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Abstract: This study presents a refined beam theory aimed at overcoming the limitations of classical approaches, 
such as the Euler-Bernoulli and Timoshenko models, which often neglect transverse shear deformation and 
rotational inertia effects. These limitations become significant when analyzing thick beams or structures made 
of advanced materials. The proposed theory assumes a linearly elastic, homogeneous, and isotropic material 
with a uniform rectangular cross-section. While maintaining simplicity and a strong resemblance to the classical 
Bernoulli-Euler theory, this refined approach provides a more accurate framework for analyzing beam bending. 
A simplified governing equation is derived, offering a straightforward formulation suitable for practical 
engineering applications. General analytical solutions are obtained for thick isotropic beams under various 
boundary conditions, including simply supported, cantilever, and fixed configurations, subjected to both 
uniformly and unevenly distributed loads. The study derives expressions for transverse displacement, strain 
components, stress components, and internal forces. The accuracy and applicability of the proposed theory are 
validated by comparing its results with those of other advanced shear deformation theories, demonstrating its 
effectiveness for precise structural analysis. 

Keywords: refined beam theory; structural analysis; transverse displacement; axial stress; transverse shear 
stress; thick beams; analytical solutions 
 

1. Introduction 
The analysis of beam bending is a fundamental aspect of structural mechanics and engineering 

design, forming the basis for understanding how beams behave under various loading conditions. 
Classical theories, such as the Euler-Bernoulli and Timoshenko models, have long provided robust 
frameworks for analyzing bending mechanics [1, 2]. These theories, however, are built on simplifying 
assumptions, such as the neglect of transverse shear deformation and rotational inertia effects. While 
effective for slender beams, these limitations reduce their applicability to thick beams or materials 
with complex mechanical properties, underscoring the need for more advanced models. 

To address these challenges, researchers have developed higher-order shear deformation 
theories (HSDTs). These models go beyond the assumptions of classical theories, incorporating 
additional terms to capture the effects of transverse shear deformation more accurately. Significant 
advancements in this area include the parabolic shear deformation theories proposed by Levinson 
[3], Shames et al. [4], Rehfield and Murty [5], Krishna Murty [6], Baluch, Azad, and Khidir [7], as well 
as Bhimaraddi and Chandrashekhara [8]. These theories introduce a refined variation of axial 
displacement along the thickness coordinate, inherently satisfying shear stress-free boundary 
conditions at the top and bottom surfaces of the beam. Consequently, they eliminate the need for 
shear correction factors, offering a more precise approach to modeling beam deformation. 

The importance of transverse shear deformation becomes evident when analyzing thick or short 
beams. Compared to slender beams, shear deformation effects can significantly increase deflections, 
decrease buckling loads, and reduce vibrational frequencies. To quantify these effects, 
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nondimensionalization of these quantities is essential, as highlighted by Shimpi et al. [9]. 
Furthermore, studies such as [10-12] underscore the critical role of transverse shear in accurately 
predicting deformation behavior. 

In the quest to overcome the limitations of first-order shear deformation theories, researchers 
have developed numerous HSDTs [13-22]. These theories provide more accurate estimations of beam 
deformation but often introduce additional governing equations and unknown functions, increasing 
computational demands. Wang et al. [23] noted that the complexity of these models can be a barrier 
to their practical application, emphasizing the importance of balancing accuracy and computational 
efficiency. 

Beyond polynomial-based models, refined theories employing trigonometric and hyperbolic 
functions have gained attention. Vlasov and Leont’ev [24] and Stein [25] introduced sinusoidal 
kinematic descriptions for thick beams. However, these theories fall short in satisfying shear stress-
free boundary conditions at the beam surfaces. Building on this, Ghugal and Sharma [26, 27] 
proposed a hyperbolic shear deformation theory for static and dynamic analysis, while Ghugal and 
Dahake [28] and others [29, 30] applied trigonometric models to analyze flexural behavior under 
various loading and support conditions. These advancements represent important strides in 
addressing the limitations of earlier models. 

A noteworthy contribution to the field is the work of Canales and Mantari [31], who developed 
an analytical approach for static bending of thick isotropic rectangular beams with diverse boundary 
conditions. By combining boundary discontinuous Fourier series with shear deformation theories, 
they derived stress and displacement solutions. However, their work leaves some aspects, such as 
bending and shear stress distributions at built-in ends, unexplored, suggesting room for further 
refinement. 

Comprehensive reviews by Ghugal and Shimpi [32] and Sayyad and Ghugal [33] highlight the 
dominance of Navier-type closed-form solutions for simply supported beams in the literature. 
Analytical solutions for beams with built-in ends or specialized loading conditions remain limited, 
emphasizing the need for continued innovation in this domain. 

Alternative methodologies have also emerged, such as splitting transverse displacement into 
sub-components. Studies [34, 35] introduced a system of two governing equations, inertially coupled 
in dynamic cases and decoupled for static problems. Similar approaches appear in [36-39], offering a 
fresh perspective on addressing shear deformation. 

Despite these advancements, challenges persist. Bathe [40] pointed out the issue of artificial 
stiffening in lower-order, displacement-based finite elements when analyzing thin beams. This 
phenomenon, known as shear locking, leads to underestimated displacements. Significant research 
has been conducted to develop finite elements resistant to shear locking, as documented in [41, 42]. 

Recent studies [43-50] reflect the ongoing evolution of shear deformation theories, highlighting 
their relevance in modern structural analysis. These advancements ensure that the field remains 
active, with researchers continually striving to refine models and expand their applicability to 
complex engineering problems. 

In future research, this simplified theory can be expanded to broader applications. It provides a 
solid foundation for analyzing the behavior of beams on an elastic foundation [51-53]. Its application 
can help address complex structural challenges, such as accounting for foundation stiffness and 
interaction effects, while maintaining computational efficiency. Additionally, it can be adapted to 
study more advanced cases, including non-uniform foundations or dynamic loading conditions. 

The purpose of this work is to develop a refined theory that addresses the shortcomings of the 
classical theory and presents fundamental relationships in a simple and practical form for 
implementation. The derivations are focused on plane elements with rectangular cross-sections. 
However, by adjusting the geometric characteristics, the theory can be applied to elements with 
arbitrary cross-sections. Analytical solutions for the static bending of beams with built-in boundary 
conditions are derived. To demonstrate the effectiveness of the proposed theory, illustrative examples 
of the static bending of shear-deformable isotropic rectangular beams are provided. The numerical 
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results are compared with other refined theories to validate the accuracy and reliability of the 
proposed approach. 

2. Assumptions Underlying the Proposed Theory 
The assumptions underlying the theoretical formulation of the proposed model are as follows: 
1) The beam under investigation, illustrated in Figure 1, is located in the 0 – x1 – x2 – x3 Cartesian 

coordinate system and spans the region: 
This is example 1 of an equation: 

2
,,

22
,0 321

hzzxzbxblx =≤≤−≤≤−≤≤ ,  

here, x1, x2 and x3 represent the Cartesian coordinates, while l and b denote the beam's length and 
width in the x1- and x2-directions, respectively. The thickness of the beam along the x3-axis is 
represented by h. 

 
Figure 1. Geometry of the beam and the coordinate system. 

2) The beam consists of a homogeneous, linearly elastic, isotropic material and the applied loads 
are static and uniformly or non-uniformly distributed along the beam. 

3) The beam's boundary conditions are defined at the ends x1=0 and x1=l, where variationally 
consistent conditions are applied. 

4) The deformation and stress distribution along the x3-axis follow predefined laws, ensuring 
consistency with the refined beam theory framework. 

5) The transverse shear deformation varies according to a prescribed function, capturing its 
dependence on the thickness coordinate. 

6) The horizontal displacement component 1U  does not experience any tensile or compressive 
deformation, maintaining the integrity of the beam's axial behavior. 

3. Current Theory: Displacement Functions, Strains, Stresses, Cross-Sectional Bending Moment, 
and Shearing Force 
3.1. Development of Theory 

The stress-strain state in the exact formulation is defined by the following relationships of 
elasticity theory: 

- Equilibrium equations expressed in terms of stress components: 
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where 31,σσ  are the normal stresses directed along the coordinate axes 31, xx , 13τ  is shear stress 

perpendicular to these axes, ZX ,  are the components of the body force acting along the coordinate 
planes. 

- Kinematic relations (Cauchy): 
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where 31,εε   are the linear strains, 13γ   is the shear strain, and 31,UU   are the displacement 

components along the coordinate axes 31, xx . 
- Physical relations (Hooke's law): 
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where E is the modulus of elasticity of the material, and ν  is Poisson's ratio. 
This theory is based on the integral characteristics of stresses and displacements: 
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where σσ NM ,  are the bending moment and axial force due to normal stress 3σ , N  is the axial 

force, θ,0W  are the normal displacement and the angle of cross-sectional rotation, −+
11 ,UU  are the 

horizontal displacements ),( 311 xxU  along the zх =3  and zx −=3  axes, respectively. 
By integrating equation (1) and considering (4) in the absence of body forces, we obtain the 

equilibrium equations in terms of internal forces: 
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Thus, from Hooke's law (3) and the notations (4), the following expressions are derived: 
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where AEJ ,  are the bending and shear stiffness. 
Substituting (6) into the first equation of system (5), we obtain: 
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Equation (7) can be rewritten in operator form: 
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where L is a linear operator. 
We can express the solution of equation (8) as follows: 
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From here, we obtain the components of the displacements: 
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From the second equation of (5), considering (6) and (9), we derive the governing equation for 
determining the function W(x1): 
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The unused Hooke's law equation (3) is integrated: 
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As a result, taking into account (4), we obtain: 

( )
σ

νθν M
Ehdx

d
h
JWUU

2

1
033

1222 −
+−=+ −+  (11) 

Another integral of the same law can be written as: 
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where −+
33 ,UU   are the vertical displacements ),( 313 xxU   along the zх =3   and zx −=3   axes, 

respectively 
From these expressions (11) and (12), the displacements +

3U  and −
3U  are determined. 

Within the framework of the classical Euler-Bernoulli beam theory, the stresses can be 
represented as follows: 
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where )( 3xf   is the transverse shear stress distribution function, )( 3xδ  is the normal transverse 
stress distribution function. 

Assuming the stress 3σ  in the form of (13), we obtain: 

2
,
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3.2. The Displacement Field 
A Based on the aforementioned assumptions and results, the displacement field of the present 

beam theory is defined as follows: 
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where W(x1) is the deflection function, G   is the shear modulus of the beam material, q   is the 
intensity of external load. 

3.3. Expressions for Strains 
The normal and shear strains, derived within the framework of linear elasticity theory from the 

displacement field described by equations (13) and (14), are expressed as follows: 
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3.4. Expressions for stresses 
Normal bending and transverse shear stresses are determined using one-dimensional 

constitutive laws (13) and (15), and they are expressed as follows: 
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3.5. Expression for the cross-sectional bending moment and shear force 
The cross-sectional bending moment and shear force for a beam are defined as follows: 
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where M, Q are the bending moment and shear force. 

3.6. Governing Differential Equations and Boundary Conditions 
Using equations (5) and (9), we obtain the basic equation: 
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The corresponding consistent natural boundary conditions are obtained in the following form: 
1) If the ends of the beam are hinge-supported, the boundary conditions are as follows: 

0,0 == MW  (19) 

2) If the ends of the beam are fixed, the boundary conditions are as follows: 

0,0 == θW  (20) 

3) If the ends of the beam are free, the boundary conditions are as follows: 

0,0 == QM  (21) 

Thus, this refined theory makes it possible to determine the stress-strain state of the beam, 
resolves the contradictions of the classical beam bending theory, and thereby enables calculations in 
a precise formulation. 

The calculation of any beam using the proposed refined theory is carried out according to the 
following algorithm: 

1) The deflection function is determined by solving equation (18) while satisfying one of the 
boundary conditions specified in (19)–(21). 

2) The displacement components are calculated using formula (14). 
3) The strain components are determined based on formula (15). 
4) The stress components are found using formula (16). 
5) The internal forces in the beam are computed according to formula (17). 

4. Numerical Results 
This section presents numerical results related to the static bending of shear-deformable 

isotropic prismatic rectangular beams, provided both in tabular form and as graphical 
representations. 

Example 1. A simply supported beam (SS beam) subjected to a uniformly distributed 
transverse load. 

In this example, the beam ends at 01 =x   and lx =1   are simply supported. The boundary 
conditions for W corresponding to the SS beam are as follows: 

1. Boundary conditions at beam end 01 =x : 

0
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2. Boundary conditions at beam end lx =1 : 
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Example 2. Clamped-clamped beam (CC beam) subjected to a uniformly distributed 
transverse load.  

In this example, the beam ends at 01 =x  and lx =1  are clamped. The boundary conditions 
for W corresponding to the CC beam are as follows: 

1. Boundary conditions at beam end 01 =x : 

0,0)0(
01

1

=−==
=xdx

dWW θ  (24) 

2. Boundary conditions at beam end lx =1 : 

0,0)(
1

1
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=lxdx

dWlW θ  (25) 

Example 3: A cantilever beam (FC beam) subjected to a uniformly distributed transverse load. 
In this example, the beam end at 01 =x  is free, while the beam end at lx =1  is clamped. The 

boundary conditions for W corresponding to the FC beam are as follows: 
1. Boundary conditions at beam end 01 =x : 

0
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2. Boundary conditions at beam end lx =1 : 

0,0)(
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=−==
=lxdx

dWlW θ  (27) 

Example 4: Simply supported beam subjected to a varying load. 
The simply supported beam originates at the left support and is supported at 01 =x   and 

lx =1 , with a varying load )1()( 1
01 l

xqxq −=  applied along its length. 

The boundary conditions for W are defined by formulas (22) and (23). 
The non-dimensional transverse displacement W, non-dimensional axial stress 1σ , and non-

dimensional transverse shear stress 13τ  for the beam are defined as follows: 
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Numerical results for W , 1σ  and 13τ  from Examples 1 to 4, calculated using the proposed 
theory for various beam thickness-to-length ratios (h/l), are presented in Tables 1 to 10. These results 
are compared with corresponding values obtained from the two-dimensional theory of elasticity, 
single-variable beam theory, two-variable theory, Levinson beam theory, Timoshenko beam theory, 
and Bernoulli-Euler beam theory to demonstrate the effectiveness of the proposed approach. 

While deriving the results shown in Tables 1 to 10, the following points have been taken into 
account: 

1) The Poisson’s ratio µ is assumed to be 0.3. 
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2) For Examples 1–3, the beam thickness-to-length ratio (h/l) is considered as 0.01, 0.05, 0.10, and 
0.15. In Example 4, the beam length-to-thickness ratio (S=l/h) is taken as 4 and 10. 

3) The numerical results for W  based on the Levinson beam theory and single-variable beam 
theory, and for 1σ  and 13τ  based on the single-variable beam theory, are as reported by Shimpi et 
al. [9]. 

4) The numerical results for W , 1σ , and 13τ , obtained using the two-dimensional theory of 
elasticity (plane stress), two-variable theory, Timoshenko beam theory, and Bernoulli-Euler beam 
theory, are computed by the authors [48]. 

a) Expressions from the respective references cited in the tables are used for these calculations. 
b) For the Timoshenko beam theory, a shear correction factor of 5/6 is applied. 

Table 1. Non-dimensional transverse displacement (W ) for Example 1 (simply supported beam, 
Figure 1) computed using the proposed theory, with a comparison to existing results for 3.0=ν . 

 
Non-dimensional transverse displacement at )/(,2/ 4

0lqWEJWlx ==  

(Values in parentheses represent the percentage difference) 
Theory h/l= 0.01 h/l= 0.05 h/l = 0.10 h/l = 0.15 

Present 0.01302 0.01308 0.01329 0.01364 
(0.00 %) (-0.15 %) (-0.22 %) (-0.37 %) 

Bernoulli-Euler [4] 0.01302 0.01302 0.01302 0.01302 
(0.00 %) (-0.61 %) (-2.25 %) (-4.89 %) 

Timoshenko [4] 0.01302 0.01310 0.01335 0.01375 
(0.00 %) (0.00 %) (0.23 %) (0.44 %) 

Levinson [9] 0.01302 0.01310 0.01335 — 
(0.00 %) (0.00 %) (0.23 %) 

Single variable theory [9] 0.01302 0.01310 0.01335 — 
(0.00 %) (0.00 %) (0.23 %) 

Two variable theory [48] 
0.01302 0.01310 0.01335 0.01375 
(0.00 %) (0.00 %) (0.23 %) (0.44 %) 

Theory of elasticity [4] 0.01302 0.01310 0.01332 0.01369 

Table 2. Non-dimensional axial stress ( 1σ ) for Example 1 (simply supported beam, Figure 1) 

computed using the proposed theory, with a comparison to existing results for 3.0=ν . 

 
Non-dimensional axial stress at 011 /)(,2/,2/ qbhzlx σσ ===  

(Values in parentheses represent the percentage difference) 
Theory h/l= 0.01 h/l= 0.05 h/l = 0.10 h/l = 0.15 

Present 
7500.12 300.12 75.12 33.45 
(0.00 %) (0.00 %) (0.00 %) (0.00 %) 

Bernoulli-Euler [4] 7500.00 300.00 75.00 33.33 
(0.00 %) (-0.07 %) (-0.27 %) (-0.60 %) 

Timoshenko [4] 7500.00 300.00 75.00 33.33 
(0.00 %) (-0.07 %) (-0.27 %) (-0.60 %) 

Single variable theory [9] 7500.00 300.26 75.26 — (0.00 %) (0.02 %) (0.08 %) 

Two variable theory [48] 7500.26 300.26 75.26 33.59 
(0.00 %) (0.02 %) (0.08 %) (0.18 %) 

Theory of elasticity [4] 7500.20 300.20 75.20 33.53 
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Table 3. Non-dimensional shear stress ( 13τ ) for Example 1 (simply supported beam, Figure 1) 

computed using the proposed theory, with a comparison to existing results for 3.0=ν . 

 
Non-dimensional shear stress at 01313 /)(,2/,0 qbhzx ττ ===  

(Values in parentheses represent the percentage difference) 
Theory h/l= 0.01 h/l= 0.05 h/l = 0.10 h/l = 0.15 

Present 
75.00 15.00 7.50 5.00 

(0.00 %) (0.00 %) (0.00 %) (0.00 %) 

Bernoulli-Euler [4] 
75.00 15.00 7.50 5.00 

(0.00 %) (0.00 %) (0.00 %) (0.00 %) 

Timoshenko [4] 
50.00 10.00 5.00 3.33 

(-33.33 %) (-33.33 %) (-33.33 %) (-33.33 %) 

Single variable theory [9] 
75.00 15.00 7.50 

— (0.00 %) (0.00 %) (0.00 %) 

Two variable theory [48] 
74.92 14.92 7.42 4.92 

(-0.11 %) (-0.53 %) (-1.07 %) (-1.60 %) 
Theory of elasticity [4] 75.00 15.00 7.50 5.00 

Table 4. Non-dimensional transverse displacement (W ) for Example 2 (clamped-clamped beam, 
Figure 1) calculated using the proposed theory, with a comparison to existing results for 3.0=ν . 

 
Non-dimensional transverse displacement at )/(,2/ 4

0lqWEJWlx ==  

(Values in parentheses represent the percentage difference) 
Theory h/l= 0.01 h/l= 0.05 h/l = 0.10 h/l = 0.15 

Present 
0.00260 0.00270 0.00296 0.00346 
(0.00 %) (-0.37 %) (-1.66 %) (-1.70 %) 

Bernoulli-Euler [2, 4] 
0.00260 0.00260 0.00260 0.00260 

(-0.38 %) (-4.06 %) (-13.62 %) (-26.14 %) 

Timoshenko [3, 4] 
0.00261 0.00269 0.00293 0.00334 
(0.00 %) (-0.74 %) (-2.66 %) (-5.11 %) 

Levinson [9] 
0.00261 0.00271 0.00301 

— (0.00 %) (0.00 %) (0.00 %) 

Single variable theory [9] 
0.00261 0.00271 0.00301 

— (0.00 %) (0.00 %) (0.00 %) 

Two variable theory [48] 
0.00261 0.00269 0.00293 0.00334 
(0.00 %) (-0.74 %) (-2.66 %) (-5.11 %) 

Theory of elasticity [54] 0.00261 0.00271 0.00301 0.00352 

Table 5. Non-dimensional axial stress ( 1σ ) for Example 2 (clamped-clamped beam, Figure 1) 

calculated using the proposed theory, with a comparison to existing results for 3.0=ν . 

 
Non-dimensional axial stress at 011 /)(,2/,0 qbhzx σσ ===  

(Values in parentheses represent the percentage difference) 
Theory h/l= 0.01 h/l= 0.05 h/l = 0.10 h/l = 0.15 

Present -4999.70 -199.70 -49.70 -21.92 
(0.00 %) (0.14 %) (0.55 %) (1.25 %) 

Bernoulli-Euler [2, 4] -5000.00 -200.00 -50.00 -22.22 
(0.01 %) (0.29 %) (1.15 %) (2.63 %) 

Timoshenko [3, 4] -5000.00 -200.00 -50.00 -22.22 
(0.01 %) (0.29 %) (1.15 %) (2.63 %) 

Single variable theory [9] -4999.35 -199.35 -49.35 — 
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(0.01 %) (-0.04 %) (-0.16 %) 

Two variable theory [48] 
-5000.00 -200.00 -50.00 -22.22 
(0.01 %) (0.29 %) (1.15 %) (2.63 %) 

Theory of elasticity [54] -4999.43 -199.43 -49.43 -21.65 

Table 6. Non-dimensional shear stress ( 13τ ) for Example 2 (clamped-clamped beam, Figure 1) 

calculated using the proposed theory, with a comparison to existing results for 3.0=ν . 

 
Non-dimensional shear stress at 01313 /)(,0,0 qbzx ττ ===  

(Values in parentheses represent the percentage difference) 
Theory h/l= 0.01 h/l= 0.05 h/l = 0.10 h/l = 0.15 

Present 
75.00 15.00 7.50 5.00 

(0.00 %) (0.00 %) (0.00 %) (0.00 %) 

Bernoulli-Euler [2, 4] 
75.00 15.00 7.50 5.00 

(0.00 %) (0.00 %) (0.00 %) (0.00 %) 

Timoshenko [3, 4] 
50.00 10.00 5.00 3.33 

(-33.33 %) (-33.33 %) (-33.33 %) (-33.33 %) 

Single variable theory [9] 
75.00 15.00 7.50 

— (0.00 %) (0.00 %) (0.00 %) 

Two variable theory [48] 
74.92 14.92 7.42 4.92 

(-0.11 %) (-0.53 %) (-1.07 %) (-1.60 %) 
Theory of elasticity [54] 75.00 15.00 7.50 5.00 

Table 7. Non-dimensional transverse displacement (W ) for Example 3 (cantilever beam, Figure 1) 
determined using the proposed theory and compared with existing results for 3.0=ν . 

 
Non-dimensional transverse displacement at )/(,0 4

0lqWEJWx ==  

(Values in parentheses represent the percentage difference) 
Theory h/l= 0.01 h/l= 0.05 h/l = 0.10 h/l = 0.15 

Present 
0.12500 0.12545 0.12690 0.12858 

(-0.02 %) (-0.06 %) (-0.13 %) (-0.82 %) 

Bernoulli-Euler [2, 4] 
0.12500 0.12500 0.12500 0.12500 

(-0.02 %) (-0.41 %) (-1.62 %) (-3.58 %) 

Timoshenko [3, 4] 
0.12501 0.12533 0.12630 0.12793 

(-0.01 %) (-0.15 %) (-0.60 %) (-1.32 %) 

Levinson [9] 
0.12502 0.12549 0.12695 

— (0.00 %) (-0.02 %) (-0.09 %) 

Single variable theory [9] 
0.12502 0.12549 0.12695 

— (0.00 %) (-0.02 %) (-0.09 %) 

Two variable theory [48] 
0.12501 0.12533 0.12630 0.12793 

(-0.01 %) (-0.15 %) (-0.60 %) (-1.32 %) 
Theory of elasticity [55] 0.12502 0.12552 0.12706 0.12964 

Table 8. Non-dimensional axial stress ( 1σ ) for Example 3 (cantilever beam, Figure 1) determined 

using the proposed theory and compared with existing results for 3.0=ν . 

 
Non-dimensional axial stress at 011 /)(,2/, qbhzlx σσ ===  

(Values in parentheses represent the percentage difference) 
Theory h/l= 0.01 h/l= 0.05 h/l = 0.10 h/l = 0.15 

Present -29999.88 -1199.88 -299.88 -133.21 
(0.00 %) (0.01 %) (0.03 %) (0.06 %) 
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Bernoulli-Euler [2, 4] -30000.00 -1200.00 -300.00 -133.33 
(0.00 %) (0.02 %) (0.07 %) (0.15 %) 

Timoshenko [3, 4] 
-30000.00 -1200.00 -300.00 -133.33 
(0.00 %) (0.02 %) (0.07 %) (0.15 %) 

Single variable theory [9] 
-29999.74 -1199.74 -299.74 

— (0.00 %) (-0.01 %) (-0.02 %) 

Two variable theory [48] 
-30000.00 -1200.00 -300.00 -133.33 
(0.00 %) (0.02 %) (0.07 %) (0.15 %) 

Theory of elasticity [55] -29999.80 -1199.80 -299.80 -133.13 

Table 9. Non-dimensional shear stress ( 13τ ) for Example 3 (cantilever beam, Figure 1) determined 

using the proposed theory and compared with existing results for 3.0=ν . 

 
Non-dimensional shear stress at 01313 /)(,0, qbzlx ττ ===  

(Values in parentheses represent the percentage difference) 
Theory h/l= 0.01 h/l= 0.05 h/l = 0.10 h/l = 0.15 

Present 
-150.00 -30.00 -15.00 -10.00 
(0.00 %) (0.00 %) (0.00 %) (0.00 %) 

Bernoulli-Euler [2, 4] 
-150.00 -30.00 -15.00 -10.00 
(0.00 %) (0.00 %) (0.00 %) (0.00 %) 

Timoshenko [3, 4] 
-100.00 -20.00 -10.00 -6.67 

(-33.33 %) (-33.33 %) (-33.33 %) (-33.33 %) 

Single variable theory [9] 
-150.00 -30.00 -15.00 

— (0.00 %) (0.00 %) (0.00 %) 

Two variable theory [48] 
-149.92 -29.92 14.92 -9.92 

(-0.05 %) (-0.27 %) (-0.53 %) (-0.80 %) 
Theory of elasticity [55] -150.00 -30.00 -15.00 -10.00 

Table 10. Non-dimensional transverse displacement (W ) at 0,25.0 == zlx , axial stress ( 1σ ) at 

2/,25.0 hzlx ==  and shear stress ( 13τ ) at 0,0 == zx  for Example 4 (simply supported 

beam, Figure 1) computed using the proposed theory, with a comparison to existing results for 
3.0=ν . 

Source W  1σ  13τ  

S=4 S =10 S = 4 S = 10 S = 4 S = 10 
Present 0.6865 0.5979 5.4456 32.7212 2.0000 5.0000 

Bernoulli-Euler [4] 0.5811 0.5811 5.2500 32.8125 - - 
Timoshenko [4] 0.6877 0.5981 5.2500 32.8125 0.3452 0.8631 

Ghugal and Sharma 
[26] 

0.6870 0.5980 5.4406 33.0032 1.9253 4.9159 

Krishna Murty [6] 0.6867 0.5980 5.4403 33.0029 1.9166 4.7917 
Ghugal and Dahake 

[47] 
0.6864 0.5979 5.4517 32.6939 1.9685 5.0646 
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Figure 2. Variation of transverse displacement (W) through the thickness of a simply supported beam 
at x=0.25l and z, subjected to a varying load, for an aspect ratio S=10 (Example 4). 

 

Figure 3. Variation of axial stress ( 1σ ) through the thickness of a simply supported beam at x=0.25l 

and z, subjected to a varying load, for an aspect ratio S=10 (Example 4). 
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Figure 4. Variation of shear stress ( 13τ ) through the thickness of a simply supported beam at x=0.25l 

and z, subjected to a varying load, for an aspect ratio S=10 (Example 4). 

 
Figure 5. Variation of transverse displacement (W) through the thickness of a simply supported beam 
at x=0.25l and z, subjected to a varying load, for an aspect ratio S=4 (Example 4). 
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Figure 6. Variation of axial stress ( 1σ ) through the thickness of a simply supported beam at x=0.25l 

and z, subjected to a varying load, for an aspect ratio S=4 (Example 4). 

 

Figure 7. Variation of shear stress ( 13τ ) through the thickness of a simply supported beam at x=0.25l 

and z, subjected to a varying load, for an aspect ratio S=4 (Example 4). 

5. Discussion of Numerical Results for Static Beam Bending 
This section provides an analysis of the numerical results related to the static bending (Examples 

1 to 4, presented in Tables 1 to 10 and in Figures 2-7) of isotropic prismatic rectangular beams with 
shear deformability. 

Tables 1–10 present numerical results for the dimensionless transverse deflection W  , the 
dimensionless axial stress 1σ , and the dimensionless shear stress 13τ  of the beam, corresponding 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 12 December 2024 doi:10.20944/preprints202412.1078.v1

https://doi.org/10.20944/preprints202412.1078.v1


 16 

 

to SS (simply supported), CC (clamped-clamped), and FC (fixed-free) beams. Based on these 
numerical results, the following observations can be made: 

1. Observations on the numerical results for the SS beam (Example 1) presented in Tables 1–3. 
For the simply supported (SS) beam analyzed using the present theory, the maximum 

percentage difference in predicting W   is -0.37% (for h/l=0.15), in predicting 1σ   is 0.00% (for 

h/l=0.15), and in predicting 13τ   is 0.00% (for h/l=0.15). For other beam thickness-to-length ratios 
(h/l=0.01, h/l=0.05, and h/l=0.10), the percentage differences are very small. 

2. Observations on the numerical results for the CC beam (Example 2) presented in Tables 4–6. 
For the clamped-clamped (CC) beam analyzed using the present theory, the maximum 

percentage difference in predicting W   is -1.70% (for h/l=0.15), in predicting 1σ   is 1.25% (for 

h/l=0.15), and in predicting 13τ   is 0.00% (for h/l=0.15). For other beam thickness-to-length ratios 
(h/l=0.01, h/l=0.05, and h/l=0.10), the percentage differences remain relatively small, indicating a high 
level of accuracy for the present theory across various scenarios. 

3. Observations on the numerical results for the FC beam (Example 3) presented in Tables 7–9. 
For the fixed-free (FC) beam analyzed using the present theory, the maximum percentage 

difference in predicting W  is -0.82% (for h/l=0.15), in predicting 1σ  is 0.06% (for h/l=0.15), and in 

predicting 13τ  is 0.00% (for h/l=0.15). For other beam thickness-to-length ratios (h/l=0.01, h/l=0.05, 
and h/l=0.10), the percentage differences are minimal, indicating the robustness and accuracy of the 
present theory in capturing the behavior of shear-deformable beams under this boundary condition. 

4. Observations on the numerical results for the SS beam subjected to a non-uniformly 
distributed load (Example 4) are presented in Table 10 and in Figures 2-7. 

For a simply supported (SS) beam subjected to a non-uniformly distributed load and analyzed 
using the present theory, the maximum percentage differences in W , 1σ , and 13τ  for l/h=4 and 
l/h=10 are negligible. These results demonstrate the accuracy and reliability of the proposed approach 
in predicting the response of beams under varying load conditions. 

For SS (simply supported), CC (clamped-clamped), and FC (fixed-free) beams, the results 
obtained using the present theory demonstrate excellent agreement with the exact solutions derived 
from the two-dimensional theory of elasticity for both thin and shear-deformable beams. 
Furthermore, the predictions of the present theory align remarkably well with the corresponding 
results of the Levinson beam theory, the single-variable beam theory, and the two-variable theory for 
thin and shear-deformable beams. 

The classical Bernoulli-Euler beam theory neglects the effects of transverse shear deformation, 
resulting in underestimated predictions for shear-deformable beams. While the displacements 
computed by the Bernoulli-Euler theory may coincide with exact elasticity solutions in some cases, 
this agreement fails to account for transverse shear deformation. Consequently, the Bernoulli-Euler 
theory is incapable of accurately determining transverse shear stresses through the constitutive 
relationship between shear stress and shear strain. 

In contrast, the present theory incorporates transverse shear deformation effects, enabling the 
direct calculation of transverse shear stresses through the constitutive relationship. This makes the 
proposed theory more accurate and suitable for analyzing shear-deformable beams. 

The Timoshenko beam theory, being a first-order shear deformation theory, assumes a uniform 
distribution of transverse shear stress across the beam thickness. As a result, the transverse shear 
stresses derived from this theory remain constant through the thickness and do not satisfy the stress-
free boundary conditions on the beam surfaces at z=±h/2. The present theory, however, accurately 
predicts transverse shear stresses that satisfy these boundary conditions, varying quadratically 
through the beam thickness and being zero at z=±h/2. 

Additionally, the accuracy of the Timoshenko beam theory is influenced by the use of a shear 
correction factor, which introduces dependency and potential inaccuracies in the results. The present 
theory eliminates this issue by not requiring a shear correction factor for its computations, further 
enhancing its reliability and precision in shear-deformable beam analysis. 
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6. Conclusions 
The refined beam bending theory proposed in this study provides a significant step forward in 

addressing the challenges associated with classical approaches. By incorporating the effects of 
transverse shear deformation and eliminating the reliance on shear correction factors, this theory 
ensures higher accuracy and broader applicability, particularly for thick and shear-deformable 
beams. Its governing equations, formulated in a straightforward and consistent manner, enable 
precise solutions that satisfy boundary conditions and accommodate diverse loading scenarios. 

Furthermore, comparative analyses with existing refined theories and two-dimensional 
elasticity solutions validate the theory’s effectiveness, while numerical examples demonstrate its 
applicability to various beam configurations, including simply supported, clamped, and cantilever 
beams under both uniform and non-uniform loads. This combination of simplicity, accuracy, and 
practicality highlights the potential of the proposed theory to enhance structural modeling and 
engineering design processes. 

Looking ahead, the flexibility and robustness of this approach create opportunities for future 
research. Extending the theory to beams with complex geometries, anisotropic materials, and 
dynamic loading conditions could significantly expand its utility, further bridging the gap between 
theoretical development and real-world engineering applications. 
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