—r)“*w(r)dr -1,
J

forallt € [b,T).

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Proof. The conclusion in (17) is obvious when
()_EM(/\J </g1 dT> Mol (a </g2 dr>> .
x [v(t) + (Ea,l (rxf(rx) /b t(t—T)”‘_lw(T)dT) —1)], "

forallt € [b, T). On contrary, it is assumed that
()>Ea1</\11" </g1 dT> Mol (a </g2 d'c)) ;
x [v(t) + (E,x,l (aI’(rx) /b t(t—r)"‘_lw(r)d’r) —1)], v

forall t € [b, T). Then, we define

F(t) = u(t) — E(t)[v(t) + h(t)], (20)

forall t € [b, T), where the notations E(t) = E, (All" (fb g(t dT) — AT (a (fb (T ) ) and
h(t) = (sz,l (al"(uc) fbt(t - T)’Xﬁlw(T)dr) — 1) were used. In spirit of (16), one has
u(t) <o(t)+ /bt(t — 1) 1 (A1g1(T) — Aago (7)) F(T)dT
[ =0 Mg (1) ~ Aaga()[o(0) + h(D) E(D)ar @)
n / (t — 7)* Lw(t)dr, VE > b,

Since v is continuous, bounded and non-decreasing, and g1, g2 are increasing, the inequality (21) can
be majorized by

u(t) < 0(6) + Ol (0] + Aalga())) [ (¢ — 0" P(0) e

Ol (0] + Aalga(0) [ (¢ =0 o+ IHE@DIE T+ [ (8- 0) o(e)de

< o(t) + (A1]g1(t)] + A2|g2(t) / (t— (7)ldz
+ (Mg (B)] + Aalga(t )I)/b (t = )" Hh(T)|[E(T)|dT + (A1]g1(8)] +A2|82(f)’)0c(t_ab)’x
+ (sz,l (ucl"(zx) /bt(t — T)“lw(r)dT> - 1),
(22)

forall t > b, where v(t) < v, < oo with constant v, > 0. Since u, v, w, g1, and g» were continuous,
by letting t — b in (22), one obtains u(b) < v(b). This contradicts to priori assumption u(b) > v(b).
Therefore, the inequality (17) should be true. This finished the proof. [J

A complementary result to Theorem 2 is stated below. It introduces a time-dependent continuous
and decreasing function in the kernel arguments of inequality (23).

Theorem 3. Let u € R be continuous on the interval [b, T), whereb € Rand b < T < co. Let w € R>g
be continuous on the interval [b,T). Let v € Rx>q be continuous, bounded, and non-decreasing on [b, T),

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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and suppose that g1, g» € Rxq are non-constant, continuous, and decreasing on [b, T) that obey the integral
inequality

t

u(t) < o(f) + Ay /h (= 1) gy (Du(T)dT — A /h (t— 1) Lgo(thu(t)dt

t | (23)
+/b (t—1)" w(tr)drT,
forall t € [b, T), where constants Ay > 0, Ay > 0, and a € (0, 1]. Then, we have
t t
u(t) < Eas (All"(zx)(t —pyr? ( / gl(T)dT> Mol (a)(t — b~ ( / gz(r)dr>)
b b (24)

X {v(t) ¥ (EM (ocl"(zx) /bt(t— T)’Xlw(’r)d”{> - 1)}
forallt € [b,T).

Proof. Refer to the proof of Theorem 2. [J

Our next Theorem 4 below develops a complementary result to Theorem 2 and establishes a new
sharp bound in (26) in contrast to the previous bound (17).

Theorem 4. Let u € Rxq be continuous on the interval [b, T), whereb € Rand b < T < co. Let w € R>g
be continuous on the interval [b, T). Let v € R be continuous, bounded, and non-decreasing on [b, T), and
suppose that g1, > € Rxq are continuous and non-decreasing on [b, T) that obey the integral inequality

u(t) <o(t) + /bt(t — )" g (t)u(t)dr — /bt(t — 1) gy (t)u(t)dt + /bt(t — ) Yw(t)dr, (25)

forall t € [b, T), where constant « € (0,1]. Then, we have
t
) < By (7@ [ (=0 Ya(0) (e

x |v(t) + ( Ewq | aT(a) t(t—ry‘*lw(r)dr -1),
J,

(26)

forallt € [b,T).

Proof. The proof can be repeated in a similar manner as in Theorem 2. [J

However, the previously formulated Theorems 2 and 4 have some shortcomings that can be
imagined whenever the functions g; and g, are not only continuous as in Theorem 1. We give some
reasonable novel insights in this direction for a rigorous formulation to estimate probable theoretical
bounds of appropriate inequalities.

We first introduce two basic results that only consider either a non-positive or non-negative
singular kernel in the generalized Gronwall inequality.

Theorem 5. Let u € Rxq be continuous on the interval [b, T), whereb € Rand b < T < co. Let w € R>g
be continuous on the interval [b, T). Let v € R be continuous, bounded, and non-decreasing on [b, T), and
suppose that § € R is continuous on [b, T) that obeys the integral inequality

u(t) < o(t) + /b t(t — )" e(t)u(t)dT + /b t(t — 1) tw(t)dr, 27)

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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forall t € [b,T), where constant « € (0,1]. Then, we have
t
) < £y (aT(w) [ (=0 gl )

; (28)
X [v(t) + (E,x,l (al"(uc) /b (t— T)”‘_lw(r)dr) — 1)],

forallt € [b,T).

Proof. See the proof of Theorem 2. [

Theorem 6. Let u € R be continuous on the interval [b, T), whereb € Rand b < T < co. Let w € R>g
be continuous on the interval [b, T). Let v € Rx( be continuous, bounded, and non-decreasing on [b, T), and
suppose that § € R is continuous on [b, T) that obeys the integral inequality

u(t) < o(t) — /b (= ) Lg(D)u(t)dT + /b (= 1 w(n)dr, (29)

forall t € [b, T), where constant « € (0,1]. Then, we have
t
u(t) < Eqq <ucF(nc)/b (t— T)“lg(r)d*r>

X [v(t) + <E,x,1 (vcl"(zx) /bt(t = T)“lw(r)dT) - 1)],

(30)

forallt € [b,T).

Proof. See the proof of Theorem 2. [

Now we are in a position to formalize a generalized result that concerns the generalized Gronwall
inequality stated below in Theorem 7. This theorem can be viewed as an extension of Theorem 5,
Theorem 6, or Theorem 4.

Theorem 7. Let u € R>q be continuous on the interval [b, T), whereb € Rand b < T < co. Let w € R>g
be continuous on the interval [b, T). Let v € R>( be continuous, bounded, and non-decreasing on [b, T), and
suppose that g1, §» € R are continuous on [b, T) that obey the integral inequality

u(t) <o(t) + /bt(t — )" g (t)u(t)dt — /bt(t — 1) gy (t)u(t)dt + /bt(t — ) tw(r)dr, (31)

forall t € [b, T), where constant « € (0,1]. Then, we have
t
) < B (7@ [ (=0 Ya(0) (e

X [v(t) + <E,x,1 (vcl"(zx) /bt(t - T)“lw(r)dT) - 1)],

(32)

forallt € [b,T).

Proof. The proof strategy is as in Theorem 2. [J

Owing to the aforementioned results, here we state two propositions that seem quite adequate in
their form and can be proved in the preceding strategies.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Proposition 1. Let u € R> be continuous on the interval [b, T), whereb € Rand b < T < co. Let w € Rxg
be continuous on the interval [b, T). Let v € R be continuous, bounded, and non-decreasing on [b, T), and
suppose that g € R is continuous on [b, T) that obeys the integral inequality

u(t) <o(t) + A/bt(t — )" g(t)u(t)dt + /bt(t — )" w(1)dr, (33)

forall t € [b,T), where constants A € R, and a € (0, 1]. Then, we have
t
u(t) < Eqq (oc/\l"(oc)/ (t— b)“lg(r)dl')
b

X [v(t) + <E,x/1 (ar(a) /bt(t — T)“_lw(T)d’L') - 1)],

(34)

forallt € [b,T).

Proposition 2. Let u € R be continuous on the interval [b, T), whereb € Rand b < T < co. Let w € R>g
be continuous on the interval [b, T). Let v € R be continuous, bounded, and non-decreasing on [b, T), and
suppose that g € R is continuous on [b, T) that obeys the integral inequality

u(t) <o(t) + A/bt(t — 1) g(T)u(t)dT + /bt(t — )" w(1)dr, (35)

forall t € [b, T), where constants A > 0, and & € (0, %) U (3, 1]. Then, we have

u(t) < Egq <;/\r(21x () " %A/bt gz(T)dT)

x |v(t) + ( Ewq( aT(a) t(t—r)“*w(r)dr -1),
J,

(36)

forallt € [b,T).

Remark 1. The new Theorems 1- 7 develop some meaningful bounds to the unknown solution u(t) associated
with them. The proofs to these theorems are somewhat analogous to previous works detailed in [7,17]. However,
proving these theorems by means of any new different methods might bring good understanding; it remains an
open exercise.

4. Global Dynamics of Fractional Order Systems

This section’s goal is to give some promising applications of the generalized Gronwall inequality
that have been established in the previous section. First of all, some typical special inequalities enable
new ways to understand basic Lyapunov theorems for fractional order systems. Secondly, they can be
useful to predict sharp bounds to solutions of fractional order systems.

The Subsection 4.1 develops some novel fractional Lyapunov theorems that use the knowledge of
Lyapunov functions and associated fractional Lyapunov differential inequalities for the system (4).
The Subsection 4.2 establishes results where the solutions of (4) can at most be majorized by some
reasonable theoretical bounds.

4.1. Some Modified Elementary Lyapunov Theorems

In this subsection we give some new global asymptotic stability theorems for the non-autonomous
fractional order system (4). We follow the ideas of basic fractional Lyapunov theory recently modern-
ized in some works [7,17].

The main ingredients to our results are Lyapunov functions, fractional Lyapunov differential
inequalities, and some reasonable conditions attached to them.
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Theorem 8. Suppose that V : [b,00) x R" — R isa C! function and satisfies

Ay kqllullP < V(tu) < ko(t)||\u||9, where kq, p,q are some positive constants and k : [b,c0) — R isa
continuous function,
Aj. along system (4) non-trivial solution u(t):

DLV ut)) < pV(tu(t) - g(OV(Eu(t)) +w(t), ¥t > b, Yu e R {0}, (37)

where

i) fractional order p € (0,1], and some constant y > 0,

ii)  the function § € R is continuous on [b, c0) and satisfies g(t) > A > 0 forall t € [b, 00) with
some constant A,

iii)  the function w € Rxq is continuous on [b, 00) and obeys fht(t — 1) lw(t)dt — 0as t — .

Then, the system (4) is globally asymptotically stable if the condition y < A is satisfied.

Proof. We modify the inequality (37) in A, and consider an equation

CDbﬁ,tV(t, u(t)) = uV(tu(t)) —g(t)V(t,u(t)) +w(t) — N(t) 38)
)=V

V (b, u(b)

where N is non-negative continuous function on [b, ). We use Riemann-Liouville integral on (38),
and obtain

V(tu(t)) = V(b,u(b)) + %ﬁ) /bt(t — )P V(r,u(t))dr

AR T )

TP
L L | / ‘(= 1IN (T)dT.

t —
+ ﬁﬁ)/b (If—'L')/3 1w(T)dT— W

Since N is non-negative and g(t) > A > O for all t € [b, ), it follows from (39) that

V(tu(t)) < V(b,u(b)) + %ﬁ) /btu P (1, u(r))dt

A t — Pt u(t 1 t — ) Yw(t)dr
F(ﬁ)/ba ) V<,<>>dr+r(ﬁ)/b<t )f lw(t)dr.

(40)

By using Corollary 2 in (40), one gets

V(u(t) < g (0 - M)t~ )F) [V(b,u(b)) + (Eﬁ,l (/3 /bt(t - T)ﬁlw(’r)dr> _ 1)} (41)
Then from A; and (41), we estimate
lu(t)] < c* [klllsﬁ,l(—()\ —w)(t-b)F) {kz(b)llu(b)llq + (Eﬁ,l <f5 /ht(t - T)ﬁlw(ﬂdf) - 1)” %,
(42)

for all t > b, where constant C* > 1. Whenever A > 1, Eg1 (—()\ —u)(t— b)ﬁ) — 0ast — oo (see,
e.g., Theorem 1.6 of [1]), and by noticing fbt(t —7)Plw(t)dt — 0 as t — oo, it follows from (42) that

lim u(t) = 0. (43)

t—o0
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Thus, the system (4) should be globally asymptotically stable provided the condition A > y must hold.
This completes the proof. [

Theorem 9. Suppose that V : [b,00) x R" — R isa C! function and satisfies

Ay aq(fJul]) < V(tu) < ko(t)ag(||ul]), where aq(-), a(-) belongs to class-Ke and ky : [b,00) — Ry isa
continuous,
Ay. along system (4) non-trivial solution u(t):

D}V (tu(t)) < ~g(E)V(t,u(t)) +w(t), Vi > b, Vu € R" {0}, 4

where

i) fractional order B € (0,1],

ii)  the function ¢ € Rxq is continuous on [b, co) and satisfies fbt(t —7)P1g(s)ds — oo s t — oo,
ifi)  the function w € Rxq is continuous on [b, o) and satisfies fbt(t — T)ﬁilw(T)dT — 0ast — oo.

Then, the system (4) is globally asymptotically stable.
Proof. In view of Ay, we define an initial value problem

DYVt u(t)) = —g(HV(tu(t)) + w(t) — N(t)

(45)
V(b,u(b)) =V,

where N is non-negative continuous function on [b, o). Taking Riemann-Liouville integral on (45), we
obtain

1

V(t,u(t)) =V(b,u(b)) — ] /bt(t — T)'B_lg(’l’)V(’l’,u(T))dT

1 tW o 46)
—1 -1
+ 8 /b (t—1)F " w(t)dt — B /b (t— )P IN(1)dr.
Since N is non-negative, we have from (46) that
V(tu(t) < V(b u(b)) — o [ (= 0P @V u(o)dr
T )
+ 8 /b (t — )P w(t)dr.

Now we employ Theorem 6 to inequality (47), and establish
t t
V(t,u(t)) < E,Bxl <_'B/b (t — T)'B_lg(’r)d’l.'> {V(b,u(b)) + <Eﬂ,l <,B/b (t — T)‘B_l’w(’[)d’l'> — 1>:| .
(48)

As a result, from A; and (48), we get
g 1
()] < C* |Ega (=5 [ (1= 0 (e Jia(bma( (o) )|

L CE, (_ e T)ﬁlg(r)dr) [(Em (ﬁ [o- T)ﬂlwumr) - 1)}

for all t > b, where constant C* > 1. Letting t — oo, and using fbt(t — T)ﬁ_lg(T)dT — oo ast — oo,
and fht(t - T)ﬁflw(’f)d”r — 0 as t — oo, it follows from (49) that

(49)

lim u(t) = 0. (50)

t—o0

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202604.0720.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 10 April 2026

12 of 18

Thus, the system (4) should be globally asymptotically stable. This completes the proof. [

Theorem 10. Suppose that V' : [b,00) x R" — Rsqisa C' function and satisfies

Aq aq(fJul]) < V(tu) < ka(H)ag(||ul]), where aq(-), a(-) belongs to class-Ke and ky : [b,00) — Ry isa
continuous,
Ay. along system (4) non-trivial solution u(t):

DY V(1 u(t)) < ~ATg(DV(tu(h) + w(t), Vi > b, Yu € R" ~ {0}, 1)

where

i) fractional order B € (0,1], and some constant A* > 0,

ii)  the function § € Rxq is non-constant, continuous, and decreasing on [b,o0), and satisfies
fbtg(s)ds — o0ast — oo,

iii)  the function w € Rx is continuous on [b, c0) and satisfies fbt(t — 1) Yw(t)dT — 0as t — oo,

Then, the system (4) is globally asymptotically stable.
Proof. By following the proof of Theorem 9 and using Theorem 3, one obtains the result. [

Theorem 11. Suppose that V : [b,00) x R" — Rsq isa C! function and satisfies

A g (flull) < V(tu) < kp(t)ap(||ul|), where ay(-), az(-) belongs to class-Keo and ky : [b,00) — R isa
continuous,
Aj. along system (4) non-trivial solution u(t):

DL V(t,u(t)) < g1(H)V(Lu(h) — ga() V(L u(h)) +w(t), V> b, Yu e R" — {0},  (52)

where

i) fractional order B € (0,1],

ii)  the functions g1, 82 € Rxq are continuous on [b, co) and fbt(t — )P 1 (g1(s) — ga(s))ds — —co
ast — oo,

iii)  the function w € Rx is continuous on [b, co) and satisfies fht(t — )P lw(t)dt = 0ast — oo,

Then, the system (4) is globally asymptotically stable.
Proof. By using Theorem 7, one obtains the result. [

Remark 2. The proofs of Theorem 8, Theorem 9, and Theorem 11 are new in the sense of novel applications of
some of our introduced generalized Gronwall inequalities. Proving these theorems by means of any different
method remains a challenging exercise problem.

4.2. Some growth and decay bounds

In this subsection we establish new growth and decay bounds of solutions of system (4). Our
results improve recent results of growth-decay estimates found in work [17].

Theorem 12. Suppose that V : [b,00) x R" — R isa C! function and satisfies

A g (lu]) < V(tu) < kp(t)ap(||ul|), where ay(-), az(-) belongs to class-Keo and ky : [b,00) — R isa
continuous,
Ay. along system (4) non-trivial solution u(t):

CDb’S/tV(t,u(t)) < —g(O)V(t,u(t)) +w(t), Vt > b, Yu € R" — {0}, (53)

where B € (0,1], g € R>q is continuous on [b, c0), and w € R is continuous on [b, o).
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Then, the solution u(t) of system (4) obey the bound
t
(1) < C* |Ega (=5 [ (1= 0 g(oie Jra(bma( (o) )|
; ; (54)
+c#E/5,1<—/3/ (t—r)f‘—lg(r)dr) KEM (,B/b (t—r)f‘—lw(r)dr> —1”,
b
forall t > b, where constant ct>1.
Proof. First, we modify the inequality in A; and construct an equation
DYVt u(t)) = —g(HV(t u(t)) + w(t) — N(t) -

V(b,u(b)) =V,

where N is non-negative continuous function on [b, c0). Then, we apply Riemann-Liouville integral on

(55) and obtain
V(t,u(t)) = V(b,u(b)) F(lﬁ) /bt(t — )P e(n)V(t, u(7))dt -
+ r(lﬁ) /bt(t bt — r(l,s)/h (t—0)FIN(t)dr
Since N is non-negative, the expression (56) gives
Vltu(0) < Vibu(b) — g [ (1= 0 gV u(e)ar -
+ r(lﬁ) /h (¢ = 0)F ().

Subsequently, by invoking Theorem 6 to inequality (57), one obtains
t 1 t -1
V(t,u(t)) < Ega <—ﬁ/h (t—T1)P g(T)dT) {V(b,u(b)) + <E/_0,,1 <ﬁ/h (t—T1)P w(r)dT) - 1>]
(58)

As a result, we can obtain from A and (58) that
# g p-1
()] < C* |Ega (=5 [ (1= 0 (e Jia(bma( (o) )|

+C*Eg, (‘5 /bt(f - T)ﬁlg(ﬂdT) KEﬁ’l (ﬁ /bt(t N T)ﬁlw(T)dT> B 1”

for all + > b, where constant C* > 1. This closes the proof. O

(59)

Theorem 13. Suppose that V : [b,00) x R" — Rsq isa C' function and satisfies

Ar. g (flull) < V(tu) < ko(t)ap(||ull), where ay(-), az(-) belongs to class-Ke and ky : [b,00) — Ry isa
continuous,

Aj. along system (4) non-trivial solution u(t):

DL V(tu(t)) < g(H)V(Lu(t)) +w(t), Vi > b, Yu € R" - {0}, (60)

where B € (0,1], g € R>q is continuous on [b, c0), and w € R is continuous on [b, o).
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Then, the solution u(t) of system (4) obey the bound
o ()1 < €| Ega (B [ (1= 0 g(ie izl (o))

T C'Egy (5 /bt(t _ T)ﬂ—lg(f)dT> [(Eﬁ,l (/3 /bt(t - r)ﬁ—lw(r)dr) - 1>}

forall t > b, where constant ct>1.

(61)

Proof. By using Theorem 5, one obtains the result. [

Theorem 14. Suppose that V : [b,00) x R" — Rsq isa C! function and satisfies

Ar. g (lul]) < V(tu) < ko(t)ap(||ull), where ay(-), az() belongs to class-Ke and ky : [b,00) — Ry isa
continuous,
Aj. along system (4) non-trivial solution u(t):

CDZtV(t,u(t)) <g1()V(tu(t)) — gt)V(tu(t)) +w(t), Vt > b, Yu e R" — {0}, (62)

where B € (0,1], g1, §2 € R> are continuous on [b, o), and w € R is continuous on [b, c0).
Then, the solution u(t) of system (4) obey the bound

o ([u0)]) < g (B [ (¢ = fsr(0) — a0l a(bha(e) )
+ C#Eﬁ,1 (ﬁ /bt(t — T)‘B_l[gl(’() — gz(T)}dT> [(Eﬁ,l ([3 /bt(t — T)ﬁ—lw('c)d’r) — 1)],
(63)
forall t > b, where constant ct>1.
Proof. By using Theorem 7, one obtains the result. [J

Remark 3. It may be noted that proving the obtained sharp bounds (53) of Theorem 12, (60) of Theorem 13,
and (62) of Theorem 14 by means of any different methods remains an open problem.

5. Applications

This section provides some peculiar examples of fractional order systems to illustrate a few
applicable results.

Example 1. Let us consider the non-autonomous linear fractional order system
D ju(t) = —Eqq (t*)u(t) (64)
where a € (1,1), and u(0) = up € R.

Here we use the Lyapunov function V(t,u) = u?. Set = a. Then, by using Lemma 1 of [10]
along equation (64), we obtain
Ds V(tu(t)) < 2u(t)°Df u(t)

65
- —ZEﬁll(tﬁ)V(t,u(t)), Vt>0, u #0. (©)
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Denote by g(t) = 2Eg 1 (f) and w(t) = 0. Observe that

/Ot(t — 1) lg(n)dr =2 /Ot(t — T)'g_lEﬁJ (T’S)d'r

(66)
— 2T (B) P 'Epp (tf‘).

Since fot(t —1)P1¢(1)dT — 0 as t — oo, and fot(t — 1) Yw(t)dT — 0 as t — oo, by Theorem 9 the

system (64) should be globally asymptotically stable.

Remark 4. It may be noted that using Theorem 1 of [9], one can predict global asymptotic stability of the zero
solution of equation (64). In contrast to Theorem 1 of [9], our new Theorem 9 gives a more general form to
predict global asymptotic stability of (64).

Example 2. Let us consider the non-autonomous linear fractional order system

1

D) =~

u(t) (67)
whereb € R, a € (0,1), and u(b) = u; € R.

Take the Lyapunov function V(t,u) = u?. Set B = a. Then, by using Lemma 1 of [10] along
equation (67), one has

Dy V(t,u(t)) < 2u(t)°Df u(t)
2 V(tu(t)), Ve >0b 0 (©9
= igop ) Vi b £
Denote by g(t) = 1, AT = 2and w(t) = 0. Since fbt g(t)dt =log(1+t—b) = cast — oo, and
fbt (t — )P 'w(T)dT — 0 as t — oo, by Theorem 10 the system (67) should be globally asymptotically
stable.

Remark 5. It may be noted that the literature results [8,9,11-14] seem not effective for equation (67) to predict
global asymptotic stability of the zero solution as t — oo. In contrast, our new Theorem 10 gives a new
mathematical tool to predict global asymptotic stability of (67).

In Example 3, we have considered an autonomous nonlinear fractional order system (69), and
it is demonstrated that by using our new result, Theorem 9 is effective to predict global asymptotic
stability of such a system.

Example 3. Let u = (uy, uz)T € R? and consider the autonomous fractional order system

Dy jur (1) = —4u (1) + ua(t) + sin(u (1))

69
CD?,t“Z(f) = up(t) — 4up(t) +sin(ux(t)) )

whereb € R, & € (0,1) and u(b) = (u1(b), uz(b))" € R2.
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First, we let the Lyapunov function V(t,u) = u? + u3. Set B = a. Then, by using Lemma 1 of [10]
along equation (69), one gets

DY V(t,u(t)) < 21 (8D uy (1) + 2uz(H) D} u
= —8ud(t) + 2uq (H)up(t) + 2uq (t
+ 2up (£)ug (t) — 8u3(t) + 2ua(t) sin(u
—8u3 (t) 4 duq (H)ua(t) — 8ua(t) 4 2u3 (t) 4 2us(t)
—4V(t,u(t)), Yt > b, Yu € R — {(0,0)T}.

t)
sin(uy(t))

a(
) sin(

)sin(u2(t)) (70)
)

<
<
Take the functions g(t) = 4 and w(t) = 0. Since fbt(t — )P le(t) = %(t —b)P = coast — oo, and

fbt(t - T)ﬁ 71w(T)dT — 0 as t — oo, clearly, the assumptions A; and A, of Theorem 9 are satisfied.
Thus, we conclude that the system (69) should be globally asymptotically stable.

In Example 4, one of our new results has been utilized to establish sharp bounds to solutions of
equation (71).

Example 4. Let « € (0,1), let b € R, and let -y € R.. Consider the non-autonomous fractional order system

D8 u(t) = 2u(t) — (3 +(t— b)S)u(t) +(t—b)
u(b) = uy,.

(71)

Take the Lyapunov function V(t,u) = u?. Observe that u* < V(t,u) < 2u?. By using Lemma 2.1 of
[9] along system (71) solution u(t), we obtain

D V(4 u(t)) < 2u(t)“Dp u(t)
= a(t) = 2(3+ (¢ = 0)° ) ud(t) +2u(t)(t — )"
§4u2(t)—2<3+(t )5)u2(t)+u(t)+( —b)>
= 5V(t u(t)) — [6+2(t—b)5]w u(t)) + (t— )%, Vt > b, Yu € R — {0}.

(72)

Set = a, g1(t) = 5, ga(t) = 6+2(t = b)° and w(t) = (¢ — b)". Take my (Ju) = L2, ax(Ju]) = 212
and ky(t) = 1. Observe that Ay and Ay of Theorem 14 holds, and one has

~u2(t) < ct {E,X,l <o¢ /b ‘(= oyt [5-6-2(—1)7] dr) 2u2(b)}
+C*E, (u /bt(t — 05— 6-2(r—b)’] dT) 73)

X [(Eml <¢x /bt(t — ) - b)zydT> - 1) ] ,

forall t > b, where constant C* > 1. Thus, we have the estimate for the solution of (71):

02(1) <40 By (-0 = 2RO -yl

20 (—(0-0)" = 2 -y 74)
al ()T (27 +1) "
<Jra (R ) <1,

forall t > b, where constant ct>1.
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6. Conclusions

Many different versions of fractional generalized Gronwall inequalities are widely not known
in the literature. Is it possible to formulate the right kinds of many such inequalities? This paper
discusses some new formulations of fractional generalized Gronwall inequalities containing both
non-positive and non-negative singular kernels that were not available in the literature previously.
Some typical inequalities have been used in the rigorous developments of new fractional Lyapunov
theorems that concern the global asymptotic stability of non-autonomous fractional order systems. The
new Lyapunov theorems give novel sufficient conditions that are linked with the integral coefficient
of the fractional Lyapunov differential inequality attached to them. The ideas of Lyapunov functions
and some inequalities have further been used to establish bounds of non-autonomous fractional order
systems. To close this discussion, we have provided some examples for the novel importance of special
results.
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