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Abstract: This paper presents a non-perturbative method for solving eigenproblems. This method
applies to almost all potentials and provides non-perturbative approximations for any energy level.
The method converts an eigenproblem into a perturbation problem, obtains perturbation solutions
through standard perturbation theory, and then analytically continues the perturbative solution into
a non-perturbative solution.

Keywords: non-perturbative method; eigenproblem; analytic continuation; rational approximation

1. Introduction

Exact solutions are rare and require approximation methods. In quantum mechanics,
approximation methods can be roughly divided into perturbation methods, such as the stationary
perturbation theory, and non-perturbation methods, such as the variational method. The advantage of
the perturbation method lies in its standardized procedures, but its limitation is that it is only effective
for perturbation problems. Non-perturbation methods lack the universally standardized procedures
like that in perturbation theory; for instance, in variational methods, the choice of trial wave functions
relies entirely on guesswork without a systematic construction approach. In this paper, we establish a
non-perturbation approximation method to solve the eigenvalue of the Hamiltonian

hZ

H="a

Vi+V. 6))
This non-perturbation method has a standardized procedure like that in the perturbation theory, which
can give an explicit non-perturbation approximate expression of the eigenvalues of the Hamiltonian.

The basic idea of the non-perturbation method proposed in this paper can be briefly divided into
two steps:

(1) Converting an eigenproblem, a non-perturbation problem, into a perturbation problem and
then using the standard perturbation method to calculate the eigenvalue.

(2) Analytically continuing the obtained perturbation results into a non-perturbation result.

The technical key of this method lies in step 2. In step 2, the perturbation result obtained in step 1
is analytically continued into a non-perturbation result.

Analytic continuation, theoretically, can be achieved as follows: first, calculate all orders of
perturbation to obtain a perturbation series (which is always practically impossible); then, sum up the
perturbation series to obtain a summation function (which is also highly impractical). This summation
function is just the analytic continuation of the perturbative series solution. For instance, if the
perturbation series is a power series, then the effective region of this power series is a disk with a
radius equal to the convergence radius. The analytic region of the summation function obtained by
summing up this power series will have an analytic region encompassing a larger area, including that
disk. The region of convergence of a perturbative power series, such as the convergence disk of a power
series, is the region where perturbation theory holds. The larger analytic region of the summation
function obtained by analytic continuation is the non-perturbative region. Using this method, we
start with a perturbative result and obtain a non-perturbative result through analytic continuation.

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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However, generally speaking, we can neither obtain every term of an infinite perturbation series nor
are we likely to be able to sum the series.

Perturbation theory usually only provides the first few terms of the perturbation series rather than
the entire series. In other words, perturbation theory can only give a polynomial approximation.
Therefore, what we need to do is to analytically continue an approximate polynomial, rather
than a perturbation series, into a non-perturbative result, which requires an approximate analytic
continuation. In this paper, we will use rational approximation to perform this approximate analytic
continuation, analytically continuing the approximate polynomial obtained by perturbation theory to
the non-perturbative region.

The idea of rational approximation was already present in Euler’s "Introduction to analysis of the
infinite" [1]. Rational approximation is the use of rational expressions to approximate a function. In
contrast, power series approximation uses a truncated power series, or a polynomial, to approximate a
function.

The advantage of power series approximation lies in its operational convenience, as it has a
standardized procedural procedure for calculating the coefficients of terms in a power series, such as
Taylor expansions in mathematics and Feynman diagrammatic expansions and virial expansions in
physics. Additionally, since the polynomial obtained by truncating the power series has no singularities,
the information about singularities in the original function is lost after approximation.

The disadvantage of rational approximation is the lack of a procedural procedure for obtaining
the coefficients of the approximating rational function. The advantage of rational approximation is that
it is not limited to the perturbation region but applies to the non-perturbation region. Furthermore, the
rational approximation can partially preserve information about singularities: the poles of the rational
function are approximations of singularities in the original function [2].

The rational approximation adopted in this paper employs Padé approximation [3-5], where the
coefficients of the rational function approximation are determined by the polynomial approximation
given by perturbation theory. Of course, there are other methods for rational approximation besides the
Padé approximation, such as determining the coefficients of the rational function through numerical
fitting.

For the Schrodinger equation, some authors seek exact solutions. The exact solutions of 1/ \/17—,
r2/3. y0- 1/¢2/3-, and 1’6—p0tentia1 are obtained [6-8]. Methods for constructing exact solutions
have been proposed, such as the dual transformation method [8,9]. In Ref. [10], the authors
utilized the Nikiforov-Uvarov method and supersymmetric quantum mechanics to obtain analytical
bound-state solutions of the radial Schrodinger equation for the combined potential obtained by
adding a Hulthén potential term to the Manning-Rosen potential. Ref. [11] describes how nonlinear
supersymmetric quantum mechanics provides two novel SUSY variable separation methods for
various two-dimensional models; this approach can obtain partial or complete solutions for some
two-dimensional models. Ref. [12] combines supersymmetric quantum mechanics with symplectic
quantum mechanics to develop a new tool for solving quantum mechanical eigenproblems. Ref.
[13] proposes a new quantization rule for solving bound state problems in quantum mechanics
based on the parameterized Nikiforov-Uvarov method. Ref. [14] uses the factorization method to
solve the 1 + 1 and 2 + 1 dimensional Dirac equation with a static external potential. The Painlevé
V equation was solved using supersymmetric quantum mechanics in Ref. [15]. In Ref. [10], the
authors apply the supersymmetric quantum mechanics method to the inverted oscillator potential.
Inverted oscillator potential is commonly used as an unstable model in physics and can be seen
as a mapping of the 2D string theory or a toy model to study early time evolution in inflationary
models. Some authors seek quasi-exact solutions. In [16], the authors transform four different models,
namely, the anharmonic singular potential, the generalized quantum isotonic oscillator, the soft-core
Coulomb potential, and the non-polynomially modified oscillator, into the same basic ordinary
differential equation. All these models are quasi-exactly solvable, and their solutions were given
using the Bethe Ansatz method. In [17], the functional Bethe Ansatz method provides quasi-exact


https://doi.org/10.20944/preprints202308.0432.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 7 August 2023 doi:10.20944/preprints202308.0432.v1

30f13

solutions for the inverse quartic, sextic, octic, and decatic power potentials. Ref. [18] reviews a
series of one-dimensional quasi-exactly solvable Schrodinger equations. In Ref. [19], the author
unifies modified Manning potentials with three parameters, Hyperbolic Razavy potential, and Double
sinh-Gordon equation with two perturbation terms into a class of quasi-exactly solvable models. Ref.
[20] presents a series of generalized isotonic oscillators based on quasi-exactly solvable methods.
Ref. [21] provides a class of exactly solvable periodic potentials. Some authors seek approximate
methods. In Ref. [22], a method for solving time-dependent Schrodinger equations is presented using
the method of stationary states combined with a variational matrix method. Ref. [23] proposes a
method for going beyond the WKB approximation in PT-symmetric quantum mechanics based on
the ordinary differential equation/integrable model correspondence. Ref. [23] proposes a method
beyond the WKB approximation in PT-symmetric quantum mechanics based on ordinary differential
equation/integrable model correspondence.

In Section 2, we introduce the non-perturbative method. In Section 3, we calculate the
non-perturbative eigenvalues. In Section 4, We consider the construction of auxiliary potentials.
The summary is given in Section 5.

2. Non-Perturbative Method

The non-perturbative method proposed in this paper consists of two steps: (1) first converting
a non-perturbative problem into a perturbative problem, and (2) then analytically continuing the
obtained perturbative result to a non-perturbative one.

2.1. Step 1: Converting Non-Perturbation to Perturbation

The first step is to convert the eigenproblem of the Hamiltonian (1), a non-perturbation problem,
to a perturbation problem.

By introducing an exactly solvable auxiliary potential U, we rewrite the Hamiltonian (1) into a
perturbative form:

hz
H(A) = ( v2+u> +A(V-U)

2
= Hp + A4, ()
where Hy = —%Vz + U is exactly solvable. The eigenproblem of the auxiliary Hamiltonian H (A),
H(A) [pn (M) = € (A) [0 (V) ®)

can be calculated by perturbation theory when the parameter A is small. Note that what we are
concerned about is the case of A = 1, i.e.,

H(1) = H, )

which is not a perturbation problem.

In the method presented in this paper, we first treat the parameter A as a small parameter, allowing
us to use the standard perturbation theory to solve the eigenequation (3). The eigenvalue given by
perturbation theory is a truncated power series, i.e., a polynomial in A,

ExM) ~ Y 1 eMA+ PN 4 4 gNAN, )

This result is only valid for A < 1. When A = 1, the corresponding series does not converge.
In a word, in step 1, we use standard stationary perturbation theory to calculate a polynomial
approximation of the eigenvalues of the auxiliary Hamiltonian H (A) given by equation (6) under
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the assumption that A < 1. This polynomial approximation of the eigenvalue, similar to Equation
(6), fails at A = 1. The next step is to use analytic continuation to obtain the result for A = 1 from the
perturbation result (5).

2.2. Step 2: Analytically Continuating Perturbation to Non-Perturbation

Perturbation theory does not yield a complete power series but rather a polynomial approximation
obtained by truncating the power series. In this paper, we use a rational approximation to perform an
approximative analytic continuation. The exact analytic continuation is unique, but the approximate
analytic continuation is not. However, the difference between the analytic continuation results obtained
from different rational approximations is often insignificant.

In our problem, rational approximation means using rational functions to approximate
polynomials obtained from perturbation theory. In this paper, we use the Padé approximation to
perform rational approximation. However, other methods can also be used to perform the rational
approximation, such as determining the coefficients of the rational function through numerical fitting.

The Padé approximation is a rational approximation obtained through polynomial approximation.
Perturbation theory approximates the exact solution using polynomials, while rational approximation
approximates the exact solution using rational functions. The method of making an approximate
analytic continuation using rational approximation is to use a rational function to approximate the
approximate polynomial given by perturbation theory; that is, the rational approximation obtained
this way is essentially an approximate analytic continuation of perturbation theory.

In a word, in step 2, we use the Padé approximation to analytically continue the perturbative result
to a non-perturbative one valid at A = 1. When A =1, H (1) = H, and &, (1) is a non-perturbative
approximation of the eigenvalue of H.

The advantage of this method is that both the perturbation theory in step 1, such as the stationary
perturbation theory, and the analytic continuation in step 2, such as the Padé approximation, have
standard procedures.

Mathematical example. The convergence radius of the power series f(x) = V1+x =
Yoo w:& is 1. Assuming that, as in perturbation theory, we only obtain the first four
orders of this series, i.e., the polynomial approximation of f (x) is

P N x  x2 x5yt
f(x),1+§—§+ﬁ—@. 6)

This approximation is only valid for x < 1, and it fails outside the convergence radius of the
series, i.e., in the region x > 1, as shown in Figure 1.

If we approximate the polynomial f* (x) with a rational function f® (x) whose numerator and
denominator are both second-order polynomials,

5 5,2
R N 1+ Zx + EX 7
fR) = —5—"5, @)
then for x < 1, we have fR (x) ~ fT (x), that is, fR (x) is an approximate analytic continuation of
fP (x). fR (x) provides a good approximation of f (x) even when x > 1, as shown in Figure 1.

This example demonstrates how to use a rational approximation based on Padé approximation to
perform an approximate analytical continuation of a polynomial approximation.
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exact result
= = = = polynomial approximation
= =rational approxiamtion

f(x)

convergence radius .

X

Figure 1. Comparison of polynomial approximation, rational approximation, and exact value of

fx)=+v1+nx.

3. Eigenvalue

3.1. Perturbative Approximation of Eigenvalue

Using the standard stationary perturbation theory to solve the eigenequation (3), we can obtain a
polynomial approximation of the eigenvalues of the auxiliary Hamiltonian, H (1), of the form (5).

The Nth-order approximate eigenvalue, by the stationary perturbation theory, can be calculated
directly:

57(,N) _ 2 A

——mn g (N—1,mmn), N>2 8)
m#n=1 5«,(10) — 5,510)

where the zero-order approximation of the eigenvalue 5,50) is given by the exact solution of Hy 7(10) > _
5;5 ) (O)> and
N-1 . s
K(N,m,n) = &N — Y g}/)M o
iz (0) _ o(0)
j=1 En En

with Ay = <1p,(,?)‘ A

¢510)> and 57(11) = App.

3.2. Non-Perturbative Approximation of Eigenvalue

To perform an analytic continuation of the polynomial approximation of the eigenvalues obtained
by perturbation theory, we approximate the polynomial (5) by a rational function:

L/M N
M ) = Dt = L 10)

where the numerator PI//M)(z) = YL 4/A! is an Lth-order polynomial, the denominator QI*/Ml(z) =
YM ) by A™ is an Mth-order polynomial, and N = L + M. In the Padé approximation, the coefficient of
the rational approximant is determined by the polynomial approximation:
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gL-M+1) gll-M+2) gl
glL-M+2) glL-M+3) gl
plL/M] (A) = gISL'—l) E,S'L) ' E;SHM_U , (11)
el g+ gl
P e R eamicn g gl
i=0 i=0 i=0
and
glL-MHD)  p(L-M+2) gl g+
g]gLfMJrZ) gy(szM+3) o €£L+1) 5£L+2)
[L/M](\) — : : - : . 12
Q ) gigLfl) 5}’(1L) o gr(lHMfz) &SL+M71) (12)
elb) gD M1 (LM
AM AM=L A 1
E,LL/M} (1) obtained in this way is an analytically continued result and remains valid at A = 1
in the non-perturbative region. E,LL/ M) (A) with A = 1 provides a non-perturbative approximative

eigenvalues of the Hamiltonian (1):

_ gl gy _ PEM()
&y =EFM (1) = ST (13)

4. Construction of Auxiliary Hamiltonian

In order to convert a non-perturbative problem described by the Hamiltonian (1) into a
perturbative problem, we need to rewrite the Hamiltonian (1) into a perturbative form like Equation
(2). This requires introducing an auxiliary potential U as in Equation (2). In principle, the auxiliary
potential U can be chosen arbitrarily, because in Eq. (2) we always have (1) = H when A = 1,
regardless of how U is chosen. However, a good choice of the auxiliary potential should (1) improve
computational efficiency, i.e., achieving the same accuracy with fewer orders of perturbation, and (2)
follow a standardized systematic procedure rather than relying solely on guesswork as in variational
methods for choosing trial wavefunctions. This section will provide a systematic procedure for
choosing the auxiliary potential.

4.1. Auxiliary Potential: Taylor Expansion

The method for constructing the auxiliary potential presented in this section applies to potentials
with good analytical properties that can be expanded as power series. Here, we only consider potentials
that can be Taylor expanded, but this method is not limited to this type of potential.

1) First, select an energy E within the range of interest. The choice of E determines which energy
levels will have higher precision in the results. For example, for a potential with a minimum value of
zero, roughly speaking, if choosing E = 0, the calculated energy levels with high precision will be near
the ground state. The higher the energy E, the higher the energy levels with high precision will be.

2) Expanding the potential V (x) around the energy E, up to 2th-order terms:

V(x) =V (xp)+V (xg)x+ Lyn (xp) x*

2
/ 2 / 2

doi:10.20944/preprints202308.0432.v1
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where xf is given by V (xg) = E, as shown in Figure 2a, gives a harmonic oscillator potential with a

! 2
ELV (xe) — iy

3) Shifting the vertex of the harmonic oscillator potential (14) along the x-axis to x = 0 results in

vertex at V,,

! 2 / 2
a harmonic oscillator potential with vertex at ( 0,V (xg) — ;/S,’Ei )E) DIV (xp) X2+ V (xg) — %
(Note that shifting the harmonic oscillator potential (14) does not affect the energy level, so it can be
V'(xp)”

performed or omitted at discretion.) The constant V' (xg) — £ ) in the potential only shifts energy

zvN(
levels and can be arbitrarily chosen. Taking the zero point of the potential to be V (xg) gives the

auxiliary potential:
U(x) = %V” (xg) ¥* +V (xg), (15)

shown in Figure 2b. The auxiliary potential constructed in this way is a harmonic oscillator
potential, which has exact solutions and facilitates perturbation theory.

0 X 0 x; X

(a) (b)

Figure 2. Construction of the auxiliary potential. (a) Expanding the potential V (x) around x = xg; (b)
Obtaining the auxiliary potential, U (x) = V" (xg) x> + V (xg), by a shifting.

According to Equation (2), we rewrite the Hamiltonian (1) into a perturbative form:

H (M) = h2v2+1v”( £) X%+ V (xg)
= |3 .

5 +A [V — év” (xp) x* =V (xg)| . (16)

Poschl-Teller potential. We illustrate our method using the exactly solvable Péschl-Teller potential
as an example. The Poschl-Teller potential is [24]

2
V(x) = —Z#ﬂ (B + 1) sech? x, (17)

whose eigenvalue is £, = —% (B— n)2 withn =0,1,...,B. In the following, we take 3—2 =1.

First, choose an energy value E. If interested in a higher excited state, select a larger value of E;
otherwise, select a smaller one. Then, construct the auxiliary Hamiltonian according to Equation (16):
HET(A) = Hy + AA. (18)

Here Hy = —%Vz + %,B(ﬁ +1) [(2 sech? xf tanh? xg — sech? xg) x2 — sech? xE} is an exactly

1/4
solvable harmonic oscillator potential with the eigenvalue E, = &2 (2n + 1), & = {% v (xE)} ,and the
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1/2
eigenfunction ¢, (x) = (W) H, (ex) exp (—%szxz), where H,, (x) is the Hermitian polynomial.

The perturbative part A = — % (B+1) [sech? x 4 (2sech? x tanh? xg — sech® x£)x? 4 sech? xg|.
For the potential (17), we choose three values of energy and obtain the positions of the three

expansion points, xg, = 0, xg, = 0.3, xg, = 0.55, according to V (xg,) = E;. The auxiliary potentials

are obtained by expanding and shifting at the three points xg,, xg,, and xg,, as shown in Figure 3.

\_/

L
Xe 0 XeXg XeOXe X X

/i
/

Figure 3. Construction of auxiliary potentials for the Poschl-Teller potential (E; > E, > E).

The analytical continuation provides an explicit expression for the eigenvalue, Equation (13). In

Figure 4, we plot the result for &, ~ 5,[18/ i (1) = % with the parameter i =1, u = %, and B = 20.

® exact solution
® non-perturbation approximation

AN R TN N TN N TN T N N N T SN TN SO T B
1T 2 3 45 6 7 8 91011121314151617 18 19
n

Figure 4. Comparison of the non-perturbative eigenvalues of the Poschl-Teller potential with the exact
solution.

By comparing the three auxiliary potentials constructed at three different points, xg,, xg,, and
XE,, we can see that the eigenvalues obtained from the auxiliary potential corresponding to E = 0 are
highly accurate near the ground state, while those obtained from the auxiliary potential corresponding
to larger E are highly accurate in higher excited states. To obtain more energy levels, we can construct
more auxiliary potentials at more positions xg corresponding to different energies E, which can provide
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approximate solutions in different energy level intervals. In other words, by constructing auxiliary
potentials corresponding to various E, we can calculate all eigenvalues with high precision.

In Figure 5, we compare the non-perturbative eigenvalues of the Poschl-Teller potential given by
different auxiliary potentials (E; > E, > E;).

E(n)
L[] Py w
[ ]
o L ] .
L ] * LA 4
*
. 4 ¢
) . ®
° ° .
. ° .
. . .
. . .
200 ° ™ .
. o
L] [ L]
- Y °
® ® 2l @

. ; ° .

¢ exact solution ® exact solution . exact solution
-400 - E L . . . .

E.* non- perturbation approximation [E, @ non-perturbation approximation non-perturbation approximation
...............................................
123 4567 8 910111213141516171819 1 2 3 4 5 6 7 8 9 10111213141516171819 1 2 3 4 5 6 7 8 9 10111213 14151617 1819

n n n

Figure 5. Comparison of the non-perturbative eigenvalues of the Poschl-Teller potential given by
different auxiliary potentials (E; > E;, > E.).

4.2. Auxiliary potential: Laurent expansion

The potentials considered previously are those that can be Taylor expanded. Similar treatment
also applies to potentials that can be Laurent expanded. In this section, we take the central potential as
an example to illustrate.

Considering that the negative power law potentials J;; have bound states only when n < 2, here
we consider the case where the leading order of the Laurent expansion is the negative first power, i.e.,
the Coulomb potential. For the central potential, we perform a Laurent expansion around r = 0:

V(r):—%Jr---. (19)

In this case, the Coulomb potential is taken as the auxiliary potential,

U(r) = —g. (20)

According to Equation (2), we write the Hamiltonian for central potentials in the following perturbative

form:
hz

’H(A)—[ V-3 :

+A[ ()+;}. 1)

Here the Coulomb potential Hy = — %V2 — 7 is exactly solvable. Note that the discussion here is not
limited to the three-dimensional case, but also applies to the one-dimensional Coulomb potential.

Hulthen potential. As an example, we consider the exactly solvable spherically symmetric Hulthen
potential [24]

e—r/ro

V() =V (22)

1—e /10’

whose eigenvalue for | = 0is £, = —Vj (ﬁ i ) with g2 = 2";/0 r3and B2 —n? > 0.
The leading term of the Laurent expansion of the Hulthen potential (22) is —Vp™2. According to
Section 4.2, we choose the Coulomb potential as the auxiliary potential,

U(r) = —VO%O. (23)
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The auxiliary Hamiltonian for / = 0, according to Equation (21), is chosen as
h* 1 d2 o e~ /10 0
MN=|-7-5r—VW— AM-V———+W— . 24
% < 2]/trdr2r 0% * 01—6*7/70—'_ 0% @4
Here Hy = —%%%r %) r7°, whose eigenvalue E;, = —% with a = V%ZVO and eigenfunction
Pu(r) = m, / (n%!l)!e’# 1F (-n+1,2,2) with 1F (a,b,z) the confluent hypergeometric
function. 8
By Equation (13) we obtain the eigenvalue &, ~ S,[IS/ 8] (1) = S[TS]((?)’ where we take 1 = 1, 4 = 3,

Vo = 2, and g = 3. The comparison between the non-perturbative result and the exact solution is
illustrated in Figure 6.

O exact solution
16 -+ non-perturbation approximation

Figure 6. Comparison of the non-perturbative result of eigenvalues of the Hulthen potential with the
exact solution.

4.3. Auxiliary Potential: Numerical Fitting

For the potentials that cannot be Taylor or Laurent expanded, we suggest a fitting-based scheme
for constructing auxiliary potentials.

Based on the form of the potential V, we first choose an exactly solvable auxiliary potential U
which should contain some undetermined parameters {kq,k, - - - }. Then we fit the auxiliary potential
U to V to determine these parameters. After determining the parameters in the auxiliary potential U
through fitting, we can calculate the energy levels using the method described. In the example in this
section, we take the exactly solvable linear potential as the auxiliary potential.

%—potential. Consider the exactly solvable %-potential

V(r) =13 (25)
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as an example. For convenience, we only consider the asymptotic solutions of its eigenvalues: &, ~
NG 1 1/2
We(n-4) "m0

Take an exactly solvable linear potential as an auxiliary potential,

U (r) =kr+ro, (26)

where k and r( are fitting parameters to be determined. The auxiliary Hamiltonian reads (% =1land
I =0):

142 2/3
H(A) = 7;Wr+kr+ro +A(r —kr*To)- (27)

The asymptotic solution of eigenvalue of Hy = —%%r +kr+rgis Ey = (3mk/2)*3[(2n —1/2))*/% +
7o, the eigenfunction is ¢, (r) = C, Ai (¢) with Ai (&) the Airy function, & = 21/3k=2/3 (kr — E,) ¢,
Cp = (2k)1/ /\/[an A (—a)? + AYl (—anﬂ, and @, = 21/37gk=2/3 4+ 1 [37r (4n — 1))*/% [24].
Different fitting ranges give different auxiliary potentials with different values of k and ry. In
Figure 7, we plot two non-perturbative results, &, ~ g (1) = g[;//ss]] ((%,

auxiliary potentials: (a) fitting range 0 < r < 20 gives the auxiliary potential U (r) = 0.331619r +
1.10428; (b) fitting range 0 < r < 70 gives the auxiliary potential U (r) = U (r) = 0.2184r 4 2.54714.
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Figure 7. Comparison of the non-perturbative result of eigenvalues of the %—potential with the
asymptotic solution.).

It can be seen that as the fitting range expands, the region of high precision shifts from low to
high excited states.

5. Conclusion

In this paper, we propose a non-perturbative method for solving the eigenvalues of the
Hamiltonian H = T + V for an arbitrary potential V. This method, like perturbation theory, has
standardized procedures.

The basic idea of the method is to first (1) convert a non-perturbative problem into a perturbative
one and (2) then analytically continue the perturbative results to the non-perturbative region. We
utilize, but in principle not limited to, the rational approximation to perform approximative analytic
continuations. As shown in the examples, this method yields very good results for a general class of
potentials.

As a non-perturbative method, we can compare our approach with another non-perturbative
method, the variational method. (1) The variational method is based on guessing trial wave functions,
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for which there is no standard procedure, and relies on isolated techniques. The variational method
cannot be automatically carried out according to a standardized procedure like perturbation theory. In
contrast, our method has a standardized procedure where the calculations proceed automatically, like
in perturbation theory. (2) The variational method is only effective for the ground and low-excited
states, while our method can calculate non-perturbative approximations for arbitrary energy levels.

In a previous work, we applied a similar approach to deal with phase transition problems. In that
work, we used rational approximation to approximatively analytically continue the high-temperature
results of quantum gases to the low-temperature region, providing information on the phase transition
[2].

In this paper, we demonstrate this non-perturbative method using quantum mechanical
eigenproblems as examples. The idea of this method can be applied to any field where perturbative
treatments are well-established, such as quantum field theory and quantum statistical mechanics. In
our future work, we will apply this approach to non-perturbative treatments in quantum field theory.
Utilizing this method, we can convert perturbative techniques in quantum field theory, such as thermal
field theory and Feynman diagrammatic expansions, into non-perturbative methods.

Perturbation theory is ineffective for strong coupling problems (coupling constants greater than
1). Perturbation theory results in a perturbation series, or more strictly speaking, a truncated series
with a finite number of terms. Using perturbation theory based on a power series of the coupling
constant, the effective range of the perturbation series is within the convergence circle of the power
series. The necessary condition for convergence of the power series is that the coupling constant must
be smaller than 1. Thus, (1) perturbation theory is not applicable for coupling constants greater than 1;
(2) even if the coupling constant is smaller than 1, the perturbation series may not converge (because
the condition that the coupling constant must be smaller than 1 is necessary but not sufficient). While,
the rational function approximation obtained by analytic continuing perturbation theory not only
applies at A = 1 but is also valid when A > 1. We only use A = 1 in the problem under consideration.
This method can also be used to deal with non-perturbative strong coupling problems: first treating a
strong coupling problem as a weak coupling problem which can be solved by perturbation theory, and
then obtaining the strong coupling result through analytic continuation.
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