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Abstract

The proposed approach decomposes in a special way the original two input linear time-optimal
control problem into two single-input linear time-optimal problems whose optimal solutions are
subsequently recombined. A lemma and a theorem establish conditions under which the recombined
control vector is a candidate for the optimal solution and provide a simple criterion, based on the
Pontryagin Maximum Principle, to determine whether the obtained control is truly optimal or only
near optimal. The method is illustrated on the canonical double integrator system, but with two
independent inputs. The resulting control system preserves the bang-bang structure and switching
sequence of the true optimal solution, while providing a transition time that exceeds the optimal
value by only 0.55%. The proposed method offers a basis for developing a technique regarding the
multi-input linear time-optimal control problems.
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1. Introduction

The Mathematical theory of optimal processes with its basic result the Pontryagin Maximum
Principle (PMP) [1] provides a great tool for researchers in the field of automatic control to resolve
optimal control problems. For many engineering problems, it is crucial to take into account the
limitations associated with the control of the system under consideration while striving for high
performance indicators. A special case is the following so-called linear time-optimal control problem,
to which special chapters and sections of the optimal control theory are devoted [1] (Chapter 3), [2]
(Chapters 6, 7), [3] (Chapter II), [4-6] (Chapter 7). The system is described by a linear system of
differential equations of order n, the initial state of the system at the initial time is known, the final
state is also given, but the final time is not known in advance. The admissible controls are piecewise
continuous functions taking its values from the admissible set U, representing a closed convex
polyhedron, most often a symmetric rectangle in the r-dimensional space of admissible controls,
where the space origin is the center of U. The problem consists of minimizing the transition time
from the initial state to the final state of the system. The PMP represents a necessary condition of
optimality, but in case the linear system is controllable on each input, i.e. the system satisfies the
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condition of normality, the PMP regarding the linear time-optimal control problem becomes
necessary and sufficient condition of optimality. The time-optimal control stemmed from the PMP is
a “bang-bang” control regarding each one of the components of the control vector function, the last
takes its values at the vertices of the set U. The number of the so-called switchings is finite, it depends
on the initial state. In case of existence of complex eigenvalues of the system matrix this number is
not limited, but in case the eigenvalues of the system matrix are non-positive the number of switching
regarding each input is limited by the order of the system. This is known as theorem about the
number of switchings or the n intervals of constancy [1] (Chapter 3, §17, Theorem 10) [2] (Chapter
6, Theorem 6.8) [3] (Chapter II, §6, Theorem 2.11, pp. 115-118).

Although the existence of solid theoretical background studying the linear time-optimal control
problem for more than 60 years since the first works on the topic the examples of application of the
theory are most often limited to linear systems with one input and third order of the system. The
attempts to obtain an analytical solution to the problem face serious difficulties, and researchers note,
as in [7] (p. 1), that “... there is still no complete time-optimal analytical solution for systems higher
than second order”. The geometric representation of the so-called switching hyper-surfaces, where
the switchings regarding the controls occur, is extremely difficult, even impossible, except some cases
of single input systems of order at most three. In order to obtain a representation of the switching
hyper-surfaces in [7] (p. 8) where “based on Bellman’s principle of optimality, a series of switching
surfaces and curves in phase space is generated using dynamic programming method”.

The examples in the monographs and textbooks devoted to the cases of linear time-optimal
control problems with more than one input are very rare. Although the PMP provides a theoretical
foundation to solve such problems, the implementation is reduced to systems of second order with
two inputs [1] (Chapter 3, §21. Examples, Example 1, Example 2), [2] (Chapter 7, §7.9), [3] (Chapter 2,
§5. The Linear Time-Optimal Control Problem, Point 24. Example, pp. 102-108). The representations
are in the phase plane of the system under consideration and show the possibility of applying the
PMP not only to single-input systems. But the significant increase in the complexity of finding a
solution for multi-input systems, accompanied by difficulties in geometric representation, probably
became sufficient reason for the exhaustion of interest in further implementations.

The linear time-optimal control problem and the PMP is concerned in the recent study [8]. The
authors apply the PMP and employ the parabolic state-space trajectories in the phase plane obtained
as a result of “steering methods based on bang-bang time-optimal controls” of the double integrator
system “to improve the performance of sampling-based kinodynamic planners” associated with
Rapidly-exploring Random Tree (RRT) for path planning in robotics.

The paper [9] “addresses the time-optimal feedforward regulation problem with input and
output constraints” for the “linear, multivariable (i.e. multi-input multi-output or MIMO) time-
invariant systems”. The study extends the so-called “generalized bang-bang control” [10] “for scalar
(i.e. single-input single-output or SISO) systems when both input and output constraints are present”
to the so-called “multivariable square (i.e. equal number of inputs and outputs) systems”, where
some results are based on the results regarding the PMP and time-optimal and linear time-optimal
problems [11] (Chapter 10, Point 1. pp. 300-311). In [9] the authors consider an example of “TITO
(two-inputs two-outputs) systems satisfying suitable controllability conditions”. They mention [9] (p.
511) regarding the obtained results, that “by time discretization and linear programming, an
approximation of the generalized bang-bang control can be computed”. This once again assures the
fact that increasing complexity imposes the application of the theoretical foundation along with
powerful numerical optimization methods.

The recent studies [12,13] regarding the linear time-optimal control problem with non-positive
eigenvalues of the system with one input but with no restriction on the system order, based on the
Pontryagin Maximum Principle, unveil some new properties of the problem, which deepens and
expands the geometric representation of system’s behavior under time-optimal control. These
properties lay the foundation of a new method for synthesizing the time-optimal control for systems
of any order abandoning the need to construct the switching hyper-surface. This becomes attractive

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202605.1661.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 May 2026 d0i:10.20944/preprints202605.1661.v1

3 of 25

not only from the point of view of solving time-optimal control problems for high order systems with
one input, but also as a basis for a first attempt to find a solution in the case of two inputs, which is
the subject of this study. The core idea consists in a special decomposition of the two-input linear
time-optimal control problem into two single-input linear time-optimal problems with their joint
solution and subsequent recombination to obtain the solution of the original problem.

The paper is structured as follows. Section 2 presents the formulation of the linear time-optimal
control problem with two inputs and a proposed novel approach to its solution, which leads to a
lemma and a theorem derived there. Section 3 considers a two-input linear time-optimal control
problem as an example, based on the canonical double integrator system but in case of two
independent inputs. The resulting time-optimal control solution based on the PMP, a near time-
optimal solution based on the proposed method, and a comparison of the time-optimal solution and
the obtained near time-optimal one are presented successively. Section 4 is devoted to the discussion
and concluding remarks on the results.

2. Formulation of the Problem and Solution

Let us consider the following continuous two-input linear time-optimal control problem of order
n, n = 2. The system with a state-space vector

x=0 v x)T (1)
is described as follows:
X = Ax + Bu, 2)
a1 Q12 Ain
= a1 a:22 Qaon ’
an1  Qn2 Ann
by, by,
B= (B, B,), B, = bfl , B, = b:22 . 3)
b1 by,
The admissible control vector is
w0 = (1) )

Let us suppose the considered system satisfies the condition of normality
rank(B; AB; A*B; --- A"1B;) = 2fori =1,2. (5)

Let us assume that both u,(t) and u,(t) are independent piecewise continuous functions and
each one takes its values from the range

—Uimax < UL (E) < Uimax, Utmax = cOnst >0, (6)
~Upmax < Uz(t) < Upmax» Uzmax = const >0, 7)
and at the points of discontinuity 7;; regarding u,(t) and t,; regarding u,(t) we have:
uy (1) = uy(71; + 0), (8)
uz(‘rzj) = uz(‘czj + O).

©)
Hence, the allowable control set represents a symmetric rectangle U in the plane u;u, where
its origin O is an inner point and the center of U.
Let the initial state of the system at t = 0 be
x(0) = xo = (¥10 *° Xm-10 Xno)T. (10)
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The target state at the final time t, where ¢t; is unspecified, represents the origin of the system’s
state-space

x(tr) = xr = (s (11)
The time-optimal control problem in terms here is to find an admissible control vector u(t)

which transfers the system (2) from its initial state (10) to the final state (11) in minimum time, i.e.
minimizing the performance index

] = tr — min. (12)

Let us call the above problem “Problem P”.

Let us now formulate two single-input linear time-optimal problems by decomposing Problem
P in the following way. Let k be a positive number k, 0 <k < 1. The system of the first one
problem is composed of the matrices A and B; (3) and represents

X, = Ax; + Biu,. (13)
The initial state of the system is
x,(0) = xg; = K101 " X(n-101 Xno1)7, (14)
and it represents
Xo1 = kxg. (15)

The admissible control u, is yet defined above piecewise continuous function u,(t), which
takes its values form the range (6), and for whom at the points of discontinuity 7;; we have (8).

The target state at the final time t,;r, where t;; is unspecified, represents the origin of the
system’s state-space

x1(t1f) = X5 = (0)px1- (16)
The time-optimal problem, which we shall call “Problem P,”, is to find an admissible control

u,(t) which transfers the system (13) from its initial state (14) to the final state (16) in minimum time,
i.e. minimizing the performance index

J1 =ty > min. (17)
Let us formulate in the same manner the second single-input linear time-optimal control
problem. The system is composed of the matrices A and B, (3) and represents

562 = sz + Bz”z. (18)
The initial state of the system is
x,(0) = x5, = (X102 " X(m-102 Xno,2)T, (19)
and it represents
Xg2 = (1 - k)xo (20)

The admissible control u, is yet defined above piecewise continuous function u,(t). It takes its
values form the range (7) and at the points of discontinuity 7,; we have (9).

The target state at the final time t,f, where t,; is unspecified, represents the origin of the
system’s state-space

xz(tzf) =Xz = (0)nx1- (21)
The time-optimal problem, which we shall call “Problem P,”, is to find an admissible control

u,(t) which transfers the system (18) from its initial state (19) to the final state (21) in minimum time,
i.e. minimizing the performance index

J2 =ty > min. (22)
Let us keep in mind that both Problem P, and Problem P, satisfy the condition of normality
since the initial Problem P satisfies it being controllable on each input. Therefore, aside from the fact

that the PMP regarding both single-input linear time-optimal Problem P; and Problem P, is a
necessary condition of optimality, the PMP also is a sufficient condition of optimality [3] (Chapter II,
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§5, Point 22, Theorem 2.8, p. 96). For both Problem P, and Problem P, the corresponding solutions
exist [3] (Chapter II, §6, Point 29, Theorem 2.15, p. 129) and with respect to each one problem the
solution is unique [3] (Chapter II, §6, Point 28, Theorem 2.14, p. 127).

Our goal is to try to find the solution of the initial Problem P based on the solutions of the single-
input Problem P, and Problem P, and some new properties that would be discovered at studying
the initial Problem P in this way. The idea is to lighten the load on solving the two-input Problem P
by solving two single-input problems.

Let us notice the way the initial state x,; (14)—(15) of Problem P;, and the initial state xy, (19)-
(20) of Problem P, are chosen. Both x,; and x,, are two inner points lying on the segment with
first end at the origin of the state-space of the system of Problem P and second end at the initial state
xo (10) of Problem P and x,; and x,, satisfy

Xo1 + Xo i kxy + (1 —k)x, 23)
= X,.

Let us denote the solution of Problem P, —the minimum time and the optimal control function
- as ty and uf(t),t € [0,t{], the solution of Problem P, as tj; and u3(t),t € [0,t;¢], and the
solution of the original Problem P as tf and u°(t),t € [0,t7].

Let us suppose that we have found such a positive number k, 0 < k < 1, so that for the initial
conditions xy; of Problem P; and x,, of Problem P, the minimum time t{; of Problem P; and
ty5 of Problem P, satisfy the equality

tiy = t3y- (24)
The optimal trajectory in the n-dimensional state-space of the system of Problem P, with an
initial state x,; under the optimal control u¢(t),t € [0, tff], of Problem P; is described as

t
x,(t) = eftxy, + bf e’ Bul(t — 1) dt 25)

for t € [0, t7¢].

The final point of this trajectory represents the state-space origin of the system of Problem P;
xl(tff) = eAt(l)fxo1 + f(:lf eATBluf(tff - ‘r) dt = (0)px1- (26)

Analogically, the optimal trajectory in the n-dimensional state-space of the system of Problem
P, with an initial state xy, under the optimal control uj(t),t € [0, tgf], of Problem P, is given by

t
x,(t) = edlx +feATB ud(t—r1)dr
2() 02 J 242 (27)

for t € [0, té’f].

Its final point satisfies
x,(t97) = e™2rxy, + fotzfeATBzu‘z’ (9, — 1) dt = (0) 1. (28)

Let us summarize both trajectories x4(t) (25) and x,(t) (27) in the state-space of Problem P
having in mind that both trajectories are n-dimensional trajectories with identical length t7; = t3¢
(24) in a state-space with the same system matrix A.

x(t) = x,(t) + x,(t) for t € [0, 7] (29)

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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t
x(t) = e’xp +feAT31ui’(t—r) dr
t (30)
+e4tx, +f eA"Bug(t — 1) dr
for t €[0,t{].
After replacement of x4; and x,, with the expressions (15) and (20), we obtain
t
x(t) = ekxy+ f eA"Bul(t — t)dr
0
t 31)
+edt(1 - k)x, + f ATBul(t — 1) dt (
0
for t € [0,t{].
t t
x(t) = e(k+1-k)x +f eA"Bul(t — 1) dT+J e Bul(t — 1) dr
0
t 1t—1) t u(t—1) (32)
— At AT Uy T ) _ At -7 )
e x0+fe (B, BZ)(u‘Z’(t ) T=e¢e x0+fe B St — 1)
0 0

for t € [0, tff].

According to (24), (26) and (28), we have for x(t) at time t7; = t;
x(tff) =X (tff) + X, (tff) = (0)nx1- (33)
Let the vector function u*(t) be

o
u'(t) = (Z§8> fort € [0, ¢]. (34)

The Equations (32), (33), and (34) show that the control vector u*(t) transfers the initial point
x, of Problem P to the final point - the state-space origin —in a transition time t7; = t3;.

Since the controls uf(t) and u$(t) are the time-optimal controls, the solutions, of Problem P;
and Problem P,, respectively — each of them, as the solution of a linear time-optimal control problem
with a single input, according to the PMP, is a piecewise constant function with a unique finite
number of switchings — from Uy;,gy 10 —Uimayx OF from —Ujpme, tO Uime, with regard to uf(t),
and from Uy, t0 —Upmay OF fTOM —Uppgy tO Upme, With regard to ug (t) — occurring at a specific
set of moments — and since both u{(t) and u3(t) have identical durations t{; = t3, it follows that
the control vector u*(t) takes its values only from the following set:

S= {(ulmax » Uzmax ): (ulmax » “Uz2max )' (_ulmax » Uzmax ), (_ulmax » —U2max ) }/ (35)
u*(t) €8. (36)
The last means that u*(t) takes its values exclusively at the vertices of the allowable control set
— the rectangle U. Hence, the vector function u*(t) may represent the solution to the initial time-
optimal control Problem P.
Let us now assume that the minimum time t{; — the solution to Problem P; - differs from the
minimum time t;; — the solution to Problem P,
tlr # top. (37)
Let us suppose also for example
tir >t (38)
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Let us repeat the derivations (25)-(26) regarding the optimal trajectory of Problem P; with an
initial state xy; under the time-optimal control u(t),t € [0, tff], and the derivations (27)—(28)
regarding the optimal trajectory of Problem P, with an initial state x,, under the optimal control
ug(t),t € [0,t9;]. Both trajectories x;(t) and x,(t) end at the origin of the state-space, but at
different times. Let us construct the following control regarding Problem P,
) ug(t) forte [O, té’f],

u(t) = { 0 forte (2, td].

The prolongation of the control of Problem P, in the above way leads to staying still of the
system of Problem P, at the state-space origin after reaching it at time t7; until time t7; and thus to
an identical duration t7; of both controls uf(t) and u3(t) (39)

39)

t
edtxy, + f e™Bul(t —1)dr forte [0, tgf],
x,(t) = J

(40)
(0nx1 for ¢t € (¢57, £ ).
Thus, we obtain for the sum of both trajectories x,(t) (25) and x,(t) (40)
x(t) = x,(8) + x,(t) for t € [0,t5]. (41)
t
x(t) = efxy + f eA"Bul(t — 1) dr
0
t (42)
+edtxy, + f e4"Bu,(t — 1) dt
0
for t € [0, tff].
After replacement of x,; and x,, with the expressions (15) and (20), we obtain
t
x(t) = eAfkxy,+ f e’ Bul(t — 1) dr
0
t (43)
+edt (1 — k)x, + f e " Byul(t — 1) dr
0
for t € [0, ¢7f].
t t
x(t) = ef(k+1—k)x,+ j e"Biul(t —1)dt + j e "Bu,(t — 1) dr
0 0
t ug(e - ) e (=) (a4)
= eflxy,+ f e4?[B; B,] (ug(t B r)) dr = etxy + f e4’B (u’z(t B r)) dr
0 0

for t € [0, tff].
According to (26) and (40), we have for x(t) at time t7;
x(tff) = xl(tff) + xz(tff) = (0)nx1- (45)
Let the vector function u*'(t) be

, 1(t 0
u' (6) = (ZZES) fort € [0, ¢2;] (46)

We can conclude considering the function uy(t) (39) that the control vector u*'(t) for t €
[0, tgf] takes its values exclusively from the set S (35), but when t € (tgf, tff] the vector function
u*'(t) takes its values exclusively from the set

S = {(ulmax ,0), (—%imax,0) } (47)
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S forte[0,t5],
S' fort € (95 t8]-

u’'(t) € { (48)

All the points of the set S’ (47) are inner points of the allowable control set - the rectangle U, i.e.
are not vertices of U. Therefore, according to the PMP, the vector function u*(t) (46) is not
definitely the solution to the initial Problem P.

The next step is the justification of existence of such a positive number k, 0 < k < 1, so that at
the initial conditions xy; (15) of Problem P; and x,, (20) of Problem P,, the respective solutions
t{r of Problem P; and tj; of Problem P, satisfy the equality (24).

Let us suppose first that the initial condition x,; of Problem P; represents the initial condition
x, of the original Problem P and we have found in this case the solution t{; of Problem P;. Let this
time t7; be Ti:

T, =), (49)

Let us now form regarding the considered Problem P; the attainable set V; the way [3]
(Chapter 1I, §5, p. 85) (Pontryagin, Boltyanskii and colleagues use the term “sphere of attainability”
instead). Vr represents here the set of all points for whom the solution t7; of Problem P; having its
initial state x,; at these points is equal or less T;. Let V; in this case be denoted also as VTll. The
attainable set V; is convex [3] (Chapter I, §5, Lemma 2.3, p. 85). The state-space origin as a final state
of Problem P; is an inner point of the attainable set V7 . The initial condition x, of the original
Problem P. which now also represents the initial condition of Problem P;, and for whom the
obtained optimal time t7; of Problem P; with an initial state at this point x, is taken here as T, is
aboundary point of V7, [3] (ChapterII, §5, Consequence 2.6 of Lemma 2.5, p. 91). Let x, be the point

N,.
Ny = xg. (50)
Let k be a parameter and
k= 0. (51)
If the point N; is defined as
N; = kx,, (52)

then N coincides with the origin 0 when k = 0, but when 0 < k <1 the point N; describes all the
inner points of the segment ON,. Both the points 0 and N, are points of V7 . Since the attainable set
V7, is convex, and N; is an inner point of the segment ON,, then N, is also an inner point of V7.
Thus, the corresponding optimal time of Problem P, with an initial state at this point N; = kx,, 0 <
k < 1,isless thetime T; according to [3] (Chapter II, §5, Lemma 2.4, p. 88). Moreover, it follows from
Lemma 2.4 the continuity of the minimal time function with respect to the initial state. So, there exists
some kind of continuous dependence of the time-optimal solution t7; of Problem P; on the position
of the point N; between the endpoints 0 and N, of the segment ON,, which is a decreasing relation
from T; to 0 when N; continuously describes all the points from N, to O on the segment ON,
(the reachable set shrinks strictly when the initial state moves towards the state-space origin along
the ray), i.e, when the parameter k continuously decreases on the interval [0,1]. So, when the
parameter k continuously increases on the interval [0, 1] that function continuously increases from
0 to Ty (the reachable set expands strictly when the initial state moves away from the state-space
origin along the ray). Let that function be f; (k):

t7r = fi(k),where k € [0,1],t7; € [0,T,]. (53)

Let us now consider Problem P, in the above-described manner. Let us suppose first that the
initial condition x,, of Problem P, represents the initial condition x, of the original Problem P
and we have found in this case the solution t7; of Problem P,. Let this time t;; be T;:

T, = 3. (54)
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Let us now form analogically regarding Problem P, the attainable set V7. V£ represents here
the set of all points for whom the solution t;; of Problem P, having its initial state x,, at these
points is equal or less T,. The attainable set V£ is convex, the state-space origin O as a final state of
Problem P, is an inner point of the attainable set V7 while the point N, a boundary point of V7.

If the point N, is defined as

N, = (1 —k)x,, (55)
then N, coincides with N, when k = 0, and coincides with the origin O when k =1, but
when 0 <k <1 the point N, describes all the inner points of the segment ON, from with N,
towards 0. Both the points 0 and N, are points of V£,. Since the attainable set V£ is convex, and
N, is an inner point of the segment ON,, then N, is also an inner point of VTZZ. Thus, the
corresponding optimal time of Problem P, with an initial state at this point N, = (1 —k)x,,0 < k <
1, is less than the time T, according to [3] (Chapter II, §5, Lemma 2.4, p. 88). Here, in contrast to the
continuous increasing dependence of the time-optimal solution t{; of Problem P; on the position of
the point N; between the endpoints O and N, of the segment ON, when the parameter k
continuously increases on the interval [0, 1], the continuous dependence of the time-optimal solution
ty; of Problem P, on the position of the point N, between the endpoints 0 and N, of the segment
ONj is a decreasing relation from T, to 0 when N, continuously describes all the points from N
to O on the segment ON,, i.e., when the parameter k continuously increases on the interval [0, 1].
Let that function be f, (k).
tsr = fo(k),where k € [0,1],t3; € [0,T,]. (56)

Thus, there are two continuous functions f; (k) and f,(k) defined on the same interval k €
[0,1], f1(k) is a continuous increasing function while f,(k) is a continuous decreasing function,
where:

fi(0) =0, i) =T, >0,
L) =T, >0, fH1)=0. (57)

It is easy to see that there exists only one number k, k € (0, 1), satisfying the equation
fi(k) = f(k). (58)
Let this k be k°. Therefore,
tiy = f1(k%) = f,(k°) = t3;. (59)

Thus, the following lemma has been proven.

Lemma 1. Let Problem P, and Problem P, with initial states x4, (15) and xq, (20), respectively, where the
parameter k varies from 0 to 1, be formulated based on Problem P. The dependence of the minimum time t{y
of the solution to Problem Py on the parameter k is a continuous increasing function starting from 0 at k =
0, while the dependence of the minimum time ty; of the solution to Problem P, on k is a continuous
decreasing function becoming 0 at k = 1. There exists only one number k, k € (0,1), named k° so that
when the initial states Xy, of Problem Py and x, of Problem P, are:
Xo1 = k%%, (60)
Xz = (1 — k°)xo, (61)
the optimal — the minimum — time t{; of Problem P, and the optimal time t; of Problem P, satisfy the
equality
tir = t3f (62)
In this case, the control vector w*(t) (34), composed of the time-optimal control uf(t),t € [0, tff], of
Problem Py and the time-optimal control u3(t),t € [0, té’f], of Problem P,, is a candidate for the solution to
the original time-optimal control Problem P with an initial state x,.

First, let the time t; be
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and x*(t) be the trajectory of the original Problem P obtained under the control vector u*(t) (34)
representing the sum of the time-optimal trajectories of Problem P; and Problem P,:
x°(t) = x9(t) + x3(t) for t € [0,¢7],
t
x9(t) = eAtkOx, + f e B ul(t — 1) dt,

0 (64)
t

x9(t) = et (1 — k%)x, + f e"Byul (t — 7).
0

t t
x*(t) = e k%x, + J e"Biul(t — 1) dt + et (1 — k%)x, + f e Bul(t — 1) dt
0

t

0
— t T ug(t_f) _ t : T uf(t—‘[)
= eflx, + Of e4™(B; By) (ug(t B T)) dr = eftxy + Of e4’B (ug(t B T)) dt (65)

t
=efx, + f e“"Bu’(t — 1) dr fort € [0, t7].
0

Let us now analyze the conditions which the control vector u*(t) (34) must satisfy for being the
time-optimal control solution to the initial Problem P. This means that the control vector u*(t) (34)
and the respective system trajectory x*(t) must satisfy the PMP regarding the linear time-optimal
control Problem P. In case of satisfying it as a necessary condition of optimality and considering that
the system of Problem P satisfies the condition of normality (being controllable on each input), then,
based on the fact that the PMP becomes also a sufficient condition of optimality [3] (Chapter II, §5,
Point 22, Theorem 2.8, p. 96), u*(t) (34) and the respective system trajectory x*(t) become the only
solution to the initial Problem P.

Pontryagin’s function H (Hamilton function) regarding the linear time-optimal control problem
[3] (Chapter II, §5, Point 19, Eqn. 2.24, p. 85) represents

H(x(®),u(®), %) = ($(©)" (Ax(t) + Bu(®)). (66)
The vector function 3(t) represents a solution of the adjoined system
P=-A"y. (67)
Its solution is
W(©) = e 1. (68)
Let the initial state regarding ¥ be
Yo =P (0) =W Yn-1o Yno)'. (69)
and consider the following solution of the adjoined system called ¥*(t):
Pr(t) = ety for t € [0, ¢ (70)

We are going to solve the following problem. Provided that the control vector u*(t) with its
components u?(t) and uj(t) are known, let us consider the initial conditions of ¥; (69) as
unknown parameters, where the goal is to find out the conditions of existence a non-trivial solution
regarding g so that the set x*(t), u*(t), and *(t) satisfies the PMP.

We obtain regarding H:

H(x (0, u®), 9" (©) = @"®) (Ax"(©) + Bu(®))
= (W) A+ @ ©) G B (D) @)

u, (t)

= (" () Ax' (@) + (W' ®) By () + (W' ()" Byuy(0).
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max H(x' (0, u(0), %" () = (¥"(©) 4x'(®
+ max (D) Byu(t) (72)

[uslS uimax

+ max (tp*(t))TBzuz(t).

[uzl< uzmax

Let us consider the second component of the above sum (72). We obtain regarding u, (t)

max  (¥°(6) Bywy(£) = (¥ (6)) By tymax sign (¥ () B,) (73)

U1l usmax

Let us assume from the condition regarding the maximum of Hamilton function
max H (x" (), u(t), " (1) = H@x" (), w (6), (1)), (74)
with respect to the second component of (72), that in (73)

Ui max SigN ((w*(t))TBl) =uf(t) for t € [0, t;é], 75)

and the control u{(t) fort € [0, t;] has k; switching times t;4, ..., t ;-
. . . T .
Then, we obtain regarding the function (¥*(t)) B, that it must be equal to zero at the above set
of times tyq, .., ty,:

« T
(¥ @®) B, =0Vt €{tyq, ., by} (76)
This means:
B, () = 0Vt € {ty1, ., trp,}, 77)
B,Te ™Aty = 0Vt € {t1, ., trp,} - (78)

Thus, we have a homogeneous linear system of k; equations concerning all n unknown initial
conditions ¥7g,***, Y(n-1)0 Yno of P.
Similarly, we obtain for the third component of the sum of (72),

ATt g%
B,e 4 s =0vte {t21, ...,tz_kz}, (79)

where it is assumed that the control u3(t) fort € [0, tf*] has k, switching times tq, ..., tyx,.
Thus, we have in addition to (78) a second homogeneous linear system of k, equations
concerning the same all n unknown initial states ¥, *, Y10, ¥no Of Y.
The PMP [3] (Chapter I, §2, Theorem 1.2, pp. 33-35) regarding the value of H at the end of the
process
H (e (), (67), 97 (e9) = 1. (80)
Considering that
X" () = (0)nx1,
w () = (ZEZ@) D
2\ly
we obtain from (80) the following linear equation also referring to all n unknown initial conditions
wfo""'lp;n—no' PYno of .
(ug (t7)B, e ™" 7 + ug (¢7)B, e~ 7 ) s = 1. (82)
Summarizing the results of (78), (79), and (82), we can conclude that (78), (79), and (82) represent
a linear system of
ky+k, +1 (83)

equations concerning all n unknown initial conditions 3o, *, ¥ (n_1y0) ¥Yno of P.
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There are two options regarding the linear system (78), (79), and (82): be consistent or
inconsistent one.

In case of consistent system, since it is not homogeneous, the solution is non-trivial. Thus, there
exists a non-trivial solution (70) to the adjoined system (67) and the PMP is satisfied as a necessary
condition of optimality. On the other hand, the system of Problem P satisfies the condition of
normality (5). Since the PMP regarding the linear time-optimal control problem in case the system
satisfies the condition of normality is not only a necessary but also a sufficient condition of optimality
[3] (Chapter 11, §5, Point 22, Theorem 2.8, p. 96), it follows that the control vector u*(t) (34) and the
trajectory x*(t) (64), (65) are the only solution to the original Problem P.

In case of inconsistent system, it follows that there does not exist a non-trivial solution (70) to
the adjoined system (67), which the PMP requires. Hence, the control vector u*(t) (34) and the
trajectory x*(t) (64), (65) are not the time-optimal solution to the original Problem P. This happens
even though the control vector u”(t) takes it values exclusively from the set S (35), comprising only
the vertices of the allowable control set — the symmetric rectangle U with a center at the origin 0 of
the plane u,u,, and the system trajectory x*(t) (64), (65) ends at the state-space origin.

Thus, the following theorem regarding the solution to the original Problem P has been proven.

Theorem 1. Let the initial states xo, and xq, of Problem Py and Problem P, formulated based on Problem
P be chosen according to Lemma 1:

Xo1 = koxo, (84)
Xo2 = (1 - ko)xo. (85)

The control vector w*(t), composed of the time-optimal control uf(t) of Problem Py and the time-optimal
control ug(t) of Problem P,,

)
w® = (1

and the trajectory x*(t) of the original Problem P, obtained under w*(t) and transferring the system to the
state-space origin O at time tz, are the only solution to the original Problem P according to the Pontryagin

) fort € [0, /] (86)

Maximum Principle if the linear system (78), (79), and (82) concerning all n unknown initial conditions
V1o Yin-1)0 Wno of the adjoined system (67) regarding  is consistent one.

In case the linear system (78), (79), and (82) is inconsistent one, then the vector w*(t) and the trajectory
x*(t) are not the time-optimal control solution to the original Problem P.

The vector w*(t) and the trajectory x*(t) can only be considered as a somewhat near time-optimal
control solution to Problem P since x*(t), representing the sum of the time-optimal trajectories x3(t) of
Problem Py and x5(t) of Problem P,, is the result of w*(t), which is a bang-bang control with values
exclusively from the set S (35), comprising only the vertices of the allowable control set — the symmetric
rectangle U with a center at the origin O of the plane u u,.

3. Example

Let us formulate the following second order Problem P as an example. The system represents
the well-known double integrator system but under a control vector consisting of two independent
controls u; and u,:

x = Ax + Bu, (87)

x=(y)  w=() (88)
a=(] o)

(89)

b= 8 5= (31) = (0): 5= () = (o 161)

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202605.1661.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 May 2026 d0i:10.20944/preprints202605.1661.v1

13 of 25

Let us assume that both u,(t) and u,(t) are piecewise continuous functions and each one takes
its values from the range:

—Upmax < UL(E) < Uimaxs Uimax = 1 (90)
—Upmax < Uz(t) < Upmax) Uzmax = 1. (91)

Let us also assume, as we have already done at the initial formulation of Problem P, that at the
points of discontinuity 7,; regarding u,(t), and 7,; regarding u,(t), we have (8) and (9). Let the
admissible control vector composed by u,(t) and u,(t) be

(W (t))
u(t) = (u2 o) 92)
Let the initial state of the system at t = 0 be
_ . _ (%10 _ 1
x0 = %o = (10) = (g 44447) (93)

The target state at the final time t;, where t; is unspecified, represents the state-space origin

x(tr) = x5 = (0) 251 (94)
The time-optimal Problem P in terms here and according to the originally formulated Problem
P is to find an admissible control vector u(t) which transfers the system (88) from its initial state
(93) to the final state (94) in minimum time, i.e. minimizing the performance index

] =ty > min. (95)

The formulated time-optimal Problem P is controllable on each input, i.e. satisfies the condition
of normality (5):

rank(B; AB;) = rank <((1)) | ((1) 8) ((1))) = rank (é (1)) =2, (96)

rank(B, AB,) = rank ((0.11612) | ((1) 8) (0.1212)>

= rank (0.11612 (1)) =2.

The allowable control set U is convex since it represents a square with side 1 in the plane u,u,.

97)

It is also symmetric where the origin O of the plane u,u, is an inner point and the center of U.

Following the deduced Lemma 1 and Theorem 1, the sequence of steps that we will perform
consists of: Solving Problem P applying the PMP directly; Solving the pair of subproblems Problem
P; and Problem P,, arising from Problem P, and obtaining the optimal value k° of the parameter
k; Recombining the solutions of both Problem P; and Problem P,, obtained at k,, to obtain the
control vector u*(t) (86); Checking the linear system (78), (79), and (82) for consistency; Comparing
the two solutions.

3.1. The Time-Optimal Control Solution of Problem P

Let us consider the following two piecewise constant functions uj(t) and u;(t) with identical
duration of t; (s), each one having one switching from —1 to +1 at time t; (s) regarding uj(t),
and at time t; (s) regarding u;(t):

) ~ —1 forte [0, t;)
ui(t) = +1 forte [ti' tj‘k]' (98)
uy(t) = +1 fort € [t3,tf], (99)

t; = 09675 (s), t;=1.1287(s), t; = 159625 (s). (100)
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The control vector
« u; (f))
w(o = (1 101
u; (1) (101)
transfers the system from its initial state (93) to the state-space origin at time t; as shown in
Figure 1.
15 1
0.5
1 S 0
-0.5
05 L -1 ! : . . - . .
o~ 0 0.2 0.4 0.6 0.8 1 12 1.4 16
e’ t(s)
x ol 1
0.5
051 Y o0
051
" 02 o4 o5 08 1 12 14 16 k) 02 o4 o5 o8 1 2 e s
t(s) tis)
(a) (b)

Figure 1. The trajectory of the system (87)—(89) from its initial state (93) to the state-space origin under the control
vector u*(t) (98)-(101): (a) the process regarding the state-space variables Xx; and x,; (b) the controls u;(t)
and u}(t) of the control vector u*(t).

Let us also call the above system trajectory with an initial state (93) obtained under the control
vector u*(t) (98)—(101) x*(t):

x(t) = efxy+ | eADBu(r)dr

|
f

; 102)
— LAt A(t-7) Uy (T)) (
e xo + e (B]_ BZ) <u;(‘[) d‘[
for t € [0, 7],
t t
x*(t) = eftxy + f eAt-DB ui(r) dr + f eAtDBus () drfor ¢ € [0,t7],
0 (103)
a _ (1 0
where e“* = (t 1),

(pr) _( 1.1015x 10716\ _ (0

x*(t7) = x*(1.59625) = (—9.7998 9 10_13) = (O) (104)

We are going to show based on the PMP that x*(t) and u’(t) represent the solution of the
considered time-optimal control Problem P. Pontryagin’s function (Hamilton function) regarding
the linear time-optimal control problem represents

H(x(0), u(0),9(®) = ($©)" (Ax(t) + Bu(n)). (105)
The vector (t) represents a solution of the adjoined system
P = —AT. (106)
Its solution is
o = e (107)
1 -t
- (0 1) Vo
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Let the initial state regarding ¥ be

. 1/)10) —882.5139 x 1073
= * 0 = * = )
¥ =¥ (O (wzo (—912.1591 x 10-3) (108)

and consider the following solution of the adjoined system called *(t):

* - * 1 —t 1
e = e My=(3 (M)
0 1/\¥y
Wio — Yot : (199)
= ( Wi ) fort € [0, tf].
First, we will show that Pontryagin’s function regarding the considered Problem P satisfies
max H (x" (), u(t), " (1) = H@x" (), w (6), " (1))- (110)

We obtain regarding H:
H(x (0, u(®), 9" (1)) = (")) (4x"(£) + Bu(t))
- (W ©) O+ @©) & B (1) 111
= (¥ () Ax' (O + (W' (©) Buuy (0) + (¥ (1) Byus(0).

H(x (0, u(®),3"(0) =9 (DAx" (1)
* (lp;otljélp;Ot)T B (® (112)
(gt o
Let us consider the second component of the sum of H (112)
(Voo ¥ Ban® = Wi wiot wio) (B ® 13
= Wio — Y3 )

The function (Y7, — P30t) is a linear function on t:

Y10

0 att = - = 09675 = t};
* oy — 20
Wio = W20t) Pio=—882.5139x 1073 <0 att=0; (114)
(¥io — Wsot;) = 0.57352 att =t;.

Thus, the function (Y7, —P5et) is a linear increasing function switching from negative to
positive values at time t7, which is the switching moment of uj(t) (98), (100) as it is also shown in

Figure 1b. Therefore,

max (1o — Yzot)us (£) = W10 — Y20t)sign(Pip — Yaot)

lugls1 (115)
= (Y10 — P30t)ui(t).

Similarly, we obtain for the third component of the sum of H (112):

Wio — Yrot)" PN
( 101/)50 20 ) Bouy(t) = (Y10 — Y20t P30) (bzz)uz(t) (116)
= (Y10 — Y30t + P30b22)u, (t).

The function (Y7o + Y30b22 — Y30t) is a linear function on t:
(Y10 + ¥20ba2 — P20t)
* + * b
Y10 + Y30b22 — 11287 = &

0 att = *
Y20

(117)

Yio + Y30byy = —1.0296 < 0 att =0;
wio + l/);obzz - lp;ot; = 0.42648 att = tf*'
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Thus, the function (7, + WY30b22 — PY3ot) isalinear increasing function switching from negative
to positive values at time t;, which is the switching moment of u;(t) (99), (100) as it is also shown
in Figure 1b. Therefore,

lg;?sxl(lpio + Y30b22 — P30t) U ()

= (Y10 + Y30b22 — Y30t)sign(Wio + P30baz — P30t) (118)
= (Y10 + Y30b22 — Y30)u3 ().
As a result, we obtain:
max H(x"(0),u(0), %" (£) = (¥"(©) 4x'(®)
,‘l}* _l,b* t T
101/);0 20 ) Blul(t) (119)

* * T
‘l’wl;;:l’zot) Bzuz (t) ;

+max<

lugl=1

e
max H(x' (6), u(®), ¥"(£)) = (¥'(®) 4% (©)
+ Im‘g{l(lpy{o — 300U (t) (120)
+ Igl?sxl(ll’;o + P30b22 — Y30t) U (t);

max H(x'(0),u(0), %" (1) = (" () 4x' ()
+Wio — Y2ot)ui(t)
+Wio + Yi0ba2 — P30z () (121)
= @' (O Ax' (O + (' () Bu'(©)
= H(x"(t), u" (), ¥~ (0)).
We also obtain for H(x"(t),u"(t),$"(t)) at t =t; from (114) and (117):

T
HE () w ()9 @) = (¥ (4)) ax @)
+(Wio — Y30t/ )ui (1)
+(Wi0 + Y30baz — lp;ot}k)uz (t;)
=0+ 0.57352 + 0.42648
=1
Thus, we have just shown that the control vector u*(t) (98)—(101) and the respective system
trajectory x*(t) (102) with an initial state (93) satisfy the PMP with respect to the considered linear
time-optimal control Problem P. Taking into account that the PMP with respect to the linear time-

(122)

optimal control problem in case the system satisfies the condition of normality is not only a necessary
but also a sufficient condition for optimality, we can conclude that the control vector u*(t) (98)—(101)
and the system trajectory x*(t) (102) reaching the state-space origin at time t; (100) represent the
only time-optimal solution to the considered Problem P.

3.2. A Near Time-Optimal Control Solution of Problem P Based on the Proposed Idea

Let us now try to solve the considered Problem P, based on the proposed idea, through the
solutions of the two single-input problems — Problem P; and Problem P,, obtained through the
proposed decomposition of the initial Problem P. First, let us suppose k is a positive parameter 0 <

k<1
The system of the first Problem P; is composed of the matrices A and B; (89) and represents
X, = Ax; + Byu,. (123)
The initial state of the system is
x1(0) = x5, = (X101 X102)7, (124)
Xo1 = kx,. (125)
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The admissible control u, is yet defined above piecewise continuous function u,(t), which
takes its values form the range (90), and for whom at the points of discontinuity 7,; we have (8).

The target state at the final time t,;;, where t;; is unspecified, represents the origin of the
system’s state-space

xl(tlf) = X175 = (0)nx1- (126)

The time-optimal Problem P, is to find an admissible control u,(t) which transfers the system
(123) from its initial state (124)—(125) to the final state (126) in minimum time, i.e. minimizing the
performance index

J1 =ty o> min. (127)

Let us formulate in the same manner the second single-input linear time-optimal control

Problem P,. The system is composed of the matrices A and B, (89) and represents the equations
X, = Ax, + Byu,.
2 2 T baUy (128)
The initial state of the system is

The admissible control u, is yet defined above piecewise continuous function u,(t). It takes its
values form the range (91) and at the points of discontinuity 7,; we have (9).

x2(0) = xg, = (X201 X202)", (129)
Xz = (1 — k)x,. (130)
The target state at the final time t,f, where t,; is unspecified, represents the origin of the
system’s state-space
x5 (tar) = 25 = (0)xs- (131)
The time-optimal Problem P, is to find an admissible control u,(t) which transfers the system
(128) from its initial state (129)—(130) to the final state (131) in minimum time, i.e. minimizing the
performance index
J2 =ty —» min. (132)
In order to fulfil the conditions of Lemma 1, several iterations on the positive number k, 0 <
k < 1, have been made solving Problem P; and Problem P, with respective initial conditions xy;

of Problem P; and x,, of Problem P,. The obtained final value of k with an accuracy of
1x 107° (s) regarding the minimum times t{; of Problem P; and t; of Problem P, is

k° = 0.47167. (133)
The respective initial condition x,; (125) of Problem P, and x,, (130) of Problem P, at k° =
0.47167 are:
 10m 1 _ (0.47167
xo1 = k%o = 047167 (0 1000 = (0 50064) (134)
—(1— L%y = (1— 1 _ (0.52833
Xop = (1= k%o = (1= 047167) (), ) = ({52 ps) (135)
and the obtained equal minimum times t7; and ty; are
Let t; be
tf =ty =ty = 1.605 (s). (137)

Problem P; and Problem P, have been solved numerically by the technique in [12,13],
following [12] (Section 3.2 Synthesis Based on the New Property and the Method [14], pp. 9-13) and
[13] (Section 4.1 Example 1, pp. 18-24). Both papers in [12,13] unveil new state-space properties of
the linear time-optimal control problem with one input and real non-positive eigenvalues of the
system following from the PMP. It is shown there that the positive semi-axis Ox,, of the system of
order n is outside the switching hyper-surface of the considered problem, being wholly below or
wholly above the switching hyper-surface of the problem, while the negative semi-axis Ox,, is
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outside the switching hyper-surface of the considered problem, being wholly below or wholly above
the switching hyper-surface but in the opposite relation to the switching hyper-surface of the problem
relative to the positive semi-axis Ox,. The determination of this relation regarding the considered
problem is called “axes initialization”. Here for both Problem P; and Problem P, the same result is
obtained
Xop = —1, (138)

which means that all the points of the negative semi-axis Ox, of the system of Problem P; are above
the switching curve, and the time-optimal control value for them is +u;,,4, . The same is true for the
negative semi-axis Ox, of the system of Problem P,, and the time-optimal control value for all the
points of this semi-axis is +u,pqy, . Based on the properties regarding the axes initialization and
discovered in [12,13] other new properties, a foundation of a new method for synthesizing the time-
optimal control without the need to describe the switching hyper-surfaces is obtained and illustrated
by the examples mentioned above.

Table 1 represents in its first row the near optimal solution of Problem P; with an initial state
Xo1 (134) and the obtained corresponding control function uf(t) associated with this problem. The
near optimal solution of Problem P, with an initial state x,, (135) and the obtained corresponding
control function ug(t) associated with this problem is presented in the second row of Table 1. The
corresponding obtained processes with an accuracy of & = 0.0006 regarding Problem P; under
uf(t) and Problem P, under uJ(t) are shown in Figure 2 and Figure 3.

Table 1. Results of the solutions of Problem P; with an initial state X4, (134) and Problem P, with an initial
state and X, (135) obtained with an accuracy of &, = 0.0006 satisfying Lemma 1 at k° = 0.47167 (133)
with an accuracy of 1 X 107° (s).

Control Switching Control Minimum
Problem Control in the time in the time
first interval ti; (s) second interval ty (s)
P, Uq -1 1.038333 1 1.605
P, U, -1 1.066667 1 1.605

0.6 T T T T T T T T 1

0.8 r
04 r
0.6 [

0.4r
02F

0.2

ot

x1,x2
ut
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0.2
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06
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0.8

06 L L L L L L L L 1 L L L
) 0.2 04 0.6 08 1 1.2 14 16 1.8 0 0.2 0.4 08 0.8 1 12 14 1.6 18

t(s) t(s)

(a) (b)

Figure 2. Near time-optimal process of the system (123) of Problem P; from its initial state Xy; (134) to the

state-space origin obtained with an accuracy of &, = 0.0006: (a) the process regarding the state-space variables
x; and x,; (b) the control u?(t) presented in the first row of Table 1.
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Figure 3. Near time-optimal process of the system (128) of Problem P, from its initial state Xy, (135) to the

state-space origin obtained with an accuracy of &, = 0.0006: (a) the process regarding the state-space variables
x; and Xx,; (b) the control ug (t) presented in the second row of Table 1.

Let us now consider the initial Problem P (87)—(95) under the control vector composed of the
solutions uf(t) of Problem P; and u3(t) of Problem P, as (86), bearing in mind that t; represents
(137),

) (ED
v ® =0

Let the trajectory of the system of Problem P be x*(t). It represents the sum of the obtained

) fort € [0,¢7]. (139)

trajectories x{(t) of Problem P, under uf(t) and x3(t) of Problem P, under u3(t).
t
x*(t) =ettx,+ f e "Bu(t — 1) dr

0
t

oct —
=eflx, + Of e4"(B; Bj) (Z% g 3 g) dr (140)

t t

=eMkOxy + et(1 — k%)x, + f e "Bl (t —t)dr + f e4'Bu(t — 1) dt.
0 0

t t
x*(t) =edkox, + f eA"Bul(t — 1) dr + et (1 — k%)x, + f eA"Bug(t — t)dr (141)

0 0

fort € [0, t}‘c’]

x°(t) = x9(t) + x3(¢) for t € [0,¢7],
t
x0(t) = e4tk%xy + f eA"Buf (t — 1) dr,

o (142)
t

x3(t) = e (1 — k%)x, + f e Bul(t — 1).
0
The trajectory x*(t) and the control vector u*(t) regarding the processes of the system of

Problem P are shown in Figure 4. The parameters of the components uf(t) and ul(t) of u'(t)
(139) are presented in Table 1.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

d0i:10.20944/preprints202605.1661.v1


https://doi.org/10.20944/preprints202605.1661.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 May 2026

20 of 25

1 1
x1
— 05
05 S 0
05
o -1 .
~ 0 02 04 06 08 1 12 14 16 18
= L)
%
o5l ] 1 T
05
1 S o
05
4 ] | | I I I I I
15 | | | | | ] | |
0 02 04 o086 o8 p 2 124 18 18 0 02 04 06 08 1 12 14 16 18
t(s) t(s)
(a) (b)

Figure 4. The trajectory x*(t) of the system (87)—(89) of Problem P from its initial state X, (93) to the state-
space origin obtained with an accuracy of &. = 0.001 under the control vector u*(t) (139): (a) the process

regarding the state-space variables x; and x,; (b) the components u?(t) and u?(t) of the control vector
u*(t) (139) with parameters presented in Table 1.

Even though the only time-optimal solution of Problem P is found in the previous subsection
4.1, let us apply Theorem 1 regarding the control vector function (86), which is the obtained here
regarding the considered example control vector function (139), and consider it as a candidate for the
solution to the original time-optimal control Problem P with an initial state x, (93) according to
Lemma 1. We must check for consistency the linear system (78), (79), and (82). According to the data

of Table 1 the number of switchings of u{(t) is k; = 1, the number of switchings of u3(t) is k, =
1. The Equations (77) represent

B,Te=4"tuyy = 0. (143)
1 _t11 (lpIO) —
(1 0) (0 . ) o) =0. (144)
a -a(})=o0. (145)
P20
The Equations (79) represent
B,Te ATtzupy = 0. (146)
1 _t21 (IPIO) —
(1 0.1612) (0 X ) o) =0 (147)
1/’;0)
101612 6) (1) =0, 148
( 21) 1!’20 ( )
The Equation (82) represents
(uf (tf")BlTe_ATt; +us (tf*)BzTe_ATt}) Py =1. (149)
(A —tH+(1 01612 —t)) (¢1°) = 1. (150)
P20
@ 01612 - 2t}) (‘/’10) -1, (151)
P20
Thus, the linear system (78), (79), and (82), consisting here according to (83) of
ki+k,+1=1+1+1=3 (152)
equations, represents
1 —t Wi 0
1 01612 —t,, ( 10) = <0>. (153)
2 01612 —2t; Y20 1
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According to Table 1 t;; = 1.038333, t,; = 1.066667, and t; = 1.605. Thus, the coefficient
matrix and the augmented matrix of the above linear system are:

1 -1.0383
1 —-0.90547 |, (154)
2 —3.0488
1 —1.0383 |0
1 —0.90547|0 |- (155)
2 -—3.0488 I1
The ranks of the above matrices (154) and (155) differ
1 -1.0383 1 -1.0383 |0
rank|1 —0.90547 |=2 # rank{1 -0.90547(0 | =3, (156)
2 —3.0488 2 —3.0488 |1

and according to Kronecker-Capelli Theorem the considered linear system with unknowns 7, and
3¢ has no solution, i.e. is inconsistent. Thus, according to Theorem 1 the obtained by the proposed
method control vector function (139) can only be considered as a somewhat near time-optimal control
solution to the considered in this example Problem P.

3.3. A Comparison Between the Time-Optimal and the Obtained Near Time-Optimal Solution of Problem P

Let us first make a quality assessment of the obtained solutions of Problem P. The presented
time-optimal solution in Subsection 4.1 fully complies with the PMP. According to the formulation
of Problem P the two-input system satisfies the condition of normality being controllable on each
input. The allowable control set U is convex since it represents a square with side 1 in the plane
u;Uy. It is also symmetric where the origin 0 of the plane u,u, is an inner point and the center of U.
Since that, regarding the linear time-optimal control problem the PMP is a necessary and sufficient
condition of optimality. The minimum time is achieved through a bang-bang control regarding each
of the two components u; and u, of the control vector, i.e. the values of the control vector function
are taken only at the vertices of the square U. The sequence of the vertices of the square U that the
time-optimal control vector u*(t) (98)-(101) follows is

as shown in Figure 1b.

The obtained near time-optimal solution achieved also a trajectory with an end at the state-space
O of the plane x;x, butwith anaccuracy of &, = 0.001, obtained at the corresponding control vector
(139) with values taken also exclusively at the vertices of the square U. The sequence of the vertices
of the square U that the near time-optimal control vector u*(t) (139) follows is the same time-
optimal control sequence of the vertices of the square U (156) as shown in Table 1 and Figure 4b.

A quantitative comparison between the time-optimal and the obtained near time-optimal
process is presented in Table 2. It is noticed that the switching times of the true time-optimal process
regarding the optimal control functions u,(t) and u,(t) differ. Although this fact arises an initial
bewilderment, the PMP does not require satisfying identical switching times regarding the allowable
set of controls. The switching times are determined by the condition (110), which does not require
exclusively identical switching times for all control functions composing the control vector function
of the system. Even though the switching times of the obtained near time-optimal solution regarding
the controls u; and u,, compared to the corresponding time-optimal switching times of the controls
u; and u,, show light mismatches, the near time-optimal solution achieves a transition time only
slightly longer than the time-optimal transition time with a relative error of less than 0.5%.
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Table 2. A quantitative comparison between the true time-optimal and the near time-optimal solution of

Problem P obtained by the proposed method.

True time-optimal P d
Quantity fue time-optia ropose Absolute error Relative error
control method
(s) (s) %
(s) (s)
Final time 1.59625 1.605 +0.00875 0.54816
Switching time 0.9675 1.038333 +0.070833 7.3212
regarding u,
Switching time
1.1287 1.066667 —0.062033 5.496

regarding u,

The phase trajectories in the phase plane x;x, regarding the time-optimal and the obtained near
time-optimal solution are compared in Figure 5a. It can be noticed that the first and the last third part
of the time-optimal and near time-optimal trajectory practically coincide. The first branch of each one
of the two trajectories corresponds to the vertex (—1,—1) of the square U, the middle branch
corresponds to the vertex (+1,—1), and the last third branch corresponds to the vertex (+1,41) of
the square U. There is a small mismatch in the area where the switchings regarding the two controls
occur, which corresponds to the middle part of the phase trajectory. The length of the middle branch
of each of the two trajectories represents the time interval between the switching of u; and the
switching of u, regarding the near time-optimal and the true time-optimal process, respectively. The
duration of this branch is shorter at the near time-optimal process than the duration of the second
branch of the true time-optimal process

(1.066667 — 1.038333) < (1.1287 — 0.9675), (158)

while the duration of the first branch of the near time-optimal trajectory is longer than the true time-
optimal one - 1.038333 (s) against 0.9675 (s), which may result in a longer transition time of the
near time-optimal process. This is partly offset by an earlier jump to the third branch of the trajectory
by the near time-optimal control. Thus, the transition time under the near time-optimal control is
slightly longer than the time-optimal transition one. The relative error is only 0.55 %.
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__ the near time-optimal | |
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Figure 5. A comparison between the true time-optimal and the near time-optimal solution of Problem P
obtained by the proposed method: (a) the trajectory of the system in the plane X;x,; (b) Pontryagin’s function
H(x*(t), u*(t),Y*(t)) of the time-optimal process compared to H(x*(t),u*(t),P*(t)), where x*(t) and
u*(t) are the obtained trajectory and control vector function of the near time-optimal solution, while ¥*(t) is

the solution of the adjoined system (106)—(109) regarding the time-optimal process.

Figure 5b shows Pontryagin’s function
H(x* (8),u* (), 9" (1) for t € [0, ¢7], t7 = 1.59625 (s), (159)

of the time-optimal process, marked with blue, together with the function
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H(x (8), u (), " (1)) for ¢ € [0, 7], t7 = 1.605 (s), (160)

marked with red, where x*(t) and u*(t) are the obtained trajectory and control vector function of
the near time-optimal solution, while ¥*(t) is the solution of the adjoined system (106)—(109)
regarding the time-optimal process. From the point of view of the function H the replacement of
x*(t) and u*(t) with the near time-optimal trajectory and the near time-optimal control vector
function results in slightly less effectiveness, shown in the middle section of the process. After this
short middle part of the process the function H remains constant, slightly shifted from the optimal
one.
We can resume that:

e  The obtained by the proposed method near time-optimal control is a bang-bang control with the
same qualitative structure as the time-optimal one including the switching sequence of control
vector at the vertices of the allowable set - the square U;

e  The time-optimal trajectory in the phase plane x;x, as well as the near time-optimal trajectory
comprises three branches. The major parts of the first and the last third part of the time-optimal
and near time-optimal trajectory practically coincide. There is a small mismatch concerning the
middle part of the phase trajectory because of the small mismatch regarding the switching times
of the two control functions. Both the time-optimal and the near-time optimal trajectories
approach the state-space origin in practically the same way;

e  The transition time under the near time-optimal control is slightly longer than the time-optimal
transition one. The relative error is only 0.55 %.

This confirms the prediction of Theorem 1.

4. Discussion and Concluding Remarks

The experimental results convincingly show that the proposed method has potential. The
novelty here is that the method decomposes the initial two-input problem into two tied together
single-input problems. The first commitment is with the initial state of each one single-input problem,
so that the first one part of the segment with one end at the state-space origin and second end at the
initial state of two-input problem defines the initial state of the first single-input problem, while the
rest part of the segment defines the initial state of the second single-input problem, along with the
decomposition regarding the two controls. The second commitment is with the minimum times of
the solutions of both single-input problems. Here it is shown the existence of such point of the
considered segment so that both single-input problems achieve the same minimum time according
to the PMP regarding each one problem which is the point of Lemma 1 and allowance to consider the
recombination of both solutions of the single-input problems as a candidate for the time-optimal
solution of the initial two-input problem.

This technique could be extended to multi-input systems through dividing the above segment
in parts, whose number is equal to the number of system’s inputs, while the second commitment
remains the same — achievement of identical minimum times of the solutions of all single-input
problems. Satisfying the second commitment looks predictable, having in mind the considerations at
deducing Lemma 1.

The extension of Theorem 1 in the same manner looks also predictable and could provide an
easy criterion to check the optimality of the recombination of the solutions of the single-input
problems.

The decomposition of the initial two-input problem is provoked by the fact that the discovered
new geometric state-space properties of the single-input linear time-optimal problem [12,13]
following from the PMP provide a new time-optimal synthesis technique and obtaining the minimum
time solution for high order systems [13] (Section 4.2. Example 2, pp. 25-30), while eliminating the
need to construct switching hyper-surfaces. This advantage makes the idea of the decomposition of
the two-input problem into two single-input problems attractive. The proposed separation is not only
with respect to the controls, but also with respect to the initial state of the two-input problem dividing
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it into two initial states of each one single-input problem along the ray with beginning at the state-
space origin and passing through the initial state of the two-input problem, on the one hand, and on
the other hand, the existence of unique point at the ray that provides the same minimum times of
both single-input time-optimal problems.

The combination of these theoretically backed novelties allows solving the canonical double
integrator system with two independent inputs, as an example, and obtaining a near time-optimal
solution with the same qualitative structure as the time-optimal one including the switching sequence
of the control vector at the vertices of the allowable set - the square U, and minimum time slightly
longer than the optimal time with relative error of only 0.55 %.

Further research could concern, in addition to the attempt to extend the obtained theoretical
results to the general multi-input case, the decomposition technique regarding the separation of the
initial state of the two-input problem between the initial states of the two single-input problems. This
part could be further analyzed in order to configure a form of separation achieving a guaranteed true
optimal solution at the recombination of the single-input solutions.
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