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1. Introduction and Summary

The behaviour of a standard estimate, as described by its Edgeworth-Cornish-Fisher expansions,
is governed by the coefficients obtained by expanding its cumulants. For the simplest case, the mean
of independent identically distributed random variables, the cumulant expansion has only one term.
In Section 2 we summarise Edgeworth-Cornish-Fisher expansions for a standard estimate.

In Section 3 and Section 4 we apply this to the mean of a sample from a stationary process for
univariate and multivariate series. Remarkably, we show that for the sample mean of a stationary
process, its cumulant expansion has exactly 2 terms.

Suppose that X is the mean of a sample X, ..., X, from a stationary process {X;} in R”. So X is
an unbiased estimate of 4 = E Xj. In Section 2 we show that when p = 1, for v > 1, its rth cumulant
has the form

Kr(X) = Aprr—1 nl=r +apy n . (1)

where a,,,; are bounded as n increases, and 4,71 is bounded away from 0. This makes it a special case
of a standard estimate, so that Section 2 applies with a,; = a,,;; fori =r —1,r and a,; = 0 fori > r.

If a,,,; = a,; + O(e™ ") where A,; > 0, then a,,; can be replaced by a,;. Here x, = O(y,) means
that x,, /y, is bounded.

We also consider the case where observations are not sequential, as for missing data. And we
consider unbiased weighted means.

2. Edgeworth-Cornish-Fisher Theory

Here we summarise the expansions of Withers (1984) for the distribution and quantiles of a
standard estimate. In Section 3 we shall show that (1) holds, so that the sample mean is a special case
of a standard estimate.

Univariate estimates. An estimate @ of an unknown w € R is said to be a standard estimate with
respect to n, if E @ — w as n — oo, and for r > 1, its rth cumulant can be expanded as

[0.0)

Kk (W) = Z a;n (1)

i=r—1
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The cumulant coefficients a,; may depend on n but are bounded as n — oo, and ap; is bounded away
from 0. Here and below = indicates an asymptotic expansion that need not converge. That is, (1) holds
in the sense that

forI >r, k(@ Z ayn 4+ 0(n ).

i=r—1

For non-lattice estimates, the distribution and quantiles of

Y, = (n/ax)"? (@ — w)

have asymptotic expansions in powers of n~1/2:
Py(x) = P(Yy < x) = ®(x) — p(x) ) hr(x) n/2 ?
r=1
pn(x) = dPy(x)/dx ~ 1+ Z Ty (x) n"72), .
® (Pa(x))  x = Zfr(x) n"2, PN (@(x) x4+ Y g (x) n72, (4)
r=1 r=1

where ® and ¢ are the unit normal distribution and density of N ~ N(0,1), and h,(x), hr(x), fr(x),
gr(x) are polynomials in x and the standardized cumulant coefficients {A,;},

Ay = am/ar/z. ®)

The expansions (2), (4), are given in Withers (1984):

hi(x) = fi(x) = g1(x) = A1 + As2Ha /6, (6)
hy(x) = A11Hy + A Hs/6,

ha(x) = (A}, + Ax)Hy + (A1 As + Ag3)Hs /6 + A3, Hs /72,

fo(x) = (Anp/2 — A1 A3y /3)Hy + AyzHs /24 — A3, (4x3 — 7x) /36,

9o(x) = ApHy /2 + Ay3H3 /24 — A3, (4x® — 7x) /36,

hy(x) = (Al + Axa)Hao + (A11As2 + Ass)Ha/6 + A3, He /72,

where Hj is the kth Hermite polynomial,

Hi = Hi(x) = ¢(x) ' (—d/dx)*¢(x)

= E(x+iN)fork>0,i=+v—1: ?)
Hy=1 Hy=x, Hy=x>—1, Hy =% —3x, Hy = x* — 632+ 3,
Hs = x° — 10x® + 15x, Hg = x® — 15x* +45x> — 15, - - -

See Withers (2000) for (7). The log density has a simpler form than the density:

e}

In [pa (x = Y b () 2, by (x) = (x),
1

r=
bz(x) = _A%l /2 + (Azz — A32A11)H2/2 — A§2(3x4 - 129(2 + 5)/24 + A43H4/24,

and for r > 1, b,(x) is a polynomial of order only r + 2, while E,(x) is of order 3r. See Withers and
Nadarajah (2010a) for &, (x) and b, (x).
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Notation 1. The original Edgeworth expansion was for @ the mean of n independent identically distributed
random variables from a distribution with rth cumulant x,. So (1) holds with a,; = x,I1(i = r — 1), and A;; = 0.
An explicit formula for its general term was given in Withers and Nadarajah (2009).

Ordinary Bell polynomials. For a sequence e = (ey, ey, ... ), the partial ordinary Bell polynomial
Bys = Bys(e), is defined by the identity

= erBrs(e) where S = ) "z'e,, z € R. (8)
r=1

So, B, = 6,0, Bj1 = ey, Byr = €}, Boy = 2e1e0,

where do0 = 1, é,9 = 0 for r # 0. They are tabled on p309 of Comtet (1974). The complete ordinary Bell
polynomial, B, (e) is defined in terms of S by

e = Z z"Bys(e). So By (e Z Bys(e)/s! : )
Bo(e) =1, Bi(e) = ey, Ba(e) = e + 61/2, Bs(e) = e3 +eren + e‘i’/6. (10)

Multivariate estimates. Suppose that @ is a standard estimate of w € RP with respect to n. That is,
E® —wasn — oo,and forr > 1,1 <iy, ..., ir < p, the rth order cumulants of @ can be expanded as

KT = k(™. = Y k = Kb (11)

e=r—1

where the cumulant coefficients k1~" = k! """ may depend on 1 but are bounded as n — . So k§ = wh.
SetV = (kgiz), p X p. Yy converges in law to the multivariate normal NV, (0, V) with p x p covariance
V and distribution and density @y (x) and ¢y (x). So V may depend on 1, but we assume that det(V)
is bounded away from 0. By Withers and Nadarajah (2010b) or Withers (2024), Y,, = nt/ 2( — w) has
distribution and density

Prob.(Y, < x) Z n2p,(x), py,(x) ~ i n"2p,(x), x € RP, (12)
r=0
where (by); = bl/ Py(x) = dy(x), po(x) = 4)V(X), (13)
Py(x) = By(e(—=9/0x)) @y (x), pr(x) = By(e(—09/9x)) v (x), r 2 1, (14)
j+2
Z br+] Siy - --8i, /1!, (15)

Lor _ iy piqedy 11 Ay i1,
br+] br+] b2d+1 =0, b _k :

e1 = kil +ky Phhl/6, e = k¥’ HE /2 + Ky M .. Ey/24,
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This gives the Edgeworth expansion for the distribution of Y, to O(n~3/2). See Withers (2024) for
more terms. (15) uses the tensor summation convention of implicitly summing iy, .. ., i, over their range
1,...,p. For example,

for 9; = 9/0x; and J = 9;

1’

Pi(x) = e1(—9/9x)) i oo (=0p) Py (x) /1!
k(- %)Qv()+kl3( d1)(—02)(—03) Pv(x)/6,
Pl(x) %( A1) ¢v (%) + k> (—91)(—92)(—93) Pv (x) /6.

(=01) .. (=9x) pv(x) = A " (x, V) gy (),

for A% = A'"¥(x, V) the multivariate Hermite polynomial. For their dual form see Withers and
Nadarajah (2014). By Withers (2020), fori = v/ —1,

A%, V) =E H _1(yj + iY;) where j; = Yiy Y = Yi, y= Vlx,
Y ~ N0,V Y. S0, H =y, H' = 73, H? =y, — V2, H? = 45, — V12,
H'? = yiyoys — iVuyeﬂ
H'" =y oy — i V12y3y, + i vizys
HI7 = Yi-..Ys5 — % V12y3 .. Yys+ §V12V34y5,
15

45 45
Hl*é =Y. Y6 — Z V12y3 Y6 + Z V12V34y5y6 _ 2 V12V34V56,

where V172 is the (i1,1;) element of V1, Vzhj is the (ijl’ ijz) element of V1, and for example,

3

For r > 1, we can write
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By(e(s)) = Y [BI %5 ...5: k—reven],
k=1

where B} =k}, Bl ° =k} 7%/6, B> = kik} +k}?/2,
Byt =kt 24+ kK6 + K1k 3 /6, By 0 = k3 %k 6 /36.

3r
So, P(x) = Y [B}F (=81)...(=0x) ®v(x) : k—reven],

k=1

3r B

pr(x)/¢pv(x) = Y [BF *H'%(x, V) : k—reven] = p,(x) say.

The log density can be expanded as
In [pa () /gy ()] ~ 3 n™""20, (x). (16)
r=1
So pu(x) /Py (x)] = i n"2B,(b(x)) where b = (by, by, ...). (17)
r=0

See Withers and Nadarajah (2016). Cornish-Fisher expansions for parametric and nonparametric
standard estimates were first given in Withers (1984) and Withers (1983), and extended to functions
of them in Withers (1982). In Withers and Nadarajah (2012) we gave Cornish-Fisher expansions for
smooth functions of the sample cross-moments of a linear process. In Section 3 we show that this
extends easily to a stationary process.

3. The Cumulants of the Sample Mean

Consider the general real stationary process - - -, X_1, Xo, Xj, - - - with finite mean and cross-
cumulants,

]/l:EX(], k(ilr"'rii’):K(Xilr"'rXir)' (1)
Given a sequence of integers iy, - - - , iy, set

. T . . . . r v, .
fp = min iy, Iy =i —ip >0, n(iy...i;) = [y = max [, = maxi; — i. ()
-1 k=1 k=1

Since {X;} is stationary,

k(iy---iy) = k(I - - - I,). 3)
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These are not changed by permuting subscripts. Also at least one I is zero. E X = u. Forr > 2,
transforming from iy to Ty = i — iy fork =2,--- 7,

n
n"x,(X) = E k(iy, -+ i) = Z (n—46,(T)) k(0,To,---,Ty) 4)
i1, ir=1 |Te|<n, k=2, r
where 6,(T) = max(0,Tp,- -+, T;) —min(0, Tp, - - - , Ty). (5)

For example, 6,(T) = |T2|,
53(T) =T;3 I(O <Th <T3)+ (T3 — Tz) I(TZ <0< T3)—TLh (T, < T3 < 0).

r .
Soforr >2, x,(X) = ) ayin ' where

i=r—1
am’,r—l = Z k(ol TZ/' te ;Tr);
|T;|<n, i=2,-r
Anryr = — Z 5r(T) k(or Ty, -, Tr)- (6)

|T;|<n, i=2,r

This proves that (1) holds. So the Edgeworth-Cornish-Fisher expansions of Section 2 apply to (@, w) =
(X, u) with a,; in (5) replaced by these a,,,;.

If the cross-cumulants k(0, Ty, - - - , Tr) decrease exponentially in T, as is true for a stationary
ARMA process by Withers and Nadarajah (2012), then for r > 2,

Aprp—1 = App—1 + O(ein/\r)/ Anyr = Apr + O(ein)\r) where A, > 0,

a?’,?’—l = Z k(O, TZ/ T /TI’)/
|Tl’|<00, =2, r
Ayr = — Z 57‘(T) k(or TZ/ e rTr)r

|Ti|<o0, i=2,++r

so that the Edgeworth-Cornish-Fisher expansions of Section 2 apply to
(0, w) = (X, u) with a,; in (5) replaced by these a,,.

For convergence in law of n/2(X — u)) to N'(0,a3;) with
a1 = Y.T-_ok(0,T) < oo, under mixing conditions on a stationary process, see Sections 18.4, 18.5
of Ibragimov and Linnik (1971). They also show how to express a1, and 4,1 in terms of the spectral
distribution and density.

Missing values. Now suppose that we only have observations at times ¢4, ..., f,. Our estimate of
u = E Xp is then

n
f=pty,... ty) =n" EXti.SoE fi=p, andforr>2, Sy =t;, —t;,
i=1
n

n
anr(ﬁ) = Z k(til, cee /tir) = Z k(O, Sy, - ,Sr) = na,,_1 say.

i, =1 i1, iy =1

So if a1 is bounded away from 0 and 4, ,_; is bounded in 1, we can apply Section 2 with a,; = 0 for
i>r.

Weighted means. Let wy, . .., wy, be given real numbers adding to n. For example the standard-
ized form of the Chernoff weight i/n is w,; = 2i/(n + 1). See Chernoff and Zacks(1964). An unbiased
estimate of y is the weighted sample mean, fly = Y"1 Wy X;.

For r 2 2/ anr(ﬁw) = Z wm'1 s wﬂiyk(ti]/ Tty tlr) = nar,r—l

say. So if ap; is bounded away from 0 and 4, ,_ is bounded in #n, we can apply Section 2 with a,; = 0
fori>r.
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4. Multivariate Edgeworth Expansions for X

Suppose that --- ,X_1,Xp, X3, -+ liein _R” and are stationary with finite moments. For j =
1,---,p, denote the jth component of X; by X{ and the and the cross-cumulants, by

w=EXo, w =EX), andfor1<j,...,j» <p,
g\ b i
k<i1,-..,ir) = r(Xip, e, X5 (1)

Given a sequence of integers iy, - - - , i, define iy, I as in (2), and again transform from iy to Ty = iy — 7y

Jue e (i
k(il"'ir> _k<ll"'1r>‘ @

fork=2,---,r. (3) becomes

In general k(%]lz) #+ k(({,lizl). By (4),

- i o e
We(Xn,. X =Yk ,

i1, ir=1 1,

- Y (n-&(m) k<0, g iy n)' ©)

|Tx|<n, k=2, r

3 . r o
Soforr>2, k(X1,... X)) =Y KL =€ where
=y —

e 1
khmj’ = Z k( 1 jr )
' _1 o oe e 4
v ‘Ti|<1’l, =2, ,r 0/ TZ/ P Tr
and KT = — y 5r(T)k< i1 )
|Tj|<n, i=2,- 0,T,---,T,

This proves that a 2 term version of (11) holds. So the expansions (12)—(14) and (16) hold for the
distribution and density of n/?(X — u).

If the cross-cumulants (, kT(ZJ 1]T' )) decrease exponentially in T, then for r > 2,

k]l]r _ k{,1,1]r + O(efn)w), and k]nlr]r _ k]rl]r + O(ein}\r) where A, > 0,

nr—1 "~

71 ,
r |T;|<o0, i=2,-,r 0,T,--,T;

|Tj| <00, i=2,+- 1 y 42,00 Ay
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