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Abstract: This paper introduces an innovative Particle Swarm Optimization (PSO) Algorithm 

incorporating Sobol and Halton Random number samplings. It evaluates the enhanced PSO's 

performance against conventional PSO employing Monte Carlo Random Number Samplings. The 

comparison involves assessing the algorithms across nine benchmark problems and the renowned 

Travelling Salesman Problem (TSP). The results reveal consistent enhancements achieved by the 

enhanced PSO utilizing Sobol/Halton samplings across the benchmark problems. Particularly 

noteworthy are the substantial improvements demonstrated by the enhanced PSO in solving the 

Travelling Salesman Problem. These findings underscore the efficacy of employing Sobol and 

Halton random number generation methods in enhancing algorithm efficiency. 

Keywords: enhanced PSO; SOBOL; Halton; quasi-random numbers 

 

1. Introduction 

Particle Swarm Optimization (PSO) is a metaheuristic algorithm for optimization problems. PSO 

was first introduced in 1995 by James Kennedy and Russell Eberhart [1]. The algorithm is based on 

the concept of social behavior, where particles (potential solutions) move towards the optimal 

solution through interactions with other particles in the search space. PSO has been widely used in 

various fields, including engineering, science, and finance, due to its simplicity, robustness, and 

efficiency. Despite its success, PSO suffers from several limitations. One of the main limitations is its 

slow convergence rate, which can be attributed to the premature convergence [2] of the particles 

towards local optima. This issue can be addressed by introducing efficient improvement techniques 

in PSO. Several enhancement ideas have been proposed in the past to improve the convergence rate 

of the PSO algorithm, and they are listed below. Firstly, the Inertia weight technique was suggested 

by Russell Eberhart and Ying Shi [3]. The inertia weight technique is a well-known approach for 

enhancing the convergence speed of PSO. The inertia weight is used to control the movement of 

particles in the search space. The idea is to maintain a balance between exploration and exploitation 

of the search space. The inertia weight is updated at each iteration based on a predefined formula, 

which controls the speed and direction of particle movement. Various formulas have been proposed 

for updating the inertia weight, such as linear, nonlinear, and adaptive. The choice of the inertia 

weight formula depends on the optimization problem and the PSO parameters. Second, the concept 

of a mutation operator was proposed [4]. A mutation operator is a powerful tool for enhancing the 

diversity of the PSO population. The mutation operator randomly modifies the position of a particle 

to generate a new solution in the search space. This operation can prevent premature convergence by 

introducing new solutions that may lead to better solutions. The mutation operator can be applied at 

different stages of the PSO algorithm, such as before or after the velocity update. Third, the 

Opposition-based Learning technique was suggested [5]. Opposition-based learning (OBL) is a 

technique that uses the opposite of the current best solution to generate new solutions. The idea 

behind OBL is that the opposite of the best solution may represent a good direction for exploration 

in the search space. OBL can improve the diversity and convergence speed of PSO by generating new 
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solutions that are different from those of the current population. Fourth, hybridization with other 

metaheuristics has been proposed [6]. Hybridization with other metaheuristics is a common 

approach for improving the efficiency of PSO. The idea is to combine the strengths of different 

metaheuristics to overcome their weaknesses. For example, PSO can be combined with genetic 

algorithms (GA), simulated annealing (SA), or ant colony optimization (ACO). The hybridization 

approach can enhance the exploration and exploitation capabilities of PSO, leading to better solutions 

in less time. Fifth, Dynamic parameter Tuning was presented [6]. The PSO parameters, such as the 

swarm size, maximum velocity, and acceleration coefficients, significantly impact the algorithm's 

performance. Dynamic parameter tuning is a technique that adjusts the PSO parameters based on the 

search history during the optimization process. The idea is to adapt the PSO parameters to the 

problem characteristics and the search progress to improve the convergence speed and solution 

quality. In conclusion, efficient improvement techniques in PSO can enhance the algorithm's 

convergence speed and solution quality. The approaches discussed in this paper [6], including the 

inertia weight technique, mutation operator, opposition-based learning, hybridization with other 

metaheuristics, and dynamic parameter tuning, can be used individually or in combination to 

address the limitations of PSO. Tareq M. Shami and a team [7] of researchers conducted a 

comprehensive survey on PSO. The survey discusses techniques such as varying the inertia weight 

and hybridizations, which are discussed above. The survey also states that the ability of PSO to be 

hybridized with other optimization algorithms has contributed to its popularity. Another technique 

described in the survey which is velocity clamping [7], a technique introduced by Eberhart and 

Kennedy. Velocity clamping is setting bounds for the values of the velocities of the particles in all the 

dimensions. Another approach to improving the efficiency of the PSO algorithm discussed in this 

paper [7] is varying the controlling parameters, such as using the varying inertia weight technique in 

which inertia weight changes throughout the optimization process, or acceleration coefficient 

techniques in which the two constant controlling parameters for PSO other than the inertia, are 

chosen in different ways to yield optimal solutions while evading premature convergence. Many 

other approaches have been discussed both in the survey, and elsewhere. The choice of approach 

depends on the problem characteristics and the available computational resources. However, most 

of these approaches can provide problem-dependent solution methods. In this paper, we proposed a 

new approach to replace the random numbers used for this method with quasi-random numbers [8–

10] like Halton and Sobol by maintaining the k-dimensional uniformity of these quasi-random 

numbers. This not only provides a generalized approach to any kind of optimization problem, but 

this method can be used in conjunction with the earlier enhancement techniques like the inertia 

weight technique, mutation operator, opposition-based learning, hybridization with other 

metaheuristics, and dynamic parameter tuning. In this research, two enhanced versions of PSO (one 

using Sobol random numbers and the other using Halton random numbers) were proposed with the 

intention of speeding up the convergence of the standard PSO algorithm. To test the efficiency 

improvement of the two proposed enhancements of the standard PSO algorithm, the number of 

iterations taken to achieve the optimum of the well-known cigar, ellipsoid, and paraboloid functions, 

along with the number of iterations taken to obtain an optimal path for the famous Travelling 

Salesman Problem (TSP) were noted. Following this, improvement in terms of the optimum of the 

objective function and the number of iterations needed to reach the global optimum were calculated 

for both the PSO enhanced with Sobol random number samplings and the PSO enhanced with Halton 

random number samplings, with respect to the standard PSO which uses Monte Carlo random 

number samplings. All the results for each benchmark function and TSP unanimously show 

efficiency improvement due to the use of Sobol and Halton Sequences. Additionally, we noted that 

the more decision variables an optimization problem has, the improvement due to Sobol and Halton 

sequences increases. In conclusion, both the enhancements of the standard PSO presented in this 

research, one utilizing Sobol random numbers and the other utilizing Halton random numbers, 

consistently show efficiency improvement and a better optimum, meaning that they successfully 

have increased the speed of convergence of the standard PSO algorithm.  

2. Materials and Methods 
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2.1. Particle Swarm Optimization 

There are countless examples of swarms in the real world, ranging from flocking birds to 

hunting wolves. When searching for nourishment, the individuals of these swarms, called particles 

to understand PSO, begin random exploration and then start gravitating towards the findings of 

other swarm individuals. While following signs of nourishment and searching randomly in space, 

through knowledge of their discoveries and discoveries of the swarm, these particles move towards 

their objective. Similarly, in the PSO algorithm, proposed decision variable sets gravitate towards the 

optimal findings of each other, themselves, and the whole swarm together to achieve the globally 

optimal set of decision variables, yielding the optimal function value. The sets of decision variables 

are called position vectors. They are updated by vectors called velocity vectors (based on the physics 

principle that change in position is proportional to the velocity), by randomness, and by attraction 

towards their personal best sets of decision variables and the unanimous global best set of decision 

variables found by the whole swarm. Through gradual movement towards optimal findings of the 

swarm, the global optimum of the function is achieved. The following are the steps of the PSO 

algorithm. 

• Initialize Parameters: 

a. Define the population size (number of particles), 𝑁𝑝 

b. Define the number of decision variables (dimension), 𝐷  

c. Define the maximum number of iterations, 𝑇. 

d. Define the inertia weight, 𝜔  

e. Define acceleration constants: cognitive and social, 𝑐1, 𝑐2. 

f. Initialize the position and velocity of each particle randomly within the search space. 

The initially proposed set of solutions is grouped together to form the population matrix which 

is written as  

[
 𝑥0
00 ⋯  𝑥0

0(𝐷−1)

⋮ ⋱ ⋮

 𝑥0
(𝑁𝑝−1)0

⋯  𝑥0
(𝑁𝑝−1)(𝐷−1)

] 

Each row in this matrix represents a potential decision variable vector that is intended to 

optimize the objective function. Each element in a row is the position with respect to a particular 

dimension of the particle that corresponds with that row. The subscript for each element is 0, as these 

values are the initial values in the matrix (0th iteration). 

The velocity matrix can be represented as:  

[
 𝑣0

00 ⋯  𝑣0
0(𝐷−1)

⋮ ⋱ ⋮

 𝑣0
(𝑁𝑝−1)0

⋯  𝑣0
(𝑁𝑝−1)(𝐷−1)

] 

This represents the velocity of each particle in all the dimensions. The position matrix is changed 

by the velocity matrix, and that is inspired by the physics concept that displacement is proportional 

to velocity. The superscript 𝑗 is the index of the dimension.  

• Set the best-known position for each particle n, 𝑃𝑛
𝑖𝑗

 to its initial position. 

𝑃
𝑗
= 𝑥0𝑗 

• Evaluate Fitness: 

Evaluate the fitness (objective function value) for each particle based on its current position. 

• Update the personal best position for each particle 𝐺𝑛
𝑗
 if its current fitness is better than its 

previous best fitness. 

• Update Global Best: 

g. Determine the particle with the best fitness among all particles in the swarm, 𝑃𝑛
∗. 

h. Update the global best position with the position of the particle with the best fitness, 𝐺𝑛
∗. 

i. Update Velocities and Positions: 

For each particle, update its velocity and position based on the following formulae: 

The velocity of each particle at iteration 𝑛  is updated according to the Equation, 
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 𝑣𝑛+1
𝑖𝑗

= 𝜔 ∗ 𝑣𝑛
𝑖𝑗
+ 𝑐1 ∗  𝑟1 ∗ (𝑃𝑛

𝑗
− 𝑋𝑛

𝑖𝑗
) +  

𝑐2 ∗ 𝑟2 ∗  (𝐺𝑛
𝑗 − 𝑋𝑛

𝑖𝑗
)                                                                    (1)   

where 𝑟1 and 𝑟2 are random numbers. So, we have 2 random numbers per variable. 

And the corresponding position is updated according to the Equation, 

𝑥𝑛+1
𝑖𝑗 = 𝑥𝑛

𝑖𝑗 +  𝑣𝑛+1
𝑖𝑗

            (2)   

• Check Stopping Criteria: 

j. If the maximum number of iterations is reached or a satisfactory solution is found, stop the 

algorithm. 

k. Otherwise, go back to step 2 and repeat the process. 

• Output: 

Return the global best position as the solution to the optimization problem.. 

2.2. Quasi-Random Sequence Enhancements 

In this work, we hypothesize that the success of PSO depends on the choice of appropriate 

random samples. At each iteration of PSO, two random numbers are generated for each decision 

variable, as shown in Equation (1). These random numbers are computer-generated random numbers 

and are called pseudorandom numbers or Monte Carlo random numbers. A sequence of random 

numbers must have two essential properties: uniformity, i.e., they are equally probable everywhere, 

and independence, i.e., the current value of a random variable has no relation with the previous 

values. Figure 1 shows the two random variables generated using computer (Monte Carlo or pseudo 

random numbers) with samples equal to 100. As can be seen in the figure, for uniformity, the points 

should be equally distributed; that is not the case here.   We need more samples to cover the points 

equally in that 2-dimensional space.   This means more iterations of the algorithm. To circumvent 

this problem and to increase the efficiency of PSO, we are presenting a construct based on quasi-

random numbers. Some well-known quasi-random sequences are Halton, Hammersley, Sobol, Faure, 

Korobov, and Neiderreiter [8–10]. The choice of an appropriate quasi-Monte Carlo sequence is a 

function of discrepancy. Discrepancy is a quantitative measure of the deviation of the sequence from 

the uniform distribution. Therefore, it is desirable to choose a low discrepancy sequence. The Halton, 

SOBOL, and Hammersley are some examples of low-discrepancy sequences. Here, we are working 

with the two sequences, Halton and SOBOL, described below. 

 

Figure 1. 2-dimensional pseudorandom numbers (100 points). 
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2.3. Halton Sequence Points 

The design of Halton points is given below. Any integer n can be written in radix-R notation (R 

is an integer) as follows: 

0121... nnnnnn mm −
    (3) 

m

m RnRnRnnn ++++= ...2

210    (4)  

where 
]ln/[ln][log Rnnm R ==

 (the square brackets denote the integral part). A unique fraction 

between 0 and 1 called the inverse radix number can be constructed by reversing the order of the 

digits of n around the decimal point as follows:  

mR nnnnn ...)( 210=φ 12

1

1

0 ... −−−− +++= m

m RnRnRn
  (5)  

The Halton points on a k-dimensional cube are given by the following sequence:  

 𝑧𝑘
→
(𝑛) = (𝜑𝑅1(𝑛), 𝜑𝑅2(𝑛), . . . , 𝜑𝑅𝑘−1

(𝑛)), 𝑛 = 1,2, . . . . , 𝑁 + 1 (6) 

where R1, R2,…, Rk-1 are the first k-1 prime numbers. The Halton points are
)(1)( nznx kk

→→

−=
. 

Figure 2 shows 2-dimensional Halton points (100 samples) showing better uniformity than 

Figure 1. 

 

Figure 2. Dimensional Halton Points (100). 

2.4. SOBOL Sequence Points 

Like many other quasi-random sequences, the SOBOL sequence starts from the Van der Corput 

sequence in base 2.   To generate the Vander Corput sequence, consider the k-th point in the Sobol 

sequence; this integer k can be written as a linear combination of a nonnegative power of base 2 as 

follows.   

𝑘 =  𝑎0(𝑘) + 2𝑎1(𝑘) + 22𝑎2(𝑘) +⋯+ 2𝑟𝑎𝑟(𝑘) (7) 

where r is a large number. 

Then, the k-th element in the Sobol sequence is given by 

𝑥𝑘 = 1/2𝑦1(𝑘) + 1/22𝑦2(𝑘) + ⋯+ 1/2𝑟𝑦𝑟(𝑘) (8) 

where the coefficients 𝑦𝑖(𝑘) can be obtained using the following expression 
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{
 
 

 
 
𝑦1(𝑘)

𝑦2(𝑘)
…

𝑦𝑟(𝑘)}
 
 

 
 

 = V

{
 
 

 
 
𝑎0(𝑘)

𝑎1(𝑘)
…

𝑎𝑟−1(𝑘)}
 
 

 
 

mod 2 (9) 

where V is the generation matrix whose elements are 0 or 1.  V is an identity matrix for Vander 

Corput sequence.   

The operation in equation 9 can be represented as 

𝑎0(𝑘)𝑉1 ⊕𝑎1(𝑘)𝑽𝟐 ⊕𝑎2(𝑘)𝑣3…𝑎𝑟−1(𝑘)𝑉𝑟 
where 𝑉𝑖 is an element of V and ⊕𝒅enotes binary addition 

The calculation of generation matrix V involves primitive polynomial A primitive polynomial 

of degree d, all the coefficients A1 to Ad-1 are either 1 or 0 are given below. 

𝑷 = 𝑿𝒅 + 𝑨𝟏 𝑿𝒅−𝟏 +⋯+ 𝑨𝒅−𝟏𝑿 + 𝟏  (10) 

Direction vectors 𝑀𝑖  are generated by a recursive equation given below for i > d, and the initial 

direction vectors, i.e., for i < d, are generated by selecting an odd integer between 0 & 2𝑑   

  

𝑴𝒊 =  𝟐𝟏𝑨𝟏𝑴𝒊−𝟏 ⊕𝟐𝟐𝑨𝟐𝑴𝒊−𝟐 ⊕………⊕𝟐𝒅−𝟏𝑨𝒅−𝟏𝑴𝒊−𝒅+𝟏 ⊕𝟐𝒅𝑴𝒊−𝒅 ⊕𝑴𝒊−𝒅….. (11) 

Then, the generation matrix elements can be generated as given below. 

𝑽𝒊
𝒋
=

𝑴𝒊

𝟐𝒊
  (12) 

Thus, SOBOL sequence can be generated by generating the V matrix and the Van der Corput 

sequence in base 2.  Figure 3 shows that SOBOL points show better uniformity than pseudo random 

numbers from computer (Figure 1). 

 

Figure 3. 2-dimensional SOBOL points (100). 

We show where the random numbers are used in PSO with traditional PSO in Figure 4 and 

Enhanced PSO with Halton or SOBOL in Figure 5. However, to maintain k-dimensional uniformity, 

the Halton and SOBOL points cannot be generated one at a time; they must be generated together 

with the whole sample (for all iterations).     
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Figure 4. Traditional PSO Flowchart. 
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Figure 5. Enhanced PSO Flowchart. 
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It should be noted that all other efficiency enhancements proposed in the literature can be 

directly applicable to our new algorithms as we are only changing the random numbers.  

3. Results 

3.1. Test Cases  

To test the efficiency improvements of the enhanced PSO suggested in this paper, both mixed 

and continuous versions of three well-known benchmark functions, namely the Cigar, Ellipsoid, and 

Paraboloid functions, along with the famous Travelling Salesman problem, are taken as test cases 

(Table 1). Three algorithms consisting of one PSO code with no enhancement (using Monte Carlo 

random number samplings), a second PSO code that uses Sobol random number samplings, and a 

third PSO code that uses Halton random numbers are each run for 5, 10, 15, and 20 decision variables, 

to optimize both the mixed and continuous versions of the three benchmark functions and to solve 

the TSP problem. The number of iterations taken to achieve an optimum is recorded for all three 

algorithms to reach the global optimum.  

Table 1. Test Cases for Algorithm Testing [11]. 

  

Function 

 

Formula 

 

Range 

 

 

Continuous Optimization Problems 

 

 

1 

 

 

Cigar 

 

𝑓(𝑥)  = 𝑥1
2 + 104∑𝑥𝑖

2

𝑁𝐶

𝑖=2

 

 

 

 

[−3, 3]𝑁𝐶 

 

 

2 

 

 

Parabolic 

 

𝑓(𝑥) =∑𝑥𝑖
2

𝑁𝐶

𝑖−1

 

 

 

 

[−3, 3]𝑁𝐶 

 

 

3 

 

 

Ellipsoid 

 

𝑓(𝑥) =∑5
𝑖−1
𝑛−1𝑥𝑖

2

𝑁𝐶

𝑖−1

 

 

 

 

[−3, 3]𝑁𝐶 

Mixed-Variable Combinatorial Optimization Problems 
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4 

 

Cigar 
𝑓(𝑥, 𝑦) = 𝑥𝑖

2 + 104∑𝑥𝑖
2

𝑁𝐷

𝑖=1

+ 𝑦1
2 + 104∑𝑦𝑖

2

𝑁𝐷

𝑖=2

 

 

 

[−3, 3]𝑁𝑀 

 

 

5 

 

 

Parabolic 

 

𝑓(𝑥, 𝑦) =∑𝑥𝑖
2

𝑁𝐶

𝑖=1

+∑𝑦𝑖
2

𝑁𝐷

𝑖=1

 

 

 

 

[−3, 3]𝑁𝑀 

 

 

6 

 

 

Ellipsoid 

 

𝑓(𝑥, 𝑦) =∑5
𝑖−1
𝑛−1𝑥𝑖

2

𝑁𝐶

𝑖=1

+∑5
𝑖−1
𝑛−1𝑦𝑖

2

𝑁𝐷

𝑖=1

 

 

 

 

[−3, 3]𝑁𝑀 

3.2. Traveling Salesman Problem Optimization Procedure 

The traveling salesman problem [12] is a discrete combinatorial optimization problem. The 

locations of many cities are given, and an optimal order in which the cities are traversed is to be 

calculated. A position vector is the suggested order of cities. The velocity vector is a sequence of two-

element tuples in which each tuple consists of two indices of elements to be swapped to make the 

path more optimal. For example, if there are five cities labeled with indices {1, 2, 3, 4, 5}, the 

population matrix could consist of different suggested orders in which they are to be traversed, such 

as {2, 4, 3, 5, 1} and {5, 4, 3, 1, 2}. The velocity vector for the first suggested order of cities could be {(1, 

2), (3, 2), (4, 5)} while for the second it could be {(5, 1)}. In this case, the first element would be swapped 

with the second, the third with the second after that, and the fifth with the fourth after that, in the 

first suggested sequence of cities. For the second, the fifth and first elements are to be swapped.  

𝜔 , 𝛼 , and 𝛽  are pre-determined constants used in this algorithm. A random number is 

generated for each swap in the previous velocity vector. For each random number that is less than 

𝜔, the corresponding swap is included in the new velocity vector. Similarly, this process is done for 

the second term and the third term with 𝛼 and Beta instead of 𝜔. These three random numbers are 

generated together to maintain the k-dimensional uniformity of the quasi-random number sequence 

when Halton or SOBOL is used. Through the usage of this swapping method, the optimal order in 

which the cities must be visited is to be attained.   

For 𝑖 − 𝑡ℎ 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 𝑎𝑡 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑖𝑛𝑑𝑒𝑥 𝑛, 𝑡𝑜 𝑢𝑝𝑑𝑎𝑡𝑒 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 𝑤𝑒 ℎ𝑎𝑣𝑒: 

𝑣𝑛+1
𝑖 = {𝜔 ∗ 𝑣𝑛

𝑖 }  ⨁  {𝛼 ∗ (𝑃𝑛
𝑖 − 𝑋𝑛

𝑖 )}   ⨁ {𝛽 ∗ (𝐺𝑛
𝑗
− 𝑋𝑛

𝑖 )} 

𝐻𝑒𝑛𝑐𝑒, 𝑣𝑛+1
𝑖  𝑖𝑠 𝑎 𝑠𝑒𝑡 𝑜𝑓 𝑠𝑤𝑎𝑝𝑠. 

Here, the  is the merging operator, which merges sequences of swaps into a new swap 

sequence.  

𝛼 < 1, 𝛽 < 1 𝑎𝑛𝑑  𝜔 < 1  

For 𝑖 − 𝑡ℎ 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 𝑎𝑡 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑖𝑛𝑑𝑒𝑥 𝑛, apply the new updated velocity 𝑣𝑛+1
𝑖  to the current 

position 𝑋𝑛
𝑖 , (which is a set of Node sequence or Node list in TSP) and obtain the updated position 

𝑋𝑛+1
𝑖 . 

𝑋𝑛+1
𝑖 = 𝑋𝑛

𝑖  
𝐴𝑝𝑝𝑙𝑦 𝑆𝑤𝑎𝑝𝑠
←          𝑣𝑛+1

𝑖  
𝜔 ∗  𝑣𝑛 means is if 𝑣𝑛 is a vector of L elements to begin with, then L random numbers are 

generated and for each random number that is less than 𝜔, the corresponding swap in 𝑣𝑛 is used. 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 15 March 2024                   doi:10.20944/preprints202403.0944.v1



 10 

 

(𝑃𝑛
𝑖 − 𝑋𝑛

𝑖 ) 𝑖𝑠 a swap sequence to move from 𝑋𝑛
𝑖  to 𝑃𝑛

𝑖 . For example if 𝑃𝑛
𝑖  is {3, 4, 5, 2, 1} and 

𝑋𝑛
𝑖  𝑖𝑠 {5, 3, 4, 1, 2}, 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑠𝑤𝑎𝑝𝑠 𝑛𝑒𝑒𝑑𝑒𝑑 𝑡𝑜 𝑚𝑜𝑣𝑒 𝑓𝑟𝑜𝑚 𝑋𝑛

 𝑖 to 𝑃𝑛
𝑖 is {(1, 3), (3, 2), (4, 5)} (Assuming 

that indices start from 1).    

𝛼 ∗ (𝑃𝑛
𝑖 − 𝑋𝑛

𝑖 ) 𝑖𝑠 a set of swaps that are selected from the swap sequence vector (𝑃𝑛
𝑖 − 𝑋𝑛

𝑖 ) of 

length N based on the N random numbers generated which are less than 𝛼. 

During initialization, for each particle 𝑖, 𝑋0
𝑖  𝑎𝑟𝑒 set to a random selection of cities whose IDs are 

the city node index. If there are N cities to be visited, then 𝑋0
𝑖  is a vector of length N. 

The following are tables comparing the results produced by Monte Carlo Random Number 

Sampling with Sobol Random Number Sampling and Halton Random Number Sampling. 

3.3. Sobol vs. Monte Carlo Random Numbers 

We compare the performance of using SOBOL versus Pseudorandom numbers for the three 

functions (continuous and mixed variable form) in Tables 2–6.   

Table 2. Comparison of performances of both Monte Carlo and Sobol random number samplings in 

PSO for continuous variable Cigar function. 

Number of 

dimensions 

PSO enhanced PSO conventional Improvement 

Percentage 

5 

 

85 107 21% 

10 

 

167 193 14% 

15 

 

183 312 42% 

20 

 

231 447 49% 

Table 3. Comparison of performances of both Monte Carlo and Sobol random number samplings in 

PSO for mixed variable Cigar function. 

Number of 

dimensions 

PSO enhanced PSO conventional Improvement 

Percentage 

5 

 

93 97 4% 
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10 

 

119 156 24% 

15 

 

147 209 30% 

20 195 264 27% 

Table 4. Comparison of performances of both Monte Carlo and Sobol random number samplings in 

PSO for continuous variable Paraboloid function. 

Number of dimensions PSO enhanced PSO conventional Improvement 

Percentage 

5 

 

42 54 23% 

10 

 

67 91 26% 

15 

 

82 136 40% 

20 

 

102 178 43% 

Table 5. Comparison of performances of both Monte Carlo and Sobol random number samplings in 

PSO for mixed variable Paraboloid function. 

Number of 

dimensions 

PSO enhanced PSO conventional Improvement 

Percentage 

5 

 

42 47 11% 
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10 

 

62 68 20% 

15 

 

78 106 27% 

20 

 

94 151 38% 

Table 5. Comparison of performances of both Monte Carlo and Sobol random number samplings in 

PSO for continuous variable Ellipsoid function. 

Number of dimensions PSO enhanced PSO conventional Improvement 

Percentage 

5 

 

48 60 

 

20% 

10 70 96 

 

27% 

15 92 154 

 

40% 

20 105 184 

 

43% 

Table 6. Comparison of performances of both Monte Carlo and Sobol random number samplings in 

PSO for mixed variable Ellipsoid function. 

Number of 

dimensions 

PSO enhanced PSO conventional Improvement 

Percentage 

5 

 

45 53 15% 
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10 

 

62 89 30% 

15 

 

84 128 35% 

20 

 

90 165 46% 

3.4. Halton vs. Monte Carlo 

The results of Halton-based enhanced PSO are presented in Tables 7–12. 

Table 7. Comparison of performances of both Monte Carlo and (scrambled) Halton random number 

samplings in PSO for Continuous variable Cigar function. 

Number of 

dimensions 

PSO enhanced PSO conventional Improvement 

Percentage 

5 

 

61 101 40% 

10 

 

111 189 42% 

15 

 

188 298 37% 

20 

 

220 451 52% 

Table 8. Comparison of performances of both Monte Carlo and (scrambled) Halton random number 

samplings in PSO for Mixed variable Cigar function. 

Number of 

dimensions 

PSO enhanced PSO conventional Improvement 

Percentage 

5 96 95 1% 
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10 

 

107 156 32% 

15 

 

157 204 23% 

20 

 

190 265 29% 

Table 9. Comparison of performances of both Monte Carlo and Halton random number samplings 

in PSO for continuous variable Paraboloid function. 

Number of 

dimensions 

PSO enhanced PSO conventional Improvement 

Percentage 

5 

 

38 52 30% 

10 

 

64 88 28% 

15 

 

79 142 45% 

20 

 

103 174 41% 

Table 10. Comparison of performances of both Monte Carlo and Halton random number samplings 

in PSO for mixed variable Paraboloid function. 

Number of 

dimensions 

PSO enhanced PSO conventional Improvement 

Percentage 

5 38 46 18% 
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10 

 

60 77 23% 

15 

 

71 107 35% 

20 

 

92 146 38% 

Table 11. Comparison of performances of both Monte Carlo and Halton random number samplings 

in PSO for continuous variable Ellipsoid function. 

Number of 

dimensions 

PSO enhanced PSO conventional Improvement 

Percentage 

5 

 

38 60 

 

40% 

10 75 96 

 

24% 

15 86 154 

 

45% 

20 152 184 

 

35% 

Table 12. Comparison of performances of both Monte Carlo and Halton random number samplings 

in PSO for mixed variable Ellipsoid function. 

Number of 

dimensions 

PSO enhanced PSO conventional Improvement 

Percentage 

5 42 53 21% 
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10 

 

61 89 32% 

15 

 

110 128 14% 

20 

 

120 165 27% 

It can be seen from the above tables (Tables 2 to 12) that the quasi-random sequences-based 

enhanced PSO performs superior to a conventional random number-based PSO for both continuous 

and mixed variable problems. The enhancement increases generally with a higher number of 

variables specifically for continuous variable problems. SOBOL serves better for mixed variable 

functions than Halton, but Halton shows better convergence than SOBOL when considering 

continuous variables.   Tables 13 and 14 provide the TSP comparison. TSP is a completely discrete 

problem, and SOBOL performs better, as can be seen from Figures 6–8, and Tables 13 and 14. 

Table 13. Comparison of performances for Monte Carlo and Sobol random number samplings in 

PSO for TSP. 

Number of Cities PSO enhanced (Sobol) PSO conventional Improvement 

percentage 

10 

 

55 129 57% 

15 

 

180 430 58% 

20 

 

1076 1780 40% 

Table 14. Comparison of performances for Monte Carlo and Halton random number samplings in 

PSO for TSP. 

Number of Cities PSO enhanced 

(Halton) 

PSO conventional Improvement 

Percentage 

10 

 

48 129 63% 
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15 

 

311 430 28% 

20 

 

1140 1780 36% 

 

Figure 6. TSP with 10 Cities – Convergence Plot. 

 

Figure 7. TSP with 15 Cities – Convergence Plot. 
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Figure 8. TSP with 20 Cities – Convergence Plot. 

4. Discussion 

We have augmented the PSO algorithm by integrating Sobol and Halton random number 

samplings to achieve superior results. Our rationale behind this enhancement is rooted in Sobol and 

Halton random numbers, quasi-random numbers. These numbers are generated in such a manner 

that they are uniformly distributed across multidimensional space, thus mitigating clustering or bias 

in particle movement. Consequently, this facilitates more extensive exploration, thereby increasing 

the likelihood of avoiding local optima and accelerating the discovery of the global optimum, as a 

more significant portion of the space can be explored when biases or clusters are circumvented. The 

outcomes indicate that the enhancement applied to the standard PSO through the utilization of quasi-

random numbers has consistently improved the number of iterations required for the algorithm to 

produce the optimal function value across all three benchmark functions. The efficiency gains for 

continuous functions are more pronounced than those for mixed variable functions. 

Additionally, including more decision variables in the problem correlates with more significant 

improvements in general. As evident from the data, the application of Sobol or Halton sequences to 

the standard PSO algorithm demonstrates efficiency improvements, suggesting the potential benefits 

of these sequences to researchers in various optimization fields. Notably, this technique is algorithm-

agnostic, as indicated in the introduction, and can thus be employed with other optimization 

algorithms such as the Genetic Algorithm, Ant Colony Optimization (ACO) algorithm, and other 

established optimization algorithms. 

5. Conclusions 

Particle Swarm Optimization harnesses swarm behavior effectively for function optimization 

but is often hampered by slow convergence. We have consistently improved efficiency through two 

distinct enhancements to the Particle Swarm Optimization algorithm. We proposed using quasi-

random number sequences to update decision variable values and their rates of change in each 

iteration to enhance the PSO algorithm. Since quasi-random number sequences do not alter the 

fundamental algorithm, this concept can be integrated into modified versions of the PSO algorithm 

suggested previously, as discussed in the introduction. To evaluate whether quasi-random number 

sequences in PSO yield efficiency improvements, we tested them using continuous and mixed 
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variable Cigar, Ellipsoid, and Paraboloid functions, along with an example of the Traveling Salesman 

problem. The results demonstrate that both sequences of quasi-random numbers used to enhance the 

standard PSO have improved efficiency. 
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