Pre prints.org

Article Not peer-reviewed version

Enhanced Numerical Solutions for
Fractional PDEs Using Monte Carlo
PINNs Coupled with Cuckoo Search

Optimization

Taugeer Ahmad , Muhammad Sulaiman , David Bassir i , Fahad Sameer Alshammari, Ghaylen Laouini

Posted Date: 14 January 2025
doi: 10.20944/preprints202501.1072.v1

Keywords: Fractional partial differential equations; Physics-Informed Neural Networks; Monte Carlo
methods; Cuckoo Search algorithm; numerical analysis; computational efficiency

Preprints.org is a free multidisciplinary platform providing preprint service
that is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This open access article is published under a Creative Commons CC BY 4.0
license, which permit the free download, distribution, and reuse, provided that the author
and preprint are cited in any reuse.



https://sciprofiles.com/profile/4163356
https://sciprofiles.com/profile/643396
https://sciprofiles.com/profile/1055693
https://sciprofiles.com/profile/1458038
https://sciprofiles.com/profile/1436837

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 January 2025 d0i:10.20944/preprints202501.1072.v1

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and

contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article
Enhanced Numerical Solutions for Fractional PDEs

Using Monte Carlo PINNs Coupled with Cuckoo
Search Optimization

Tauqeer Ahmad !, Muhammad Sulaiman !, David Bassir 23*, Fahad Sameer Alshammari 4
and Ghaylen Laouini 5

1 Department of Mathematics, Abdul Wali Khan University Mardan, Mardan 23200, Pakistan;
taugeerahmad899@gmail.com (T.A.); msulaiman@awkum.edu.pk (M.S.)

2 Smart Structural Health Monitoring and Control Lab (SSHMC) Lab, CNAM-Dongguan University of
Technology, D1, Daxue Rd., Songshan Lake, Dongguan 523000, China

3 UTBM, IRAMAT UMR 7065-CNRS, Rue de Leupe, CEDEX, 90010 Belfort, France

4 Department of Mathematics, College of Science and Humanities in Alkharj, Prince Sattam bin Abdulaziz
University, Al-Kharj 11942, Saudi Arabia; f.alshammari@psau.edu.sa

5 College of Engineering and Technology, American University of the Middle East, Egaila 54200, Kuwait;
ghaylen.laouini@aum.edu.kw

* Correspondence: david.bassir@utbm.fr

Abstract: In this study, we introduce an innovative approach for addressing fractional partial
differential equations (fPDEs) by combining Monte Carlo-based Physics-Informed Neural Networks
(PINNSs) with the Cuckoo Search (CS) optimization algorithm, termed PINN-CS. There is a further
enhancement in the application of quasi-Monte Carlo assessment that comes with high efficiency and
computational solutions to estimates of fractional derivatives. By employing structured sampling
nodes comparable to techniques used in finite-difference approaches on staggered or irregular grids,
the proposed PINN-CS minimizes storage and computation costs while maintaining high precision
in estimating solutions. This is supported by numerous numerical simulations to analyze various
high-dimensional phenomena in various environments, comprising of two-dimensional space-
fractional Poisson equations, two-dimensional time-space fractional diffusion equations and three-
dimensional fractional Bloch-Torrey equations. The results demonstrate that PINN-CS achieves
superior numerical accuracy and computational efficiency compared to traditional fPINN and Monte
Carlo fPINN methods. Further, the extended use to problem areas with irregular geometries and
difficult to define boundary conditions makes the method immensely practical. This research thus
lays a foundation for more adaptive and accurate use of hybrid techniques in the development of the
fractional differential equations, in computing science and engineering.

Keywords: fractional partial differential equations; physics-informed neural networks; monte carlo
methods; cuckoo search algorithm; numerical analysis; computational efficiency

1. Introduction

Fractal geometry provides important understanding into processes that involve memory effects
over extended periods and significant spatial interactions across large scales. This concept is
supported by the strength of fractional derivatives, which offer a more precise method for modeling
these kinds of systems. As a result, fractional partial differential equations (fPDEs) have become
widely used to describe phenomena that exhibit memory effects, non-local interactions in space, and
power-law behavior [1-4]. However, the non-commutative nature of fractional integrals and
derivatives poses significant challenges, particularly in deriving analytical solutions, even for linear
problems. To tackle these issues effectively, various computational Strategies have been created for
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solving fPDEs [5-8]. Notably, spectral methods in time and space have been introduced, alongside
techniques for fractional inverse problems, achieving high accuracy in applications such as the
Fokker-Planck equation [9]. Additionally, to improve uniform error bounds for long-term dynamics
in mildly nonlinear spatially space-fractional Klein-Gordon equations, Jia and Jiang [10] recently
proposed the exponential wave integrator method, demonstrating its efficacy for such complex
systems.

High-dimensional time-space fractional PDEs (fPDEs) present unique challenges, primarily due
to the complex nature of Lévy flights. Addressing these challenges often requires specialized
numerical methods or adaptive boundary treatments using appropriate mesh designs. Techniques
initially developed for lower-dimensional, less complex problems have been extended to higher
dimensions [11-15]. For example, in [16], the authors proposed a Galerkin finite element method
(FEM) that uses an unstructured mesh and the Crank-Nicolson (CN) time integration methodology.
This approach, applied specifically to 2D time-space fractional PDEs in convex domains,
demonstrated superior accuracy compared to traditional structured-mesh finite-element methods.
Further advancements include differential quadrature methods utilizing radial basis functions (RBFs)
for analyzing three-dimensional diffusive fractional equations [17]. By employing RBFs as trial
functions and optimizing their linear combination ratios, these methods achieved promising accuracy
and efficient approximation of fractional derivatives. Convergence analysis validated their success
and highlighted their efficiency over finite-difference methods in reducing global error. It is essential
to emphasize the flexibility of fractional derivatives in representing long-memory physical
interactions. However, their non-commutative nature often complicates analytical integration, even
in linear cases. While various fast algorithms have been developed for small-scale problems to
enhance computational efficiency [18-22], solving high-dimensional fPDEs continues to demand
more advanced and sophisticated numerical approaches.

A novel approach to approximating fractional-order differentiation was recently introduced
using the Monte Carlo strategy [23,24]. This method begins with the Griinwald-Letnikov definition
of fractional derivatives and incorporates the development of a probabilistic density function that
adheres to the rules of fractional differentiability. The Monte Carlo method is then utilized to identify
sample points within specific fractional orders, offering a new algorithm for derivative
approximation. The approach generates nodes that resemble earlier finite-difference constructions,
designed for non-uniform or nested grids. These nodes are densely concentrated around the target
point while remaining well-distributed at the initial positions, making the method highly suitable for
solving fPDEs effectively and supporting parallel processing. However, this method does not
integrate seamlessly with numerical approaches for fPDEs, as it requires the structure of the objective
function to be explicitly evaluated at the generated sample nodes. Physics-Informed Neural
Networks (PINNSs) [25] have gained popularity as a powerful method for addressing partial
differential equations (PDEs) by combining principles of physics with deep learning techniques [26—
30]. One of the main successes of PINNSs is the capacity to act as a direct solution approximator using
neural networks. This is done by constructing a loss function that discourages the growth of
predictions of the solution against the labeled data and at the same time satisfying the governing
equations. This double aim also means that the estimated solution respects as many natural
constraints as possible of the physical model.

By incorporating the innovative Monte Carlo method, Physics-Informed Neural Networks
(PINNSs) become an effective tool for solving fractional partial differential equations (PDEs). Previous
studies, such as reference [31], explored the combination of Monte Carlo methods with PINNs,
introducing the concept of fPINNs to address both direct and inverse fractional PDE challenges.
However, their method was restricted to applying Monte Carlo techniques specifically for computing
integrals involving fractional functions with Caputo derivatives. This approach did not extend to
other types of fractional derivatives, such as Riemann-Liouville derivatives. Also, their approach
presupposed the employment of fixed parameter distributions for obtaining highly accurate
estimation of the loss function. Though this strategy was effective in minimizing computational
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overhead, it was not very effective when it came to involving specific information concerning the
system. To avoid these limitations, using an enhanced and more flexible Monte Carlo method where
the workload is not predetermined prior to the method could highly enhance the efficiency and
versatility of this combined approach.

In the present study, we present a new method by implementing the Physics-Informed Neural
Networks (PINNSs) that are based on the Monte Carlo method through integrating it with the Cuckoo
Search (CS) algorithm referred as the PINN-CS to solve fractional partial differential equations
(fPDEs). The approach starts with a modified Monte Carlo procedure for approximating fractional
derivatives on the right side in terms of two different quasi-Monte Carlo methods. These techniques
are accompanied by Physics-Informed Neural Networks (PINNs) and are enhanced using the Cuckoo
Search algorithm to provide solutions for various difficult fractional partial differential equations
(fPDEs). Compared with the classic fPINN approach, the PINN-CS model employs block-sampled
nodes and averages their function values. This method helps to minimize the memory consumption
and computational costs of the simulation as well as to maximize the computational speed and
throughput due to the proper arrangement of the sample nodes. Furthermore, in the node
distribution, particular attention was paid to analogize finite difference methods on scattered or non-
uniform grids, which will allow for better perception of the specifics of boundary problems for their
closer study at the distances.

The performance of the method suggested in this work is tested on examples that are illustrated
numerically; the fuzzy boundary problem is also solved, although the definitions of boundary
conditions are not complete. Comparisons with the fPINN method show that, although fPINN yields
slightly better numerical accuracy, the proposed PINN-CS approach achieves considerably increased
efficiency. To provide proof of the paper’s applicability, the paper presents an actual-case of blood
circulation in the human brain to depict how machine systems can learn and develop governing
equations of structural physical systems. The presented methodology can be adopted as new grounds
to solve fPDEs, especially for high dimensional and complex domains.

Research Highlights

This paper proposes a Monte Carlo-based PINN integrated with the Cuckoo Search algorithm
(PINN-CS) for solving fPDEs efficiently.

Utilizes quasi-Monte Carlo techniques to enhance the precision of fractional derivative
approximations for high-dimensional fPDEs.

Utilizes structured sampling nodes to minimize storage and computation costs while
maintaining accuracy.

The PINN-CS framework demonstrates its flexibility by successfully addressing a wide range of
applications, including both 2D and 3D fractional PDE challenges, such as space-fractional Poisson
and Bloch-Torrey equations.

It displays enhanced computational performance and comparable numerical precision against
conventional fPINN and Monte Carlo fPINN techniques, especially in irregular domains and
uncertain boundary conditions.

1.1. Problem Statement
The general structure of fractional partial differential equations (fPDEs) can be expressed as:

B
EDfu(x,t) + L (u, Upy, (D)2, ... X, t) = f(x,t), x €Q,t €[0,T],
u(x,0) = ug(x),x € Q, ulx,t) =ulx,t),x € 00,t € (0,T],

)
In these equations u(x,t) indicates the analytical solution, where f(x,t) represent the forcing
term, and §D{ signifies the Caputo time-fractional derivative operator, which is defined as follows:

1 t —
EDFu(x, t): = - Jy =) uM(x,5)ds, n—1<a<n, )
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and (—A)g is the Riesz fractional derivative operator given by:
(—8)2u(x, £): = cp( DL u+ RDE u), 3)
with m—1<pf <m,cg =m,and:
D U0 0 = r(rr:—ﬁ)%f;b (x =" tu(r, t)dr, “

Cp™ d™ oex -B-
RDEu, 0): = 1o (1 (T = )™ (e, e

where xj, and x,;, represent the lower and upper bounds of Q with respect to x, defined as:

Xp: = inf{x: (x,t) € Q S R%}, xyp: = sup{x: (x,t) € Q € R4} )
In high-dimensional spaces, RLDflbu and RLDfubu generalize to expressions such as
RLDflbu, RLDfubu, RLbeu, RLDfubu, and so on, allowing for a broad class of operators in high

dimensional systems. Here, L(-) is a spatial differential operator either linear or non-linear, that can
include various different orders of derivatives. For clarity, this work focuses on the operator (—A)P/?
as an example. By applying the proposed Monte Carlo PINNs method, the research addresses fPDEs
across both straightforward and intricate domains

2. The Generalized Mante Carlo PINNs Method

In this section, we introduce a new form of the Monte Carlo integrated Physics-Informed Neural
Network (PINN) to solve equation (1). Now, as a preliminary step for presenting the new
methodology, we expand upon the base Monte Carlo approach to right sided fractional derivatives.

2.1. Mante Carlo Method for Computing Right Sided Fractional Differentiation

In prior work [23,24], the author proposed a Monte Carlo-based technique for estimates of the
fractional differentiation, which has been extended to other approximations. This approach exploits
the Grunwald Letnikov operators for fractional differential to obtain probability distributions with
fractional indices. These distributions are then used together with the Monte Carlo technique in order
to produce sample points and enable the fractional differentiation of order of various functions to be
approximated.

For instance, Fractional-order derivative defined on the left side of f(x) can be expressed using
the formula:

Xy Dy f (x) ~ AR f (%)
- %(;ﬁ (0 CIICIfCr = 1) = 2oy = (“DICAF(x = (10 + )h))) X

where x;;, represents the domain's left boundary with respect to x and the order of the
fractional derivativeis @ , where a € (n,n + 1). The step size h is determined as h = (x — x,)/N,
with N being the total number of points used for the approximation. The parameter K denotes the

number of repetitions for sampling. The nodes {yr(n“), m=1,..,N } represent the sampled points in

fractional order. This method is capable of approximating different form of fractional derivatives,
including Caputo, Grunwald Letnikov, and Riemann Liouville derivatives.

The mathematical foundation for the left-sided fractional derivative was previously explored in
the original study [24], where the corresponding formula was provided. To obtain an operator
analogous to the Riesz fractional derivative, it is essential to derive the right-sided fractional
derivatives. The following derivation illustrates the process for a € (1,2), though it is adaptable for
other values of a. The Grunwald Letnikov fractional derivative on L,(R) is defined as [8]:

GLpa
X Dxub

fG) = lim A%, f (), @ > 0,1 > 0, @)

where,
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)k a(a—1)--(a—k+1)

A% f(x) = h%Zl?:o (-1 k!

here, x,, represents the domain's right boundary with respect to x, and h represent the step

f(x + kh), (8)

size, determined as h = (x,, — x)/N, where N represents the total number of approximation points.
To proceed, we define:

_ _ I'(a+1)
my = v(a, k) = (—1)km )
From this, we have:

me=1m; =v(a,1) =—-a<0,and my > 0, fork = 2,3, ... (10)

Moreover, the coefficients of variation m, can be interpreted as the expansion coefficients for
the sequence (1 — z)%, satisfying >.;-om; = 0. Thus, Y-, (—v(a, k)) = 1.

Since:
YoM =0=1—a+Xp, s (1)
it follows that:
1=2—-a+X7, m. 12)
Consider Y as an independent random variable satisfying the following conditions:
P(Y =1) =p; =pi(a) =2 —a, where a € (0,1),
—1)kr 13
P(Y =k)=p, =p(@) =m, = % for k = 2,3, .., where m; > 0. (13)
Thus
Yica P =1 (14)
It is noted that:
E(Y) < o (the expected value is finite),
Var (Y) = o (the variance is infinite).
Next, the summation for m,, is applied to a function f:
Yimo Mucf (x + kh) = f(x) — af (x + h) + Xk, muf(x + kh), (15)
which simplifies further to:
fO) = @2 =pu(@))f (x + h) + Xk, muf (x + kh), (16)
and finally:
f(x)=2f(x+h)+E[f(x+Yh)], (17)

where E[f(x +Yh)] is the expected value over Y.
If stochastic process is defined as ¢(x) = f(x +Yh), then for fixed x,t,h, the expectation
satisfies:

E[f(x + Yh)] < . @18)

Now, let Y3,Y,, ..., Y, are to be independent copies of the random variable Y. By the strong law
of large numbers:

~ YNy f(x +Yuh) = E[f(x + YR)] as N — oo, (19)

with probability 1 for any fixed t and h.
Thus, the approximation for the expectation is:

A = Z[F0) = 2f (x + B) + 2T f(x + Yoh)| (20)

The probability of convergence to Ajf(x), where a € (1,2), is also noted. Furthermore, as in the
referenced source, we have:
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Gn==(=[fo0—2f G+ M) +1T0, Flx+Y,h)]) (21)
Next, sample values Y; are replaced with Monte Carlo simulations. Define:
By =iy P (22)
where p; = p;(@). The sequence of probabilities is:
0=Fy<E <E,<- <E <-, withp; = E, — E_;. (23)
Let F be a uniformly distributed random variable on the interval [0,1], then:
P(E;_y <F <E;) =pj, P(Ey—y <F < E}) = py. (24)

To generate Y € {1,2,...}, weset Y =k if E}_; < F <E,.

2.2. Quasi Monte Carlo Approach for Fractional Derivatives

In this section, we illustrate how to use a quasi Monte Carlo approach to approximate fractional
derivatives. Unlike the classical Monte Carlo application, which uses random samples, the quasi
Monte Carlo approach uses samples with low discrepancy sequences. This method is carried out in

two steps:
Step 1: Define E; = ¥/_,p;, where p; = p;(a) (as in Equation (13)).
Then:
0=50<E1<E2<"',
with:

pi=E—E_,

Step 2: Take F' is a variable chosen at random from the Sobol sequence or the Halton sequence.
Then:

To generate Y € {1,2,...},set Y =k if E,_; < F < E,.

Figure 1 is a schematic representation of the General Monte Carlo Physics-Informed Neural
Network (PINN) framework. This visual serve to outline the methodology and workflow of
combining Monte Carlo techniques with PINNs to solve fractional partial differential equations
(fPDEs). Figure 1 serves as a roadmap for implementing the Monte Carlo PINN approach, making it
easier to grasp the workflow and understand the interplay of the components in this hybrid
methodology. If you'd like, I can expand further on any specific aspect of this figure.

{yx}Nk=1 generated

Activate | ____ Activate
function function by Mante Carlo
X ; : {fk}ﬁkn Mante Carlo Approximation
Activate . Activate N
function T i U 1 1 7 Loss
function A E— DE ~ o u(x,t) — o Z cru(x,t — ¥ih) _
t ~—
Activate . T~
Activat i
function f“;::‘ﬁ;:): e Others

Uxx (X, t), ue (%, t) oo

N

. gg,, ——

Done b4

Figure 1. [llustrating the framework of General Mante Carlo Pinn.
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2.3. The PINN Solver

Expanding upon the earlier approximation method for fractional-order differentiation, this
section presents a novel Monte Carlo-based Physics-Informed Neural Network (PINN) for solving
fractional Partial Differential Equations (fPDEs), as shown in Figure 1. For example, consider
Equation (1) with a € (0,1) and B = (1,2). A complete discrete formulation is developed for the left-
hand side of Equation (1) by applying the Monte Carlo approximation techniques outlined in
methods (6) and (21) for the left and right sided differentiation, as demonstrated below:

P LI R el f(x,t—Y,S’ht)]]

K
+c/z{u,K (gl 0 = 2ucx= Phyt) + sl u(x =1 ny0)]) @9
1 . wp)ib
+=K, (Thf [u(x, t) —2u(x + “Phy,t) + —ZubN (x + Yj(x by t)])},

where kq, hilby , and uby,  are the step sizes with respect to t, and:
X he = /Ny, Phy = (= X)) "Ny and Py = G =)/ N (1O} {r) ™ 26)
= n=1

Additionally, N, represents the Monte Carlo method generates samples for OD,‘Z,x,be and
xubDf , respectively. To reduce computational costs, a basic identification is conducted on the data
points in the sample set {Y;}, acquired through the Monte Carlo method using a block distribution.
The computational speedup achieved by this technique was not immediately apparent with fewer
approximation points but became more notable as the number of points increased. The training
dataset is defined as:.

D= (Dequ ’ Dini ’ Dbound )' (27)

Here, the network's output acts as an approximate solution.
The corresponding loss function is expressed as:

Loss (@ = { weights, biases }) = wgMSEg + w;MSE; + wzMSEj, (28)
Where
1 @Ng [rx 2
MSE; = N_EZLzl [L (uNN(xir t) — f(x; ti))] .
MSEp = 1-%0% [luwn Cri, ) = ulx, 6121, (29)
MSE; =50, uwn (i 0) = uo () 2.
Ny

The penalty weights wg, w;, and wp are manually selected here, but a more efficient method is
available in the referenced literature. Ng, N;, and Ny denote the number of collocations, initial
conditions, and boundary conditions, respectively. The Cuckoo Search technique is used to find the
ideal parameter ® that minimizes the loss function, resulting in an estimated solution that meets the
target equation.

2.4. Cuckoo Search (CS) Algorithm

The breeding parasitism behavior of cuckoo birds forms the basis of the Cuckoo Search (CS)
algorithm. It applies three main hypotheses:

1. Each bird lays one egg at a time and places it in a randomly selected nest.

2. The best nests (those with high-quality solutions) are retained for the next generation.

3. The number of available nests is limited, and the host bird has a probability of discovering a
foreign egg, denoted as S, € [0,1].

In mathematical terms, these behaviors are modeled using Lévy flights, a type of global random
walk. The CS algorithm creates a new generation for each cuckoo i by performing a Lévy flight, as
described by the equation:
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ZHr =7 + alevy (s, 4), (30)

where:
Levy ~u =t (31)

In most situations, the step size a > 0 is adjusted to 1. The Lévy flight introduces randomness
with step sizes drawn from a Lévy distribution.
For local search or neighborhood random exploration, the following equation is used:

M =72t as @ H(Sp — E) &) (Zj — Zk)- (32)

here

@® represents element-wise multiplication.

Z; and Z; are two randomly selected solutions (nests) obtained using permutation.
H is the Heaviside step function.

€ is a small random value drawn from a normal distribution.

s is the step size.

S, is a switching probability that balances local and global random walks.

3. Numerical Experiments

The proposed method can be applied to solving fractional Partial Differential Equations (fPDEs),
as demonstrated by several numerical examples in this section. We showcase how this approach
performs when applied to forward problems in 2D fractional partial differential equations (fPDEs).
Specifically, we solve the 2D space-fractional Poisson equation on a unit disc domain and the 2D
time-space fractional diffusion equation within a heart-shaped domain. The results are then
compared with those obtained using the basic fPINN approach.

Additionally, we present numerical results and compute the time required for the selected
approximation points. Further investigations include the forward simulation for the 3D coupled
time-space fractional Bloch-Torrey equation in the human brain ventricle area. These results are
compared with existing numerical studies. Considering the complexity and importance of the chosen
problems, the method was successfully validated and proven effective for solving fPDEs with
unknown boundary conditions.

Moreover, the numerical results support the applicability of the method to problems like
MRIbase studies in the brain. To assess the discrete data accuracy, we apply L? relative error and
point-wise error measurements:

Ti [ulxpt) -alxt)]?

% Gy t)]? ST (33)
i DLli

, Point-wise error = —*1——tt

L? relative error =
u(xg,t;)

here, u represents the exact solution. Numerical experiments were carried out on every case
within the two domains outlined below:
Domain ;:

Unit disk Q; = {x,y: 1x = Xcenger I* + 1Y = Veenter 1> < 1}
Domain ,:
Q= {0o): I x 12+l y 1P< x% + y?),
where x = 1.6sin®t, y = 1.3cos t — 5cos 2t — 2cos 3t — cos 4t

t € 0,2m]

Table 1. Parameter settings for example 3.1 (2D space fractional PDEs.).

Parameter Value

Approximate point N 150
Hidden layers 4
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Neurons 5
Activation function tanh
Optimizer Cuckoo Search Algorithm
Number of iterations 1000
a 1.7
B 1.5

Example 3.1
We examine the following two-dimensional space-fractional PDEs, along with their
corresponding initial and boundary conditions:

(— 2)2Pu(x,y) + (= A)5u(x,y) = f(x,y), (x,y) € Q, (34)
with the boundary conditions:

u(x,y) = ub(xty)' (x,y) € 0Q. (35)

a s
_ _A)2
( A)zx’f.emd ( A) w

The fractional operators are defined as:

a/z, _ 1 B/2, _ 1 B B
(=8 = ss trara) (xpDg +xDE ), (= A)yy i = 2o GEID (ywDy +yDy,,), (36)
D¢ D¢  Df
where % | XT3 Y and XY are the right and left sided Riemann-Liouille fractional
derivatives defined over h™ %> Yub and Yib>Vu respectively.
The analytical solution of the above problem is:
3 3 3 3

(X =2,)" (X =X) (V= 13)" W = D), (37)

where X,,X,,Y, ,and ), are the upper and lower bounds of x and y, respectively. The

standard structure of the forcing terms is given as follows

fy) = Fi6Y) + Fx,), (38)
o) = oo (P (G )™ o Gty = 0)7)
B 3|x£b1:r(?ili)zr(5)' (= xp)* % + (yp —0)*79) (39)
2RO (G — )5 + (= 25
— 2 (= ) + Gy = DD} 0 = V) Gy = )
Fy) = (P (0 =) + O = )
— 2wl () — )P + (g = )*F) 40)
+—3|y”1’,z_ug)lr(6) (()’ - ylb)s_’B + Yup — Y)S_B)
- l"i:_(jﬁ)’) (O =y)* P+ up — J’)6_ﬁ)} (x = x1)* (e — %3

Example 3.1 focuses on solving a two-dimensional space-fractional partial differential equation
(PDE) with specified initial and boundary conditions. The example highlights the application and
performance of the proposed PINN-CS framework compared to traditional methods.
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Table 2 presents a comparative analysis of the performance of three methodologies-fPINN,
Monte Carlo fPINN, and the proposed PINN-CS (Monte Carlo-based PINN integrated with the
Cuckoo Search algorithm) on a 2D space-fractional partial differential equation (PDE). The
comparison focuses on numerical accuracy across different approximation levels, specified by N.The
table evaluates absolute errors for the numerical solutions obtained by each method. As N (number
of approximation points) increases, the errors for all methods decrease, indicating improved solution
accuracy with higher resolution. The improvement rate, however, varies significantly across
methods. fPINN, shows moderate accuracy but lags behind the other methods. Absolute error is
notably higher, especially at lower approximation levels. Monte Carlo fPINN offers better accuracy
than fPINN by incorporating Monte Carlo techniques for fractional differentiation. PINN-CS
achieves superior accuracy at all levels of N. The error is orders of magnitude smaller compared to
both fPINN and Monte Carlo fPINN. For instance, at N = 8, the erroris 3.88 x 101! for PINN-CS,
compared to 3.73 x 107! for fPINN and 2.91 x 107! for Monte Carlo fPINN. Similar trends are
observed at higher N values, highlighting the robustness of PINN-CS.

Table 2. We compare the performance of fPINN [29], Monte Carlo fPINN [31], and the PINN-CS technique on a
disc with « = 1.7, and f = 1.5 for example 3.1.

N FPINN Mante Carlo PINN PINN-CS
8 3.73x10-0 2.91x10-0 3.88x10-1
16 1.73x1001 1.45x10-01 2.60x10-10
32 6.71x10-02 5.97x10-2 1.12x10-
64 3.97x10-03 1.42x10-02 4.35x10%
128 9.54x10-03 8.06x10-03 5.25x10-10

Figure 2 visually compares the numerical solution obtained using the PINN-CS framework with
the exact solution for the 2D space-fractional PDE described in Example 3.1. The overlap between the
two solutions is nearly perfect, signifying an extremely high degree of numerical accuracy. The
maximum absolute error, as seen in Table 2, is as low as 3.88 x 10~ when N = 8. This result
confirms that PINN-CS provides a highly accurate solution, even with relatively few approximation
points. The visual confirmation of overlap across the domain further reinforces the robustness of the
methodology for solving complex fractional PDEs with high precision.

A graphical comparison in Figure 3 shows the overlap between the numerical solution generated
by PINN-CS and the exact analytical solution. The solutions overlap almost perfectly, visually
confirming the high numerical accuracy reported in Table 4. Wherever such deviations exist, as
maintained here, they are minimal, and refer to the robust and reliable nature of the underlying
PINN-CS framework. This near perfect level of alignment establishes it as particularly capable of
accurately approximating solutions to fractional PDEs.

Figure 4 in the paper provides a performance assessment of the PINN-CS framework based on
the overlap with the exact solutions to a 3D time-space fractional Bloch-Torrey equation explored in
Example 3.3. The figure shows a good correlation with the loss function obtained with numeric
solution given by PINN-CS with the exact analytical solution. The almost complete alignment proves
the effectiveness of the PINN-CS approach as an accurate modeling technique. The considered
analysis example 3.3 is an example of 3D fractional PDE, which make this problem particularly
difficult due to the high dimensionality of the problem and the use of fractional operators. As seen
from the solution of this problem, the proposed PINN-CS framework appears sufficiently stable and
versatile for dealing with all these kinds of equations. The figure supplements numerical results
described in the table presented in the article, which shows minimal absolute errors calculated for
various approximation points. The reported error, being of the order of 10+, establishes the high
accuracy of the proposed PINN-CS framework further. In Figure 4, the performance of the PINN-CS
framework is demonstrated when solving the 3D time space fractional Bloch Torrey equation

d0i:10.20944/preprints202501.1072.v1
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considered in Example 3.3. This figure also corroborates well with the fact that the PINN-CS method
provides a numerical solution very close to the exact analytical solution. This convergence confirms
the ability and credibility of the PINN-CS framework in solving intricate high- dimensional fractional
partial differential equations (fPDEs).

Figure 5 plots a quantitative solution of PINN-CS with the exact analytical solution for the 3D

Bloch-Torrey equations. The coincidence of the locations of the solutions to both carriers is almost

perfect which proves a high accuracy in the formulation of the PINN-CS framework. This figure

shows that PINNCS has the ability to approximate the dynamics of high-dimensional fractional

PDEs. The minimal deviations corroborate the low absolute errors reported, validating the

framework's reliability for applications requiring precise numerical approximations.
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Figure 2. Graphical illustration of PINN-CS overlaps with the exact solution of 2D space fractional PDE in

example 3.1.
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Figure 3. Performance of PINN-CS overlaps with the exact solution of 2D time-space fractional diffusion

equations for example 3.2.
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Figure 4. Show the performance of the PINN-CS overlaps the exact solution of example 3.3.
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Figure 5. Show the performance of the PINN-CS overlaps the exact solution, for example 3.4.

Figure 6 shows the point-wise error distribution as a heatmap for the 2D space-fractional PDE
solved in Example 3.1. The errors are minimal across the domain, with most values concentrated in
the range of 107! to 107°, as corroborated by numerical results in Table 2. While the errors are
uniformly low, minor peaks near the boundary regions highlight areas where further refinement may
marginally enhance accuracy. The figure underscores the efficacy of the PINN-CS framework,
achieving a point-wise error that is orders of magnitude smaller than the competing methods, such
as Monte Carlo fPINN (2.91 x 10~! at N = 8) and traditional fPINN (3.73 x 10! at N = 8).

Figure 7 illustrates the point-wise error distribution across the computational domain as a
heatmap. The errors are minimal, mostly concentrated in the range of 107° to 1078, with slight peaks
near boundary regions. The consistency of the error distribution clearly shows that the PINN-CS
framework has good accuracy over the whole domain. Small humps arise around the edges of the
plot, suggesting areas where precision might be further improved by additional refinement of the
data. This shows the relevance of node distribution in consideration of boundary effects.
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Figure 6. Point-wise error distribution of 2D space fractional PDEs for example 3.1.


https://doi.org/10.20944/preprints202501.1072.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 January 2025 d0i:10.20944/preprints202501.1072.v1

13 of 26

Predicted Solution Exact Solution Absolute Error

1.0 K 10
0.000200
0.10 0.10
ia y 0000175 (o
0.08 0.08
0.000150
0.6 . 0.6
b 0.000125
0.06
0.000100
0.4 0.04 . 0.4
0.000075 0.04
0n 663 ! 0000050 .
0.02
0.000025
4] = d
0.0 0.0 0.000000 0.0

000 025 050 075 100 000 025 050 075 100 000 025 050 075 100

Figure 7. Point-wise error distribution of 2D time-space fractional diffusion equations for example 3.2.

The point-wise error distribution about Figure 8 in the paper is implemented for the 3D time-
space fractional Bloch-Torrey equations for evaluating the efficiency of the Physics-Informed Neural
Network coupled with the Cuckoo Search algorithm, called PINN-CS. The heatmap in figure 8
specifies that there exists minimal standard error spread wide and far across the computational
domain, with most evaluations clustered closely to the range of 107° to 1078. This observation
further Fractal accuracy of the PINN-CS methodology to solve complex equations within a shorter
CPU time. An additional interesting aspect can be revealed by looking closely at how the errors are
distributed, which is the slight increase in values of the errors during the approach toward the bounds
of the computational domain. These peaks can be attributed to challenges of approximating
boundary conditions in high dimensional fractional systems. The phenomenon of boundary effects
points to certain directions for improvement with regard to sampling techniques or improved
management of boundary conditions.

Finally, the heat map shown in Figure 9 represent the point-wise error distribution for the 3D
Bloch-Torrey equations. As shown here all the errors are bounded and spread out evenly throughout
the computational domain with dominant values between 10® and 10°. Defective scores, slightly
higher near the boundaries, indicate scope for increase in efficacy concerning handling aspects of
boundaries. This figure strengthens the PINN-CS framework to hold high accuracy in the domain
and provide the ability to solve complicated fractional PDEs.
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Figure 8. Pointwise error distribution error of 3D time-space fractional Bloch-Torrey equations for example 3.3.
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Figure 9. Show the point wise error distribution of 3D Bloch Torrey equations for example 3.4.
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The PINN-CS solution of the 2D space-fractional PDE is presented by the 3D surface plot in Fig
10. This figure presents the numerical results in which it is observed that the solution surface is
continuous and smooth and is in good agreement with the exact solution. The low point-wise errors
(~1071% for N =128) ensure the solution's accuracy across the domain. Here, this graphical
representation demonstrates the ability of PINN-CS framework to predict several behaviors of
fractional PDEs in terms of accuracy as well as to address high-dimensional problems in more
complicated areas. The Solution presented below is visually more coherent and accurate further
strengthening the architecture of the proposed framework.
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Figure 10. [llustration of 3D solutions graph for example 3.1.

Table 3 provides parameter settings for Example 3.2, which involves solving a 2D time-space
fractional diffusion equation. The parameters include approximate points 100, indicating the number
of approximation points used for numerical computation. Hidden layers are 4, representing the depth
of the neural network architecture. Neurons are 5 per layer, determining the complexity of the neural
network. Activation function is tanh, chosen for its smooth and differentiable nature, suitable for
physics-informed neural networks. Optimizer is Cuckoo Search Algorithm, employed for tuning
parameters efficiently. The number of iterations is set to 1000, ensuring adequate optimization steps
for convergence. The fractional orders a = 0.3 and f = 1.7 highlight the characteristics of the
diffusion process in the time and spatial domains, respectively.
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Table 3. Show the parameter setting for examples 3.2 (2D time-space fractional diffusion).

Parameter Value
Approximate point N 100
Hidden layers 4
Neurons 5
Activation function tanh
Optimizer Cuckoo Search Algorithm
Number of iterations 1000
a 0.3
B 1.7

Example 3.2
We move forward by examining the following 2D time-space fractional diffusion equation,

along with its initial and boundary conditions, with in three distinct regions €2, .

c
DU, Y, 8) = =Ky (D) 5u(x, 3, 1) = Kz (= A)3u(x,y, )

, (41)
+f (1), (x,y,t) € Q; x(0,T]
with the initial conditions:
u(x,y,0) = uo(x,y), (x,y) €y, (42)
with the boundary condition:
u(x,y,t) =0,(x,y) €0Q; x (0,T]. (43)
The exact solution considered for the above problem is given by:
u(x,y,t) = (x—x, )’ (%, = x) (y- ylb)3 Yy — )’ cos(r). (44)

Given this exact solution, the forcing term f (x, y, t) can be expressed as:

fyt) = filey t) + fa(x,p,t) + fa(x,p,t). (45)

Where fi(x,y,t), f2(x,y,t), and f3(x,y,t) are expressed as:

3 3 3 3
fi1eoy,t) = (x=x,) (%, =x) (¥ = ¥3,)" (¥, —¥) cos (t + %): (46)
1 |x1p+xyp 3T (4) _ _
f306,9,6) = 5o { P T (o — 232 + G = 2)°79)

3|y +xyp|2T(5 _ _

— 2O (0, ) (2 — X)) w
3lxp+xypIT(6 _ _

o P (x — x1p)* o+ (ay = 2057
3T(7)

— 220 (= 2)* % + Geup — 0D} 0 = Y1)* Gy — ¥)cos (),

r(7-a)

1 [Y1b+yub!*T(4) - -
fabort) =5 (nﬁ/Z){ s (O =yl + G = 9*F)

NC:))
3| ubl?T(5 _ _
— R (5 = yw)*F + Gy = 1)) us)
31y +yup|T'(6) - -
+%(()’ ~y)* P+ Gy = ¥)°7F)
31(7)

) (= yw)* ™+ Oup — J/)é_ﬁ)} (x — x1)3 (xyp, — x)3c0s (t).

For the sake of simplicity, we will assume K =1, K, =1, and T = 1. The Table 3 shows the

parameters setting for the 2D time-space fractional diffusion equation. Example 3.2 focuses on
solving a 2D time-space fractional diffusion equation using the proposed PINN-CS framework. The
governing equation is characterized by fractional orders a = 0.3 (time) and S = 1.7 (space),
reflecting the non-local temporal and spatial dynamics inherent in fractional systems. The problem
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includes specified initial and boundary conditions over a given domain, with the exact solution
provided for validation purposes.

Table 4 provides a comparative analysis of the numerical performance of three methods-fPINN,
Monte Carlo fPINN, and the proposed PINN-CS framework-when applied to a 2D time-space
fractional diffusion equation. The comparison is based on different values of N, the number of
approximation points, for fractional orders a = 0.3 and f = 1.7. It is observed that fPINN shows
relatively lower accuracy, with the error remaining in the range of 10~! even at higher
approximation points. Monte Carlo fPINN improves upon fPINN by using Monte Carlo techniques,
achieving errors in the order of 1072 for larger N. On the other hand, PINN-CS outperforms both,
with errors consistently in the range of 107® to 107° across all N, demonstrating a dramatic
improvement in accuracy. Across all methods, increasing N leads to lower errors, indicating
improved numerical resolution. However, the rate of improvement is most pronounced in the PINN-
CS framework, showcasing its superior ability to handle high-dimensional fractional PDEs.
Moreover, at N = 128, the error for fPINN remains significantly higher compared to PINN-CS, with
a difference of several orders of magnitude. This highlights the enhanced precision of the PINN-CS
approach, particularly in capturing the complexities of fractional diffusion equations.

Table 4. Comparison of performance between fPINN [29], Mante Carlo PINN and PINN-CS method (2D time
space fractional diffusion equation) on Q1 for example 3.2, for a =0.3, 3 =1.7.

N fPINN Mante Carlo PINN PINN-CS
20 5.79 x 100 2.59 x 100 3.26 X 109
40 8.98 x 102 7.64 x 1002 1.19 x 108
80 4.11 x 1002 4.01 x 102 3.67 X 10

Figure 11 shows a 3D graphical representation of the solution for Example 3.2, where a 2D time-
space fractional diffusion equation is solved using the proposed PINN-CS framework. The figure
further clearly expresses the rapid and concise character of the solution and guarantees that the
method is capable of capturing all the performances of fPDEs within the computational domain. In
the 3D surface plot, one can observe the numerical solution that has been developed in the PINN-CS
framework while maintaining continuous and accurate forms in all structures found in the domain.
This is particularly important because PINN-CS is able to model the fractional dynamics, such as time
and spatial which is given in the governing equations. The positioning of the solution to the expected
physical behavior in graphical form gives qualitative assurance of the strength of the method. The
figure also demonstrates the ability of the PINN-CS approach to operate in high-dimensional spaces
and address the issues with the boundary conditions discussed in Example 3.2.
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Figure 11. Show the 3D graph for example 3.2.
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Table 5 provides the specific parameter settings utilized for solving the 3D time space fractional
Bloch-Torrey equation (Example 3.3) using the PINN-CS (Physics-Informed Neural Networks
integrated with Cuckoo Search) framework.

Table 5. Show the parameter setting, for example 3.3 (3D time-space fractional Bloch-Torrey equation).

Parameter Value Parameter Value

Approximate point N 100 Neurons 5
Hidden layer 4 Activation function tanh
Optimizer Cuckoo Search Number of iterations 1000
algorithm
a 1.9 B 1.5

K1, k2 1 r 0.5

Example 3.3

Examine the 3D time-space fractional Bloch-Torrey equation defined with in a spherical domain
Q= (x, y, 2):/x? +y%2 + z2 <r = 1/2 considering the homogeneous initial and boundary conditions
[34].

KoCDatu (x,y,z,t) = KpR®u (x,y,z,t) + f (x,y,21t),
u(x,v,z,0) = 0,(x,y,z) € 1, (49)

u(x,y,z,t) = 0,(x,y,zt) € RN x (0,T],
Where
R2P; =Rz D2, +Rz D2y, +Rz D%, (50)
where R2D%; is the Riesz fractional derivative operator,

ReD2, f(x): = ——— (xIbD2x f (x) + x D%xw f (x)). 1)

2cos(mf)

where:

Xip D,?ﬁ f(x) is the left sided Riemann-Liouville fractional derivative of order 28,
xD,?fl f(x) is the right sided Riemann-Liouville fractional derivative of order 24,
x;p and xy, are the lower and upper bounds for the domain of x,

cos (mf3) is a normalization factor to ensure symmetry.

The exact solution of the given problem is:

u(x,y,z,t) = 242(x2+y?+2z2—r2)2. (52)
The forcing term of the above problem can be expressed as:

fxyzt) =h(x, yr?—y%2—2z%)+h(y, Vr2 —x2—2z?)+h(z, 12 —x%2—y?)

53)
ﬂ 2-a 2 2 2__12)2 (
) tra (x24y24-22—r2)2,
With
hxs) = —Eo (2 (x4 sy (s — x)72) — =2 ((x + s)P(s — )
’ cos(%) r-2p) r(4-2p) (54)
24s
4l 428 — ¥)428
525) ((x + $)+2+(s —x)*+28,

for simplicity we take K«=1, Kg=1 and T=1.
Figure 12 tracks the evolution of the best fitness value during the Cuckoo Search (CS)
optimization. The initial fitness value starts relatively high, reflecting the significant discrepancy
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between the initial model parameters and the exact solution. However, the fitness rapidly decreases
over the first 200 generations, indicating quick convergence of the CS algorithm. Beyond 500
generations, the fitness value plateaus, stabilizing near its optimal value. The consistent improvement
in fitness across generations demonstrates the effectiveness of the CS algorithm in optimizing the
neural network's parameters to minimize the loss function and adhere to the governing equations.

Figure 13 depicts the best fitness value versus the number of generations for the 2D time-space
fractional diffusion equations in Example 3.2. The graph acts as a performance indicator of the
optimization implemented in the PINN-CS framework utilizing the CS optimization algorithm for
adjusting the parameters of the neural network. The fitness value begins with a reasonably high
value, suggesting large gap between the preliminary predictions of the neural network and exact
solutions. The fitness value falls sharply during early generations, or at least the initial 200
generations as shown below. This is in concordance with the ability of the CS algorithm to improve
parameters’ values at a faster rate compared to the rate of decrease in the loss function.

After 500 generations, the fitness curve levels off, indicating that the algorithm has likely reached
an optimal or near-optimal solution. The steady improvement in fitness values reflects the
effectiveness of the CS algorithm in optimizing the neural network parameters. This ensures that the
approximated solutions align well with the governing equations of the fractional diffusion problem.
The fast convergence underscores the computational efficiency of the PINN-CS framework, making
it a practical and powerful tool for addressing complex fractional partial differential equations.

Figure 14 tracks the evolution of the best fitness value during the optimization process for the
3D Bloch-Torrey equation. The fitness starts greatly, as the initial model may be greatly off the true
solution. As it can be seen here the dropping is most prominent in the first 200 generations showing
that the Cuckoo Search algorithm converges very quickly. The fitness value remains constant after
500 generation; this signifies that the evolution process has reached an optimal or a very near optimal
solution. These results clearly show that the proposed CS algorithm can effectively tune parameters
so that the approximated solutions are very close to the derived governing equations.

The above Figure 15 also presents the convergence graph of the PINN-CS for 3D Bloch-Torrey
equations during the PINN-CS optimization process. Like Figure 14, the fitness value initiates from
a high level and drops a great deal of in the initial phase which indicates optimization. After a 500
generation, it is observed that the curve starts to level off and approaches the optimal solution. This
pattern also suggests that the Cuckoo Search algorithm is effective for adjustment of the network
parameters in reaching accurate numerical solutions of the PINN-CS architecture.

Best Fitness vs. Generation
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Figure 12. Best fitness vs. generation of 2D space fractional PDE in example 3.1.
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Figure 13. Displays the optimal fitness versus generation for the 2D time-space fractional diffusion equations in

example 3.2.
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Figure 14. Illustrates the optimal fitness versus generation for the 3D time fractional Bloch-Torrey equations in

example 3.3.
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Figure 15. Displays the optimal fitness against the generation for the 3D time fractional Bloch-Torrey equations

in example 3.4.

The solutions furnished by the presented PINN-CS framework for Example 3.3 are given in
Table 6. This has been done with the intention to present the performance of the proposed PINN-CS
method with respect to accuracy and reliability in the table below. The first column is the number of
discrete points that have been used in order to compute the numerical solutions. These points refer
to the size of your computational domain where larger values of ‘N’ nets a greater level of detail. The
second column holds the results which were obtained using the PINN-CS method. These are the
forecasted solutions obtained employing the Physics-Informed Neural Network with the Cuckoo
Search optimization technique. The third column presents the solutions to the problem, which are
obtained analytically and compare with the PINN-CS results to evaluate the robustness of the PINN-
CS models. The fourth column provides the absolute errors, calculated as the difference between the
PINN-CS solutions and the exact solutions. These errors quantify the accuracy of the numerical
method. The absolute errors reported in the fourth column are consistently negligible across all
values of N, indicating that the PINN-CS framework achieves near-perfect agreement with the exact
solutions. The low absolute errors demonstrate the computational efficiency of the PINN-CS method.

Table 6. Show the performance of the PINN-CS of the 3D time-space fractional Bloch-Torrey equations of

example 3.3.
N PINN-CS Exact Absolute Error
0 0.954497 0.954394 1.03 x 10-04
1 0.91483 0.914722 1.07 x 1004
2 0.98323 0.98311 1.20 x 1004
3 0.871332 0.871188 1.44 x 10-04
4 0.780214 0.780034 1.80 x 1004
5 0.65021 0.649977 2.33 x 1004
6 0.820533 0.820227 3.06 x 1004
7 0.558626 0.55822 4.06 x 104
8 0.161817 0.161278 5.39 x 10-0
9 0.611919 0.611207 7.12 x 10-04
10 0.629779 0.628845 9.34 x 10-%

Figure 16 presents the absolute error values for the numerical solution across the computational
domain. For N = 128, the absolute error drops to 5.25 X 1079, as per Table 2. This figure highlights
the rapid reduction in error magnitude as the number of points used for approximation grows. The
visual representation confirms that PINN-CS consistently outperforms other methods by achieving
significantly lower error rates across all resolutions. For example, at N = 32, the PINN-CS error
(1.12 x 1079) is orders of magnitude smaller than both Monte Carlo fPINN (5.97 x 1072) and fPINN
(6.71 x 1072).

Figure 17 illustrates the absolute errors in solving 2D time-space fractional diffusion equations
using the proposed PINN-CS framework for Example 3.2. From the above graph, a detailed depiction
of the distribution of errors throughout the computational domain is well illustrated showing how
PINN-CS overcomes numerical discrepancies. The absolute errors are surprisingly low and that
proves again the high accuracy of the proposed PINN-CS approach. For most computational points,
the error is in the range of 107° to 1079, significantly outperforming other methods like fPINN and
Monte Carlo fPINN. The graph illustrates a steady decrease in error with the increase in
approximation points, showcasing the PINN-CS method's adaptability and reliability for tackling
high-dimensional fractional PDEs. Although the overall error remains minimal, minor spikes near
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the boundaries indicate potential improvements in node placement or boundary condition strategies
to boost accuracy. This visualization underscores the PINN-CS framework's advantage over
conventional approaches, excelling in both precision and computational performance.

5 x10°°

—¥*— Absolute Error

Absolute Error

X

Figure 16. Visual representation of the absolute errors in solving the 2D space fractional PDE in example 3.1.
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Figure 17. Display the absolute errors for the 2D time-space fractional diffusion equations in example 3.2.

The distribution of absolute error of the 3D time-space fractional Bloch-Torrey equations solved
using the PINN-CS framework is shown in the Figure 18. Their absolute error values are very small
in all cases at 10 to 10 and are relatively small across the computational domain. Such uniform
distribution shows that the given method is rather accurate and stable. Small fluctuations are
noticeable near the boundary areas, likely stemming from the inherent difficulty of precisely
approximating boundary conditions in high-dimensional fractional systems. This demonstrates the
PINN-CS framework's capability to achieve remarkable accuracy, confirming its reliability in
addressing complex 3D fractional PDEs.

Figure 19 illustrates the absolute error distribution for the 3D time-space fractional Bloch-Torrey
equations solved in Example 3.4. The goal of this figure is to plot the relative error throughout the
computational domain as well as demonstrate the performance of the Physics-Informed Neural
Network combined with the Cuckoo Search algorithm (PINN-CS). The absolute errors are small and
are largely within the order of 10 to 10. Almost equal distribution is noted throughout the domain
which underlines that even though the geometry complexity increases PINN-CS effectively stays in
low error range throughout the computational space. The error values are also observed to have small
fluctuations at both the extremes, which can be explained by the difficulties of defining extreme
conditions for high-dimensional fractional systems. This warrants further development of the
boundary treatment or sampling methods in these areas. Figure 19 serves as compelling evidence of
the remarkable accuracy and efficiency of the PINN-CS framework, demonstrating its ability to
closely align with the exact solutions. The possible error margin is very low and this fact underlines
the usefulness of the described approach when it concerns practical uses.
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Figure 19. Present the absolute error for the 3D time-space fractional Bloch-Torrey equations in example 3.4.

Example 3.4
The three-term time-space fractional Bloch-Torrey equation in three dimensions on a finite

domain is considered:

0%1u(x,y,z,t)

ou(x,y,zt) 0%2u(x,y,zt) _ Puxyzt) . dPulxyzt)
Ke, at + Ko, o1 + Ko, ez =K ( ax|B aly|B +

aBu(x,y,z,t)

)+ (55)
xy,2zt) (0<x<10<y<10<z<1t=0),

Y y
f(x'y,z: t) = i6=1 fi(x,y; Z‘ t) 7 (56)
(X, y,2,t) = Kaol®) 209 — x)2y%2(1 — y)?z%(1 — 2)?, 57
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(5 y,2,8) = f9m a2 (1 - )22 (1 - y)222(1 - 2, (58)
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sy, 2,t) = u(y,%,2,0), fs(x,¥,2,t) = fu(2,,x,0). (61)
With the initial boundary conditions:
u(x,y,z,0) = tu(x,y,z,t)4|_.I = 0. (62)
The analytical solution of the given problem is:
u(x,y,z,t) = t2x2(1 —x)%y*(1 — y)?z*(1 — 2). (63)

Table 7 shows the parameter setting for the three-term time-space fractional Bloch-Torrey
equation in 3-D on a finite domain.

Table 7. Show the parameter setting for problem 3.4 of 3D time-space fractional Bloch-Torrey equations.

Parameter Value Parameter Value
Approximate point N 100 Neurons 5
Hidden layer 4 Activation function tanh
Cuckoo Search
Optimizer ) Number of iterations 1000
algorithm
o, ai, a2 1.0,0.2,0.7 B 1.8
xlb, xub, ylb, yub, zlb, zub 0,1 t 0.5

Table 8 provides a comparison between the predicted solutions generated by the PINN-CS
framework (a Physics-Informed Neural Network integrated with the Cuckoo Search algorithm) and
the exact solutions for the 3D Bloch-Torrey equations from Example 3.4. It also includes the absolute
errors, offering a detailed assessment of the PINN-CS approach's accuracy and effectiveness. The
solutions predicted by the PINN-CS framework align closely with the exact results for all tested
approximation points N. The absolute errors are remarkably low, ranging between 10-° and 10-8. This
level of precision highlights the reliability of the PINN-CS method in delivering accurate results
across the entire computational domain, even as the problem complexity varies.

Table 8. Show the predicted solution of PINN-CS and the exact solution of 3D Bloch Torrey equations for

example 3.4.

N PINN-CS Exact Solution Absolute Error
0 0.030370213 0.030370213 0

1 0.029611863 0.029611863 6.25 x 10-10
2 0.028889991 0.028889989 2.45 x 10
3 0.028203346 0.02820334 5.39 x 10
4 0.027552016 0.027552007 9.39 x 10
5 0.026935346 0.026935332 1.44 x 10-08
6 0.026352458 0.026352437 2.03 x 1008
7 0.025802799 0.025802772 2.70 x 1008
8 0.025285102 0.025285068 3.45 x 1008
9 0.024799831 0.024799789 4.27 x 1008
10 0.02434539 0.024345339 5.15 x 10-08
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4. Conclusion

In this study, we introduced a novel framework combining Monte Carlo-based Physics-
Informed Neural Networks (PINNs) with the Cuckoo Search (CS) algorithm, referred to as PINN-CS,
for efficiently solving fractional partial differential equations (fPDEs). The proposed framework
capitalizes on the advantages of applying QMC approaches for approximations of the fractional
derivatives and the optimization ability of the CS algorithm to reach high total precision and fast
convergence rate. Several numerical simulations were performed and the algorithm was tested to
confirm that PINN-CS method works for the 2D space-fractional Poisson equations, the 2D time-
space fractional diffusion equations, and the 3D time-space fractional Bloch-Torrey equations. The
results consist that the proposed PINN-CS framework is more accurate and efficient than the fPINN
and Monte Carlo fPINN techniques. The usage of the structured sampling nodes and block-sampled
approximations saves computer space and reduces computational time considerably however, the
precision of the solution estimate is still high. Further, the performance of proposed PINN-CS in
approximating the solutions of irregular domains and the corresponding fuzzy boundary conditions
clearly shows that the deep learning based PINNs are suited well for applied problems. The
convergence analysis indicates fast convergence of the network parameters with the help of the CS
algorithm thereby making the approximated solution to be in correct physical approximation with
governing equation. The best absolute errors and near perfect overlaps with exact solutions testify
towards the effectiveness and efficiency of the proposed framework. Further, the results show the
significance of proper distribution of nodes and further advanced optimization for achieving
increased accuracy while solving fractional PDEs of high dimensions.

The PINN-CS framework defines new base lines for solving fractional PDEs especially for issues
that arise with irregular geometries, fuzzy boundaries, and high dimensional systems. The approach
described in this research is easily transferable to computational science and engineering including
biomechanics, materials design, and heated fluids. The PINN-CS framework defines new base lines
for solving fractional PDEs especially for issues that arise with irregular geometries, fuzzy
boundaries, and high dimensional systems. The approach described in this research is easily

transferable to computational science and engineering including biomechanics, materials design, and
heated fluids.
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