
 
 

Article  
Spectral Matching of Three-Component Seismic Ground Accel-
erations for Critical Structures 
Sindur P. Mangkoesoebrotoa,*, Adi P. Yasa,b and Ediansjah Zulkiflia 

a) Civil Engineering Department, Institute of Technology Bandung, Jalan Ganesha 10, Bandung 40132, Indone-
sia. 
b) Centre for Industrial Research, Institute of Technology Bandung, Jalan Ganesha 10, Bandung 40132, Indone-
sia. 
* Correspondence: sindurpm@gmail.com; phone: +62 22 250 4669 

Abstract: This study introduces a new procedure for three-component spectral matching of seismic ground acceleration 
records. The procedure involves preserving the phase angle and varying the Fourier amplitudes to match the spectra of the 
recorded records with a provided target spectrum that represents the spectral values of ground motions in three orthogonal 
directions. Several three-component recorded records were matched against two target response spectra to test the method. 
An accurate convergence was achieved in the velocity and displacement records. In addition, the scales among the compo-
nents’ magnitude were maintained, creating realistic three-component ground motions. Such ground motion inputs are 
important to qualify critical structures sensitive to three-component motions. Our proposed procedure is novel because the 
present practices are mostly created based on one-component ground motions. 
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1. Introduction 
The need for realistic ground motions is the most critical issue in seismic analyses and design of critical structures. Recorded 

(three-component) earthquake motions are preferred to produce a realistic structural response (ASCE/SEI, 2019). However, the 

appropriate ground motion records of earthquakes for a particular site are rarely available (Wang et. al., 2014). In such cases, a suite 

of derived records must be generated via synthetic procedures or through spectral matching of recorded records or seeds. While 

some parameters are maintained (e.g., the scales1 among the three components), the others such as Fourier amplitudes and phases, 

durations, and peaks as well as spectral amplitudes are altered following the spectral adjustments. This study proposes a novel, yet 

simple, procedure to generate spectrum-compatible three-component seismic ground accelerations based on the seed records to be 

used in the response analyses of critical structures. These cases are not only limited to nuclear structures as specified in ASCE/SEI 

(2019) but also extendable to include tall building structures, large dams, and long-span bridges. Unlike the present spectral 

matching practices that process the three components based on individual component separately, in this study, we performed 

spectral matching on three components simultaneously and treated it as a vector.  

Aside from three-component procedure, one-component spectral matching has long history. One good literature review could 

be found in Li et. al. (2017). The matching processes could be performed either in frequency domain (Rizzo et. al., 1975, Gasparini 

and Vanmarcke, 1976, Kost et. al.,1978, Preumont, 1984, Bani-Hani and Malkawi, 2017), time domain (Kaul, 1978, Lilhanand and 

Tseng, 1988, Abrahamson, 1992, Mukherjee and Gupta, 2002, Suárez and Montejo, 2005, Hancock et. al., 2006, Al Atik and 

Abrahamson, 2010, Ni et. al., 2011, Gao et. al., 2014, Adekristi and Eatherton, 2016, Li et. al., 2016), or both (Preumont, 1984, Silva 

and Lee, 1987). In frequency domain spectral matching, the Fourier amplitude and phase spectra are iteratively adjusted until the 

acceleration spectral ordinates agree with that of the target. In time domain, the acceleration time series are iteratively modified 

until agreement of the acceleration response spectrum to that of target are achieved. The modification could be done by adding 

series of wavelets (Kaul, 1978, Lilhanand and Tseng, 1988, Abrahamson, 1992, Mukherjee and Gupta, 2002, Suárez and Montejo, 

2005, Hancock et. al., 2006, Al Atik and Abrahamson, 2010, Gao et. al., 2014, Adekristi and Eatherton, 2016) or by decomposing the 

original record into mode functions, adjusting, and then recombining them (Ni et. al., 2011, Li et. al., 2016). A technique employing 

an eigenfunction expansion of the seeds has also been proposed (Li et. al., 2017). Most of these works were applied to one-

component acceleration records, except Ni et. al. (2011), Li et. al. (2016) and Yang et. al. (2021) who tried extending the technique 

to three-component records, apparently after realizing that using three-component ground motions is necessary in structural 

analyses that are sensitive to three-component motions, likely arising from the stiffness and/or mass irregularities existing in 

structures. This is emphasized in Section 3.1 of ASCE/SEI (2019) that requires seismic demand to be obtained for three translational 

earthquake motions. 

                                                           
1 The scales are the ratios among the components’ magnitudes. 
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Ni et. al. (2011) proposed that three-component matching be carried out sequentially for two horizontal components and 

separately for vertical direction. The procedure started with first-horizontal-component spectral matching against a horizontal target 

spectrum. This step is followed with the second-horizontal-component based on the first component in such a way that condition on 

statistical independence of both components is satisfied. The second component satisfies the same horizontal target spectrum as 

the first. Lastly, the vertical component is matched based on the actual vertical acceleration record until its response spectrum agree 

with vertical target spectrum. This process is performed by Hilbet-Huang transformation (HHT) allowing modifications of both the 

amplitude and phase of the actual records as function of time. In this technique, there are two different target spectra needed, for 

horizontal and vertical components. Li et. al. (2016) performed the procedure to three components independently with its own target 

spectrum using HHT keeping the statistical independence of the three. Similarly, Yang et. al. (2021) basically using the method of Li 

et. al. (2017) combined with other technique to produce fully independent three-component matched records; however, the 

procedure was performed individually for different horizontal dan vertical target spectra. These very complex operations would 

change the functional relation among the components or the direction cosines2 of the earthquake acceleration vector to the degree 

that the resulting waveform might be entirely different from its recorded counterpart and might not be an earthquake waveform 

anymore, which is to be avoided in this study. 

The above discussion suggests the necessity of maintaining the direction cosines of the acceleration vector during spectral 

matching. Not only does it important to maintain the direction cosines but also not to disturb too much the Fourier spectrum is 

necessary if the property of the actual waveform is to be managed (Carlson et. al., 2016). This is true for the Fourier phase because 

some studies showed that there is structure or pattern in phase spectrum. These studies found that the distribution of the Fourier 

phase tended to be uniform, and the distribution of the difference of any two consecutive phases appeared to be normal. Furthermore, 

the waveform of the actual records and their phases were very similar (Ohsaki, 1979). The phase distribution also might have an 

important impact on the inelastic structural response (Tiliouine et. al., 2000). Therefore, accurately reproducing the real phase in the 

simulated records is crucial (Thrainsson et. al., 2000). In other investigations, replacing the phase record with that of others yielded 

modified records of the same peak ground acceleration (PGA) but entirely different nonlinear SDOF responses (Tao et. al., 2019). 

Moreover, we found that the phases of seismic records form spiral patterns (see Section 3); therefore, maintaining the phases is 

important ASCE/SEI (2019). This suggests that the only freedom rests with the adjustments of the Fourier amplitude spectrum (FAS). 

For this purpose, the most straightforward technique is the eigenfunction expansion of the actual records, which allows controlling 

the amplitude and phase spectra independently. The simplest form of this technique is the Fourier transform method and will be 

used in the following development. 

In Fourier transform method, the seed time series is Fourier transformed to obtain the corresponding frequency series, expressed 

as the product of Fourier amplitude and phase spectra. Both the amplitude and phase can be modified by using a frequency-

dependent filter function ( ) ( ) ( )ωωω PiePP φ= , where ( )ωP and ( )ωPφ  are the filter’s amplitude and phase, respectively. The 

modification is performed iteratively until the response spectrum of the resulting time series agree with a given target. In this study 

a single target spectrum is used, and it should incorporate both the horizontal and vertical components. The seed’s Fourier amplitude 

spectrum (FAS) is also incorporating its three components. It is preferable that the target spectrum is in the form of the pseudo-

velocity spectrum (Spv) as there is ‘similarity’ between Spv and FAS. 

                                                           

2  The direction cosine of vector a is defined as ℓi=ai/|a| for its ith-component (i=1,2,3), where ∑= i ia 2a  is its magnitude; 

consequently 12 =∑i i . 
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The spectral matching using a scalar filter function that operates on a vector of three components would maintain the ratio 

among the components and thus their direction cosines; otherwise, a spectral scaling could be carried out to the vertical component. 

Both the filter’s amplitude and phase could be adjusted but adjusting the phase would not change the phase difference among the 

components, while adjustments of the filter’s amplitude are operated on the modified record’s FAS until agreement on the modified 

record’s spectrum to that of a target was achieved. The simplest procedure, known as spectral scaling, involves fixing the amplitude, 

( )ωP = constant, and setting the filter’s phase to be identically zero, ( )ωPφ = 0, and resulting in the modified record having a 

phase identical to the seed and a Fourier amplitude spectrum proportional to that of the seed record. 

In this study, the seeds were retrieved from the Pacific Earthquake Engineering Research Center (PEER, 2022) (or other agencies) 

by focusing to those with their spectra close to the target (assumed to be given). This closeness is necessary so that the modified 

records are not too much distorted from the seeds (Wang, et. al., 2014, Kohrangi et. al., 2017, Baker and Lee, 2018, ASCE/SEI, 2019). 

The average spectrum of all seeds was be produced and compared to that of the target. In this study, this average spectrum was 

used as an alternative to the target. 

The development starts by considering a mass excited in three orthogonal directions by three-component ground acceleration. 
The motion in each direction is associated with distinct component, and its dynamical properties, spring, and damping are identical 
in all directions (i.e., isotropic) and constant. The methodology and problem formulation are discussed in next section. 

2. Methodology and Problem Formulation 
Consider a mass excited by three-component ground motion with a linear spring and damping system. The equation of motion 

of the mass can be expressed as follow (Clough and Penzien, 2003, Chopra, 2020)  

 ( ) ( ) ( ) ( )ttt
dt
dt

dt
d aMuKuCuM −=++2

2
 (1) 

where M, C, and K are the 3 x 3 mass, damping, and stiffness matrices, respectively (assumed to be constants), ( )tu  is 
the three-component displacement vector of the mass, and ( )ta  is the three-component translational ground 
acceleration vector. For an isotropic system excited by the seed ground acceleration, Eq. (1) becomes 

 ( ) ( ) ( ) ( )ttt
dt
dt

dt
d

ssnsns auuu −=ω+ζω+ 2
2

2
2  (2) 

where ( ) ( ) ( ) ( )( )tatatat ssss 321 ,,=a  ( ( )tsu  can be expressed similarly), ζ is the damping, and ωn is the system’s natural frequency 

(ζ and ωn are constants). While the notation ( )tsu  is employed in the time domain, the notation ( )ωsU  is employed in frequency 

domain for its transformed quantity. The solution to Eq. (2) for the displacement in frequency domain is 
 ( ) ( ) ( )ωζ,ω;ωω sns H AU −= , (3) 
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where ( ) ( )∫
∞

∞−

−= dttω iωt
ss euU  is the Fourier transform of ( )tsu , ( ) ( ) ( )ζωωφζωω=ζωω ,;,;,; nHi

nn eHH  is the frequency 

response function in which ( )
( )[ ] [ ]22

2
2

/2/1

11,;

nn
n

nH
ωζω+ωω−

ω
=ζωω  and ( )

( )2/1
/2,;tan

n

n
nH

ωω−

ωζω
=ζωωφ , and 

( ) ( )∫
∞

∞−

ω−= dttω ti
ss eaA  is the Fourier transform of the seed ground acceleration vector (the details could be found in Clough 

and Penzien, 2003). The right side of Eq. (3) contains two kinds of phases: the first is the phase between the motion and the response 

embedded in the response function, and the second is the built-in Fourier phase in the ground acceleration. 

The Fourier amplitude spectrum (FAS) of sU  is defined as ( ) ( ) ( )*2 ω•ω=ω sssFAS UUu , where the symbol •  represents 

the inner product and * represents the conjugate. Using Eq. (3), the FAS can be obtained through the expression 

 ( ) ( ) ( )ωζ,ωω;ω n ss FASHFAS au =  (4) 

Similarly, the Fourier amplitude spectrum of the modified record, ( )ωmU , can be obtained as 

 ( ) ( ) ( )ωζωω=ω mnm FASHFAS au ,;  (5) 

Let a filter function ( )ωP  be the ratio of Eq. (5) to Eq. (4). Then the following two equations hold: 

 ( ) ( ) ( )ωωω sm FASPFAS uu =  (6) 
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 ( ) ( ) ( )ωωω sm FASPFAS aa =  (7) 

Eq. (7) shows that the filter function ( ) ( ) ( )ωωω PiePP φ= , where ( )ωP  and ( )ωPφ  are the filter’s amplitude and phase, 

respectively, completely controlling the modification of the seed acceleration into the modified acceleration. Eq. (6) indicates that 

the adjustments of the responses are completely described by the same function. Further operations on Eq. (7) leads to 

 ( ) ( ) ( )ωωω sm P AA =  (8) 

where the indices m and s represent the modified and seed ground accelerations, respectively. Because ( ) ( )[ ]*ωω AA =−  for real 

( )ta , it follows that ( ) ( )[ ]*ω=ω− PP  or ( ) ( )ωφ−=ω−φ PP  (Press et. al., 2007), where * denotes conjugation. 

If ( )ωP  is obtained as the Fourier spectral ratio, as indicated by Eq. (7), then Eq. (8) is exact. However, when ( )ωP  is 

determined by the response spectral ratio (instead of the Fourier spectral ratio), Eq. (8) is merely an approximation. There is a similar 

relation for the Fourier and pseudo-velocity spectra, expressible as (for low damping; ζ≤0.10) (Hudson, 1962) 

 ( ) ( ) ( )∑ ∫∫
= 

















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
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


+
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









=

3

1

2

0

2

0
τωτcosτaτωτsinτaω

i

Dt

i
Dt

i ddFASa  (9) 

 ( ) ( ) ( )∑ ∫∫
= 
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


τωττ≤ω
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1
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0
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0
cosasinamax

i

t

i

t

i
t

p ddS v  (10) 

where ( )ωaFAS  is the Fourier amplitude, ( )ωvpS  is the pseudo-velocity spectra, and tD is the duration of the record. When Eq. 

(9) is used for the spectral ratio to obtain ( )ωP  in Eq. (8), then the modified ground acceleration can be computed in a 

straightforward manner. However, when Eq. (10) is employed to compute ( )ωP , then Eq. (8) is only an approximation, and iteration 

is necessary to solve the matching process.  

The inverse transform of Eq. (8) is  

 ( ) ( ) ( )∫ ∫
∞

∞−

ω
∞

∞−

ωξ− ωωξξ
π

= dePdet tii
sm aa

2
1

 (11) 

Interchanging the order of integration and recognizing that ( ) ( )∫
∞

∞−

ω ωω
π

= dePtp ti
2
1

, one can obtain the convolution 

integral 

 ( ) ( ) ( )∫ ξξ−ξ=
Dt

sm pt
0

dtaa  (12) 

where ( )tp  is real because ( ) ( )[ ]*ω=ω− PP , and tD is the length of the time series. 
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Eq. (12) forms the basis to obtain the modified ground acceleration when given seed records, with ( )tp  expresses 

the ratio of the seed and the target spectra. It is now necessary to investigate whether the ratios of the components of 
the seed’s acceleration are preserved by the modified record following the operation by Eq. (12). These ratios are related 

to their direction cosines both in time and frequency domains. Let ( )ωLamj  be the jth-component direction cosine of 

a complex-valued vector ( )ωmA , and ( )tlamj  be the jth-component direction cosine of a real-valued vector ( )tma , 

which are expressed as  

 ( ) ( )
( )

( ) ( ) ( )
( ) ( )

( ) ( )ωLe
ωωP

ωAeωP
ω
ωA

ωL asj
ωPi

s

sj
ωPi

m

mj
amj

φ
φ

===
AA

 (13) 

 ( ) ( )
( )t
ta

tl
m

mj
amj a

=  (14) 

Eq. (13) shows that the amplitudes of ( )ωLamj  are always preserved because ( ) ( )ωLωL asjamj =  for the modified 

and seed records (j=1,2,3). However, comparing Eqs. (13) and (14), ( )ωLamj  and ( )tlamj  would not form a Fourier 

transform pair because the amplitudes ( )ωmA  and ( )tma  are not paired. Consequently, the direction cosines of 

the time series cannot be preserved at any time t, or ( ) ( )tltl asjamj ≠ . This is also observed in Eq. (12) as its ratios or the 

direction cosines of the components’ time series are preserved only when ( )tp  is proportional to a Dirac delta 
function, which is the case of uniform spectral scaling of all components; otherwise, they would not be preserved. The 
latter corresponds to a constant ( )ωP , producing modified records which are proportional to the seeds. 

Although the time series direction cosines cannot be preserved at any time t, they can be maintained in an average 

sense by adjusting the frequency series directions cosines, ( )ωLamj (j=1,2,3). As will be discussed later, it would be 

necessary to modify the frequency direction cosines of the vertical component in some cases. Consequently, the 
direction cosines of the other components are also affected because the sum of their squared values is unity. Suppose 

( )ωLam3  for vertical component is adjusted to ( ) ( )ωLωL asam 33 β= , for a given constant β; then 

( ) ( ) ( )ωLωωL asam 11 α=  and ( ) ( ) ( )ωLωωL asam 22 α=  (assuming the two horizontal components are modified 

equally), and it follows that ( )ωα can be obtained from the following expression, 

 ( ) ( )
( ) 2

3

2
3

2
2

1

1

ωL

ωL
ω

as

as

−

β−
=α  (15) 

where ( )ωLas3 is the amplitude of the frequency series direction cosines for the vertical direction, β is a given scale 

factor for the vertical component (constant), and ( )ωα  is the frequency-dependent scale factor for the horizontal 

components. The constant β will modify the scales of the vertical component time series with respect to the other 
components. Hence, by choosing the right value of β, the scales among the components of the modified and the seed 
records can be managed to be similar without affecting any other parameters. 
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To illustrate the spectral matching outlined above, an example is presented in next section. A target spectrum representing the 
spectral values of the three orthogonal directions was provided or assumed. The matching was based on Eq. (8) due its flexibility to 
scales differently between the horizontal and vertical components; otherwise, Eq. (12) could be more efficient. 

3. Results of Spectral Matching Based on New Procedure 
As illustration, the procedure was applied to match five seed records to two target spectra, and then comparisons were made 

between them. The modifications of the records by Eq. (8) were carried out by varying the amplitude of the spectral ratio filter 
function ( )ωP  with the objective that the modified records’ spectrum agreed with the specified one. Eq. (8) can be written in 

component forms by considering the scale factors (see Eq. (15)), as follows (also using Eq. (13)), 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )[ ]ω1ω
11 ωωωωω sAPi

ssm ePFASLA
φ+φ

α= aa  (16) 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )[ ]ω2ω
22 ωωωωω sAPi

ssm ePFASLA
φ+φ

α= aa  (17) 

 ( ) ( ) ( ) ( ) ( ) ( )[ ]ω3ω
33 ωωωω sAPi

ssm ePFASLA
φ+φ

β= aa  (18) 

where ( )ωα  and β (constant) are the scale factors for the horizontal and vertical components, respectively, ( )ωsFASa is the 

Fourier amplitude spectrum of the seed as computed by Eq. (9), ( ) ( )
( )ωFAS

ωFAS
L

s

jsjs a
a

a =ω  is the amplitude of the frequency 

series direction cosines, and ( )ωjsAφ  is the Fourier phase (j=1,2,3); ( )ωP  and ( )ωPφ  are the filter’s amplitude and phase, 

respectively; m and s are for the modified and seed records. Aside from the Fourier phases, the only differences among Eqs. (16)–

(18) are their direction cosines. As their squared sum is unity, lowering the direction cosines of the vertical component raises the 

direction cosines of the others, thus producing a three-component time series that showed realistic scales among their components. 

There are two independent spectral processes involved in Eqs. (16)–(18), i.e., the spectral matching of the three components and 

spectral scaling of the vertical component. The former produced a three-component time series with spectrum agreeing with the 

target; while, the latter yielded three-component modified records with component scales similar to those of the seeds. The 

independence of the two processes could be verified from Eqs. (16)–(18) by computing ( ) ( )ωAωA *
mjj mj∑  to recover Eq. (7), which 

is independent of the direction cosines and forms the basis for the spectral matching. 

When the iteration scheme is performed during the matching, the filter’s amplitude, ( )ωP , is computed as the ratio of the 

specified pseudo-velocity target spectrum with respect to that of the modified time series (e.g., Eq. (10)). The computation involves 

many number operations, especially when dealing with thousands of time series data. Due to roundoff errors, the accuracy of the 

computed filter’s amplitude deteriorated and needed to be restored to obtain an accurate frequency series computed by Eqs. (16)–

(18). As detailed in Shahbazian and Pezeshk (2010), the refinement process was employed and extended to include the three-

component time series simultaneously adopted herein. This process produced an accurate acceleration time series in each iteration 

without drift in the corresponding velocity and displacement records. The acceleration time series were obtained by inverse 

transformation of Eqs. (16)–(18). 

 

 

Table 1 Three-component seed records considered in the example. 

 

Event Origin Date Station PGA Mw  Rjb 
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 the example, a zero-phase filter was considered because all records considered (seed records in Table 1) exhibited spiral 

patterns in their phase spectrum (Fig. 1; left panel) for all three components and for all frequencies up to 15 Hz. The patterns were 

also observed in some other seismic events. Though the patterns are similar from one record to another, they can have different 

pitch as shown in Fig. 1; and some points might not align with the arrows. This pattern provides support for the requirement that the 

Fourier phase should be maintained (ASCE/SEI, 2019). 

 

 

 

 

 

 

 

(g) (km) 

Chi-Chi Taiwan 1999 CHY010 0.25 7.6  20 

Chuetsu-oki Japan 2007 Matsushiro Tokamachi 0.23 6.8  18 

Darfield New Zealand 2010 SPFS 0.22 7.0  30 

Iwate Japan 2008 Semine Kurihara City 0.19 6.9  29 

Chi-Chi Taiwan 1999 CHY034 0.33 7.6  15 

Mw: moment magnitude; PGA=max ( )∑
=

3 2
1

t
i ia ; Rjb: Joyner–Boore distance 

1
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0.01 0.1 1 10 100
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Average target 

spectrum 

Spectra of the 
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Figure 2 Smooth, five seed and average spectra (the average of the 

five seed spectra). Smooth spectrum was assumed, while the seed 

spectra were computed based on Eq. (2) for 5% damping. 
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Frequency (Hz) Frequency (Hz) 

Figure 1 Fourier phase spectrum [-π,π] of the seed and that of the matched records (component 2; 

smooth and average spectra). The dots indicate the fast Fourier transform (FFT) sampling points. 

The spectrum forms spiral patterns as shown by the red arrows. The patterns exist for frequencies 

up to 15 Hz for all three components and for all five records in Table 1. They were unaltered by the 

matching process (middle and right panels). 
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Firstly, a smooth target spectrum based on other studies was assumed. Subsequently, five three-component records, the spectra 

of which were sufficiently close to the target, were selected from PEER (2022). The accuracy of the results depended upon the 

closeness between the two spectra (Carlson et. al., 2016). Their PGAs were in the range of 0.19–0.33g. For each record, the 
displacement history was then computed using Eq. (2) for vector ( )tsu . The displacement spectrum was calculated as 

( ) ( ) ( ) ( )tζ,ω,tζ,ω,tζ,ω,ζω, 2
3

2
2

2
1

t
max sss uuuS ++=d , for ζ=5% 3 . The pseudo-acceleration and pseudo-velocity spectra were 

computed as ( ) ( ) ( )ωω=ωω=ω dva SSS pp
2 , representing the three-component motions. All five spectra from the seeds were then 

averaged to form a second target, referred to as the average spectrum. Two spectral matchings were then performed against these 

two targets (smooth and average spectrum) which show different spectral ratio demand, and comparisons were made. The three-

component seed records are listed in Table 1; their spectra are presented in Fig. 2. For the smooth spectrum, the target PGA and 

peak ground displacement (PGD) were 0.3g and 14.3 cm, respectively, while that of the average spectrum were 0.24g and 14.3 cm, 

respectively. A baseline correction was performed to all the acceleration data in Table 1 before spectral matching to ensure that the 

corresponding velocity and displacement time series were consistent and drift-free, with low-and-high-frequency distortions removed. 

For illustration, the spectral matching of Chuetsu-oki (Japan, 2007, station Matsushiro Tokamachi4, record ID 4843, the second 

row in Table 1) to the smooth and average spectra is now detailed. The accuracy of the matching procedure was measured based 

on the RMS error, expressed as (Suárez and Montejo, 2005, Hancock et al., 2006) 

 ∑
=









−=

en

ke kPn
e

1

2

)(
111  (19) 

where ne is the number of data points within the frequency of interest (0.1–25 Hz). 

The procedure involved the following steps: (1) The response spectral ratio of the target was computed with respect to the seed, 

P(T) 
( )

( )TS
TS

sp
tp

v
v= , where ( )TS tpv  and ( )TS spv  are the pseudo-velocity spectra of the target and seed records for 5% 

damping, respectively. (2) Refinement of P(T) was performed (see Shahbazian and Pezeshk (2010) for details). (3) Eq. (16)–(18) were 

used to obtain the modified ground accelerations with a specified β. (4) A band-pass filter with a cut-off frequency of 0.1–25 Hz was 

applied to the modified record to remove noise (Press et. al., 2007). (5) The RMS error was calculated using Eq. (19), and the average 

of 1/P(T) over the frequency range of interest was computed. (6) The procedure was repeated when the error and the average value 

needed to be refined. 

 

 

 

 

 

                                                           
3 This spectrum is equivalent to the definition of RotD100, but for three-component records adopted herein (see for detail in Boore, 

2010). 
4 The station was in the vicinity of the Kashiwazaki-Kariwa nuclear facilities. 
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Figure 3 Smooth, seed, and average spectra. Notice the gaps between the smooth and 

average target spectra at low periods. At high periods the gaps are not that significant. 

Point A at periods 0.14 seconds (or frequency of approximately 7 Hz) produced the larg-

est (smooth) spectral ratio. 
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Figure 4   Reciprocal of the response spectral ratio of the matched record to that of the 

target, 1/P(T), mostly falling within the required range of 0.90–1.30 (ASCE/SEI, 2019). 

The average value was slightly above unity (1.005) for smooth target (left), and for aver-

age spectra (right). 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 28 December 2022                   doi:10.20944/preprints202212.0524.v1

https://doi.org/10.20944/preprints202212.0524.v1


 12 of 19 
 

 

The response spectra of the targets (smooth and average) and of the seed record (Chuetsu-oki) are shown in Fig. 3. At high 

periods (low frequencies) the spectra are close one to the other, but the case is different at low periods (high frequencies). The seed 

and average spectra are close but not the seed and smooth spectra. At frequencies higher than approximately 7 Hz, the spectral 

ratio is consistently higher for the smooth spectrum than for the average spectrum (see Fig. 8), consistent with the response spectrum 

shown in Fig. 3 for periods lower than 0.14 seconds (Point A). This resulted in higher spectral ratio demand for the smooth spectrum 

than those for the average spectrum. For the type of Chuetsu-oki earthquake record discussed herein, this produced less realistic 

vertical components compared to the seed. This could be fixed, however, when a scale factor is applied to the vertical component 

(see Eq. (18)). 
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Figure 5   Target spectra for the spectral matching of Chuetsu-oki record. The pre- (grey 

line) and post-spectral (blue line) matching pseudo-velocity spectra are shown for 5% 

damping. 
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Figure 6   Accelerations, velocities, and displacements of the seed and matched records 

(both for the smooth and average spectra). Displacements (smooth target, mid panel) look 

better than that of the average spectrum. Vertical accelerations of the matched records 

look as realistic as the seed. Drifts were not observed in all records. 
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Direction cosine amplitudes of the vertical component are relatively low at frequencies 

lower than 7 Hz and relatively high at frequencies higher than 18 Hz (bottom panel). This 

is different from those of the horizontal components which are generally higher at lower 

frequencies (top and mid panels).  
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The matching was performed for 6 and 9 iterations for the smooth and average target spectra, resulting in about 4% and 3% 

RMS error (computed by Eq. (19)), respectively. The reciprocal of the response spectral ratio (1/P(T)) is presented in Fig. 4, and most 

values fall in the specified range of 0.90–1.30 (ASCE/SEI, 2019), for the period range of 0.04–10 s. The average of 1/P(T) over the 

period of interest (0.04–10 s) was slightly above unity (1.005) for the smooth and average spectra, respectively, indicating a 

satisfactory matching process according to ASCE/SEI (2019). The response spectra before and after matching are shown in Fig. 5 for 

both targets. As expected, at low periods, the PGA converged to the spectral acceleration of around 0.27g and 0.22g; at high periods 

the PGD approached the spectral displacement of about 12.0 cm and 13.6 cm for the smooth and average spectra, respectively. 

Therefore, the matching produced a satisfactory convergence for periods 0.04–10 s, and the convergence for the smooth spectrum 

was fair at higher periods. 

The accelerations, velocities, and displacements for the seed and matched records (both the smooth and average targets) are 

shown in Fig. 6. The scales among the components’ accelerations look similar for the seed and matched time series (both for the 

smooth and average spectra). This was achieved by setting the scale factor for vertical component β = 0.7 for the smooth and β = 

0.8 for the average spectra, respectively. The displacements look better for the smooth matched record than those for the average 

target. No drifts were observed in the velocity and displacement time series due to refinement process of P(T) in Step 2. 

The amplitude of the frequency series direction cosines of the seed acceleration, |Laj(f)| (j=1,2,3), as computed 
according to the equation that follows Eq. (18), are shown in Fig. 7 for three components. We observed that the direction 
cosine amplitudes of components -1 and -2 (horizontal) are dominant at frequencies lower than 7 Hz, while that of the 
vertical component is dominant at frequencies higher than approximately 18 Hz. Consequently, if a high spectral ratio 
demand is present at high frequencies, the vertical component will be driven more than the horizontal. This high 
spectral ratio demand at high frequencies was typical in the example considered herein and created too strong vertical 
components when they were not scaled down. 
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Figure 9 Amplitudes of frequency series direction cosines of three components after scal-

ing; shown for frequencies 6.5–7.5 Hz. Vertical scale factor for the matched (smooth spec-

trum) was lower (β=0.7) than that of the average spectrum (β=0.8) because the spectral 

ratio demand of the former was higher than that of the latter (at high frequencies), where 

the direction cosines was dominated by the vertical component (see Fig. 7). 
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The Fourier amplitude spectral ratio between the modified and the seed records, as computed by Eq. (7), is shown in Fig. 8 for 

two target spectra (smooth and average). The ratio for the smooth spectrum was higher than that for the average target at 

frequencies higher than 7 Hz (or period 0.14 s or lower). This was due to a wider response spectral mismatch between the smooth 

target and the seed compared to that of the average spectra and the seed, at periods lower than about 0.14 s (observe Point A in 

Fig. 3); and this was typical for most of the seed records considered in the example (see Fig. 2). This higher spectral ratio demand for 

the smooth spectrum, together with the dominance of the vertical component direction cosines at high frequencies, drove the vertical 

component acceleration time series to unrealistic scales among the components; and this effect was resolvable by introducing a 

scale factor for the vertical component in Eq. (18). The effect of the scale factor on the direction cosines is presented in Fig. 9. The 

figure (bottom panel) shows that the matched vertical components (both smooth and average spectra) were scaled proportionally 

with respect to the seed’s vertical component; however, the two horizontal components were scaled differently (see top and mid 

panels), consistent with Eq. (15). Moreover, the vertical component scale factor of the matched (smooth spectrum) was set lower 

than that for the average spectrum to produce realistic scales among the components because of the higher spectral ratio demand 

of the former (see bottom panel). The objective was to produce components scales of the modified records similar to that of the seed. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The Fourier amplitude spectra for the acceleration of the seed and matched records (FASa) (for both the smooth and average 

spectra) are presented in Fig. 10. The comparisons as per components as well as the records show realistic scales among them. The 

matched (smooth target) record shows higher FAS values at higher frequencies is consistent with higher spectral ratio demands 

(shown in Fig. 8); as also consistent with the smooth spectral demand (see Fig. 3). 
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(both smooth and average spectra). They look realistic (relative to the seed’s) when compar-

ing among the components and the records. 
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The resulting spectra for all five records are shown in Fig. 11 (left panel for smooth spectrum; right for average target). In general, 

the convergence was accurate up to periods of 10 s. This should be sufficient for most structural needs from stiff structures like 

nuclear confinements to the very flexible ones like long span bridges or tall building structures. 

The modified time series were managed to have similar scales to those of the seeds by performing spectral scaling to the vertical 
components, as deemed appropriate. The need for vertical component spectral scaling varied depending on the nature of the seed 
and the spectral mismatch. In Table 1, Iwate seed (Semine Kurihara City station) did not require spectral scaling for its vertical 

component while Chi-Chi record (CHY034 station) required the lowest vertical component scale factor, β=0.6 and 0.7 for the 
smooth and average spectra, respectively. The former showed no dominance of the vertical component in the direction cosine 
amplitudes for the frequencies of interest, while the latter indicated the opposite situation. Other records employed vertical scale 

factors β=0.7 and 0.8 for the smooth and average spectra. In any case, using the vertical component scale factor produced three-
component modified records with scales among their components similar to those of the seeds. Consequently, the directions cosines 
of three components were maintained. 

4. Discussions 
The three-component spectral matching outlined here avoided the complications that would have arisen otherwise. These in-

clude the correlation and synchronization issues among the components of the time series which might change the characteristics 
of the waveform entirely. As per ASCE/SEI (2019), for earthquake simulations, constructing three-component ground motions 
based on the individual components of seismic events require the three components to be statistically independent, indicated by the 
correlation coefficients being less than or equal to 0.16, for any pair. However, there are no regulations if the three-component 
motions are simultaneously generated based on a single event. As for the synchronizations, the issues should be thought of cau-
tiously. Although the spectral matching procedure outlined above did not preserve the direction cosines of the seeds’ time series, 
their interdependences were maintained. This is observed in Fig. 9 (or from Eqs. (16)-(18)), where the components’ interrelations 
of the seed’s frequency series are mathematically consistent. When the vertical component spectral scaling was not performed 

(β=1.0), the direction cosines of the frequency series were completely preserved (for the zero-phase filter, see Eq. (13)). Further-

more, if the spectral ratio filter function, ( )ωP , was constant then the time series direction cosines were conserved following the 

uniform spectral scaling for all components. Thus, components synchronizations are automatically taken care of by Eqs. (16)-(18). 
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Figure 11 Pseudo-velocity spectra after spectral matching against the smooth (left panel) 

and average (right panel) spectra for all five seed records. All converge to the target up to 

periods of 10 s. 
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5. Conclusions 
The study can be summarized as follows: 

1. A spectral matching of three-component seismic ground acceleration records was introduced. The procedure was applied in 

the framework of the Fourier transform and applicable to other eigenfunction expansion techniques. The three components were 

matched simultaneously so that the resulting spectrum agreed with a target; the target spectrum representing the three-component 

ground motion should be provided. The scales among the components of the modified records were maintained to be similar to those 

of the seeds to ensure that realistic three-component records could always be produced. This was achieved by performing spectral 

scaling to the vertical component simultaneously with the three-component spectral matching. The procedure prevented issues such 

as correlations and synchronizations among the components’ time series. 

2. The records modification was performed based on a filter function uniquely determined by the filter’s amplitudes and phases. 

The amplitudes were computed based on the Fourier amplitude or the response spectra. When the former was utilized then the 

solution was straightforward, but if the latter was selected then an iteration scheme was necessary. The phases were arbitrary or 

could be set to specified values or zero. The former was used when a phase difference between the modified and seed was desired, 

while the latter was necessary when the spiral patterns of the records’ phases needed to be maintained. The patterns were found in 

all five records considered in this paper for all three components for frequencies up to 15 Hz; it was also observed in other seismic 

events. The modified records with maintained phases were required in nonlinear response analyses of critical structures. 

3. A refinement step was applied to the filter’s amplitude to restore the accuracy of the acceleration records, thereby avoiding 

drifts in the velocity and displacement time series. Consequently, the convergence of the iteration and the accuracy of the resulting 

time series was enhanced. 

4. The procedure resulted in drift-free time series and maintained components’ scales as well as the phases. Such three-compo-
nent time series with these properties is important in the nonlinear response analyses of critical structures, which are sensitive to 
three-component motions due to stiffness and/or mass irregularities. This cannot be achieved by the present procedures because 
they were mostly based one-component spectral matching processes. 
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	Aside from three-component procedure, one-component spectral matching has long history. One good literature review could be found in Li et. al. (2017). The matching processes could be performed either in frequency domain (Rizzo et. al., 1975, Gasparin...
	Ni et. al. (2011) proposed that three-component matching be carried out sequentially for two horizontal components and separately for vertical direction. The procedure started with first-horizontal-component spectral matching against a horizontal targ...
	The above discussion suggests the necessity of maintaining the direction cosines of the acceleration vector during spectral matching. Not only does it important to maintain the direction cosines but also not to disturb too much the Fourier spectrum is...
	In Fourier transform method, the seed time series is Fourier transformed to obtain the corresponding frequency series, expressed as the product of Fourier amplitude and phase spectra. Both the amplitude and phase can be modified by using a frequency-d...
	The spectral matching using a scalar filter function that operates on a vector of three components would maintain the ratio among the components and thus their direction cosines; otherwise, a spectral scaling could be carried out to the vertical compo...
	In this study, the seeds were retrieved from the Pacific Earthquake Engineering Research Center (PEER, 2022) (or other agencies) by focusing to those with their spectra close to the target (assumed to be given). This closeness is necessary so that the...

	2. Methodology and Problem Formulation
	Consider a mass excited by three-component ground motion with a linear spring and damping system. The equation of motion of the mass can be expressed as follow (Clough and Penzien, 2003, Chopra, 2020)
	(2)
	where  ( can be expressed similarly),  is the damping, and n is the system’s natural frequency (andn are constants). While the notation  is employed in the time domain, the notation  is employed in frequency domain for its transformed quantity. ...
	where  is the Fourier transform of ,  is the frequency response function in which  and , and  is the Fourier transform of the seed ground acceleration vector (the details could be found in Clough and Penzien, 2003). The right side of Eq. (3) contains ...
	The Fourier amplitude spectrum (FAS) of  is defined as , where the symbol  represents the inner product and * represents the conjugate. Using Eq. (3), the FAS can be obtained through the expression
	(4)
	Similarly, the Fourier amplitude spectrum of the modified record, , can be obtained as
	(5)
	Let a filter function  be the ratio of Eq. (5) to Eq. (4). Then the following two equations hold:
	(7)
	Eq. (7) shows that the filter function , where and  are the filter’s amplitude and phase, respectively, completely controlling the modification of the seed acceleration into the modified acceleration. Eq. (6) indicates that the adjustments of the resp...
	(8)
	where the indices m and s represent the modified and seed ground accelerations, respectively. Because  for real , it follows that  or  (Press et. al., 2007), where * denotes conjugation.
	If  is obtained as the Fourier spectral ratio, as indicated by Eq. (7), then Eq. (8) is exact. However, when  is determined by the response spectral ratio (instead of the Fourier spectral ratio), Eq. (8) is merely an approximation. There is a similar ...
	(9)
	(10)
	where  is the Fourier amplitude,  is the pseudo-velocity spectra, and tD is the duration of the record. When Eq. (9) is used for the spectral ratio to obtain  in Eq. (8), then the modified ground acceleration can be computed in a straightforward manne...
	The inverse transform of Eq. (8) is
	(11)
	Interchanging the order of integration and recognizing that, one can obtain the convolution integral

	3. Results of Spectral Matching Based on New Procedure
	As illustration, the procedure was applied to match five seed records to two target spectra, and then comparisons were made between them. The modifications of the records by Eq. (8) were carried out by varying the amplitude of the spectral ratio filte...
	where  and (constant) are the scale factors for the horizontal and vertical components, respectively, is the Fourier amplitude spectrum of the seed as computed by Eq. (9),  is the amplitude of the frequency series direction cosines, and  is the Four...
	When the iteration scheme is performed during the matching, the filter’s amplitude,, is computed as the ratio of the specified pseudo-velocity target spectrum with respect to that of the modified time series (e.g., Eq. (10)). The computation involves ...
	the example, a zero-phase filter was considered because all records considered (seed records in Table 1) exhibited spiral patterns in their phase spectrum (Fig. 1; left panel) for all three components and for all frequencies up to 15 Hz. The patterns...
	Firstly, a smooth target spectrum based on other studies was assumed. Subsequently, five three-component records, the spectra of which were sufficiently close to the target, were selected from PEER (2022). The accuracy of the results depended upon the...
	For illustration, the spectral matching of Chuetsu-oki (Japan, 2007, station Matsushiro Tokamachi3F , record ID 4843, the second row in Table 1) to the smooth and average spectra is now detailed. The accuracy of the matching procedure was measured bas...
	where ne is the number of data points within the frequency of interest (0.1–25 Hz).
	The procedure involved the following steps: (1) The response spectral ratio of the target was computed with respect to the seed, P(T) , where  and  are the pseudo-velocity spectra of the target and seed records for 5% damping, respectively. (2) Refine...
	The response spectra of the targets (smooth and average) and of the seed record (Chuetsu-oki) are shown in Fig. 3. At high periods (low frequencies) the spectra are close one to the other, but the case is different at low periods (high frequencies). T...
	The matching was performed for 6 and 9 iterations for the smooth and average target spectra, resulting in about 4% and 3% RMS error (computed by Eq. (19)), respectively. The reciprocal of the response spectral ratio (1/P(T)) is presented in Fig. 4, an...
	The accelerations, velocities, and displacements for the seed and matched records (both the smooth and average targets) are shown in Fig. 6. The scales among the components’ accelerations look similar for the seed and matched time series (both for the...
	The Fourier amplitude spectral ratio between the modified and the seed records, as computed by Eq. (7), is shown in Fig. 8 for two target spectra (smooth and average). The ratio for the smooth spectrum was higher than that for the average target at fr...
	The Fourier amplitude spectra for the acceleration of the seed and matched records (FASa) (for both the smooth and average spectra) are presented in Fig. 10. The comparisons as per components as well as the records show realistic scales among them. Th...
	The resulting spectra for all five records are shown in Fig. 11 (left panel for smooth spectrum; right for average target). In general, the convergence was accurate up to periods of 10 s. This should be sufficient for most structural needs from stiff ...

	4. Discussions
	5. Conclusions
	The study can be summarized as follows:
	1. A spectral matching of three-component seismic ground acceleration records was introduced. The procedure was applied in the framework of the Fourier transform and applicable to other eigenfunction expansion techniques. The three components were mat...
	2. The records modification was performed based on a filter function uniquely determined by the filter’s amplitudes and phases. The amplitudes were computed based on the Fourier amplitude or the response spectra. When the former was utilized then the ...
	3. A refinement step was applied to the filter’s amplitude to restore the accuracy of the acceleration records, thereby avoiding drifts in the velocity and displacement time series. Consequently, the convergence of the iteration and the accuracy of th...


