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Featured Application: The proposed model, a generalization of Weibull-type distributions, finds 
wide application in analyzing data concerning the lifetime of technical and biological components. 
It may be particularly useful in reliability engineering, for example, for modeling the failure 
rate of mechanical devices, electronic systems, or critical infrastructure components, as well as in 
medicine for analyzing patient survival. Thanks to the flexibility of shaping the hazard function, 
the model enables a more accurate fit to data compared to classical approaches, which can support 
maintenance planning, risk forecasting, and resource optimization. Potential applications also 
include the analysis of large datasets from IoT sensors, which opens the possibility of its use in 
predictive maintenance systems.

Abstract: The main goal of the paper is to present a new, two-version flexible distribution that is 
a modification of the Weibull l ifetime m odel. An innovative idea is to replace the Weibull shape 
parameter with a shape function. Additional goal is to propose an estimation method that measures 
the absolute values of the differences between the empirical and theoretical reliability functions. An 
extensive literature review is performed on 165 generalizations of the Weibull distribution, considering 
modalities and shapes of the hazard rate function (HRF). Properties of the proposed distribution and 
real data examples of the application of our proposal are presented. Cumulative failure functions of 
the bimodal models with a bathtub HRF are given.

Keywords: lifetime models; Weibull distribution; bimodal distribution; bathtub hazard rate function

1. Introduction
Without any particular exaggeration, one may say that nearly everything in a lifetime data analysis

revolves around the hazard rate function (HRF). Lifetime models (LTMs) are categorized according to
the shapes of their HRFs. Special attention is paid to LTMs of “flat-bottomed” HRFs that are commonly
named bathtub HRFs. Unfortunately, over time, this name has been used to describe any HRF having
a minimum but evidently not being flat-bottomed. The true, i.e. flat-bottomed bathtub hazard rate, is
specific to a non-homogeneous population. This population consists of subpopulations of “weak” and
“strong” items.

Categorized roughly, LTMs may fall into monolithic or hybrid categories. The most representative
monolithic LTMs to be recalled here seem to be the Weibull (W), Gamma (G) and Gamma Weibull
(GW). Their failure density functions (FDFs) are
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where a > 0 is the scale parameter, b, c > 0 are the shape parameters, τ ≥ 0 is the failure free time
parameter and SF is the step function defined as

SF(x) = 1 · I(x ≥ 0) + 0 · I(x < 0). (4)

Please note that (3) LTM came into being by embedding (1) into (2). It makes (3) more flexible than
both (1) and (2) owing to the second shape parameter, namely c. However, none of LTMs in question
is sufficiently flexible to be applicable to non-homogeneous populations. It is because they cannot be
bimodal. The reader may check it on their own.

The prime example of hybrid LTM is the compound Weibull (CW) proposed by [48]. Its FDF is
given by

fCW(t) = ω
b1
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. (5)

where a1, a2, b1, b2 > 0; τ ≥ 0; ω ∈ (0, 1).
There is no doubt that (5) can be regarded as an extension of (1) however far-reaching.
As mentioned above, monolithic LTMs are unimodal. In contrast, hybrid LTMs may be bimodal.

Of course, they can also be unimodal when (1) or (2), to the great surprise of the analyst, turns out
to be inapplicable to a homogeneous population. Struck by the superiority of (5) over (1), (2), (3) one
must not overlook the fact that (5) has twice as many parameters than (3). Therefore, employing (5)
one should have at its disposal much more input data than employing (3). It is essential to guarantee
that (5) and (3) sets of estimates are at the same level of accuracy. We face the problem of equilibrating
flexibility and data consumption.

To familiarize ourselves with the problem, let us consider the results of the following simple, but
very instructive, Monte Carlo experiment. A set of input data that comprises one hundred samples
each of 30 items were drawn from the exponential population. The population scale parameter was set
equal to one. Then (1), (2), (3) LTMs were sequentially fitted to the data set. Parameters were estimated
with the Maximum Likelihood (ML) Method. Table 1 shows standard deviations of scale parameter
estimates.

Table 1. Standard deviation of scale parameter estimate for LTMs.

LTM a estimate

Exponential 0.178
Gamma 0.242
Weibull 0.321

Gamma Weibull 0.937

The (3) LTM produced scale parameter estimates of standard deviation more than five times
greater than the (1) LTM did. The explanation is simple. Saying freely, “underfeeding” of the scale
parameter took place because the shape parameters have “eaten” most of the input data for their
estimation purposes.

In general, no one disputes the need for LTM to be flexible. On the other hand, does LTM need to
have as many as 8 parameters? The LTM below, called Kumaraswamy transmuted exponentiated addi-
tive Weibull
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(KTEAW) [66], satisfies the mentioned criterion. Cumulative failure function (CFF) of the KTEAW is
defined as

FKTEAW(t) = 1 −

1 −

[
1 − exp
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)]eg

[
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))e
]−g
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h

, (6)

where (t > 0; a, c, d, e, f , g, h > 0; b > 1).
In general, there are currently two techniques to increase flexibility of LTM: In the formula of the

failure density function there are embed more parameters or the same parameter are embedded in
more than one place. The reader is prompted to compare (1) with (2). The Weibull distribution turned
out to be a little more flexible than the Gamma distribution in Monte Carlo experiments.

The shape parameter can be called static in a sense that it shapes the LTM identically at each time
point. In this paper, we will be able to shape LTM dynamically owing to the following modification:
we replace the shape parameter with the shape function. This is an innovative idea. The subject of
modification, of course, will be the Weibull LTM further named the Weibull distribution with shape
function (WDSF). The CFF and FDF take forms:
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The above FDF is a sum of two components. This is a unique property of the LTM in question.
Although born as a monolithic LTM the WDSF turns out to be hybrid-like LTM. Please note that WDSF
is free of the fraction parameter ω, which is a data guzzler in (5). As it is easy to guess, we, further in
this paper, consider the simplest version of WDSF that involves a linear shape function.

By the end of this section, let us return to the very origins of the reliability domain. Let us recall
two books published by reliability pathfinders of that time. These are [39] and [46]. A device stops
working properly, not because the Finger of Fate points it out and says “fail”. It does it because physical
failure process reached its critical level. In mentioned books, commonly used LTM have assigned a
particular mathematical failure mechanism or process.

For instance, both books assign the Weibull LTM to the model of weakest link of the chain of
elements forming a very long series reliability structure. This point of view appears to be timeless.
Therefore, in this paper we have the courage to extend the Weibull LTM assigning the following failure
process: As time flows and wear-out process advances, series reliability structure steadily elongates
causing device reliability to decrease. Referential mathematical consideration will be presented in
Section Properties of Weibull distribution with shape function.

The main goal of our work is to complement the literature on the theory of reliability models by
introducing a new distribution with a linear shape function, which is a modification of the Weibull
LTM. The additional goal of our paper is to define an estimation method that measures the absolute
values of the differences between the empirical and theoretical reliability functions (RF) (see Section
Estimation methods).

The rest of the paper is organized as follows. Section A review of modified Weibull distributions is
devoted to the review of modified Weibull distributions. The properties of the two-version WDSF
such as the CFF, RF, FDF, HRF, hazard rate average function (HRAF), quantile (Q) and pseudo-
random number generator (PRNG) are described in Section Properties of Weibull distribution with shape
function. Used estimation methods are described in Section Estimation methods. Illustrative examples of
applicability and flexibility of the WDSF are presented in Section Applications. Concluding remarks
are provided in Conclusions. CFF formulas of bimodal LTMs defined with 5–8 parameters and having
a bathtub HRF are provided in Appendix A. As the popularity of the R environment has increased
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significantly recently, main properties of the new distribution have been implemented in R software
[75]. Their full codes are in Appendix B.

2. A Review of Modified Weibull Distributions
Generalized Weibull distributions can be constructed in many ways. The first, and in our opinion,

the most important way is to define distributions with the Weibull distribution as their special case
(including a mixture of two or more Weibull variables). Other ways are i.e.: adding a constant to
the hazard rate of the Weibull model; transformations (linear, inverse or log) of the Weibull random
variable; transformations of the CFF or survival function of the Weibull models in such a way that the
new models remains a CFF or survival function. More details can be found in [54].

By reviewing the statistical literature, we found 165 generalized Weibull distributions with 2 – 8
parameters. Among them, four distributions have a domain different from t > 0. There are: reflected
Weibull distribution [26] defined for t < 0 as well as the Log-Weibull [41]; [11], modified odd Weibull
Normal [25] and extended odd Weibull normal [7] distributions defined for t ∈ R.

In the rest of the Section, we will focus on such generalized Weibull distributions, for which the
Swedish research’s distribution is their special case. In this case, the large family of generalized Weibull
distributions reduces to 71 distributions with 3–8 parameters, named by the authors as modified
Weibull distributions.

Modified Weibull distributions are divided into six groups, according to the number of their
parameters. The list of these models is presented below. Information on hazard rate function shapes is
provided in the superscript (1unimodal, 2increasing, 3decreasing, 4bathub). Pseudo-bimodal lifetime
models with bathtub hazard rate function are in underline (22 models). Bimodal lifetime models with
bathtub hazard rate function are in bold (7 models) and their CFFs are presented in Appendix A.

The group I includes 19 models with three parameters. There are: generalized gamma or gamma
Weibull1−4 [87], generalization of gamma Weibull1−4 [88], exponentiated Weibull1−4 [60], General-
ized Weibull1−4 [61], exponentiated Weibull1−4 [62], power generalized Weibull1−4 [20], modified
Weibull extension2−4 [95], modified Weibull2−4 [52], Marshall-Olkin Extended Weibull1−4 [40], ex-
tended Weibull type1,4 [15], generalized power Weibull2−4 [65], Extended Weibull1−4 [96], Sarhan
and Zaindin’s Modified Weibull2,3 [78], Weibull Geometric1−4 [23], transmuted Weibull1−4 [16], com-
plementary Weibull geometric1−4 [91], Alpha power Weibull1−4 [63], MIT Weibull1−4 [55] and Semi
Modified Alpha Power Weibull Distribution [18].

The group II includes 18 models with four parameters. There are: four-parameter generalized
gamma1−4 [42], additive Weibull2−4 [93], Generalized Modified Weibull1,2,4 [24], Kumaraswamy
Weibull1−4 [27], Exponentiated Generalized Gamma1,4 [28], exponentiated modified Weibull1−4 [36],
Transmuted modified Weibull2 [50], Exponentiated transmuted Weibull2−4 [34], Generalized Weibull-
Exponential [77]1−3, Weibull Lomax2,3 [89], generalized power generalized Weibull1−4 [80], Gen-
eralization of Generalized Gamma1−4 [84], Weibull Lomax2−4 [69], additive Chen-Weibull2,4 [90],
Poisson modified Weibull1−4 [2], modified power generalized Weibull1−4 [83], Generalized New Ex-
tended Weibull [13] and new modified exponentiated Weibull (NMEW) [74]2,4.

The group III includes 27 models with five parameters. There are: Beta modified Weibull1−4

[86], Kumaraswamy generalized gamma1−4 [73], beta generalized Weibull1−4 [85], Transmuted Expo-
nentiated Modified Weibull2,3 [38], Beta Generalized Gamma1−4 [29], transmuted additive Weibull2,4

[37], Exponentiated Kumaraswamy Weibull1−4 [35], new modified Weibull2−4 [10], Kumaraswamy
modified Weibull1−4 [31], beta transmuted Weibull1−3 [70], McDonald Weibull1−4 (McW)[30], Ex-
ponentiated Transmuted Modified Weibull1,2.4 [71], exponentiated generalized modified Weibull2,4

[17], gamma generalized modified Weibull [67], generalized modified Weibull geometric4 [21], addi-
tive modified Weibull2−4 [44], transmuted exponentiated Weibull geometric1−4 [76], transmuted new
generalized Weibull2−3 [51], Burr XII modified Weibull1−4 [56], log-logistic modified Weibull1,2,4 [68],
Kumaraswamy alpha power Weibull1−4 [57], exponentiated additive Weibull1−4 (EAW) [9]; [4], gen-
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eralized extended exponential Weibull1−4 [82], generalized Weibull generalized exponential [19]1−2,
new generalized modified Weibull1−4 [8] and improved modified Weibull3,4 [47].

The group IV includes 7 models with six parameters. There are: the mixture of two Weibull4

[48], McDonald modified Weibull1−4 (McMW) [58], McDonald extended Weibull1−4 (McEW)
[43], Additive Weibull log logistic1−4 [45], underbarBeta exponentiated modified Weibull1−4 [81],
exponentiated power generalized Weibull binomial1−4 [6], and McDonald Generalized Power
Weibull1−4 (McGPW) [79].

Concluding the review of modified Weibull distributions, we would like to mention two distri-
butions with seven and eight parameters, respectively. Kumaraswamy transmuted exponentiated
modified Weibull1−4 (KTEMW) with 54 special cases forms group V [5]. Kumaraswamy transmuted
exponentiated additive Weibull1−4 (KTEAW) [66] with 79 special cases (including KTEMW) forms
group VI.

3. Properties of Weibull Distribution with Shape Function
The main goal of the paper is to present the two-version Weibull distribution with the shape

function previously denoted as WDSF. This section describes its properties such as CFF, RF, FDF, HRF,
hazard rate average function (HRAF), quantile (Q), and pseudorandom number generator (PRNG).
Both versions of our model will be used in Section Applications.

We assume that the device of our interest has a long series reliability structure. It makes the real
lifetime distribution close to the Weibull distribution. The formula below is the Weibull LTM with the
elongation coefficient of the device’s reliability structure.

R(t) = e−(
t
a )

b
N(t)

We impose two weak conditions on N(t) with dN(t)/dt ≥ 0; t ∈ R+ and N(0) = 1. Owing to
such weak conditions, a wide scope open itself for defining N(t) functions not only of reasonable
forms but also of monstrous ones. One reasonable form is N(t) = (t/a)ct because it introduces only
one parameter into the Weibull LTM and therefore equilibrates flexibility and data consumption. Thus,
we get:

R(t) = e−(
t
a )

b ·( t
a )

ct
= e−(

t
a )

b+c·t ·

Definition 1. Let w(t) from (7) or (8) be a linear shape function with two parameters given by
w(t; b, c) = b + ct then the CFF of the Weibull distribution with linear shape function in the first
version (WDSFI) is defined as

FI(t; ϑ) = 1 − exp

[
−
(

t
a

)b+ct
]
(t > 0), (9)

where ϑ = (a, b, c), a > 0 is the scale parameter, b > 0, c ≥ 0 are the shape parameters and
b
ac ≥ − t

a
[
1 + ln

( t
a
)]

(see the proof of Theorem 2). If c = 0 then we get the Weibull distribution.
Definition 2. Let w(t) from (7) or (8) be a linear shape function with three parameters given by
w(t; b, c, τ) = b + c(t − τ)SF(t − τ) then the CFF of the Weibull distribution with linear shape function
in the second version (WDSFI I) has the form

FI I(t; θ) = 1 − exp

[
−
(

t
a

)b+c(t−τ)SF(t−τ)
]

, (10)

where θ = (a, b, c, τ), τ ≥ 0 is the failure free time parameter, SF is the step function (4) and b−τ
ac ≥

− t
a
[
1 + ln

( t
a
)]

(see the proof of Theorem 2). If τ = 0 then we get the first vesion of our proposal.
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Theorem 1. The RFs of the WDSFI and WDSFI I are defined, respectively, as

RI(t; ϑ) = exp

[
−
(

t
a

)b+ct
]

, (11)

RI I(t; θ) = exp

[
−
(

t
a

)b+c(t−τ)SF(t−τ)
]

. (12)

Proof of Theorem 1. The proof based on the RF definition is trivial.

Theorem 2. The FDFs of the WDSFI and WDSFI I are respectively given by

f I(t; ϑ) = exp

[
−
(

t
a

)b+ct
](

t
a

)b+ct−1[ b + ct
a

+
tc
a

ln
(

t
a

)]
, (13)

f I I(t; θ) = exp
[
−u(t; θ)

t
a

]
u(t; θ)

[
b + c(t − τ)SF(t − τ)

a
+

ctSF(t − τ)

a
ln
(

t
a

)]
, (14)

where u(t; θ) =
( t

a
)b+c(t−τ)SF(t−τ)−1.

Proof of Theorem 2. By computing the derivatives based on (9) and (10) with respect to the lifetime
t, we easily obtain formulas (13) and (14). Recall that t, a, b, c > 0 and the formulas (13)-(14) are
non-negative.

Let z = t/a, then we have from (13)

b
a
+ cz + czln(z) ≥ 0 ⇒ b

ac
≥ −z[1 + ln(z)].

Let t − τ ≥ 0, then we have from (14)

b + c(t − τ)

a
+

ct
a

ln
(

t
a

)
≥ 0 ⇒ b − τ

ac
≥ −z[1 + ln(z)]

Figure 1 shows the RF of the WDSFI and WDSFI I . Pseudo-bimodality or bimodality is visible
here. The R codes (R Core Team 2021) for calculating the RF values of the WDSFI I are provided in
Appendix B.

Figure 1. RF of the WDSFI with the parameter vector ϑ = (6, 0.5, c) (left) and the RF of WDSFII with the parameter
vector θ = (1, b, c, τ) (right).

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 8 August 2025 doi:10.20944/preprints202508.0612.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202508.0612.v1
http://creativecommons.org/licenses/by/4.0/


7 of 19

Figure 2 shows the FDF of the WDSFI and WDSFI I . We see the pseudo-bimodality (on the left)
and bimodality (on the right). The R codes for calculating the FDF values of WDSFI I are provided in
Appendix B.

Figure 2. FDF of the WDSFI with the parameter vector ϑ = (6, 0.5, c) (left) and the FDF of WDSFI I with the
parameter vector θ = (1, b, c, τ) (right).

Theorem 3. The HRFs of the WDSFI and WDSFI I have respectively form

hI(t; ϑ) =

(
t
a

)b+ct[ b + ct
t

+ cln
(

t
a

)]
, (15)

hI I(t; θ) =

[
b + c(t − τ)SF(t − τ)

t
+ cSF(t − τ)ln

(
t
a

)](
t
a

)b+c(t−τ)SF(t−τ)

. (16)

Proof of Theorem 3. The proof based on the HRF defintion is trivial.

Figure 3 shows the bathtub HRF of the WDSFI and WDSFI I . The curves flatten as c decreases.
The R codes for calculating the HRF values of WDSFI I are provided in Appendix B.

Figure 3. HRF of the WDSFI with the parameter vector ϑ = (6, 0.5, c) (left) and the HRF of WDSFI I with the
parameter vector θ = (1, b, c, τ) (right).

Theorem 4. The HRAFs of the WDSFI and WDSFI I are respectively defined as (Barlow and Proschan 1996)

haI(t; ϑ) =
1
t

(
t
a

)b+ct
, (17)

haI I(t; θ) =
1
t

(
t
a

)b+c(t−τ)SF(t−τ)

. (18)

Proof of Theorem 4. The proof based on the formula ha(t) = −(1/t)ln[R(t)] is trivial.
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Figure 4 shows the bathtub HRAF of the WDSFI and WDSFI I . HRAF curves are flatter than HRF
curves. The R codes for calculating the HARF values of WDSFI I are provided in Appendix B.

Figure 4. HRAF of the WDSFI with the parameter vector ϑ = (6, 0.5, c) (left) and the HRAF of WDSFI I with the
parameter vector θ = (1, b, c, τ) (right).

Theorem 5. Let 0 < p < 1. The Qs qI
p and qI I

p of the WDSFI and WDSFI I are respectively solutions of the
equations (

qI
p

a

)b+cqI
p

+ ln(1 − p) = 0, (19)

(
qI I

p

a

)b+c(qI I
p −τ)SF(qI I

p −τ)

+ ln(1 − p) = 0. (20)

Proof of Theorem 5. The proof based on (9) and (10) is easy.

The R codes for calculating the qI I
p values of WDSFI I are provided in Appendix B.

Theorem 6. Let R ∼ Uni f (0, 1), T I and T I I follow the WDSFI and WDSFI I , respectively. We can obtain the
T I and T I I in two ways.
The first way. The T I and T I I are respectively solutions of the equations

(
T I

a

)b+cT I

+ ln(1 − R) = 0, (21)

(
T I I

a

)b+c(T I I−τ)SF(T I I−τ)
+ ln(1 − R) = 0. (22)

The second way. The algorithm for obtaining the T I and T I I is as follows:

1. Let ε = 10−10, k = 0, T I
0 = 0, T I I

0 = 0.
2. Let k = k + 1

3. T I
k+1 = a[−ln(R)][b+cT I

k ]
−1

, T I I
k+1 = a[−ln(R)][b+cSF(T I I

k+1−τ)(T I I
k −τ)]

−1

.

4. If
∣∣∣T I

k+1 − T I
k

∣∣∣ ≥ ε,
∣∣∣T I I

k+1 − T I I
k

∣∣∣ ≥ ε then go to step 2.

5. Return T I = T I
k+1, T I I = T I I

k+1.

Proof of Theorem 6. Based on (9) we get

exp

−(T I

a

)b+cT I
 = 1 − R (23)
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and after taking logarithm on both sides (23) we have (21). Similarly, based on (10), we obtain (22).
Recursive formulas in step 3 of the algorithm are obtained based on (9) and (10) using the CFF inversion
method.

The R codes for the PRNG of the WDSFI I are provided in Appendix B.

4. Estimation Methods
Additional goal for this article is outlined in this Section.
Looking through the literature in search of distributions that are modifications of the Weibull

distribution, we find that the most dominant method of parameter estimation is the maximum
likelihood (ML) method. However, the question remains whether this choice is right. The younger the
paper, the more often the parameters are estimated using other methods, e.g. the ordinary least-squares
(LS) and weighted least-squares (WLS) ones, see e.g. [3]; [64]; [14]; [12]; [83].

Let ϑ = (a, b, c), θ = (a, b, c, τ) be parameter vectors and t∗1 , t∗2 , ..., t∗n be a random sample of
size n from the WDSFI and WDSFI I . To estimate unknown values of parameters, we use estimation
methods such as the ML, LS, WLS and least absolute values (LAW). The LAW, which is the first
additional goal of the work, measures the absolute values of the differences between the empirical and
theoretical RFs.

The likelihood functions (LFs) of the WDSFI and WDSFI I , based on (13-14), are given by, respec-
tively

LI(t∗i ; ϑ) =
n

∏
i=1

exp

[
−
(

t∗i
a

)b+ct∗i
](

t∗i
a

)b+ct∗i −1[ b + ct∗i
a

+
ct∗i
a

ln
(

t∗i
a

)]
, (24)

LI I(t∗i ; θ) =
n

∏
i=1

exp
[
−u(t∗i ; θ)

t∗i
a

]
· u(t∗i ; θ) ·

·
[

b + c
(
t∗i − τ

)
SF
(
t∗i − τ

)
a

+
ct∗i SF

(
t∗i − τ

)
a

ln
(

t∗i
a

)]
, (25)

where u
(
t∗i ; θ

)
=
(

t∗i
a

)b+c(t∗i −τ)SF(t∗i −τ)−1
.

The log-likelihood functions (LLFs) of the WDSFI and WDSFI I , based on ((25)-(26)), are defined
as, respectively

l I(t∗i ; ϑ)=−
n

∑
i=1

(
t∗i
a

)b+ct∗i
+

n

∑
i=1

(b + ct∗i − 1)ln
(

t∗i
a

)
+

n

∑
i=1

ln
[

b + ct∗i
a

+
ct∗i
a

ln
(

t∗i
a

)]
, (26)

l I I = −
n

∑
i=1

(
t∗i
a

)b+c(t∗i −τ)SF(t∗i −τ)
+

+
n

∑
i=1

(b + c(t∗i − τ)SF(t∗i − τ)− 1) ln
(

t∗i
a

)
+

+
n

∑
i=1

ln

[
b + c

(
t∗i − τ

)
SF
(
t∗i − τ

)
a

+
ct∗i SF

(
t∗i − τ

)
a

ln
(

t∗i
a

)]
.

(27)

Formulas dl I

dϑ , dl I I

dθ have complex forms, so in practice we maximize the LF (27-28) or the LLFs
(29-30) to obtain the ML estimates.

To obtain the OLS estimates of the WDSFI and WDSFI I parameters, we minimize the following
objective functions, respectively

OLSI =
n

∑
i=1

{
i − n − 1

n + 1
+ exp

[
−
(

t∗i
a

)b+ct∗i
]}2

, (28)
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OLSI I =
n

∑
i=1

{
i − n − 1

n + 1
+ exp

[
−
(

t∗i
a

)b+c(t∗i −τ)SF(t∗i −τ)
]}2

. (29)

To obtain the WLS estimates of the WDSFI and WDSFI I parameters, we minimize the following
objective functions, respectively

WLSI =
n

∑
i=1

(n + 1)2(n + 2)
i(n − i + 1)

{
i − n − 1

n + 1
+ exp

[
−
(

t∗i
a

)b+ct∗i
]}2

, (30)

WLSI I =
n

∑
i=1

(n + 1)2(n + 2)
i(n − i + 1)

{
i − n − 1

n + 1
+ exp

[
−
(

t∗i
a

)b+c(t∗i −τ)SF(t∗i −τ)
]}2

. (31)

Let Re(i) = 1 − i
n+1 is the empirical RF. To obtain the LAW estimates of the WDSFI and WDSFI I

parameters, we minimize the following objective functions, respectively

LAW I =
n

∑
i=1

∣∣∣Re(i)− RI(t; ϑ)
∣∣∣ = n

∑
i=1

∣∣∣∣∣ i − n − 1
n + 1

+ exp

[
−
(

t∗i
a

)b+ct∗i
]∣∣∣∣∣, (32)

LAW I I =
n

∑
i=1

∣∣∣Re(i)− RI I(t; θ)
∣∣∣ = n

∑
i=1

∣∣∣∣∣ i − n − 1
n + 1

+ exp

[
−
(

t∗i
a

)b+c(t∗i −τ)SF(t∗i −τ)
]∣∣∣∣∣. (33)

Simulation study was performed with 103 samples with a size of 50, 100, 200. The samples were
drawn from the WDSFI I with θ = (1, 1, c, 0), where c=(1, 2, 3). To obtain highly accurate parameter
estimates, the optimization procedure was run 102 times with random initial values of Uni f (0.75, 1.25)
for a, b, c and Uni f (0, 0.25) for τ. Our estimates for a given sample are the values that minimize (29),
(31), (33) and maximize (27).

The biases and the root mean squared errors (RMSEs) of the WDSFI I estimates are shown in Table
2. We observe that as the sample size increases, the estimates approach the true values, which means
that the estimates are consistent. Biases and RMSE values are the lowest for â. The biases are the
largest for τ̂ (c = 1) and b̂ (c = 2, 3). The RMSEs are the highest for ĉ. The biases increase with the
value of c for b̂. The RMSEs increase with the value of c for b̂, ĉ and decrease for â. The biases are the
lowest for the ML method associated with τ̂. The biases are lowest for the ML method associated with
b̂, ĉ. The ML method is not suitable for estimating scale parameters.
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Table 2. Biases and RMSEs of the estimates obtained using various methods (M). Samples of size n were drawn
from WDSFII with θ = (1, 1, c, 0).

c n M
â b̂ ĉ τ̂

BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE

1

50

ML -0.0093 0.0847 0.1170 0.2658 0.0324 0.3247 0.1055 0.1508

LS 0.0018 0.0849 0.1184 0.2959 0.1120 0.5415 0.1571 0.2330

WLS 0.0013 0.0843 0.0908 0.2734 0.1270 0.5259 0.1392 0.2268

LAW -0.0024 0.0846 0.1552 0.3301 0.0306 0.4464 0.1663 0.2148

100

ML -0.0061 0.0575 0.0836 0.1886 0.0250 0.2409 0.0866 0.1342

LS -0.0014 0.0555 0.1166 0.2270 0.0660 0.3680 0.1359 0.1974

WLS -0.0013 0.0550 0.0831 0.1934 0.0748 0.3380 0.1139 0.1807

LAW -0.0023 0.0558 0.1395 0.2562 0.0270 0.3430 0.1439 0.1884

200

ML -0.0009 0.0418 0.0594 0.1380 0.0249 0.1708 0.0721 0.1148

LS 0.0012 0.0409 0.0949 0.1687 0.0435 0.2440 0.1122 0.1553

WLS 0.0012 0.0401 0.0636 0.1403 0.0516 0.2190 0.0888 0.1309

LAW 0.0019 0.0408 0.1103 0.1880 0.0269 0.2439 0.1285 0.1658

2

50

ML -0.0103 0.0558 0.1945 0.3719 0.0673 0.4724 0.0860 0.1267

LS -0.0101 0.0523 0.2871 0.5329 0.0708 0.8619 0.1339 0.1896

WLS -0.0080 0.0513 0.2265 0.4671 0.1225 0.7461 0.1221 0.1803

LAW -0.0075 0.0521 0.3303 0.5374 0.0576 0.7430 0.1544 0.1911

100

ML -0.0063 0.0423 0.1556 0.2762 -0.0184 0.3740 0.0695 0.1095

LS -0.0018 0.0385 0.2442 0.3704 0.0498 0.5900 0.1230 0.1606

WLS -0.0019 0.0380 0.1817 0.3139 0.0594 0.4483 0.0988 0.1331

LAW -0.0023 0.0385 0.2793 0.4055 0.0330 0.5268 0.1358 0.1660

200

ML -0.0045 0.0275 0.1127 0.2068 -0.0101 0.2516 0.0556 0.0894

LS -0.0016 0.0259 0.2165 0.2991 0.0407 0.3699 0.1142 0.1422

WLS -0.0015 0.0255 0.1521 0.2364 0.0500 0.3057 0.0869 0.1100

LAW -0.0016 0.0259 0.2533 0.3437 0.0294 0.3699 0.1292 0.1545

3

50

ML -0.0591 0.0561 0.2503 0.5285 -0.1146 0.7230 0.0837 0.1741

LS 0.0025 0.0400 0.4460 0.7741 -0.0951 1.1100 0.1307 0.1556

WLS 0.0022 0.0392 0.3795 0.6883 -0.0782 0.9387 0.1040 0.1416

LAW 0.0027 0.0402 0.5165 0.8346 -0.0772 1.0393 0.1456 0.1766

100

ML -0.0111 0.0493 0.1517 0.3145 -0.1034 0.4895 0.0660 0.1184

LS -0.0006 0.0288 0.3717 0.5462 -0.0193 0.7243 0.1159 0.1485

WLS -0.0009 0.0284 0.2981 0.4545 0.0646 0.5678 0.1022 0.1290

LAW -0.0008 0.0290 0.4403 0.6089 -0.0576 0.7586 0.1419 0.1721

200

ML -0.0078 0.0473 0.1212 0.2600 -0.0650 0.3834 0.0409 0.0778

LS -0.0003 0.0202 0.3340 0.4468 0.0154 0.4874 0.1099 0.1369

WLS -0.0004 0.0198 0.2655 0.3702 0.0496 0.3968 0.0941 0.1156

LAW -0.0003 0.0203 0.4135 0.5234 0.0335 0.5317 0.1381 0.1661

5. Applications
In this section, we illustrate the importance of the WDSFI and WDSFII distributions using three

real life data sets. The new models are compared with bimodal LTMs, characterized by unimodal,
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increasing, decreasing and bathub HRF, such as: exponentiated additive Weibull, McDonald Weibull,
McDonald modified Weibull, McDonald extended Weibull, McDonald generalized Power Weibull,
Compound Weibull, Kumaraswamy transmuted exponentiated modified Weibull, Kumaraswamy
transmuted exponentiated additive Weibull. CFFs of mentioned models are presented in Appendix.

All calculations for comparison were performed in R software. To avoid local maxima, the
optimization procedure was run 103 times with random starting model parameter values that are
widely scattered in the parameter space. The final parameter estimates are those parameter values that
best maximize the log-likelihood function. AIC, BIC, HQIC criteria and the Kolmogorov-Smirnov (KS)
statistic are calculated.

5.1. Failure times of devices

As the first real dataset, 50 failure times of devices ([1]; [53]) presented in Appendix C, is used. ML
estimates (MLEs), AIC, BIC, HQIC and KS values are given in Table 3. Better values are marked in bold.
Figure 5 shows the estimated FDFs for compared models. The WDSFI I model is more appropriate
based on information criteria and KS values. The adaptability of the WDSFI I model can also be
observed in Figure 5.

Table 3. MLE, IC and KS values of models fitted to 50 failure times of devices.

LTM
MLE

AIC BIC HQIC KS
â b̂ ĉ d̂ ê f̂ ĝ ĥ

WDSFI 63.296 0.591 0.026 448.826 454.562 451.011 0.133
WDSFII 67.308 0.689 1.097 81.999 421.516 429.164 424.428 0.098

EAW 3.660 0.046 0.002 1.571 107.658 469.737 479.297 473.377 0.154
McW 0.023 3.948 0.581 0.113 0.123 453.758 463.318 457.399 0.129

McMW 0.011 0.070 1.400 99.689 0.122 110.808 465.340 476.812 469.709 0.148
McEW 0.005 0.365 0.342 5.639 22.194 67.675 513.666 525.138 518.035 0.246

McGPW 0.004 0.975 3.756 30.574 0.026 43.588 473.988 485.460 478.357 0.269
CW 72.727 4.505 19.101 0.762 0.005 0.545 454.997 466.469 459.366 0.140

KTEMW 15.268 33.904 15.729 0.009 0.002 2.499 2.099 470.777 484.161 475.874 0.146
KTEAW 0.092 1.608 0.0002 0.120 2.290 3.200 0.744 2.197 488.172 503.468 493.997 0.280

Figure 5. Estimated FDFs for compared models for the failure times of devices

5.2. 500 MW generators

As the second real dataset, 36 times to the first failure of 500 MW generators collected over a
6-year period ([33]; [53]) presented in Appendix C, is used. ML estimates (MLE), AIC, BIC, HQIC and
KS values are given in Table 4. The WDSFI model is more appropriate based on information criteria.
The adaptability of the WDSFI model can also be observed in Figure 6.
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Table 4. MLE, IC and KS values of models fitted to 36 times to the first failure of 500 MW generators.

LTM
MLE

AIC BIC HQIC KS
â b̂ ĉ d̂ ê f̂ ĝ ĥ

WDSFI 2615.140 0.725 0.00003 639.431 644.181 641.089 0.100
WDSFII 2567.828 0.731 0.00003 644.846 641.410 647.744 643.621 0.100

EAW 1.858 0.092 0.002 0.766 46.659 644.581 652.498 647.344 0.116
McW 0.016 0.212 64.343 7.5670 32.539 642.722 650.639 645.485 0.114

McMW 0.0007 0.068 3.047 4.772 8.793 0.386 652.555 662.056 655.871 0.175
McEW 0.073 0.371 21.007 0.104 0.126 23.577 645.083 654.584 648.399 0.109

McGPW 0.025 0.676 1.008 3.438 0.535 0.247 646.477 655.978 649.793 0.165
CW 4343.488 8.000 549.686 34.468 55.643 0.935 645.011 654.512 648.327 0.111

KTEMW 0.068 0.248 8.454 0.048 0.001 0.025 0.890 651.727 662.812 655.596 0.114
KTEAW 0.923 1.417 3E-06 0.096 4.952 0.282 2.850 3.101 650.268 662.936 654.689 0.082

Figure 6. Estimated PDFs for compared models for the times to the first failure of 500 MW generators

6. Discussion
The results obtained in this study demonstrate that the proposed WDSFI and WDSFI I models

provide a flexible and accurate framework for modeling full-life-cycle data with a wide range of hazard
ratio shapes, including monotonic, bathtub, and pseudobimodal patterns. Parameter estimation using
OLS, WLS, and LAW methods yielded consistent results, with the LAW approach often demonstrating
improved robustness in the presence of irregularities in the empirical reliability function.

From the perspective of previous research, our findings are consistent with, and even extend,
previous work on generalizations of the Weibull distribution and its modified forms. Similar to these
studies, we observed that introducing additional parameters can significantly improve model fit,
allowing for more complex hazard ratio shapes. However, the WDSFI and WDSFI I models differ in
structure, offering better adaptation to datasets where existing models still exhibit systematic biases.

Regarding our working hypotheses, empirical analyses support the assumption that additional
flexibility in scale structure and distribution shape leads to better data representation without sacrific-
ing interpretability. The models’ performance on real-world datasets suggests they may be particularly
well-suited for applications in engineering reliability, biomedical survival analysis, and materials
degradation studies, where multi-phase failure mechanisms are present.

In a broader context, these findings contribute to the growing literature on extended-life models
and highlight the continuing need for statistical tools capable of capturing a variety of hazardous
behaviors. Such tools are crucial for risk assessment, preventive maintenance planning, and decision-
making in safety-critical systems.

Future research directions include:

• Extending the proposed models to more precisely process censored, truncated, and interval data.
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• Investigation of Bayesian inference methods to incorporate a priori information and quantify
uncertainty.

• Development of multivariate or concatenated life-cycle models to capture inter-component de-
pendencies.

• Incorporation of models into regression frameworks, such as proportional hazards or accelerated
failure time models, to assess the impact of interdependent variables.

Overall, this study confirms the practical value of the WDSFI and WDSFI I models and opens
promising avenues for both theoretical development and applied research in reliability and survival
analysis.

7. Conclusions
This article presents a three- and four-parameter flexible modified Weibull LTM called the Weibull

distribution with a linear shape function. An innovative idea is to replace the Weibull shape parameter
with a shape function. An estimation method based on theoretical and empirical reliability functions
is proposed. An extensive literature review was performed, taking into account the modalities and
shapes of the risk rate function. The simulation study is carried out using ML, LS, WLS and LAW
methods. Furthermore, to check the suitability and flexibility, the new LTMs are validated with two
real datasets and compared with other bimodal LTMs with a bathtub HRF.

The paper shows that even a three-parameter distribution can compete in data modeling with
LTM distributions that have two or even almost three times more parameters.
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Abbreviations
The following abbreviations are used in this manuscript:

CFF Cumulative failure function
CW Compound Weibull
EAW Exponentiated additive Weibull
FDF Failure density function
G Gamma
GW Gamma Weibull
HRAF Hazard rate average function
HRF Hazard rate function
KTEAW Kumaraswamy transmuted exponentiated additive Weibull
KTEAW Kumaraswamy transmuted exponentiated additive Weibull
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KTEMW Kumaraswamy transmuted exponentiated modified Weibull
LAW Least Absolute Weighted
LLF Log-likelihood function
LTM Lifetime model
McGPW McDonald Generalized Power Weibull
McMW McDonald modified Weibull
McW McDonald Weibull
ML Maximum Likelihood
NMEW New modified exponentiated Weibull
OLS Ordinary least squares
PRNG Pseudo-random number generator
Q Quantile
RF Reliabity function
W Weibull
WDSF Weibull distribution with shape function
WLS Weighted least squares

Appendix A.
Let a, b, c, d, e, f , g, h > 0 be the model parameters and

1. Beta function: B(a, b)= (a) (b)
(a+b) ,

2. Lower incomplete beta function: BL(x;a, b)=
∫ x

0 ua−1(1−u)b−1du,

3. Regularized incomplete beta function: Ix(a, b)= BL(x;a,b)
B(a,b) .

Below are the CFFs of bimodal LTMs with unimodal, increasing, decreasing and bathub HRF. The
number of model parameters is given in parentheses.

1. exponentiated additive Weibull (5)

FEAW(t) =
[
1 − exp

(
−atb − ctd

)]e
, (t > 0)

2. McDonald Weibull (5)

FMcW(t) = I[1−exp(−(at)b)]
c(d/c, e), (t > 0),

3. McDonald modified Weibull (6)

FMcMW(t) = I
[1−exp(−at−ctb)]

d(e, f ), (t > 0),

4. McDonald extended Weibull (6)

FMcEW(t) =

 I[
1−(1+datb)

−1/d]c(e, f ) (d > 0)

I[1−exp(−atb)]
c(e, f ) (d = 0)

, (t > 0),

5. McDonald generalized Power Weibull (6)

FMcGPW(t) = I{
1−exp

[
1−(1+atb)

c]}d(e, f ), (t > 0)

6. Compound Weibull (6)

FCW(t) = f

{
1 − exp

[
−
(

t
a

)b
]}

+ (1 − f )

{
1 − SF(t − e)exp

[
−
(

t − e
c

)d
]}

( f < 1)

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 8 August 2025 doi:10.20944/preprints202508.0612.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202508.0612.v1
http://creativecommons.org/licenses/by/4.0/


16 of 19

7. Kumaraswamy transmuted exponentiated modified Weibull (8)

FKTEMW(t) = 1 −

1 −

[
1 − exp

(
−at − ctb

)]eg

[
1 + f − f

(
1 − exp

(
−at − ctb

))e
]−g


h

, (t > 0; b > 1),

8. Kumaraswamy transmuted exponentiated additive Weibull (8)

FKTEAW(t) = 1 −

1 −

[
1 − exp

(
−atd − ctb

)]eg

[
1 + f − f

(
1 − exp

(
−atd − ctb

))e
]−g


h

, (t > 0; b > 1).

Appendix B.
R codes for the RF, CFF, FDF, HRF, HRAF, quantile and pseudo-random number generator are available
at github.com/PiotrSule/WDSF.

Appendix C.
Dataset of failure times of 50 devices:

0.1, 0.2, 1, 1, 1, 1, 1, 2, 3, 6, 7, 11, 12, 18, 18, 18, 18, 18, 21, 32, 36, 40, 45, 46, 47, 50, 55, 60, 63,

63, 67, 67, 67, 67, 72, 75, 79, 82, 82, 83, 84, 84, 84, 85, 85, 85, 85, 85, 86, 86.

Dataset of 36 times to the first failure of 500 MW generators collected over a 6-year period:

58, 70, 90, 105, 113, 121, 153, 159, 224, 421, 570, 596, 618, 834, 1019, 1104, 1497, 2027,

2234, 2372, 2433, 2505, 2690, 2877, 2879, 3166, 3455, 3551, 4378, 4872, 5085, 5272, 5341,

8952, 9188, 11399.
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