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Abstract

We introduce orthogonal projection P between Hilbert space £ and O(H) (the range of the frame

transform & of traditional tight frame) firstly, and study the relationship between & and P , then
we explore the fusion frame and extend the index set to infinite set through an example. Secondly,
we study the dual fusion frames starting with an example which illustrate how the traditional dual
frames recover the original signal in the case of data loss. Finally, We obtain some important
conclusions mainly including the necessary and sufficient condition, the stability of dual fusion
frames and the relationship between canonical dual and alternate dual fusion frames especially the
relationship between their respective frame operators.

Keywords: (Dual) fusion frame; index set; positive term series; frame operator
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1. Introduction

Frame theory plays an important role in signal processing, image processing, data compression,
sampling theory, and other fields. In 1952, Duffin and Schaeffer [4] introduced the concept of frames
in Hilbert space when they study non-harmonic Fourier series, However, this idea did not attract
much attention at that time. Until 1986, Daubechies, Grossman and Meyer [5] made groundbreaking
research in this area, after which frame theory began to be extensively studied.

Casazza and Kutyniok [6] introduced fusion frames and studied their properties, perturbations
and approximation of inverse operators of fusion frames. In recent years, the theory of fusion frames
has also developed rapidly [7-10]. Fusion frames are generalized form of traditional frames and they
are used to process block data or multi-channel signals by combining orthogonal projections of
subspaces with weights.

Nowadays, many scholars have conducted research on dual frames, for example, ]. Lopez, Han
Deguang and Sun Wenchang, et al. [11-19] studied the problems of selection of the optimal dual
frame from different aspects and their studies have enabled frame theory to achieve breakthrough
progress in practical applications.

The main contents are as follows. In section 2.1, we will study the discovery of fusion frames on
Hilbert Spaces and generalization of index set by given an example. In section 2.2, the properties of
dual fusion frames which different from traditional dual frames will be given.

First, we present the preliminary definitions and theorems used in this paper and throughout

W ={W,,w)}., as W:{(W;’WiPWi)}ieI an

this paper, H is a Hilbert spaces, we write d

I ()1

f denotes the identity operator on H.

ijedi of Hilbert space H{ is called a frame if there
feH

write

Definition 1 (see [1]) A sequence

a,b>0

exist constants such that for all
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“<o|ff

a|f| < ;\Kﬁf»

The numbers % * are called the lower and the upper frame bounds respectively. the frame is called a

tight frame if 4 = b and a normalized tight frame if ¢ = b=1

Definition 2 (see [1]) Let{ piel} be a frame for /7, and let te,iel} be its orthonormal

basis, the frame transform 0 is defined by

0N =Y.(f.f)e,

0:H > H ;im icl for any S eH.
Then ?is adjointable, and
" 9*(f) = f.e)f; *
0 :H_)Hwith §< > ,and e(ei):f;.

Moreover, we have

S(=00) =0 QS f)e)=D {1, )0 (e)=D{f. [)f.

iel iel iel
A direct calculation now yields

<s<f>,f>=<z<f,ﬁ>ﬁ,f>=z<f,ﬁ><ﬁ,f>.

iel iel

If {f' L€ I} is a frame for H , then §=00 is a positive, self-adjoint and invertible operator on
H | called the frame operator.

It follows from Definition 2 that {f’ 1€ I} is 4~ tight frame if and only if §=00= a]H and

a normalized tight frame if and only if §=00=1,.
e " TE IV S st e hane
f=55"(f)= ;(s*m,mﬁ - ;U,S‘l(ﬁ)}f
and ’
[=5"8(f)= S*(;U,mﬁ) = ;<f,f,->s-l<f).
Then,

f= z<x,xi>S_1(xi) = z<x,S_1(xi)>xi.

iel iel

We have the following definition of the dual frame.

Definition 3 (see [1]) Let{ piel} be a frame for /7 with the frame operator S Then
{S_l(fl.),iel}

H satisfies that

is called the canonical dual frame of {f’ LE ]}' If a frame {g pl€ I} for

2/ S)8:= 2018 forany feH,

iel iel
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then {gioiEI} £ {ﬁoiEI}.

is called an alternate dual frame o

Definition 4 (see [2]) Let I be a countable index set, let Whie be a family of closed

subspaces of 1 , and let Wikies be a family of weights, i.e., w, >0 for all! €/ . Then

W= {(VVi’WiPW})}

el is a fusion frame if there exist constants 0<A<B<+o0 such that

A<f9f>Sz<mPW,(f)aszm(f)>£B<faf> foral]fEH.

iel

P, H—W,

where " ' is the orthogonal projection. We call Aand B are the fusion frame bound.

w={07,

P, )}
Wby i is called A —tight fusion frame if 4 = B , a parseval fusion

=@

The family
eV If only the right-
hand inequality holds, we call it a Bessel fusion sequence with Bessel frame bound B . Family

W ={W.1E,)}

frame provided that 4 =B =1 and a orthonormal fusion frame if

iel js called 1= consistent Parseval fusion frame if

SAB B (D)=L S) forall feH,

iel

or W~ consistent Parseval fusion frame if

S {wB, ()W B, (N)={f-1) forall feH.

iel

Theorem 1 (see [3]) Let /4 be a Hilbert space, and let et be orthogonal projections, if
B(f):f’ for any fEH, W: :Span{fi}"d. Then {f"’l GI} is a frame for H if and

only if W =AWew)hie is fusion frame for H with the frame bounds unchanged and the

weight set being W= ”f’” > 0.

w, >0}

Theorem 2 (see [3]) Let Wi be a sequence of closed subspaces of H , el be the

W=iW,

o jed . )}
weight set, and let {(0,1 J €7} be frames for W: Then Wlier is a fusion frame for H

we,.iel,jeJ}

if and only if is a frame for H .

2. Main Results
2.1. Discovery of Fusion Frames on Hilbert Spaces and Generalization of the Index Set

In this section, starting with traditional tight frame. We introduce orthogonal projection between
the Hilbert space and the range of the frame transform of the traditional tight frame, and study the
relationship between the frame transform and the orthogonal projection. On this basis, we explore
fusion frame, and further visualize traditional frames, fusion frames, and complementable closed
subspaces. Secondly, we obtain example by finding convergent positive term series and combining
them with the orthonormal basis of Hilbert space, where the square root of the general term of the
positive term series is taken as the weight set of the fusion frame. More importantly, through this
example, the index set is generalized to an infinite set.

Theorem 3 Lef Uniel} be @~ tight frame for H with the frame transform 0, and let

1
. P (ei) = a(f;) *
PH — 0(H) be an orthogonal projection. Then a and 00 =aP. ypere

fenicl}

is the orthonormal basis for H,
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Proof Firstly, since niel} is @~ tight frame for H, 0 0=al, . And since P is
an orthogonal projection from H  onto 0(H) , P=1I, on O(H) , le,
PO(H) = 6(H)

Then, for any f GH,

(6(1),P(e)) = (PO(f) ) =(0(f).e.) =(£.0"(e))

=(f.1;) =%<9(f),9(ﬁ)> = <9(f),59(ﬁ)>,
1
therefore, P(ei) B ; e(fl) or g(fl )= aP(e" ) .
f= Z<fa € >ei
Secondly, since iel , we have
00°(f)=00"CL(f-e.)e) =0C{f.e)0 () =0T 1))
= Z<f:ez>9(fz) = Z<f’ei>ap(ei) = aP(Z<f7ei>ei) =aP(f).

By the arbitrariness of f , it follows that 00 =aP.
|
P=—00 .
In addition, from a and 0 60=al , it follows that
2 1 * 1 * 1 * * 1 * 1 *
P> =(=00')(—00")=—00°60" =—0al6’ =—6'0 = p.
a a a a a
Its self-adjointness is obvious. Thus, PP=pP=p , which fully verifies that P acts as an
orthogonal projection in the relevant context.

In particular, when {f.iel}
P(e)=0(f), 4 66 =P
Let{f,-j,ZEI,j eJ}

is a normalized tight frame, i.e., a=1 , it is clear that

be i T tight frame sequence for H with the frame transforms g (where
F:H = 6,(H) be the

i is the number of frames and” is the dimension of the frames), and let "~/

orthogonal projections. Then 60, =aF, , and
Y WayYR=3aP=300.
iel iel iel

0.(H P, .
16 )’\/;’ e is a fusion frame if and only if there exist 0<A<B<+o

Therefore,

such that
Al <Y (Ja, P=)06 <BI,.
iel iel
* )
>66 <> |1,
iYi i 0.(H P, )

Obviously, since €/ iel ,when I isa finite set, 16 )’\/Z’ 0 (H ))}’61 must

be a Bessel fusion sequence.
O
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Our questions are: Do such traditional frames and fusion frames exist? and can I' here be

. +
extended to an infinite set, i.e., ! € N ? Our answers are affirmative, and we will first illustrate this

with example below.

Zai = ,
Example 1Let Ji= \/aj% with %~ 0 and ! _and let le;,jeJ;

ieN",jed -
{fy,l -/ }are 4; tight frames for H | and

is the standard

orthonormal basis for £ . Then

{(6.(H), \/;ifzi(H))}ieN+

isa S~ tight fusion frame for H.

Proof f JEH yen
roof for any , we have
z<f’f;j><f;]’f>=z<f7\/a_ze]>< aiej9f>=aiz<f7ej><ej’f>=ai <fsf>>
Therefore, UpieN'jes} are 4 " tight frames for .
0= (fJae;)e; =\Ja, Y (fre,)e, = Ja (1) 6=l
Since jel i , e, ' L

7

0, :(\/‘Tilﬁ) :\/671'114  then a0, :(J;iIH)(JZiIH):aiIH =a,h, which means F=1,
satisfying P*=P=P and

S Wayrp=Yar=%060=%al,=sI,
i=1 i=1 i=1 i=1

(H P,
Therefore, H(G(H), \/;’ 0o isa ¥ tight fusion frame.

6.(H P
Furthermore, we obtain that H(G(H), \/;’ o (H ))}"EW isa S~ tight fusion frame if and only if

306

e .- sl,,.
the infinite series =! composed of the operators converges to =

O(H),\la P
However, 10 )’\/7’ @(H))}’EW cannot be 1= uniform fusion frame or W™ uniform

+00
Z w(w > 0)
fusion frame, because the constant series =! diverges forever unless I s a finite set. We

present the following theorem.

Theorem 4 Let H be a Hilbert space.Then there exist a sequence of %= tight frames
JdeN', jed 0.(H P

Uy ieNjel} for H such that 16( )’\/;’ oo is a tight fusion frame for

{f;iel,jeJ} P:H—>G(H)

H | where ‘ are the frame transforms of are the

orthogonal projections.
Remark 1

(1) Example 1 make use of the convergence of positive term series. For instance, if we take

a. ! ia =1
=i and{(gi(H)’J;i%(H))}ieN+

P T A7
2 , then is a Parseval fusion frame, and in
+00
Z 0191* =1,.
this case, =! In fact, for the positive term series here, it is sufficient that it

converges, and there is no need to find its sum. Moreover, many series can only be judged

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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for their convergence, without being able to calculate their specific sums. Even in such cases,
{(G(H).\a, By )}

(2) The conclusion only holds for traditional tight frames, because the relationship between

is still a tight fusion frame.

the frame transform and orthogonal projection exists only for tight frames.
(3) Example 1 and Theorem 4 closely connect traditional frames with fusion frames, and

also materializes the closed subspaces W of H by taking Wi=Fow ). It is even more

valuable that the index set { is generalized to infinite sets.

Next, focusing on Theorem 1, we will provide an example regarding the relationship between
traditional frame and fusion frame on Hilbert space.

1 0 O 0 0O 0 0 O
FE=/0 0 0 P=/0 1 0 =0 0 O
Example 2 Let H =R’ , 000 , 000 , 001 . Then

— T 3 — -
for any S=0»2) eR , by fi=B(),i=123
f; = (Oa Y, O)T f; = (0, O,Z)T VV; = Span{f;}?:l

’ , and

2 2 2 2 2 2
wy =4[ =y wr=|A =2
, .

_ T
, we have Ji=(x,0,0) ,

W =|A =

Therefore,

M-

CFoff =t 2t <A A 2 +A 2
W (RULBRUND)+ w3 (BB (RUR)
2w (RN RU)

i=1

Il
—_

and
min{|, "/ = minfl "1+ 02+ 2) <A+ A 5 4] 2
<max{| /i1 + " +2%) = max{| £ 3T

That is to say,

mindl BT < 2K ) = 2 (BE) <maxlAIAT

1<i<3 1<i<3

3 _
Thus, {f"}":l is a frame for H if and only if W= {(VV" WiB)}iEI is a fusion frame for

minl/3 | max{A

and (fusion) frame bounds are the same which is <=3 nd <3 respectively.

W, W,

In addition, since , "2and 3 are the” -axis, Y _axis and Z -axis respectively, they are

W, LW, LW, W+ W, + W, =R’

pairwise orthogonal and span R’ Then we have

W, ew, oW, =R’

, l.e.,

. This demonstrates the orthogonal complementability of R’ and reveals a
construction method for orthogonal complement subspaces of real spaces.

For Theorem 2, we have more detailed proof process. Due to space constraints, it will not be
elaborated on here.

2.2. Research on Dual Fusion Frames on Hilbert Space

In this section, we start with an example to explore how traditional dual frames recover original
signals in cases of data loss, demonstrating the importance and research significance of dual frames.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202508.0048.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 1 August 2025

7 of 15

Then we find that alternate dual fusion frames are not mutually alternate dual fusion frames which
different from traditional frames, so we study the necessary and sufficient conditions of mutually
alternate dual fusion frames firstly, then investigate the stability of alternate dual fusion frames and
finally examine the relationship between canonical dual fusion frames and alternate dual fusion
frames especially the relationship between their respective frame operators.

Ve e

X, = 2 X 2
2= 3
. :H J5 J5
| - =
Example 3 Let 0 2 2

Then

1 0
NS
o, = -2 X2
2 2
B
L 2 2
RN I I R
pECk e e I3 il i B
0o — - 0 -
2 2] 3 5
L 2 2

X=X, 5] is a tight frame for R® with frame bound 2 , where Oy is the frame

transform of X and S is its frame operator.

SO

{1}
X = 1
Let the original signal vector be ~'J . Then the frame

3445 _5-

CI=<X,x1>=xTx1=1 c2=<X,x2>=—— czz<x,x3> 3

coefficients are

, 2, . Suppose that during

transmission, the original signal loses 3, how can we recover the original signal?

We try to recover it using the alternate dual frame Y={022: 05 of X .Since & is lost, let
a b

Y3 = Y= Y, =
us set 0 , b , d . Then 00

* _ T _ * _ T _
they are mutually alternate dual frames and Ox0y = 0y6, =1 or 0,0, =6,0, =1
_ﬁ _ﬁ a b

1
10
070, = 2 2. d:{ }

.Since Y is the alternate dual frame of X ,

. Then we have

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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It is solved that @ =1 , ,
and
1 0
V3+4/5 1
an+oy, =113 +(_T) 2= N

V5 NS

i.e., the alternate dual frame Y of X can recover the original signal.

The canonical dual frame Z={z2,2} of X can also recover the original signal. Since

> M1 |2
z=8"(x)== { }: 5
SXZE_I S;(lzgl 1 1 5 0 °
2 ’ S Then we have ’
B B
_ 2 2 5 . > 5
n=85"(x)=31 - 2=85"(x)=21
2 2 5 _5 £ 3 3 _ﬁ _ﬁ
2 5 > s
Taking
a=(na)=x'z=3 c2:<x’22>:xT22:_\/§75L i 03=<x,23>=xT22:\/§;\/§
Then

2] 3| 1)

c'x +c'x +c'x =—
1™ 272 373 5 5 \/g 5 _ﬁ 1

2 2

This means that the canonical dual frame Z of X can also recover the original signal.

3 N B

B REA R S
yi:Zi+ui(i:192:3),then \/g , \/g , \/g ,and

Meanwhile, let

3 \3 V3
5 34575 +ﬂ? {0}

)

cu, +cu, +cu, =1 + )
1771 272 373 ﬁ ( 2 L 2 L O
V5 V5 V5
3
<x,xl.>ul.=0 N — _
We obtain =!I ,le, Oxy _0, and of course Oy Oy _O.Where U_{ul’uz’u3}.

It follows that the frames X and U are disjoint, meaning that any alternate dual frame of a frame
can be expressed as the sum of its canonical dual frame and a frame disjoint from itself, and the

canonical dual frame is the “minimal” dual frame.
Next, we study dual fusion frames on Hilbert spaces.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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W ={W.whE,);

Definition 5 (see [2]) Let il e a fusion frame for 1, the analysis

operator is defined by
A= (ZI:@Wi)ﬂ with T(f)={w.F, ()}, forany feH,

C@OW) =t Lher | f; €W, and | o, € PCDY.

where €/ It can easily be shown that the

synthesis operator T *, which is defined to be the adjoint operator, is given by
r: (ZG_WVI')JZ —>H with ()= ZWiPWi () for any fie (Z@WJ;Z .
iel iel iel

w={W, WiPWi )ier

The fusion frame operator S for is defined by

S:H — Hwith S =TT() =2 wB, (/).

¢ W =107, R,

il be a fusion frame for # with fusion framebound 4 and B , then the

associated fusion frame operator Sis self-adjoint, positive and invertible operator on £ , and
Al, <S=% w'B, <BI,
iel

= w.P, )Y
W {(VV’ Wil )}’d isaB— tight fusion frame if and only if

w={W, WiPW,. )ier

It follows from Definition 5 that

=8I, , and is a Parseval fusion frame if and only if S=1y. Obviously, if

I
W.,wPB,S *)}.
is a fusion frame for H with fusion frame operator S, then VWb S ks is a Parseval

fusion frame for H .
1 1

1 1 1 1
D wHB,S *)(B,S *)=8 Q. wR,)S*=5285 =1,

In fact, iel iel

Theorem 5 (see [4]) Let I be a bounded linear operator on H | and let V be aclosed subspace of H.

BT =BT P P T=TP
Then ¥ 4 V' Moreover if Tisq unitary operator, Then TV " where P is the
orthogonal projection from Hy V.
PTY =(PT'R.) TP, =P_TP

It follows from theorem5 that (BT) =(F TV) , e, A i

W= {(VV;’W"PV"I’)}"EI is the fusion frame with fusion frame operator S , then
2

s'B —p. s SU)= 2w E, ()

Wi sT0n) i, Therefore, for anyf eH , il , and

-1 2 a1 2 -1
f=S S(f):szS Pm(f):ZWiPSfI(VK_)S PW,(f)
iel iel

ST =4S (W WP .
We call W) =S "), w, s (Wi))}tel
W ={(W,,wh,)} -

the canonical dual fusion frame of

Corollary 1 Let W =07 Wik i is the fusion frame for H with fusion frame operator S,
ST 0N = (S 07wy s |

=S5

and let e its the canonical dual fusion frame.Then

S

s o)

Proof for any fed ,

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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N -1
o) = 2Py (BSOS D ()

-1 -1 2 -1 * -1
:ZPSJ(W’_)S w.By,wh, S Ps*‘(W,-)(f):ZWi (PW,-S PS*‘(VK)) (PVKS PS*‘(W»)(f)

=2 W (B, S (B,S™) =2 wSTB B, 57 (f)
STQW RS (=SS (N =S"().

Therefore, the frame operator of the canonical dual fusion frame is the inverse of its own frame

W={W,wP,)}. _
operator. It is obvious that if i 2w, )}’EI is a parseval fusion frame, i.e., S=1, , then its

canonical dual fusion frame is itself.

W= {(VVsz‘PW,. ier andV = {(V;’ViQV,. )}

f :ZWiViQV.SAPW. f) _
for anyf € H, icl then V=AV,vO )i

W={W,wE,)}.

Definition 6 Let iel pe fusion frames for H . If

is called an alternate

dual fusion frame of , where S is the fusion frame operator of

W =AW WP

Remark 2.

(1) The canonical dual fusion frame of W =AW Wby e
Sy =,

must be its alternate dual

w.

fusion frame. In particular, when and Vi T Vi , these two dual fusion frames

are the same fusion frame.

(2) Traditional alternate dual frames are mutually alternate dual frames, while alternate
dual fusion frames are not mutually alternate dual fusion frames.

In fact, 1 © ViV e
f=>wv0,8"P, (f)

el for any feH , where 5 is the fusion frame operator of

W= {(W;’WiPW,.)}ie] W= {(W;’Wipm)}ie]

W= {(VVsz‘PW,.)}

is the alternate dual fusion frame of el then

L If is an alternate dual fusion frame of
= / :ZWiViPWS;QV. (f)
V= {(I/,,VZQV, )}isl , then iel for anyf S H’ where S2 s the fusion frame
operator of V= {(Vi’ViQV,- )}iel .
Sl = S2 = S

In particular, if , then the alternate dual fusion frames are mutually alternate dual

fusion frames.

W= {(W;’Wipm)}

V= {(V;’V’QVI‘ Mier is an alternate dual fusion frame of

y =20, S B ()
for any fe , iel , thus

In fact, if el then

<faf>:<zWiViQV,.S_1PW,.(f)af>:sz‘vi <QV,.S_1PW,.(f)af>

iel iel

:Zwivi <f9PW,.S71QV,. (f)>:<fazWiViPW,S1QV,. (f)>

iel iel

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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/= Z WiviPWiSAQVi )

We have iel , which means
AT S

The following are the necessary and sufficient conditions of mutually alternate dual fusion
frames and their stability.

Theorem 6 Let W =W why)lies andV ={V.v@)}

w={W, WiPW, Wit

is also an alternate dual

fusion frame of

i pe fusion frames for H | let Y
T, . , , T T, . ,

and be their analysis operators respectively, let ! and 2 be their synthesis operators

respectively, and let 5 and 5 be their frame operators respectively. Then

W= {(VKa WiPWi )}iel and V= {(I/iaVin/i )}ie1

e LS/ =1S,'T,=1,.

if
9 IfSl =S, :SandV:{(Vi’viQVi)}id

1 1
WV ={W,+V,wS *E, +v,S *0, )}

are mutually alternate dual fusion frames if and only

W= {(W;’WiPWi)}

is alternate dual fusion frames of il then

i€l is also a fusion frame for H .

Proof (1) Since for any feH ,

LS =TS OB, (e = 200, 5T W, () = 2 w0, 8By ()

Ti*Sz_]Tz(f) = ];*Sz_l {(viQVi (f)}iel = Z WiPW,-Sz_lvz'QVi (f) — ZWiviPW,-Sz_]QV‘. (f)
Thus, if V= {(I/i’viQ’/i Vet

P22 @SB sz g Wi B

7

W ={W.whE,);

is an alternate dual fusion frame of el then

is an alternate dual fusion
f: WivinsilQ.(f) * o
V=g, )}id, then 2 S ,ie., LS ()= f

frame of i el
w={W, WiPW,. Wier and V= {(V;’viQV‘. Wier are

From above discussions, we obtain that
* -1 ot o-l _
mutually alternate dual fusion frames if and only if LS TN =15T()=/ , by the
arbitrariness of / , we have
ST =178,'T, = 1,
(2) Since 51=5,=5 , W =1 wihy )b and V=i0v O i

dual fusion frames. Combining with (1), for any feH , we have

TZ*S_lTi(f) = zWiViQV,.S_lpwi N=f

iel

are mutually alternate

Tl*Sisz(f) = ZWiviPW,.SilQV,. NH=r

and
LS'T()= 2 wh,S B.() TS 'T()=2v0,5"0,(/),

Therefore,
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Z<(wiS‘2PW,. +,8 20,)(f),(wS 2B, +v,5 *Q, )(f)>

iel

=Z<wiS2Pm (/)wS 2B, (f>>+2<wiS2Pm ()vS 20, (f)>

iel iel

+Z<viS2QK (f)wS *B, (f>>+z<viSZQK (S 20, (f)>

iel iel

= <Z w B, Sh, (f),f> +<Z wyv,0,S"'B, (f),f>

iel iel

+{ 2w B, S0, (), f> + <Z V0,570, (), f>

iel iel

LS TS )+ (L) ) HT ST (). f )
(IS + T S7'T, +21,)(). S ),

(1S TN ) HTS TN £)H(TSTLUN f)HESLU S,
<
<

that is to say,

1 1 A 1
D (WS 2B, +v,8 20,) (WS 2B, +v,S 2Q,) =TS, +T, ST, + 21,5

iel

W= {(W’Wie)}id and V= {(I/i’viQi)}fEI are fusion frames for 1, there
Al <S8,=5,=8S<BI,

Moreover, since

exist constants 0<A<B<+x such  that

lIH <S'< lIH
B ,and

%@sészéﬁﬂsﬁsws%
4@sﬁy@s§5

Similarly, since B , we have

.Therefore,

. 1 B
TT=—S8S<—1,.
T R

xg+DQ3ﬂ%Hﬂ+gEfg+yﬁsa§+ng,

I I
+V ={W,+V,,wS 2P, +v.S 20,)}.
S0 WV =W +V,wS By +viS 20 )i is also a fusion frame with frame operator

A B
%E+D@SSWVSXZ+D@.

Sy =T ST +T,S"T,+21,

wW+V

nd

= S wW.h, )}
Theorem 7 LetW 7w, ”, Mies be a fusion frame for H with fusion frame operator S , let

Sfl(W) = {(Sl_l(VVi)a WiPSI—I(,,V‘_))}iGI and V= {(Vi’viQVi )}

il e its canonical dual fusion frame

5 <[s 5.

and alternate dual fusion frame respectively. Then , where 5 is the fusion frame

V= {(I/i’viQVi Wier '

feH

operator of

Proof Since for any

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202508.0048.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 1 August 2025 d0i:10.20944/preprints202508.0048.v1

13 of 15
iwf Lo St ‘B (f)=f= ZI: w0, S,'B, (f)

and ,

S P, By ()= LS, B ()
we have ,

iw,-z S'B(f)=f= Z w0, 8B, ().
Replacing [ withS () ,

S S B (5N =1 = v, B (ST )

- (1,57 ()= <f, 2 Wm0, S By (S (f))> = <f, Z WS, B (S (f))> )
Z<vSQ (D S (N) = Z{wB ST (DS () t' B

> {08110, ()= wB, ST wB, S () =0.

iel
Moreover, since

> (wB, S () (8,0, (1) =wB, $TN))

iel

=3 {0,57'0, (N =wE, 5w B, S (1)) =0=0,

iel

and

S {0570, (/)= B, S50, ()= w By ST)S))

iel
=)@, (N -wB SN 20,
iel
we obtain

(450, (1S'0,)

fZ(WSTIQ" (D =WES X +wE S (048]0, (N =B S W +wE, S ()
:§<(v,-5? '0,(N-WES NS0, (N~ wE,S X))

+_IZ(((V,-ST '0,(N—wB, S NNWES ()

%WW D08 'Q N wES YD)+ T A S (DwES ()

:g((visf '0,(N-WR,SHNS'O, (f)—:;: BSYN)+ . (S Do)
Zg(wpwsv'm,wpwsrm) '“

Thus,
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> (wB, S () wB, ST () < D (vS7 0, ()80, ()

iel iel

<|si| Eve, e, (P =[sf <vaQV,, <f),f>.

Furthermore, ~ we  have Z(WIPW[ Sl_l)*(wl.PWi S SHSl_luz ZVI'ZQV,» = HSl_luz S,, and
iel iel

S 0nBSY OnBS ) ST (SRS =SS =S g s
iel icl ,So 1 Tt 2
! W={W,whE,)}
Since S is the frame operator of the canonical dual fusion frame of o7, Wi Vier /
Theorem 7 reveals the relationship between the canonical dual fusion frame and the alternate dual

fusion frame, especially the relationship between their respective fusion frame operators.

3. Conclusions

In this paper, we discovery the implicit fusion frames and obtain an example by combining
convergent positive series with the standard orthonormal basis Firstly, then we extend the index set
of fusion frames to infinite set through this example. Secondly, we give an example to explore how
traditional dual frames recover original signals in cases of data loss, and study the relationship
between the frame operator of the canonical dual fusion frame of a fusion frame and its own frame
operator, the necessary and sufficient conditions of mutually alternate dual fusion frames, the
stability of alternate dual fusion frames. Finally, the relationship between canonical dual and
alternate dual fusion frames is studied.
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