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Abstract: Biological networks such as protein interaction networks, gene regulation networks and 1

metabolic pathways are examples of complex networks which are large graphs with small-world 2

and scale-free properties. Analysis of these networks has a profound effect on our understanding 3

the origins of life, health and disease states of organisms, and diagnose diseases to aid the search 4

for remedial processes. In this review, we describe main analysis methods of biological networks 5

using graph theory by first defining main parameters such as clustering coefficient, modularity and 6

centrality. We then survey fundamental graph clustering methods and algorithms followed by the 7

network motif search algorithms with the aim of finding repeating subgraphs in a biological network 8

graph. A frequently appearing subgraph usually conveys a basic function carried out by that small 9

network and discovering such a function provides an insight to the overall function of the organism. 10

Lastly, we review network alignment algorithms that achieve to find similarities between two or more 11

graphs representing biological networks. A conserved subgraph between the biological networks of 12

organisms may mean a common ancestor and finding such relationship may help researchers derive 13

ancestral relationships and predict the future evolution of organisms to enable designing new drugs. 14

We conclude by the current challenging areas of biological network analysis using graph theory and 15

parallel processing for high performance analysis. 16

Keywords: biological network; graph analysis; clustering; network motif; network alignment 17

1. Introduction 18

Graphs are commonly used to model networks of any kind; a node in a graph may 19

represent a protein in a protein interface network with interactions represented by edges, a 20

router in a computer network with edges showing the links between the routers, a person 21

in a social network with edges displaying friendships or a node may show a Web page 22

with edges assigned as hyperlinks between the pages. 23

Biological networks have genes, proteins, DNA, RNA and metaboltites as their nodes 24

and the edges show interactions such as biochemical reactions between the nodes in such 25

networks. At a coarser level, a brain functional network is modeled by a graph showing the 26

interactions between functional regions of he brain. The biological networks at moleculer 27

level are large, consisting of thousands of nodes and tens of thousands of edges between the 28

nodes, and are considered as a class of networks called complex networks. These networks 29

exhibit some interesting properties: they have few nodes with many connections to other 30

nodes where the rest of the nodes have very few connections. This so called scale-free 31

networks also have small diameters with a reatively small number of hops between two 32

farthest nodes and are called small-world networks for this reason . Contemporary areas of 33

research studies in biological networks may be classified as follows: 34

• Topological Analysis: This analysis is based on topological properties of the network 35

providing information to be used in further analysis decsribed in the next sections. 36

• Clustering: This is the process of discovering dense regions of a biological network 37

which may indicate important activity for the survival of the organism or sometimes 38

disease states. 39
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• Network Motifs: These are frequently repeating subgraph patterns in biological 40

networks which may indicate some specific function performed by them. 41

• Network Alignment: The alignment of two networks shows the similarity between 42

them which may be used to deduce hereditary relationships. This affinity may help 43

to discover comserved regions in organisms to aid understanding the evolutionary 44

process. 45

Analysis of biological networks is imperative for a number of reasons; firstly, it may provide 46

insight to the functioning of organisms to aid understanding life better. Finding cures for 47

diseases, designing drug therapies all need data obtained from these analyses. Graphs are 48

increasingly used for qualitative analysis of biological networks and many results from 49

graph theory and graph algorithms can be conveniently used to obtain imperative results 50

for the mainstream problems in medicine to help provide better and healthy life. In this 51

survey, we review the research studies by first reviewing the backgrounds of three distinct 52

areas of graph-theoretic analysis of biological networks outlined above; graph clustering, 53

network motif search and network alignment. 54

2. Biological Networks 55

Biological processes may be conveniently modeled by networks with nodes represent- 56

ing biological entities and the connections between the nodes showing the interactions 57

between the entities. Analysis of these networks provides insight to their structure which 58

may help develop therapeutic treatment procedures for complex diseaeses such as cancer 59

[66], schizophrenia [10,36] and Parkinson’s disease. Biological networks are basically of 60

two kinds: networks in the cell and networks outside the cell, the latter comprising diverse 61

examples of such networks. 62

Biological networks are dynamic, changing and evolving with time, which makes 63

their analysis difficult. These networks are very large preventing their precise analysis as a 64

whole network in general. Random sampling is commonly used to analyse samples obtained 65

from a large network and estimate its approximate structure and functionality based on 66

these samples [15]. 67

2.1. Networks In the Cell 68

The main networks in the cell can be classified as follows. 69

• Protein Networks: Proteins are the workhorses of the cell performing vital functions of 70

organisms. A protein is basically a sequence of amino acids contsructed by the code in 71

a gene which is part of the DNA. The 3-D structure of a protein plays an important 72

role in its function which various drug treatment methods use this property to disable 73

functioning of a disease causing virus such as the HIV. A protein interacts with various 74

other proteins through bio-chemical reactions forming a protein-protein-interaction 75

(PPI) network. Nodes with high degrees in a PPI network has fundamental functions 76

in the cell [23]. The PPI network of T. pallidum is depicted in Fig. 1 where proteins 77

involved in DNA metabolism are shown as enlarged red circles. 78
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Figure 1. The PPI network of T. pallidum taken from [63].

• Gene Regulation Networks:The main function of a gene in DNA is to provide the code 79

to be used through transcription and translation processes to produce a protein. This 80

process is called gene expression and the mechanism of a specific gene expression is 81

controlled and affected by proteins coded by other genes denoted regularity interactions. 82

For example, gene X regulates gene Y if a change in expression of gene X results in a 83

change in the expression of gene Y. A gene regulation network (GRN) is made of genes, 84

proteins and various other molecules which may be modeled by a directed graph with 85

nodes representing these entities and the edges showing their biochemical interactions 86

leading to regulations as shown in Fig. 2. Typically, a GRN is a sparse graph with 87

small world and power-law properties, which means there are only few nodes that 88

have very high out-degrees which regulate other gene expressions. Moreover, the 89

distance between any two nodes in a GRN network is small compared to the size of 90

the network as consistent with small-world properties. 91
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Figure 2. A simple GRN.

• Metabolic Pathways: The main ingredients of the cell such as sugars, amino acids 92

and lipids are produced by the basic chemical system called metabolism that work 93

on ingedients called metabolites. The biochemical reactions in the cell that result in 94

metabolisms can be modeled by directed or undirected graphs with nodes representing 95

metabolites and edges showing biochemical reactions which transform one metabolite 96

to another one [22,60,64]. An edge in such a graph may also represent an enzyme that 97

catalyzes a biochemical reaction. An undirected edge in the graph model denotes 98

a reversible reaction where a directed edge means an irreversible one. A metabolic 99

pathway is a sequence of biochemical reactions to perform a specific metabolic function. 100

An example of a metabolic function is glycolysis in which a glucose molecule is 101

divided into two sugars which generate adenosine triphosphates (ATPs) to produce 102

energy. Graphs representing metabolic pathways have the small-world and scale-free 103

properties. Study of metabolic pathways may provide insight into pathogens causing 104

infections in search of cures for diseases [26]. 105

2.2. Networks Outside the Cell 106

Biological networks outside the cell are of following types. 107

• Brain Networks: We can analyse brain networks at cell (neuron) level or at a coarser 108

functional level. A neuron in the brain fires when the sum of its input signal strengths 109

exceeds a thershold. A neural network made of neurons performs various cognitive 110

tasks such as problem solving, reasoning and image processing. The artificial neural 111

networks function similar to biological neural networks and have been used widely to 112

implement various tasks in deep learning which is a component of machine learning 113

to be used for artificial intelligence tasks. At a coarser level, we can investigate 114

the functions performed by the brain using brain structural networks (BSNs) or brain 115

functional networks (BFNs). A BSN basically reflects the structures of neural connections 116

whereas a BFN models the connnectedness of the functional regions of the brain. 117

Studies of BFNs have shown that these networks are also small-world and scale-free 118

networks like most of the biological networks [62]. 119

• Phylogenetic Networks: A phylogenetic tree shows evolutionary relationships among 120

organisms with leaves representing living organisms and the intermediate nodes their 121

common ancestors. A phylogenetic network is the general form of a phylogenetic tree 122

where a node may have more than one parent. 123

• The Food Chain: Living organisms rely on food for survival. The food chain directed 124

graph shows the relationships between the predators and preys where the direction of 125

an edge is from the predator to the prey. 126
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3. Large Graph Analysis 127

Large graphs representing biological networks can be analysed using their local 128

properties focusing on nodes and their neighbors or global properties which consider the 129

network as a whole. We will investigate some useful local properties of large graphs and 130

use them to arrive at global properties in this section. 131

3.1. Degree Distribution 132

The degree distribution of a graph displays the percentage of vertices with a given 133

degree which may give an insight to the structure of the graph. 134

Definition 1 (degree distribution). The degree distribution of a given degree k in a graph G is 135

the ratio of the number of vertices with degree k to the total number of vertices. 136

The degree distribution displays the probability of a randomly selected vertex to have 137

a degree k. Formally, 138

P(k) =
nk

n
(1)

where nk is the number of vertices with degree k. Degree distribution of a graph is 139

depicted in Fig. 3. 140

(a)

P(k)/n

0.14

0.28

1 2 3 54

Degrees

(b)

a

b c d

efg

Figure 3. Degree distribution of a sample graph (a) The graph. (b) Its degree distribution.

3.2. Density 141

The density of a graph provides general information about its structure, basically, it 142

shows how well it is connected. Note that a sparse graph with few connections between 143

its vertices may be represented by an adjacency list whereas a dense graph is commonly 144

represented by an adjacency matrix. There is no strict definition of a sparse or a dense 145

graph, however, a general assumption is that the number of edges in a sparse graph grows 146

as O(n) whereas a dense graph has edges in the order of O(n2). 147

Definition 2 (graph density). The density of a graph G shown by ρ(G) is the ratio of the number 148

of its edges to the maximum possible number of edges in G as follows. 149

ρ(G) =
2m

n(n − 1)
(2)

Note that ρ(G) is between 0 and 1. The density of the graph in Fig. 3 is 10/21=0.48. 150

The sum of degrees in an undirected graph G is 2m and thus, the average degree of G, 151

deg(G), is 2m/n. Eqn. 2 can now be modified as follows. 152

ρ(G) =
deg(G)

(n − 1)
(3)
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3.3. Clustering coefficient 153

The clustering coefficient of a vertex in a graph displays how well its neighbors are 154

connected. For example, a person with high clustering coefficient in a social network means 155

having closely related friends for that person. 156

Definition 3 (clustering coefficient). The clustering coefficient CC(v) of a node v is the ratio of 157

total number of edges between the neighbors of v to the maximum number of edges possible between 158

these neighbors. 159

If k denotes the number of neighbors of a node v in a graph G, then the maximum 160

possible number of edges connecting vertices in the neighbor set N(v) of v is k(k − 1)/2. 161

Thus, the clustering coefficient CC(v) of v can be expressed as below: 162

CC(v) =
2r

k(k − 1)
(4)

where r denotes the number of connections between the neighbor vertices of v. The 163

average clustering coefficient of a graph G, CC(G), is calculated as the mean value of all of 164

the clustering coefficients of nodes as below: 165

CC(G) =
1

n ∑
v∈V

cc(v) (5)

The clustering coefficients of the nodes a, ..., e of the graph of Fig. 3 are 1, 0.67, 0.5, 0, 1, 166

0.67, 0.5 respectively and the average clustering coefficient of this graph is 0.48. 167

3.4. Matching Index 168

The matching index of two nodes in a graph relates them by comparing their common 169

neighbors with all of their neighbors. This parameter basically shows the similarity of two 170

nodes in a graph, a high number of common neighbors means these nodes have similar 171

properties. As an example, two persons in a social network with many common friends 172

may have similar personalities. 173

Definition 4 (matching index). The matching index of two nodes u and v in a graph is the ratio 174

of the number of their common neighbors to the number of the union of all of their neighbors. 175

For example, nodes c and g in Fig. 3 have two common neighbors b and f and the 176

total number of their neighbors is 6. Thus, matching index of c and g is 0.33. In a biological 177

network, a high matching index of two nodes may mean similar functionality of these 178

nodes. 179

3.5. Centrality 180

Centrality is yet another measure to determine the importance of nodes or edges in 181

a complex network. This parameter is evaluated by calculating shortest paths over the 182

nodes. 183

3.5.1. Closeness Centrality 184

The closeness centrality CC(v) of a node v in a graph is calculated by summing distances 185

from v to all other nodes and then taking the reciprocal of this sum as shown below. 186

CC(v) =
1

∑v∈V d(u, v)
(6)

with d(u, v) showing the distance between vertices u and v. Distances in an un- 187

weighted graph may be found using the breadth-first-search algorithm and distences in a 188

weighted graph may be calculated using Dijkstra’s shortest path algorithm or Bellman-Ford 189

algorithm [15]. This parameter is used to determine how central a node in a graph is, since 190
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a node with a high closeness centrality means that node is close to all other nodes. The 191

closeness centrality for node a in the graph of Fig. 3 is 0.08 whereas node c has 0.14 for this 192

parameter which shows c is more central than a as can be visually detected. 193

3.5.2. Vertex Betweenness Centrality 194

Vertex betweenness centrality of a node v, BC(v), is used to determine the importance 195

of node v in a graph by claculating the number of shortest paths through node v and 196

dividing this number by the total number of shortest paths in the graph as shown below. 197

BC(v) = ∑
s 6=t 6=v

σst(v)

σst
(7)

where σst shows the number of shortest paths between all nodes s and t other than 198

node v, and σst(v) is the number of shortest paths through node v. 199

3.5.3. Edge Betweenness Centrality 200

Edge betweenness centrality is similar to vertex betweenness centrality but the shortest 201

paths through an edge is calculated instead of a vertex. This parameter may be used for 202

clustering in biological networks as we will see in the next sections. Edge betweeness BC(e) 203

of an edge e may be stated as below. 204

BC(e) = ∑
s 6=t 6=v

σst(e)

σst
(8)

4. Large Network Models 205

Analysis of the topological properties of biological networks reveal that these networks 206

have small diameters allowing reaching any node from any other node in only few hops. 207

Moreover, these networks have very few nodes with very high degrees called hubs where 208

the majority of nodes have low degrees. They can be classified as random networks, 209

small-world networks and scale-free networks based on these properties. 210

• Random networks: This type of networks, proposed by Erdos and Renyi, assumes 211

that an edge (u, v) between the vertices u and v is formed with the probability p = 212

2m/(n(n − 1)). The degree distribution in random networks is Binomial following 213

Poission distribution. A random network has a short average path length and has a 214

clustering coefficient inversely proprortional to the size of the network [15]. 215

• Small-world networks: This type of networks are characterized by low average path 216

lengths and short diameters. Biological networks such as PPI networks, GRNs and 217

metabolic pathways, and other complex networks such as social networks and the 218

Internet exhibit this property. The diameter of a small-world network is proportional 219

to log n where n is the number of nodes in the network. 220

• Scale-free networks: Most biological networks have few high-degree nodes with many 221

low-degree ones. The PPI network of T. pallidum in Fig. 1 exhibits small-world and 222

scale-free network properties as can be seen. These networks, along with various 223

other complex networks, obey power-law degree distribution shown by the following 224

equation, 225

P(k) ≈ k−γ, γ > 1 (9)

where γ is known as the power-law exponent. These networks are called scale-free 226

networks The PPI networks of E. coli, D. melanogaster, C. elegans and H. Pylori were 227

shown to be scale-free. Barabasi and Albert provided a method to form a scale-free 228

network with the following steps [4]: 229

1. Growth: A new node is added to the network at each discrete time t. 230
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2. Preferential Attachment: A new node u is attached to any node v in the network 231

with a probability proportional to the degree of v which means higher degree 232

nodes tend to have more neighbors at each attachment. 233

• Hierarchical Networks: Study of biological networks show that the clustering coefficients 234

of nodes are inversely proportional to their degrees. This unexpected result means 235

lower degree nodes in these networks have higher clustering coefficents than the hubs. 236

A hierarchical network model of a biological network captures all observed properties 237

such as small-world and scale-free with an additional property that is exhibited by 238

dense clusters of low-degree nodes connected by high-degree hubs. 239

5. Cluster Discovery in Biological Networks 240

Graph clustering aims at finding dense regions of a graph which have many connec- 241

tions among the nodes in that region. In the extreme case, this problem may be viewed as 242

finding cliques of a graph which is an NP-Hard problem. Finding clusters in biological 243

networks may provide insight into intense activities in these regions to understand health 244

and disease states of organisms. Quality of the discovered clusters may be evaluated using 245

its modularity Q of a detected cluster set C = {C1, C2, ..., Ck} which is defined using the 246

following formula [42,43]: 247

Q =
k

∑
i=1

(eii − a2
i ) (10)

where eii is the percentages of edges in Ci, and ai is the percentage of edges with at 248

least one edge in Ci. This parameter shows the sum of the differences of probabilities of 249

an edge being in Ci and a random edge that would exist in Ci with a maximum value of 250

unity. Graph clustering algorithms may be classified in four basic types as hierarchical, 251

density-based, flow-based, and spectral algorithms as depicted in Fig. 4. 252

Biological Network

Clustering

Density-basedFlow-basedHierarchical Spectral

MCLMST-based

Edge-based

Cliques

k-cores

Modularity-based

Figure 4. Classification of biological network clustering algorithms, adapted from [15].

5.1. Hierarchical Clustering 253

Hierarchical clustering algorithms build clusters iteratively, commonly starting by 254

initializing each vertex as a cluster and then merging close clusters to form new clusters 255

at each step. Alternatively, the whole graph may be considered as a cluster and then 256

separation of remotely related regions provide clusters [15]. 257

Minimum spanning tree (MST) based clustering assumes an MST T of a weighted 258

graph is constructed beforehand and the heaviest edge is removed from T at each step 259
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to form clusters. The basic idea of this algorithm is to assume that the nodes that are far 260

apart should be in different clusters. Removal of k − 1 heaviest edges are needed to form 261

k clusters. Instead of removing a single edge at each iteration, edges that have weights 262

larger than a threshold τ may be removed at each step resulting in a number of edges 263

deleted from the MST. Then, the quality Q of the clusters may be assesed and this process 264

continues until a target quality is achieved. Clustering through MST in parallel (CLUMP) 265

is an MST-based parallel clustering method designed to detect dense regions of biological 266

data [44] and parallel MST construction algorithms are reviewed in [41]. 267

The edge betweenness based clustering method takes a similar approach by calculating 268

edge betweenness values of all edges in the graph and then removing the high valued 269

edges to form clusters [19]. The basic idea in this algorithm is that the edges with high 270

betweenness values have a high probability of joining clusters as many shortest paths run 271

through them as a bridge in a graph. Yang and Lonardi provided a parallel implementation 272

of this algorithm and showed that a linear speedup is achieved up to 32 processors [71]. 273

5.2. Density-based Clustering 274

In the extreme case, a clique of a graph is a perfect cluster with every node connected 275

to every other node in this structure. Finding the maximum clique of a graph is a NP-Hard 276

problem, moreover, cliques in biological networks are rare due to the dynamicity of these 277

networks with frequent edge deletions. However, clique-like structures which have less 278

connections than cliques that still exhibit a dense region in a graph may be sought in 279

polynomial time. 280

Bron and Kerbosch provided a recursive backtracking algorithm [7] to find cliques of a 281

graph with a time complexity off O(3.14n). A scalable parallel implementation of Bron and 282

Kerbosch algorithm on a Cray XT supercomputer was reported in [59]. Mohseni-Zadeh 283

et al. provided an algorithm to cluster protein sequences using the extraction of maximal 284

cliques [39] and Jaber et al. proposed a parallel version of this algorithm using Message 285

Passing Interface [25]. 286

A k-core of a graph G is a subgraph G′ of G with each vertex in G′ having a minimum 287

degree of k. Thus, finding k-cores of a graph may provide dense regions which are clusters 288

of the graph. Batagelj and Zaversnik provided an algorithm that finds k-cores in O(m) time 289

in a connected graph [5]. The Molecular Complex Detection (MCODE) Algorithm based 290

on k-cores is used to detect protein complexes in large PPI networks [3] and a distributed 291

k-core algorithm for large networks is proposed in [40]. 292

Girvan and Newman proposed a modularity based algorithm that works iteratively 293

by considering each node of the graph as a cluster initially and then joining two clusters 294

that will increase the modularity parameter Q best. The algorithm stops when any merge 295

operation decreases the Q parameter [43]. A modularity-based distributed clustering 296

algorithm was proposed by Gehweiler et al. [18] and Reidy et al. provided a scalable 297

parallel modularity-based clustering algorithm for social networks [53]. 298

5.3. Flow-based Clustering 299

Flow-based clustering algorithms make use of the water distribution network model 300

in which the pumped water will be collected at storage points with many pipe connections. 301

The nodes of the graph correspond to storage places and the edges represent the pipes 302

in this model. Markov Clustering Algorithm takes this approach by considering random 303

walks from a node u and assuming such a walk will end in the same cluster as the node u 304

[13]. This algorithm is successfully used to find clusters in biological networks [6,65] and 305

parallel versions of Markov Clustering Algorithm are presented in [8,9] 306

5.4. Spectral Clustering 307

Spectral clustering algorithms use the algebraic properties of a graph to detect dense 308

regions in the graph. The Laplacian matrix of a graph is defined as L = D − A where D is a 309

diagonal matrix with each diagonal element di denoting the degree of vertex i and A is its 310
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adjacency matrix. In normalized form, L = I. The eigenvalues of L are real since L is real 311

and symmetric. The second eigenvalue called the Fiedler value and its eigenvector called 312

the Fiedler vector F [17] can be used to form clusters of the graph G as follows. Spectral 313

bisection algorithms work by testing each entry F[i] and if it is larger than a constant value, 314

commonly 0, it is placed in one cluster; otherwise in the other cluster. This algorithm may 315

be invoked recursively to find any required number of clusters. A parallel version of the 316

spectral clustering algorithm was proposed by Chen et al. [11]. 317

6. Network Motifs 318

A network motif is a frqeuently repeating subgraph in a graph which represents a bio- 319

logical network. A motif with high occurences may indicate a basic function that is carried 320

out by that motif in the network which may lead to determining the function performed. 321

Moreover, discovering similar motifs in two or more organisms may provide insight to 322

their genetic affinity and thus to the evolutionary process. Unfortunately, detection of a 323

subgraph with a given number of nodes in a graph is an NP-Hard problem which means 324

heuristic solutions are the only possible choices in most cases. 325

Some commonly found motifs in biological networks are depicted in Fig. 5. The motifs 326

in (a) and (b) of this figure are frequent in transcriptional regulatory networks and neuronal 327

connectivity networks [15]. The feed-forward-loop ensures that the signal sent fron node a 328

is delivered to node c and node c discards the second arrival of signal from node a which 329

shows that there is some level of fault tolerance in these network structures. 330

(a) (b) (c)

a

b c

a b

c d

a b c d

e f g h

Figure 5. Commonly found biological network motifs a) Feed-Forward-Loop, b) Bifan c) Multi-input

motifs.

6.1. Motif Discovery 331

There exists two basic methods of motif search in a biological network; all subgraph 332

of given order k are searched in network-centric motif search, alternatively, a distinct motif 333

mk may be searched in G in the motif-centric method. The following steps are commonly 334

performed to discover a motif mk of order k in a graph G representing a biological network. 335

1. Detection of mk in G may be performed by exact counting that involves enumeration 336

of all subgraphs of order k. This method evidently has a high time complexity, 337

alternatively, sampling based methods which work in a representative sample of the 338

graph may provide approximate solutions. 339

2. Isomorphic classes of the discovered motifs should be determined since various motifs 340

may be isomorphic to each other. 341

3. Statistical significance of the discovered motifs in G should be determined. Commonly, 342

a similar structured set H of random graphs are generated and motifs are searched 343

in these graphs. If motifs found in G are statistically higher in number than the ones 344

found in the graphs of set H, we can conclude that they do represent some biological 345

function in the network represented by G. 346

6.2. Background 347

Finding motifs in a graph is closely related to the graph isomorphism problem. Two 348

graphs G = (V, E) and H = (V′, E′) are isomorphic if there is a one-to-one and onto 349

function f : V → V′ such that (u, v) ∈ E ↔ ( f (u), f (v)) ∈ E′). The number of motifs 350

found in a graph is called its frequency which can be evaluated in three different ways 351

denoted by F1, F2 and F3. F1 is computed by discovering all motifs of a given size with 352
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overlapping nodes and edges whereas F2 shows edge disjoint motifs with node overlaps 353

only and the frequency F3 shows the number of edge and vertex disjoint motifs. 354

The goodness of a motif search algorithm is commonly decided by generating a set 355

R = R1, ..., Rn of n random graphs, applying the algorithm on these graphs and comparing 356

the results by statistical evaluation. Three statistical methods to evaluate a motif discovery 357

algorithm are as follows. 358

• P-value: This parameter is calculated by finding the number of elements of the ran- 359

domly generated set R = R1, ..., Rn that have more frequency of motif m than in the 360

target graph G. A motif m is considered a significant motif if P-value of m, P(m) given 361

below, is less than 0.01. 362

P(m) =
1

n

n

∑
i=1

σRi
(m) (11)

where σRi
(m) is 1 if the occurrence of motif m in the random network Ri ∈ R is higher 363

and 0 if lower than found in the target graph G. 364

• Z-score: The Z-score of a motif m, Z(m), in a graph G is evaluated by the following 365

formula: 366

Z(m) =
Fm − Fr
√

σ2
r

(12)

where Fm is the number of discovered motifs m in G, and Fr and σ2
r are the mean and 367

variance frequencies of m in a set of random networks. A motif m is significant if 368

Z(m) > 2.0 [27]. 369

• Motif significance profile: The motif significance profile vector SP is structured with 370

elements as Z-scores of motifs m1, m2, ..., mk and normalized to unity as below. Various 371

graphs may then be compared for any common motifs contained in them. 372

SP(mi) =
Z(mi)

∑
n
i=1 Z(mi)2

(13)

6.3. Review of Motif Searching Algorithms 373

There is a significant research on motif searching algorithms which can be viewed 374

as network centric and motif centric as shown in Fig. 6. Exact census refers to exact 375

numbering of motifs whereas sampling methods work by selecting a representive sample 376

of the network under consideration and then projecting the computed results to the whole 377

network. 378

6.3.1. Network Centric Search Algorithms 379

M f inder proposed by Milo et al. [27,37] uses F1 frequency concept and can be applied 380

to both directed and undirected graphs. It starts with an edge (u, v) in the target graph 381

G and enumerates all subgraphs of order k that contain (u, v). Due to its high memory 382

space requirement and high run-time, it can be used only up to motif size of five. The 383

sampled version of M f inder called Edge Sampling Algorithm (ESA) selects an edge (u, v) 384

and its adjacent edges randomly to form a motif of size k [28]. 385

Enumerate Subgraph (ESU) Algorithm [68,69] is an efficient motif search algorithm 386

implemented using both exat census and sampling-based approaches. The randomized 387

version of this algorithm (RAND-ESU) was compared with M f inder algorithm in finding 388

motifs of transcriptional network of E. Coli [57], transcriptional network of S. Cereviciae [38], 389

neuronal network of Caenorhabditis Elegans [28] and food web of the YTHAN estuary [70]. 390

The authors concluded that RAND-ESU has a much better performance than sampling- 391

based M f inder for graphs with sizes larger than five. Kavosh which consists of steps 392

enumeration, classification, random graph generation, and motif identification is a network 393

motif discovery tool designed for directed and undirected graphs [29]. 394
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Figure 6. Network motif search algorithms, adapted from [15].

6.3.2. Motif Centric Search Algorithms 395

These algorithms may input a single motif structure or simply the size k of a motif 396

to search. They are commonly used in cases when k or the structure of a motif is known 397

before the search. Grachow-Kellis algorithm uses a symmetry breaking method to prevent 398

subgraph isomorphism tests which results in better performance when compared to other 399

algorithms [20]. This algorithm was implemented in a PPI network [21] and a transcription 400

network of S. cerevisiae [12], and was compared with other methods of motif discovery. 401

It was shown that Grachow-Kellis algorithm provides an exponential time improvement 402

compared to Mfinder when subgraphs up to size 7 are considered. MODA is a motif search 403

algorithm that uses the expansion tree approach to employ pereviously searched queries 404

[45]. The sampling version of MODA provides faster motif searches by sampling nodes 405

with probabilities related to their degrees [45]. 406

6.3.3. Parallel Motif Search Algorithms 407

As motif search problem is time consuming in general, various studies aim to paral- 408

lelize this process. The three steps of motif finding are subgraph enumeration, detecting 409

subgraph isomorphisms and evaluating statistical significance as outlined and there is 410

potential at each step for parallel processing. The graph under consideration may be parti- 411

tioned and the first two steps may be carried in these partitions considering border vertices 412

carefully. The third step can be conveniently performed in parallel by assigning elements 413

of the randomly generated graph set R to the processors. 414

Parallel exact motif discover is performed by searching the motifs in the neighborhoods 415

of nodes in parallel in [67] and a distributed version of Grochow–Kellis algorithm by query 416

parallelization and network partitioning is presented in [58]. A parallel version of a motif 417

centric algorithm that attempts to find a set of input motifs instead of a single one was 418

proposed in [50] and a parallelized version of the ESU algorithm was presented in [51]. An 419

extended and generalized parallel motif search based on ESU algorithm is presented in 420

[52]. Recently, Ruzgar et al. provided an efficient parallelization of the ESU algorithm [54]. 421

A more recent review of network motif search algorithms can be found in [46]. 422
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7. Network Alignment 423

Network alignment aims at finding similarities between two or more biological net- 424

works which helps to deduce phylogenetic relationships between them to predict future 425

organism structures and also to investigate evolutionary process. Moreover, finding con- 426

served regions in two or more organisms may indicate shared functional modules within 427

them. Global alignment methods compare two or more networks as a whole whereas 428

local alignment procedures attempt to find similar subgraphs in the graphs representing 429

the networks. Pairwise alignment is between two networks and multiple alignment is 430

performed over a set of networks. Comparing biological networks of diverse organisms 431

using global alignment is not usuallly preferred, the local alignment is the reasonable choice 432

in these cases. 433

7.1. Background 434

Subgraph isomorphism is the process of searching for a smaller graph in a larger graph 435

with the maximal size that is isomorphic to the smaller graph. Network alignment is the 436

more general form of subgraph isomorphism in which we search for a set of subgraphs in 437

the larger graph, thus, this process is NP-Hard as the subgraph isomorphism problem which 438

means approximation algorithms or more frequently, heuristic algorithms are commonly 439

used for this purpose. 440

A matching of a graph G = (V, E) is defined as a subset of its disjoint edges, in other 441

words, these edges do not share any endpoints. A maximal matching of an unweighted graph 442

G can not be embedded in any other matching of the graph and a maximum matching 443

(MaxM) of an unweighted graph G has the maximum size among all matchings of G. 444

When a graph G is weighted, MM and MAxM of G is its matchings with the maximal and 445

maximum weights of G respectively. We can use maximal weighted matching of a complete 446

bipartite graph for network alignment with the following reasoning. Let a bipartite graph 447

G = (V1 ∪ V2, E) represent two networks with V1 as the nodes of the first network N1 and 448

V2 as the nodes of the second network N2. Let us further assign weights proportional to the 449

similarities of nodes to the edges between V1 and V2. Then, a maximal weighted matching 450

in G will exhibit how similar these two networks N1 and N2 are. The main steps in a global 451

network alignment algorithm based on this approach may be stated as follows. 452

1. Form the similarity matrix R with entry rij showing the similarity score of the nodes 453

i ∈ V1 and j ∈ V2 in input networks N1 and N2 respectively. 454

2. Implement a weighted matching algorithm to asses the similarity of the networks N1 455

and N2. 456

7.2. Alignment Quality 457

Topological similarity of two networks displays the similarity of the structures they 458

exhibit whereas node similarity is a measure of the affinity of the node structures, for 459

example, the amino acid sequence in a protein node of a PPI network. Edge correctness 460

(EC) parameter shown below is one measure of similarity between two graphs G1 = (V1, E1) 461

to G2 = (V2, E2). [61]. 462

EC(G1, G2, f ) =
| f (E1) ∩ E2|

|E1|
(14)

with f as an edge mapping function from graph G1 to G2. This parameter evaluates 463

the correctness of the alignment by testing the percentage of the correctly aligned edges. 464

The induced conserved structure (ICS) based on EC attempts to map the sparse regions 465

or the dense regions of the two graphs [47]. The size of the largest connected component 466

(LCC) shared by the input graphs is another parameter to estimate the similarity of two 467

graphs with a larger LCC exhibiting a greater similarity. As with the network motif search 468

algorithms, a random set of graphs may be generated and the quality of the alignment of 469

two input graphs may be compared with these random networks statistically [49]. We can 470

now classify network alignment algorithms as pairwise or multiple; local or global; and 471
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using node and/or topological similarity. Frequently, node and topological similarity are 472

both used with assigned weights to each method. In PPI networks, node similarity may 473

be evaluated using biol []ogical sequence alignment tools such as Basic Local Alignment 474

Search Tool BLAST [2]. 475

7.3. Review of Network Alignment Algorithms 476

The PathBLAST tool provides network alignment for PPI networks to discover protein 477

pathways and complexes [30]. The IsoRank algorithm based on the PageRank algorithm 478

finds global network alignment between two PPI networks using both node similarity 479

and local connectivity structure [61]. Maximum-weight-induced subgraph (MaWIsh) is a 480

pairwise local alignment algorithm for PPI networks [32]. Natalie [14] is a tool for pairwise 481

global network alignment and uses the Lagrangian relaxation method proposed by Klau 482

[31]. A global alignment algorithm Graph Aligner (GRAAL) uses topological data to 483

discover similarity of networks [33]. Scalable Protein Interaction Network Alignment 484

(SPINAL) is a two-phase global alignemnt algorithm with coarse-grained alignment in the 485

first phase and a fine-grained alignment in the second [1]. 486

The two main steps of network alignment are the formation of the similarity matrix R 487

and then the maximal weighted matching step. A simple algorithm for this task picks the 488

heaviest edge incident at a randomly selected node and deletes the node and all adjacent 489

edges at each step until no more edges left [48] with a time complexity of O(m) and an 490

approximation ratio of 0.5. A distributed version of this algorithm [24] and then its parallel 491

version was proposed in [34]. A parallel maximal weighted matching algorithm based on 492

auctions was proposed in [56] and a recent study finds weighted matching of a bipartite 493

graph by partitioning the adjacency matrix of the graph to processors with significant 494

speedups [55] and a survey of network alignment methods is provided in [35] 495

8. Discussion 496

Graph theory is a rich and dynamic branch of mathematics studied extensively by 497

researchers with numerous results, both theoretically and with discovered algorithms 498

applied to many diverse applications. Biological networks can be represented by graphs 499

and analysis of these networks can be performed conveniently using the results of graph 500

theory. In this survey, we outlined basic large graph analysis methods, classified large 501

biological networks and turned our attention to three main problems in the analysis of 502

biological networks which are clustering, network motif search and network alignment. 503

All of these problems are NP-Hard defying solutions in polynomial time which means 504

approximation algorithms or suitable heuristics are the only solutions in most cases. 505

Graph clustering aims at finding closely related regions of graphs representing biologi- 506

cal networks and these zones may indicate high activities and disease states of an organisms. 507

Data and graph clustering remains one of the most studied topics in Computer Science 508

and various other disciplines such as Statistics. We reviewed basic methods of clustering 509

as hierarchical, dense and spectral clustering. Network motif search identifies repeating 510

subgraphs in a graph of a biological network to investigate the functions performed by 511

these subgraphs. We reviewed basic approaches and algorithms that aim efficient motif 512

search globally or locally. Network alignment addressed by various researchers is another 513

basic problem in biological networks targeting to find similarities between networks to 514

detect basic functions peformed by them and to deduce ancestral relationships. 515

Although there are various algorithms and methods for these three distinct problems, 516

efficient implementations are required due to the large size of biological networks. A basic 517

approach for effective algorithms for this purpose is to parallelize the steps of the sequen- 518

tial algorithms. In network motif search, we described ways of parallel implementation 519

steps, namely, detection of a motif, finding its isomorphic class and evaluating statistical 520

significance of the results. The two main steps of network alignment which are forming 521

the similarity matrix and applying maximal weighted matching in this matrix can also be 522

performed in parallel. Algebraic graph analysis is the method of analyzing algebraic prop- 523
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erties of graph matrices and deducing graph structure using these results. This approach 524

is relatively more recent than classical graph analysis, and may be conveniently used in 525

various applications since parallel matix operations are already available. Basic algebraic 526

graph algorithms using Python are reviewed in [16]. 527
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