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Abstract

Suitable forecasting of streamflow plays a fundamental role in the sustainable management of water
resources. This is especially important in regions with high hydroclimatic variability, such as Colombia.
Reliable predictions of water availability are essential to support decision-making on water allocation,
risk mitigation, and the long-term resilience of supply systems, including urban aqueduct services.
However, traditional deterministic models often require extensive parameterization. They may lack
flexibility. Data-driven approaches such as Long Short-Term Memory networks typically fail to provide
meaningful uncertainty quantification. In this work, we introduce the Chained Correlated Gaussian
Process. This is a scalable probabilistic framework for jointly forecasting multiple hydrological time
series. The proposed model represents likelihood parameters through latent Gaussian Processes.
This enables the use of non-Gaussian likelihoods to enforce physical constraints on the outputs. In
particular, a Gamma likelihood is integrated into a Linear Model of Coregionalization. This approach
captures interdependencies among multiple time series while ensuring non-negativity. To achieve
computational scalability, we employ a variational inference framework with shared inducing points.
This reduces computational complexity from cubic to linear with respect to the number of observations.
Additionally, a hybrid optimization strategy is adopted. It combines Adam and Natural Gradient
methods to improve numerical stability and avoid poor local optima. The proposed methodology is
validated using twelve years of daily observations from 23 reservoirs in Colombia. These reservoirs
serve as proxies for water availability dynamics within interconnected resource systems. Experimental
results demonstrate that the ChdGP framework consistently outperforms baseline models across
multiple forecasting horizons. The Gamma-likelihood configuration shows superior performance.
It provides physically consistent predictions, improves uncertainty quantification, and effectively
captures asymmetric behaviors and extreme hydrological events. Performance evaluation based
on the Negative Log Predictive Density metric confirms the robustness of the proposed approach
under non-Gaussian conditions. The results highlight the potential of the proposed framework as a
reliable tool for probabilistic forecasting and risk-aware decision-making in sustainable water resource
management. It offers a flexible, scalable methodology for modeling complex hydrological systems
under uncertainty.

Keywords: sustainable water management; hydrological forecasting; Gaussian processes; uncertainty
quantification; hydroclimatic variability

1. Introduction

Water constitutes the most fundamental natural resource as it sustains life, ecosystems, and human
societies. As global population growth and development continue, the demand for water has increased
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significantly, drawing international attention to the sustainable management of hydrological resources
[1]. The excessive exploitation of these resources has led to multiple challenges that hinder economic
development and increase environmental concerns, such as declining river flows. Consequently,
advancing understanding of hydrological processes is now a key focus in natural resource research, as
it enhances the ability to anticipate extreme events such as droughts and periods of intense rainfall [2].
Moreover, changes in climate patterns have increased the temporal and spatial variability of water
resources, making their behavior increasingly complex [3].

In the Colombian context, a country characterized by high hydrological endowment, the real
challenge is no longer the availability of water, but its sustainable and efficient management under con-
ditions of pronounced hydroclimatic variability [4]. Recent studies have highlighted that the increasing
frequency of extreme events—such as prolonged droughts and intense precipitation—combined with
anthropogenic pressures, significantly affects the reliability of municipal water supply systems and
ecosystem services [5,6]. Consequently, there is a growing need to transition from traditional determin-
istic planning approaches toward data-driven and probabilistic frameworks that explicitly incorporate
uncertainty and variability in hydrological processes.

Initial approaches to forecasting water resources rely on physically based deterministic models
that describe natural laws governing hydrological time series. Despite their theoretical foundation,
these models pose major challenges, as obtaining reliable results demands substantial effort and
detailed knowledge of numerous system parameters, often leading to restricted practical applicabil-
ity [7,8]. An alternative strategy employs statistical and machine learning techniques that are entirely
data-driven, allowing the capture of complex patterns directly from observations [9]. Within this scope,
autoregressive (AR) models have been extensively applied; however, they are frequently unable to
represent the stochastic and nonlinear behavior characteristic of water resources [10].

To address these limitations, Artificial Neural Networks (ANNs) have been widely adopted in
hydrological studies due to their ability to model nonlinear relationships. Nevertheless, ANNs present
several limitations, including overfitting, sensitivity to local minima, and issues related to vanishing
and exploding gradients during training [11]. Long Short-Term Memory (LSTM) networks are among
the most widely recognized neural architectures for time series modeling, as they are specifically
developed to process sequential data. In particular, LSTMs effectively address the vanishing gradient
problem inherent in standard recurrent architectures [12-14]. Recent research has demonstrated
the effectiveness of LSTM-based recurrent neural network for monthly low-flow prediction at the
Basantapur station in India [13] and an alternative methodology was presented in [12], where a
wavelet transform was first used to filter noise and remove interfering components from hydrological
time series. Despite their flexibility, a key limitation of these neural approaches is their inability
to provide information about predictive uncertainty [15]. In practical applications, understanding
the level of confidence associated with a forecast is essential for informed decision-making and risk
management [16].

Gaussian Processes (GPs) offer a robust stochastic modeling alternative by providing full pre-
dictive distributions rather than single-point estimates [17]. By linking observations to multivariate
normal distributions, GPs effectively capture the random nature and intrinsic non-linearity of hydro-
logical processes [18,19]. The work reported in [18] assessed the effectiveness of several approaches for
daily water resource time series forecasting, including Gaussian Process models. The results under-
scored the capability of GPs to account for data noise and represent nonlinear temporal dynamics. In
watershed studies [20] introduced a new method for quantifying uncertainty, employing Gaussian
Processes within a Bayesian sensitivity analysis framework. The main goal of this analysis was to
detect and localize the factors that most strongly contribute to model uncertainty. Furthermore, hybrid
models integrating LSTMs with GPs have been proposed to preserve nonparametric probabilistic
characteristics. Within the Colombian context, the study presented in [21] applied a SARIMA model
to forecast monthly precipitation. The findings are particularly significant, as they illustrate how
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such predictions can support a wide range of hydrological analyses and contribute to effective water
resource management.

While Gaussian Processes offer strong probabilistic foundations, many real-world hydrological
applications require the simultaneous forecasting of multiple correlated time series, a setting commonly
referred to as multi-task or multi-output learning. This problem can be addressed by extending GP
frameworks to model multiple outputs jointly, thereby explicitly capturing inter-task dependencies.
A widely adopted approach relies on collections of latent GPs combined through coregionalization
matrices, commonly known as separable kernel sum (SoS) models [22]. Although these models are
highly interpretable, their application in hydrology is often hindered by rapid parameter growth as
the number of tasks increases, leading to overparameterization and significant challenges in model
estimation and validation [23]. Even with mitigation strategies such as variational inference [24] or
low-rank approximations, computational complexity typically scales cubically with the number of
tasks, limiting practical applicability in highly expressive settings [25]. Moreover, existing multi-output
GP models, including Linear Models of Coregionalization (LMCGP) [25], may assign predictive mass
to negative values, violating the inherent non-negativity constraint of streamflow data [26].

This paper presents the Chained Correlated Gaussian Process (ChdGP) as a scalable, probabilistic
model for the joint forecasting of multiple hydrological time series in Colombia. Unlike traditional
GP frameworks, the proposed approach represents likelihood parameters through latent processes,
enabling the use of non-Gaussian likelihoods to enforce non-negativity in predictions. Additionally;,
we employ a hybrid optimization strategy that combines Adam and Natural Gradient (NG) methods
to enhance stability and avoid poor local optima in variational inference. The proposed model is
validated using data from 23 strategic reservoirs, demonstrating that ChdGP effectively exploits
inter-task correlations and heteroscedastic noise the input space, significantly enhancing forecasting
accuracy and uncertainty quantification across multiple horizons.

The remainder of this paper is organized as follows. Section 2 presents the mathematical frame-
work, including the problem formulation, the multi-output Gaussian Process models, and the vari-
ational inference approach. Section 3 describes the dataset and experimental setup; and discusses
the results, highlighting the implications of probabilistic modeling for hydrological forecasting and
sustainable water resource management. Finally, Section 4 concludes the paper by summarizing the
main findings, proposing directions for future research.

2. Mathematical Framework
2.1. Problem Setting

Let v, € RP denote the vector of hydrological observations of the D outputs at time instant 7.
The proposed model uses the complete sequence of these vectors from time n — T + 1 to time n as

input to forecast the resource vector at a future time n + H. In this formulation, T corresponds to the
model order, while H indicates the forecasting horizon. Accordingly, the input vector x, is defined as:

Vi
Xy = V;l e RTP
V; —T+1
and the target output vector y, as follows:
Yn = VutH-

This formulation allows the model to effectively exploit past hydrological observations to generate
reliable forecasts of future values. Based on this approach, we construct a dataset D = {x,, y,}N_; =
{X,y} consisting of N input-output pairs, where X C X € RP represents the dimensional input
space. The target is defined as a vector-valued function, with y, € RP containing the observations of
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all outputs (tasks) corresponding to the same input x,,. Thus, y, = {v;,} 1113:1' and the complete set
of outputs is expressed asy = [y] ,y,,- -, yp] " € RPN, where each task-specific output vector d is

givenbyys = [ya1, Yaz -+ Yan]" € RY.
2.2. LMCGP for Chained GPs Regression Framework

When the output variable is subject to constraints, such as being restricted to non-negative values,
standard probabilistic models like Gaussian Processes may encounter limitations. Deterministic neural
networks can naturally enforce such restrictions by applying activation functions like the Rectified
Linear Unit at the output layer to ensure non-negative predictions. However, Gaussian Processes
require appropriate transformations of random variables in order to properly define their probability
distributions. The authors in [26] proposed a framework for handling output constraints by selecting an
appropriate distribution likelihood family, with each parameter modeled by a single-output Gaussian
Process. Additionally, to extend this formulation to multiple outputs, the method introduced in [27]
provides a way to incorporate inter-task correlations while simultaneously managing constraints for
each task.

Accordingly, we consider the outputs y, to be conditionally independent given a set of parameters
04 = [041,042, 04, d]T € RJ¢, where J; represents the number of parameters that characterize the
likelihood distribution of the d-th output. In the same manner, the complete parameter vector is
definedas @ = [8],0],---,0L]T € R/, with ] = Y7, J;.

Considering a Gaussian likelihood, we can factorize it over the training set instances. The
likelihood of observing all output realizations y given 8 can be expressed as a product of individual
likelihoods:

ply | 6) = HPYd!ﬂd 1)

Each j-th parameter of the d-th likelihood distribution 6 ; is a deterministic transformation of a
latent Gaussian Process prior realization f; ;, given by 6;; = g4,(fs;). For further detail, we define:

e f4; = [ faja fajo fd,j,N]T € RN as the vector of latent function evaluations for the j-th
parameter of likelihood associated to the d-th output, where f;;,, = fa,;(xx).

o f; = [f;irl,f;z,- - ,f;i':]d}T € RJaN as the stacked vector of all latent function evaluations of
likelihood associated to the d-th output

o f= [f]—, sz L, fB]T € RIN as the grand vector of all evaluations across all outputs.

The conditionally independent likelihood is then formulated as follows:

py|0)=p(yl|f) = HPYd|fd)—HHPydn\fdlnffdzm “fajn) )

This formulation introduces | latent parameter functions f; ;(x), each governed by a GP prior,
therefore:

f1(x) ~ GP (0, Ky(x,x)) )

with f : x — R/ representing the vector-valued function responsible for mapping the input space. If
all latent functions are assumed independent, the joint prior over f evaluated at the training inputs X

follows:
fl Kl 0 . 0
f, 0 K, --- 0
ol ~Nfo,] . ) 4)
fp 0o 0o - Kp
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Here, K; € RJaN*JaN denotes the covariance matrix associated with the parameters that charac-
terize the likelihood distribution of the d-th output. Under the assumption of independence, the grand
covariance matrix of the multi-output model, K € R/N*/N present a diagonal by block structure.
This formulation is referred to as the Independent Gaussian Process (IGP) model and is equivalent
to employing | separate single-output Gaussian Processes. Although this approach can be effective
for multi-output prediction, the main motivation for jointly learning multiple outputs is to exploit
the dependencies among them, allowing each output to inform and enhance the predictions of the
others. Such dependencies can be incorporated by introducing cross-covariance terms to replace the
zero entries in the covariance matrix, as suggested in earlier works [25,28], where proposed the Linear
Model of Coregionalization Gaussian Process (LMCGP).

Our goal is to represent f(x) with a multi-output Gaussian process that explicitly captures
correlations among the latent parameter functions f;;(x). To this end, we adopt the Linear Model of
Coregionalization Gaussian Process (LMCGP), which encodes the dependence between any pair of
latent variables fy;(x) and f i(x) through an instantaneous, time-invariant linear combination of
a set of independent Gaussian processes {uq(x)}qQ:l. Each of these processes is defined by its own
covariance function k,(x,x") and shares the same block diagonal structure specified in Equation (4).

Under this formulation, every latent process f; ; can be expressed as follows:

Q
faj(x) = Zlad,j,q”q(x) ug(x) ~ GP (0, ky(x,X)) ©)
g=

being k; the kernel function of the independent process g, government by the parameters set ®;. Due
the independency assumption cov{u,(x), uy (x') } = kq(x,x')d4,. The cross-covariance function of the
latent parameter GP f is as follows:

k(o j), ) 6 X') = cov{fa(x), fari (x')}
Q Q

=Y Y 400 gcoviug(x),uy (x')}
g=1g'=1

Q

(6)

= 2 ad,]-,qud/,j/,qkq (X, x’)
g=1
Q . )
= q; b(a a1y ka (6 X)

where b? i)y = gt encodes the interactions among the outputs models by g-th indepent
process, meanwhile, k;(x,x") mange the interaction among input space view from g-th independent
process. This kernel formulation, termed as the sum of separable kernels (SoS kernels), enables the
cross-covariance function to operate in an extended input space {1,2,--- , D} x X. Instead of a scalar

kernel function, we now have a matrix kernel function:

Q
k(x,X') =) Bgks(x,x') (7)
g=1

. DxD . . . . . _ q
with B; € R as the coregionalization matrix, with elements (Bq)(d,j),(d’,j/) =b (), ()"
The generative process can be summarized as follows. First, the latent vector f is sampled from

a multivariate normal distribution, f ~ N (0,K), where K € RIN*IN ig the covariance matrix with
elements k(g j) (4 1) (x,x’), computed in some set of inputs. Once we obtain f, we evaluate the vector
of parameters 8 = [6],0],---,0}]T. Subsequently, the output vector y = [y/,y,,---,yp]" is
generated, where each component y; is obtained by sampling the conditional distribution p(y, | 64).
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2.3. Variational Inference

The computational complexity of Gaussian Process (GP) models is dominated by the inversion of
the covariance matrix K. A common strategy to alleviate this limitation is to introduce a reduced set of
M < N inducing locations, denoted by Z. Instead of directly working with the latent processes f; ;,
the model is reformulated in terms of inducing variables associated with a set of Q independent latent
processes {uq}le. For each process uy, the corresponding inducing variables are defined as u, € RM,
containing the evaluations of u, at the inducing locations Z € RM, which are obtained from the input
space X. That is, uy = [ug(z1),ug(22), - ,uq(zp)] " € RM becomes the vector of inducing variables

for the inducing locations set and u = [uir,uzT S ,ug]—r

€ RM the grand vector of all inducing
variables across all inducing locations.

Since the joint Gaussian prior distribution can be written as p(f,u) = p(f | u)p(u), the latent
functions £, ; are conditionally independent given u. Hence, the conditional distribution is expressed

as:
D Ja D Ja T -1 T -1
f | u Hl—{ f‘71] | u ;1[—[ qN(fdr]' | Ku,(d,j)Ku,uu/ K(d,j) - Ku,(d,j)Ku,uKu,(d,j)) (8)
d=1j= =1j=

Let Ky ;) € RN*N denote the covariance matrix corresponding to the j-th latent parameter
function for the d-th output, fd,j. Additionally, Kyy € RQM*QM represents the covariance matrix
for the inducing variables at inducing locations u. Finally, K, (; ;y € ROMXN gionifies the covariance
matrix between the j-th latent parameter of the d-th output, f; ;, and the inducing variables u.

The posterior joint distribution over the latent variable f and inducing variable u takes the
following form:

p(fuly) =p(f|uwp(uly) ©)

One of the main issues of the Chained GP is that exact posterior inference is generally intractable
due to the presence of non-Gaussian likelihoods. We use variational inference to compute a lower
bound L for the marginal log-likelihood log p(y), and for approximating the joint posterior distribution
p(f,u|S) as follows:

p(fulS)~q(fu) =p(f|u)g(u) = HHP(fd,]

u) H q(ug) (10)

where q(u;) = N(uy | pg,S;) are variational distributions assumed Gaussian whose parameters
{nq, Sq}ff:l must be optimized. The lower bound L for log p(y) is obtained as follows:

log p(y log//py|f (f| u)p(u)dfdu

g [ [ w2012 (<f|)u> (W) a

> //q(f,u) log PV | f)q(f:fll)u)p(u)dfdu: c
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We can further simplify £ to obtain:
_ piy [ H)p(f [ w)p(u)
E—//q(f,u)log 206 ) dfdu
—//qfulogpy] dfdu—/q log
—/qwaHﬁ—ZHMWWMWH
q=
(12)
= Eyp{logp(y | £)} - ZKL{IJ(uq) I p(ug)}
g=1
D Q
= dzlEq(fd,l),---,q(fd,,d){logP(Yd | €41, fay,)} — Z;KL{Q(uq) | p(ug)}
= q:
Q
= 21'; 0ann) oy, OB PWan | farn -0 fajn)} *‘;KL{Q(uq) I p(ug)}

where the approximate marginal posterior for £y is q(f; ;) = [p(fa; i | W)g(u)du which have a close
form giving by

9(E) = N (a1 K0 (4 Kait Kiaj) = Ky 0 Kb (S — Kuw)Kg i a) ) (13)

withp = [uf ,u), -, yg]T and S denoting a block-diagonal matrix with blocks given by S;, and
KL{q(uy) || p(uy)} representing the Kullback-Leibler divergence between two Gaussian distributions,
with a closed form solution. The learnable parameters in our model encompass the variational
parameters {Z;, ptg, Sq };2:1, and kernel parameters {B, CDq}fle. The computational complexity of this
model is now O(JNQM?).

Now, consider a test point set X, € &. Assuming a good approximation of the variational
posterior p(u | y) =~ g(u), the posterior of latent parameter function vector at test points £, is

= [ p(E. | w(w)du. (14)

The predictive distribution for a new observation y., given the observed data y, can thus be
approximated as:

Py 1y) = [ p(ye | £)a(E)at.. (15)

which integrates over the latent function vector £, to account for its uncertainty in the prediction of y..
The optimization procedure for ChdGP relies on the estimation of several groups of parameters.
These include the kernel hyperparameters, such as characteristic lengthscales and the output scale
associated with the exponential quadratic kernel, the likelihood parameters like data noise {o%,}7_;,
and the variational distribution parameters {Z;, p;, Sq}qul. According to [29], there is a strong depen-
dency between the variational parameters and the other parameters, making the model extremely
sensitive to any changes in these variables. Additionally, since the ELBO loss function is generally
non-convey, stochastic gradient optimization methods often converge to poor local minima.

Recent studies have shown that optimization with Natural Gradient (NG) can effectively address
the challenges described above. In particular, the work presented in [30] highlights the benefits
of applying NG for variational GPs optimization, demonstrating that it can be implemented with
little additional complexity and how to combine it with the Adam optimizer , providing a hybrid
optimization framework. Following this approach, we adopt an optimization scheme in which the
variational parameters {Z, p;, Sq}ff:l are updated using Natural Gradient (NG), while the remaining
model parameters are optimized with Adam; we denote this strategy as Adam + NG. This hybrid

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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method enables optimization performance comparable to that obtained when training an exact model
using Adam alone.

2.4. Model Setup

The proposed methodology constructs the LMCGP covariance function, as defined in Equa-
tion (7),using the widely applied squared exponential kernel, shown in Equation (16). This kernel
facilitates smooth data mapping:

ko(x, X' | @4) = exp(—;(x—x’)TCqu(x—x’)> (16)

where the diagonal matrix ®; = diag{A; } bT ¢ RPT*DPT contains the length scale factors Ay € RFF
from each input dimension. Upon examining Equation (16), one might question the absence of an
output scale parameter. However, a detailed look at Equation (7) shows that the elements in the matrix
B, perform the function of rescaling the exponential term in the k; kernel.

The performance of the models is evaluated using the Negative Log Predictive Density (NLPD),
due to its flexibility in accommodating various likelihood functions, which is particularly useful when
Gaussian assumptions are not appropriate. The NLPD metric is defined as:

1

NLPD = —-log p(y« | y)

N; (17)

-1 Y log p(yn. |'y)
N n=1 '

3. Results and Discussions
3.1. Dataset Collection

The hydrological forecasting task used to validate the proposed model is based on time-series data
of streamflow contributions from 23 reservoirs in Colombia. This dataset is particularly relevant within
the context of sustainable water resource management, as streamflow dynamics reflect the availability,
variability, and regulation of water resources that ultimately support multiple uses, including potable
water supply, agriculture, and energy production. From a systemic perspective, reservoir inflows
constitute a key indicator of water availability within the water-energy nexus, enabling the analysis of
how hydroclimatic variability propagates through interconnected resource systems.

The streamflow contributions were recorded on a daily basis from 1 January 2010 to 28 February
2022, yielding a total of 4442 observations. Although these contributions originate from volumetric
hydrological processes, they are reported in kilowatt-hours (kWh) by hydroelectric operators, as this
unit directly represents the effective energy potential associated with water inflows under operational
conditions. This representation does not alter the underlying hydrological information but instead
provides a functional transformation that integrates hydraulic head, turbine efficiency, and system
constraints. Consequently, modeling streamflow in kWh allows capturing the operational relevance of
water availability, facilitating the analysis of how variability in hydrological inputs impacts resource
allocation decisions. In the context of this research, this perspective is consistent with a broader
sustainability framework, where efficient water use is evaluated not only in volumetric terms but also
in terms of its contribution to essential services within interconnected systems. The spatial distribution
of the reservoirs is shown in Figure 1, which provides geographical context for the forecasting problem.
It is worth noting that the reservoirs are primarily located along mountainous regions to take advantage
of streamflow generated by precipitation events.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Figure 1. Reservoir locations in Colombia considered in the current study.

Figure 2 illustrates the distribution of streamflow contributions for each reservoir. First, a sub-
stantial variation in streamflow levels across reservoirs can be observed, which is mainly attributed
to differences in their power generation capacities. Second, the majority of reservoirs exhibit non-
Gaussian behavior, including platykurtic distributions (e.g., reservoir C), negative skewness (reservoir
A), positive skewness (reservoir B), heavy-tailed behavior (reservoir F), and bimodal patterns (reservoir
O). These heterogeneous distributions arise from factors such as irregular rainfall events, extended
dry periods characteristic of Colombian climate conditions, and operational strategies aimed at either
conserving water or maximizing energy production. In addition, reservoir Q, which consistently
reports zero streamflow, provides a useful benchmark for evaluating forecasting performance in trivial
scenarios. For model validation, the final two years of observations are used as the testing set, while
the preceding ten years constitute the training set, resulting in N = 3554 training samples.
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Figure 2. Violin plot depicting the distribution of streamflow time-series for each reservoir within the dataset.
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3.2. Model Setup and Hyperparameter Tuning

The model setup takes into account that the time series cannot take negative values, meaning that
a zero probability must be assigned to impossible scenarios. Fortunately, the Chained GP framework
offers the possibility of using non-Gaussian likelihoods to model the data under the latent process,
termed ChdGamma. Therefore, we propose using a Gamma likelihood function, which has positive
support, as given by:

D N
p(y | £) = [T 1 Gamma(yan | a1 (fain) 8a2(faon)) (18)

d=1n=1

where the deterministic functions g;1(-) = g42(-) = In(exp(-) + 1) represent the softplus function,
ensuring positivity in the modeling of the shape and scale parameters for the Gamma likelihood.
This approach allows the model to respect the inherent non-negativity constraints of the data more
effectively, thereby providing a more accurate and realistic representation of the underlying processes.

As baseline models, the LMC and Chained GP with Gaussian likelihood (ChdNormal) are adopted.
These models consider a Gaussian likelihood function given by:

D N
p(y | ) = }—[ TTNWan | a1 (fain) 8a2(faon)) (19)

=1n=1

where the identity function g, 1(+) is used to represent the mean parameter, while the softplus function
for g;2(-) = In(exp(-) + 1) ensures the positivity of the variance parameter. The choice of the softplus
function is based on empirical findings that it better prevents overflow compared to other functions,
such as the exponential function. All models hereafter presented are optimized using the Adam +
NG strategy. Prior to training, the time series are normalized to the interval [0,1] to handle their
non-negative nature and improve numerical stability.

We tuned the hyperparameter Q for the chained GP models over a range from 1 to 46, evaluating
the performance using the NLPD metric. It is important to note that other metrics mentioned earlier
are no longer suitable due to the non-Gaussian assumption. The results of this search are shown in
Figure 3 for both the Gaussian and Gamma likelihood models. Unlike the baseline Gaussian model (in
Figure 3a), the Gamma likelihood one (in Figure 3b) turns more stable as Q increases, indicating better
data learning without overfitting. Based on such observation, we selected Q = 15 and Q = 26 as the
optimal number of independent GPs for the Gaussian and Gamma models, respectively.

—-30 - -30 -
A a
[al [al
— —
Z Z
—40 - —40 -
| | | | | | | | | |
1 10 20 30 40 Q 1 10 20 30 40 Q
(a) ChdNormal (b) ChdGamma

Figure 3. Performance metric for ChdGP Normal and Gamma models as a function of the number of independent
GPs. The plot shows the NLPD metric value against the number of independent GPs used in the model
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3.3. Performance Analysis

We compare the performance of the LMC, ChdNormal and ChdGamma models after retrained
with the newly rescaled data. Figure 4 compares the Negative Log Predictive Density (NLPD) across
various prediction horizons for the models. Firstly, the ChdNormal model consistently outperforms
the LMC model across all scenarios, which can be attributed to its enhanced ability to model data noise
using a Gaussian Process (GP). A particularly notable difference is observed at horizon H =7, likely due
to a week periodicity that the ChdNormal model can effectively exploit. In turn, the ChdGamma model
consistently exhibits a lower NLPD across all horizons, indicating superior robustness in handling
short-term and long-term predictions over LMC and ChdNormal. The Gamma likelihood, employed
in the ChdGamma model, is particularly effective for non-negative and asymmetric data, typical in
hydrological datasets, and avoids assigning predictive mass to impossible negative values, thereby
improving accuracy and confidence.

0,
—-20 - l""'ll"
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3 4 5 6 7 14 21 30
Horizon

NLPD

—_
N

Figure 4. Comparison of NLPD metric across different prediction horizons for the three contrasted models on the
testing set.

For a qualitative analysis, Figure 5 presents the forecasting results of both chained models on four
selected reservoirs using a one-day-ahead horizon (H = 1). The confidence interval corresponds to the
probability mass enclosed between the 2.5th and 97.5th percentiles, and the median of the predictive
distribution is now also plotted. On the first two selected reservoirs (first two rows) and compared
to the traditional Gaussian likelihood, ChdGamma yields narrower confidence intervals, indicating
greater confidence in the model’s predictions. Additionally, in these plots, the mean and median
predictions are very close, indicating a highly symmetric distribution concerning the mean due to the
absence of extreme peaks. On the last two reservoirs, the time series exhibit abrupt peaks. Similar
to the ChdNormal forecast, the Gamma likelihood model attempts to account for these peaks with
a wider confidence interval. However, unlike the baseline, the ChdGamma setting does not allocate
predictive distribution mass to negative values, which is more appropriate for non-negative time series.
Consequently, the mean tends to be higher than the median in the presence of peaks, as the predictive
distribution favors positive values while recovering symmetry and a narrower confidence interval
during periods without peaks.
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Figure 5. One-day-ahead forecasting on four selected reservoirs (top to bottom) using the ChdNormal (left) and

the ChdGamma (right) models (H = 1). The shaded areas represent the 95% confidence interval ranging from the

2.5th to the 97.5th percentile of the model’s predictions. The mean and median of the predictive distribution are

depicted in colored and black continuous lines, respectively.

4. Concluding Remarks and Future Work

This work introduces the Chained Correlated Gaussian Process (ChdGP) model, which models
likelihood parameters via GPs. This approach offers greater flexibility and enables the use of non-

Gaussian likelihood functions to account for the natural constraints on the outputs, in this particular

case, streamflow levels. The results of this study demonstrate that the proposed ChdGP with a Gamma
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likelihood constitutes an advancement in the probabilistic modeling of hydrological time series,
particularly in contexts characterized by high variability, nonlinearity, and structural constraints, such
as non-negativity constraints. Beyond the improvements in predictive accuracy, the main contribution
of this work lies in its ability to provide a coherent stochastic representation of water availability
dynamics, which is essential for decision-making under uncertainty in water resource systems.

From a methodological perspective, the transition from deterministic, point-based forecasting to
fully probabilistic frameworks represents a critical step toward addressing the inherent uncertainty of
hydrological processes. The superior performance of the ChdGP model, especially when equipped
with the Gamma likelihood, confirms that explicitly incorporating distributional constraints and het-
eroscedasticity yields more realistic and physically consistent predictions. This is particularly relevant
in hydrological systems, where extreme events such as peak inflows and drought periods play a
disproportionate role in system reliability and risk management. As shown in the experimental results,
the proposed model dynamically adapts its predictive variance, widening confidence intervals during
high-variability periods while maintaining sharp estimates under stable conditions, thereby provid-
ing meaningful uncertainty quantification. A key insight of this work is the relevance of modeling
interdependencies across multiple hydrological series. Thanks to the multi-output structure in the
Linear Model of Coregionalization, the proposed framework captures shared and task-specific patterns
across reservoirs, improving forecasting performance across all horizons. This finding is particularly
important in the Colombian context, where hydrological systems are spatially interconnected and
influenced by common climatic drivers. Consequently, joint modeling not only enhances predictive
accuracy but also provides a more systemic understanding of water dynamics, which is essential for
integrated resource management.

From an application standpoint, the ChdGamma model’s ability to generate full predictive
distributions opens new opportunities for risk-aware decision-making. For instance, probabilistic
forecasts can be directly integrated into optimization models for reservoir operation, early warning
systems, and demand management strategies in urban water supply systems. This is particularly
relevant in the context of increasing hydroclimatic variability, where traditional deterministic forecasts
fail to capture the range of possible scenarios and may lead to suboptimal or vulnerable decisions.
Although provided in energy units (kWh), the dataset fundamentally represents transformations of
water inflows within the water—energy nexus. Therefore, the proposed modeling approach transcends
its immediate application in hydropower forecasting and can be interpreted as a proxy for water
availability dynamics. In this sense, the results are directly aligned with the broader objective of
promoting sustainable water resource management, as established in the underlying research project.
Reliable forecasting of hydrological inputs enables more efficient allocation of water across competing
uses, including potable water supply systems, where variability in source availability directly affects
service continuity, infrastructure operation, and long-term planning. As highlighted in the manuscript,
reservoir inflows encapsulate the combined effects of climatic variability, watershed processes, and
operational decisions, making them a valuable indicator of systemic pressures on water resources.

Future research should focus on extending the proposed framework toward integrated water
management applications. In particular, coupling probabilistic hydrological forecasts with exoge-
nous variables such as precipitation, water demand, and large-scale climate indices could further
enhance predictive performance and interpretability, enabling the identification of consumption pat-
terns and the design of adaptive allocation strategies under uncertainty. Additionally, integrating
socio-environmental variables and alternative distributions or hierarchical likelihood structures for cat-
egorical data could improve the representation of extreme events and multimodal behaviors observed
in some reservoirs, while allowing identification and classification of sustainable consumption profiles.
Finally, deploying the proposed methodology within decision-support systems could facilitate its
practical adoption by water utilities and policymakers, contributing to the development of resilient
and sustainable water management strategies in Colombia and similar contexts.
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