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Abstract

This work presents a distributed optimal control problem for steady-state heat conduction in a system
made up of two solids in thermal contact, with heat flux continuity and a temperature jump at the
interface. The control affects the system’s energy source. The existence and uniqueness of optimal
control are established, and the corresponding optimality conditions are derived. Additionally, it is
shown that optimal control can be considered a fixed point of a well-defined operator. Moreover, an
iterative algorithm is introduced to approximate the solution to the optimal control problem, which
converges regardless of the initial data. Finally, an explicit solution related to one-dimensional case in
Cartesian coordinates is given.
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optimality condition; convergence algorithm

MSC: 35]20; 35]57; 35]87; 49]20; 49]40; 49K20

1. Introduction

In this paper, we examine a distributed optimal control problem related to steady-state heat
conduction in a body S, consisting of two solids S; and S, with thermal contact defined by the
continuity of heat fluxes and a temperature jump at the interface between the two solids.

Following [1], we introduce the following domain in R":

QO =0,UQy, f)lﬂ(o)z:@, ﬁlﬂﬁ2:1"0, M
1
00 =T1UTlp, 90 =T1UTl,, 90y =TrUTy,

where (), ();, 9Q), and d(); denote the domains, the boundary of the body S, and the solid S;, respectively.
In particular, I'y denotes the interface shared by both solids (see Figure 1).

The phenomenon of steady heat transfer between solids S; and S; is described by the following
equations and conditions:

—K1 Aul =& in er (2)
—K2 Auz = in Qz. (3)
u; =0 on I, 4)
up =0 on TI'p. 5)
ou
R(uz—ul) :KlT; on ro, (6)
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aul - auz
Klﬁ = KZW on I, ()

where u; denote the temperature in ();, g; are source terms and x; € R™ represents the thermal
conductivity for the solid S; (i = 1,2). We note that, condition (4) and condition (5) indicate that the
temperature is zero at the boundary of the entire body. Condition (6) describes the temperature jump
at the contact interface, which is proportional to the fluxes, and R > 0 corresponds to the resistance at
the interface I'y. Condition (7) represents the equality of heat fluxes across the same interface. Here, n
denotes the unit normal vector to (); oriented toward ().

Ulr, =0 Uz|r, =0

Figure 1. General scheme of the contact problem.

Steady-state heat conduction and mass transfer problems in solids in contact have been exten-
sively studied in recent years [2-6] and this is due to their direct applications in various fields of
science, engineering, and industry. For example, studies cover topics such as brain tumor growth [7],
microelectronic analysis [8], thermal conduction in composite materials [9], drug release in stents [10],
skin permeability studies [11], moisture analysis in composite tissues [12], contamination determi-
nation in porous media [13,14], greenhouse gas emission analysis [15], lithium-ion cell analysis [16],
innovations in wool cleaning techniques [17], and heat conduction through skin analysis [18], among
others.

A variety of mathematical methods have been used to study steady-state heat conduction and
mass transfer problems in solids in contact [19-26]. A review of heat and mass transfer in multilayer
materials and the mathematical techniques used can be found in [9,23,27]. Recently, in [1], the varia-
tional method has been used to obtain existence results of solutions and the continuous dependence of
the data for the problem (2)-(7).

We examine the following functional spaces, along with bilinear and linear forms:

Q=1*Ty), H;=L*Qy), W;=H (), 8)

V= {veWi/v Ir,= 0}, i=1,2, 9)
a;: W; x W; — R, such that

a,-(ui, "01‘) = K /Q Vu;-Voydx, Yu;,v;eW, (10)

ngl(v):/alglvdx—/rofvds, VoeW,

(11)
ngz(v) = /ngzvdx+/rofvd5, VoeW,,
where f is defined by [1]:
. N au1 . auz
fro_)le__KlW__KZW Onro, (12)

with u; in Q;, (i = 1,2) such that u; satisfies conditions (2), (4), (12) while u, satisfies conditions (3),
(5), (12), respectively, for given f on I'y.
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The elliptic variational equality for the problem (2), (4), and (12) is given by
uy € Vq @ ay(ug,v) = Ly, (v), YveW (13)
and we denote by ;. the unique solution of the elliptic variational equality (13) for each g1 € Hj,
[28,29].
The elliptic variational equality for the problem (3), (5), and (12) is given by
uy € Vo i ap(up,v) = Lo, (v), YoeW (14)
and we denote by us, the unique solution of the elliptic variational equality (14) for each g, € Hy,

[28,29].
By classical results [28,30,31], it is known that

[villg < Hf)’OQiHHUiHWi/ Vo, €V, i=1,2, (15)

where 7, is the trace operator of ); on 7o, and there exists A; > 0 (i = 1,2) such that

/Q Vo Vodx > Aiflo|3, Vo€V, (16)
and then
a;(v,v) > K; /\i|\v||%vi, Yo e V. (17)
Theorem 1. The expression
1
R <R, = 3 , (18)
2
oo, 7001
Kl/\l Kz/\z

provides a sufficient condition for the conduction problem (2)-(7) to admit a unique solution.

Proof. See[1]. O

Now, let ¢ = (¢1,82) € H = Hj x Hj be the control variable for the functional | : H — Rar
given by:

J(g) = (81, 82) 19)
1 1 M M, 19
= 5l —zg |3, + 52, — 2|3, + TII&II%1 + 7llgzllé2

where Uiy, and u, g, are the unique solutions of the problems (13) and (14), respectively, z;, € H; for
i =1,2is given, and M; for i = 1,2 is a positive constant.
Then, we can formulate the following optimal control problem [32,33]

Find g€ H suchthat J(3) = miIr{‘l J(g)- (20)
g€
We consider the scalar product on H as follows,

(&M n = ((81,82), (h,h2))m == (g1, h1) 1, + (82, h2) 1y,

(21)
Vg = (81,82), h = (h1,ha) € H
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and the corresponding norm on H as follows,
l1gllm = 11(81,82) |11 == \/||g1||%{1 +lgllf,,  Ve=(s1.82) €H (22)
which is equivalent to the norm,
gl = 11(81,82)111 == lI81lm; + 182l |, (23)
since we have
gl < V2lIglln < v2liglh. (24)
Similarly, we define the scalar product and norm in the space W:
(w,0)w = ((u1,u2), (v1,02))w := (ullvl)wl + (u2, Uz)wzf
(25)
Vu = (ug,up), v=(v1,v2) EW
and the corresponding norm on W,
llellw == /llor 3y, + lleal By, Vo = (o1,02) € W (26)
which is equivalent to the norm,
loll,w = [(v1,02)[l,w = [lo1]lw, + [[o2w, (27)
taking into account
ollw < V2[Jollw < V2ol (28)

Optimal control problems related to steady-state heat conduction have been extensively studied.
In [34], distributed optimal control problems on the internal energy are formulated and existence,
uniqueness and asymptotic behavior of the optimal solutions are established. In [35,36], boundary and
simultaneous distributed-boundary optimal control problems on the heat flux, and on the boundary
and source term, are studied and similar results are proved.

The aim in this paper is to solve this optimal control problem, and it is three-fold. The first one is
to obtain the existence and the uniqueness of the solution to optimal control problem (20). Our second
aim is to provide the optimality conditions and the adjoint system. Finally, our third aim is to obtain
an iterative algorithm for finding the optimal control which is independent of the choice of the initial
data.

The paper is organized as follows. In Section 2, we establish the existence and uniqueness of the
solution for the optimal control problem (20). In Section 3, we define the adjoint state and derive the
optimality condition. In Section 4, we characterize the unique optimal control as a fixed point of an
operator. In Section 5, we present an iterative algorithm to obtain the optimal solution to the problem
(20). In Section 6, we provide an explicit solution for the one-dimensional case in Cartesian coordinates.
Finally, in Section 7, the conclusions of this paper are given.

2. Existence and Uniqueness of the Optimal Control Problem

In this section, to study the optimal control problem (20) we first need to prove the following
result.

Lemma 1. If g1 = 0in Oy and g» = 0in Qy then we have uy, = 0in Oy and up, = 0in Q.

Proof. If ¢1 = 0, and we take v = uy, € V; in the equality (13) we have

K1 /01 |Vu10|2dx = _/rofulo das (29)

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Similarly, if g» = 0, and we take v = uy; € V> in the equality (14) we have
X / Vi, 2 dx = / fuz, dS. (30)
(9] Iy
Since a; for i = 1,2 is a coercive form, we deduce that
0 < sy |3, + 1272l |ugy |3, < a1 (uy, 1) + a2 (12, z)
—/f(u —u )ds—/ logs<o Gh
= ro 20 10 - ro R =
therefore, the thesis hold. O
Following [32,34,36], we define the control to state operator
C:H = H; x Hh — V = Vj x V,, such that
C(g) = C(g1,82) = ug, (32)

considering ug = (uq o7 U2 82)H € V1 x Vo = V and the applications
II:HxH — Rand L: H= Hy x Hp — R, defined by

T1(g, 1) = T1((g1,82), (h1, h2))
C(8), C(h)) gy + Ma(g1, h1) 1y + Ma(82,h2), (33)
Uig, s U1y, Ve, + Mi(g1, 1) H, + (Mzgz,uth)Hz + My (82, h2) H,

—~

and

L(g) = L(g1,82) = (C(8),za)yy = (ug,za)

(34)
= ((ulglfuzgz), (Zd1/Zd2)>H = (ulglrzdl)Hl + (Mng,ZdZ)Hz.
where we have defined z; = (z4,,24,) € H = Hy X H.
Lemma 2. We have that
i) Cisalinear and continuous application. Moreover, we have
1 .
||1/lg — uh||w < EHg — ]’l||H, Vg,h €H;, b= mln{Kl}\l,KzAz}. (35)
ii)  Ilis a bilinear, continuous, symmetric and coercive form on H, that is,
11(g,8) > ml|gll}, Vg€ H;,  m=min{My, My}. (36)

iii) L is a linear and continuous form on H.
iv) ] can be written as

1 1
J(8) = 511(g,8) — L(8) + 5 lzallts, Vg € H.

Proof.

i) Cis a linear application since, if we consider ¢ = (g1,92) € H, h = (hy,hy) € Hand € R, we have

u1g1+ﬁh1 = ulgl -+ ,Bulhl in Ql, Vﬁ S ]R

=, + By, in Oy, VB ER

u
255+phy
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by using the uniqueness of the solution of the elliptic variational equalities (13) and (14) respectively
and then by using the definition of b, (17) and (24), we have

bl ug| 5y = bllfung, [, + 2, y,) < kadalfung, [y, + kadalluzg, |y,
< ay (g, g ) + az(uag, Uz, ) = (81,41, )1, + (82, U2y ) H, — %/ro f2ds
< llgu a1y, llw, + 118211 |2, llwy < V21811l litg |-
i.e,
gl < 22lgll @)

and the continuity of C holds.

Moreover, if we take v = Ui, — U1, in (13) for U1y, and v = Uy, — Uy in (13) for Ui, and

subtracting, we obtain

611(11181 - ulhl,ulgl — ulhl) = /Ql (gl — hl)(ulgl — ulhl)dx.
Then, by the coerciveness of a;, we have

2
ada|fugg, =, [l < llg1 = Pallm lluag, —u, llw,

and therefore, we conclude that

1
[T, =y, [lwy < llgn = Il (38)

Now, if we take v = Uzg, = U2y, in (14) for U2, and v = Uz, — Uz, in (14) for up e and subtracting, we

h 8.

obtain
az (g, — U, U2g) = ”2hz) = /Oz(gZ = ha)(uz,, — uth) dx.

By the coerciveness of a;, we deduce that

Koo |zg, — iz, [y, < (182 — hollm, |2y, —uz, |lw,
and therefore 1
[luag, = 12y, [lwy < 1182 = ha - (39)
Then, we have
g —unlly = [y, uag,) = (12, My = 1y, — w1, 12, =z, )y
= |y, —u, |y, + |2y, — 12, |5y,
1 1

< - — a2 - — |2
= (Kl)\l)ZHgl 1||H1+ (KZAZ)ZHgZ 2||H2

1 1

< 2 (llgn Il By, + llg2 = ol ) < 1181 — I, 2 — o) Iy
1 1

= g1 g2) — () = g — Hl

i.e. (35) holds.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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ii) From the linearity of C and of the scalar product in H, the application I1 is a bilinear form and also
ITis symmetric. Moreover, ITis a continuous application since

ITI(g, h)| = [(C(g), C(h))H + Mi1(g1, 1)1, + Ma(82,h2) |
< (i +20) gl

where
M = max{Mi, M }. (40)

Finally, IT is a coercive form. In fact, taking into account that m is defined by (36), then we have
11(g,8) = (C(8), C(8))r + Mul[1][3;, + Mallgallf,
> [[ugl [} +m(/lg1ll, +182117,) = mllgllE,

iii) From the linearity of C and of the scalar product in H, we obtain that L is a linear and continuous
form, by considering

\/_N
IL(g)| < ——Igllr, N =max{||zq,||H,,||zd,||m, }- (41)

iv) This results follows from the following computation:

1 1
J(8) = 5 (g —zay thrg — 2ay )iy + 5 (g, = Zay Uy, = Zay) 1y
My Mz
(31,g1)H1 - (82.82)m,

2
+
1 1
E(Mlg1 U1 JHy — (Mlglrzdl)Hl + 5 (2a, 24 )1y
1 1
+ 5 (g, 2y Vb, — (g, 24y 1y + E(Z@,Zdz)Hz
My M,
+ 5 (8181)m + 57 (82, 82)m,
1 1
= 511(8,8) = L(8) + 5 lzal I
2 2
O
Theorem 2. There exists a unique optimal control § = (g1, 82) € H to the problem (20).

Proof. This follows from Lemma 2 and [32]. O

3. The Adjoint State

Following [32,34,36], we define the adjoint states p; . and P2,/ for each g € H, as the unique
solution of the following mixed elliptic problems

. p 181
—Apy, =u, —zg in Oy, prgdn =0, pig I, = |r0 (42)
. 3P2g2
_AP282 = Hg, —Zd 1N O, P2, |F2 =0, p282‘ |F0 0 (43)
whose variational formulations are given by
plgl eVy: {11(}91g1,0) = (ulgl — Zdl,U)Hl, Yo € V. (44)

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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and
ngz eV az(ngz,?]) = (uzgz — Zdz’U)Hz’ Yo € 5. (45)

We denote by p1, € Vj and py, € V; the unique solutions [28,29] of the elliptic variational
inequalities (44) and (45) respectively.
Now, we prove the following properties.

Lemma 3.

i) The functional | is Gateaux differentiable and ] is given by

!

(J (8),h) =11(g,h) — L(h)
= (ulgl — Zdl,u1h1)H1 + (u2g2 — Zd,, Mzhz)H2 (46)

+ My (gl,h1)H1 + Mz(gg, h2)H2/ Vh,g € H.
ii)  The adjoint states satisfies the following equalities

(P1g, 1)y = (g, — zay i, Jmy = m(pry g, (47)

and
(P2g, 12) 1, = (Uzg, — 2y, Uzg, V1, = A2(P2g, U2y, )- (48)

iii) The Gateaux derivate of | can be write as

(J'(8),) = ((p1,, +Migr, P2, +Maga), (n,h2)) Vi € H. (49)
iv) The optimality condition of the problem (20) is given by
Find §=(31,%2) € H suchthat ] (3) =0, (50)

that is
P1g + Mig1 =0 in Oy and P2 + Myg, =0 in 0. (51)

Proof. i) Letg,h € Handt > 0, we have

J(g+th—g))—J(g))

1 2 1 2
§||u1g1+t(h1_81) ~ Zd | |H1 + §||u2g2+t(h27gz) - Zd2||H2

My M,
+ = llg1 +t(m — &)l + — llg2 +t(hy - )%,
1 1 M M,
— Sl =z, B, + 5 iz, — 2l By, — "Il — 22112
= t|:(u1gl — zdl,ulhl — ulgl)Hl + (uzgz — Zdz,uzhz — uzgz)Hz
+ Mi(g1,h1 — §1)Hy + Ma(g2, b — 82)H2]
,[1 1
+t E(ulhl — Uiy U1y, — M1g1)H1 + E(”th — Uy, U2y, — Mzgz)Hz

M M
+71(h1 — 81, —81)nH, + TZ(hz — g, hy — gZ)Hz]

Next, dividing by t and making t — 0%, (46) holds.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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ii)  On the one hand, we have
a1 (prg,, 11, ) = =K1 / p1g, Dy, dx = / p1g, mdx = (p1,, 1) my
0 0]
and by using (44), we deduce (47). On the other hand, we obtain
a(pag,, Uz,,) = —K2 / P2y, Dty dx = / P2y, h2dx = (pa,,, h2) 1,
o) o2
and by using (45), we deduce (48).
iii) For g = (g1,82) € H,and forall h = (hy,hy) € H, we obtain
(J(8), 1) = (urg, — zay,u1, Vb, + (2, — Zay, 2, )1y
+ M (g1, 1)1, + Ma(g2,h2)h,
= (P, )1y + (P2g,, h2) b, + M (81, 1) 1y + Ma(82,h2) by
= (p1g, + Mig1, 1) m, + (p2g, + Mag2, h2)h,
= ((p1g, + Mgy, pay, +Maga), (s, 2) )
that is (49) holds.
iv) From (iii), we obtain (51).
O
4. Point Fixed and Optimal Control
Now, we define the operator W: H = Hy x Hy — V =V} x V, as
-1 -1
W(g) = W(g1, %) = M, Ve 2, P ) Vg€ H (52)
and we prove the following property.
Lemma 4. W is a Lipschitz operator, that is, there exists D > 0 such that
[IW(g) —W(h)[lw < DlIg —hllu, V8,heH. (53)
Proof. If we consider v = p; o Py, € V1 in (44) for solution 1, and v = 1, — P1g, € V1 in (44)

for solution p1 , and adding then, we have
111(271,11 = Pig Py, — P1g,) = (Mlh1 —Zay — W, Tt Zay, P1y, P1g, )by
= (Mlh1 Wi Py, T Plgl)Hl-
Next, we obtain
xidllpy, — pig oy, < a1(py, = prg pu, = pry,) = (=g, pr, = P1g )
< Ny, — w1y i llpy, = prg, iy < 1, = g el Py, — prg, g

then 1
||P1h1 — P1g, [lwy < m““lhl —“1g1||H1-

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Now, if we consider v = P2, = P2, € V5 in (45) for solution P2, and v = P2, — P2, € V, for solution
P2,, in (45), and adding, we have
az(pzhz - ngz’ p2h2 - ngZ) = (uzhz - Zdz - u2g2 + Zdzl Pth - ngz )Hz
- (“2;12 - uzgzl p2h2 - P2g2 )Hz'
Next, we deduce
2 _
K2A2|[p2,, = Pag, llw, < a2(p2y, = Pag,, P2, — P2g,) = (2, — U2y, P2, = P2, )H,
< luz,,, = vag, 11, |1p2,, = Pag, [, < w2, —uag, |1, |[p2,, = P2g, llw,

then

1
||ch2 - P232||W2 < EH”ZM - ”232||H2‘

Therefore, we obtain
IW(g) — Wh) lw = [IW(s1,82) — Wlli, o)l
= (Mil(mgl - Plhl),MLZ(Pzgz - chz))w
< 3 1, = pn)lw, + 12, = 2l
< i 0, =g o+ gy, = sl
< B(llmr,, — 1y |11, + |12, — 2, |11, ) = Blluty — gl
= VBl lug — uyllw < Y22 lg — il

h
where 1

1
MixiA1" MakoAy

B = max{ }>0 (54)
and b is given in (35). Therefore, (53) holds by taking D = @. O

Remark 1. If

1 1 1
D=v2 1
\/—max{ M1K1)L1 ! Msz)\z } min(Kl)Ll, Kz)\z) <L
then the optimal control § = (g1,82) € H can be considered as the fixed point of the operator W.

Lemma 5. Forall g = (81,82) € Hand h = (hy,hy) € H, we have
i) Theapplication g € H — pg € V is strictly monotone. Moreover,

(Pg — P& —Mu = ||”g - ”hHIZLI > 0.
ii) ] is a strictly convex application, that is, there exits m > 0, defined in (36), such that

(1=1)J(&) +tJ(h) = J(1 - t)g + th)

1 (55)
> L= g — i

iii) The application | s Lipschitz and strictly monotone, that is, there exits E > 0 such that

1T (8) = J'(W)|1 < Ellg — hllu
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and
(J'(g) = J'(h), g — ) > m||g — h||F,
where

1
E= max{El,Ez}, El = 0 +M1, E2 =

ki + My. (56)

koAo

Proof. i)  On the one hand

(prg, = P1, 81 — )by = (1,808, — (Prg h)m, — (P, 81) + (1, 1) H,
= (ulgl —Zday — Uy, + Zdlrulgl)Hl + (ulhl —Zg, — Uy, ‘|‘Zd1/u1h1)H1

= (ulgl Uy, U T, JHy = ||M1gl - Uy, ||%11-

1

On the other hand

(P2g, = P2,,,82 — h2) 1, = (P2, 82) — (P2g,, 12) 1, — (P2,,,82) 1, + (P2, h2) h,
= (uzgz —Zdy — Uy, + Zdz,uzgz)H2 + (Mzh2 — Zdy — U2y, t Zdzluzhz)Hz

= <u232 - u2h2’u282 - uzhz)H2 = ||u2g2 - u2h2||%‘12'
Then, we obtain
(Pg = pPn g —hu = (p1y, — P, 81— hi)m, + (P2, — P2,/ 82— h2)H,
= |y, — w, |1y, + luag, —uz, |1, = |lug — upllh

and the stricty monotony holds.
ii) Wehaveforallg,h € Hand t € [0,1] :

(1=0J(Q) +tJ(h) = J((1 = H)g + th)

1 1 M, M,
= (1= ) |3l =20 By + 3l = 2B, + sl + el

My M,

1 1
g, =zl + 3, =2 B + 5l + R el

1 2 1 2
- §||u1(1—t)gl+th1 ~ Zd, ||H1 + §||u2(1—t)gz+th2 - Zdz”Hz

+
N

M
11— g1+t + 2211 = )52+ iy

AV
NI= T+ N = + NI

1
1= )|, =, | + 50 = )|z, —ua,, |[,

1
Mt(1—t)||g1 — I, + EMzt(l —t)|1g2 — ha| I,

~
—~

N —

1= ) (1, = e, B, + Nz, — 103, |13, )
H1 = m(llgr — |y, + 182~ ally )

1= 0)m(|lg1 =l + g2 = hallfy, ).

Y
N =

~~
~—~

and (55) holds.
iii) ]’ is Lipschitz, since for all g, € H, we have:

1(p1g, + Magr) = (p1,, + Mal)llm, < llprg, — Py, |l + Mallgr = Iallm,

1
< ——|Ig1 — mlln, + Millg1 — hillw, = Eillg1 — hallm,,
k1A
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and
[(p2g, +M2g2) = (p2,, + Mah2)||n, < [Ip2g, — p2,, |0, + M2llg2 — hal|h,

1
< — — — = — .
< szzng ha||a, + Ma||g2 — ha2||H, = E2llg2 — hallH,

Therefore, we obtain

111'(g) = ' (W1 < E1llg1 — mlla, + Ez2llg2 — hallm,
< E(|lg1 — mllmy + 1|82 — h2llmy) = Ellg — hl|u

where E is given in (56).

J' is a strictly monotone application. In fact, for all g, € H, we have
((p1g, + Mig1) = (p1,, +Mih1), 81— h1)m,
= (prg, = P1, 81 = M) + Mi(81 — b1, 81— )m,

= |[ury, — w1, [y, +Mallgy — mllfy, = Millgn — [,

and

((p2g, + M2g2) = (p2,, + Mah2),82 — h2)m,

= (p2g, = P2,,,82 = h2) b, + M2(82 — h2, 82 — h2),

= [|uz,, — M2h2||%12 + Ma||g2 — o |F, > Ma|[82 — ha |3,
Therefore

(' () =1 (h), g =)
= ((p1g, +Mag1) = (py, +Mil1), 81— h)n,
+ ((p2g, + M2g2) = (p2,, + M2h2),82 — o) h,
> Millgy — Iy, + Mallga — ol ly, = m(11g1 =l + llg2 — Rl )

> m|lg —hll4

where m is given in (36).
O

5. Convergent Algorithm

Now, similar to [34], we introduce an iterative algorithm to find the optimal solution § = (37, %2)
for problem (20). For each p > 0, we define the following sequence g" = (g7, &%), with

g’ =(g1,83) given arbitrary
and for all n > 0, we define
g1 = (g1t = (1= pMu)gl — ppgy, (1— pM2)gs — ppyg )
which will converge to g = (g7, 32) for a suitable p.

Lemma 6. If p satisfies the inequality 0 < p < 3, then the previous algorithm converges strongly in H to the
optimal control § for the problem (20) regardless of the initial data g°.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202603.2117.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 March 2026

d0i:10.20944/preprints202603.2117.v1

13 of 16

Proof. The operator S : H — H defined by

S(g) = S(g1,82) = ((1— pM1)g1 — ppg,, (1 — pM2)g2 — ppy,)

is a Lipschitz operator, that is

15(g) = S < \/7()lIg — hllu

where y(p) is given by
(o) =1—pm+ E%p?,

In fact

11S(g) = S(M)1F = 11S(81,82) — S(h1, h2) ||
= 11((§1—h1) — p[Mi (g1 — 1) + (P, — Piy)), (82 — ha) — p[Ma (g2 — ha) + (pg, — pi,)]) I
=|(g1—h1,8 — )|}
—20((81 = h1,82 — h2), (M1(g1 — 1) + (pg; — Py ) Ma(82 — 12) + (Pg, — Py)) )
+ 0% |1(My (81— 1) + (Pg, — Piy), Ma(82 — ha) + (pg, — piy)) 1
= |l(g1— 1,82 — M) |5 — 20((g1 — 11,82 — ), J' (81, 82) — J' (1, ha))
+ 02117 (81,82) — J' (1, o) | |3
= |lg —hllf —20(s =1, J'(8) = ' () + 1T (8) — T' ()|
< |lg = hl|f — oml|g — h[|F + 0*E?[|g — hl|F = v(0)[1g — Rl |3

Therefore, S is a contraction operator if only if, 0 < y(p) < 1, thatis 0 < p < z3. Moreover, the
optimal parameter p and the optimal Lipschitz constant 7y = y(p) are given by

_ m _ m
p:@ and ’Y:l—m

O

6. Study of Particular Case

We now present a specific case with explicit solution related to one-dimensional case in Cartesian
coordinates.

We consider the following domains and boundaries:
Q] = (—11,0), Qz = (0,12), FO = {0}, 1"1 = {—11} and 1"2 = {lz} (57)

The steady-state heat transfer problem, which includes continuity of heat flow and a thermal
jump at the interface is modeled by:

ui(—ly) =01, us(l) = 6 (58)
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The explicit solution to problem (58) is given by [1]:
12 3112
(2—61)+( F2 — 5~
up(x) =60 + £+ (lz—x)—i—%< <yk 21>>(3c+ll) in —l; <x<0
gz’% gl’% (59)
gloo(B%))
uz(x):92+%(l§—x2)—5 T (Lh—x) in0<x<lp
where the parameter y is defined by:
h I
p=uR)=1+R{—+-=). (60)
ki ko

The function J is given by:
J(31,82) = A} +2Bgig2 + Cg3 + Dg1 + Ega + F

where the coefficients are:

1R 7R 1URE 18R

1
A= Myl +— 512 1
it siere P e s T R

2

_ —1REB|RE _RE 51 111
7L --24 —1
24 klkz“u k%]/l k%‘u 4k2 4 kl
1RY) 7 RMI3 SRS 115
C= —leg + — + — - — ==+ —=

24 k4‘uz 24 kzkzy 48 k3y 15 k2

_ —1RL Rl1 13 5 L13
= Ekﬂi [ (92 91) <k2 +7k2 3 k2 (92 Zz)

L] 3 Pz,
(91 — Z]) + W(ll@z — 2991) +91= K

1Rl [ Rl 13 3 1153
E=c y[ (92—91)<—+7k—2 _Zk_(1192_591)

9121 l 312
2(91— 1)+2—V(92— 2) + 222
2 ko

1R* , 5B 1 R20,6, 3,2
F= 01 +0 7-L B3Kk2 4 715k
6;12( + 2)<k2 + K 3k2k2y2(2 +7Iik3)

1R 2 12
+ 55(92 — 91) <k2 (Zz — 92) —|—3k (21 - 91))
1
— (16121 + bbhz) + E(llz% + Lhz3) + E(119% + 163)

Taking into account that A > 0 and AC — B? > 0, we obtain that minimum of | is given by

_ 1-CD+BE _  1-AE+BD
S =c—— and 2=

2 AC_B? 82737 Ac—pB2 "

7. Conclusions

This paper has presented an extensive study of the distributed optimal control problem related
to steady-state heat conduction in a system made up of two solids in thermal contact. The system is
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characterized by the continuity of heat fluxes and a temperature jump at the interface between the
solids. We have established the existence and uniqueness of the solution, provided the first order
optimality condition, and formulated an iterative algorithm to find the optimal control. Finally, we
obtain an explicit analytical solution for the one-dimensional case in Cartesian coordinates.
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