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Abstract: In this paper we propose a nonparametric estimator of the spot volatility matrix with high-
frequency data. The newly proposed Positive Definite Fourier (PDF) estimator is proved to produce
symmetric positive semi-definite estimates and to be consistent with a suitable choice of the localizing
kernel. The PDF estimator relies on a modification of the Fourier estimation method introduced by
[22]. The estimator relies on two parameters: the frequency N, which is responsible for controlling
both the biases due to the asynchronicity effect and the market microstructure noise effect, and the
localization parameter M of the employed Gaussian kernel. The sensitivity of the estimator to the
choice of the two parameters is studied in a simulated environment. The accuracy and the ability of
the estimator to produce positive semi-definite covariance matrices is evaluated with an extensive
numerical study, in comparison with the competing estimators present in the literature. The results
of the simulation study are confirmed under many scenarios, that consider the dimensionality of the
problem, the asynchronicity of data and the presence of several specifications of market microstructure
noise.

Keywords: nonparametric covariance estimator; risk management; factor analysis; fourier analysis

1. Introduction

Empirical studies have pointed out the importance of considering distinct time variations in
correlations between asset prices. Then, in the last years, several studies have addressed the issue of
efficiently estimating covariances using high frequency data asynchronously sampled across different
assets. While the literature is becoming rich as it concerns the estimation of integrated covariances,
it is still sparse for the spot covariances estimation. An early proposal to cope with spot covariances
estimation with asynchronous high frequency data, has been given in Malliavin and Mancino [22].
In contrast with the other estimators which rely on a pre-processing of data in order to make them
synchronous, such as linear interpolation, piecewise constant (previous-tick) interpolation or the
refresh-time procedure proposed by Barndorff-Nielsen et al. [5], the Fourier estimator uses all the
available data, being based on an integration procedure. The possibility of using all data, avoiding any
preliminary manipulation of them (such as pre-averaging, see, e.g., Ait-Sahalia and Jacod [1]), translates
into the direct use of unevenly sampled returns and even asynchronous data in the multivariate case.

A substantial property for an estimator of integrated or spot covariances relies in the positive semi-
definiteness of the estimated covariance matrix. This property has important consequences in several
contexts, such as the recently developed field of principal component analysis with high-frequency
data (Liu and Ngo [21], Ait-Sahalia and Xiu [2], Chen et al. [8]) or the asset allocation framework (see,
e.g., Engle and Colacito [12]). While this point has been addressed by some authors for the integrated
covariances estimators (see, e.g., Barndorff-Nielsen et al. [5], Mancino and Sanfelici [28] Park et al. [30],
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Cui et al. [10]), at the best of our knowledge the estimator of spot covariances proposed in the present
paper is the first to guarantee positive semi-definiteness of the estimation itself, a problem that so far
has not been addressed in the literature. For example, when dealing with spot volatility, Chen et al. [8]
integrate the estimations before computing the eigenvalues of the covariance matrix, while in Bu et al.
[7] positive semi-definiteness is imposed applying suitable shrinkage techniques to the estimation,
thus introducing a manipulation of the estimated matrix.

The aim of this work is to propose a novel spot covariance estimator, prove its positivity and
consistency, and analyze its finite-sample properties in a simulated environment. Our starting point
is the spot Fourier estimator by Malliavin and Mancino [23]. This estimator, however, due to lack of
symmetry in the Fejér kernel, may fail to provide positive semi-definite estimations when the asset
prices are observed on asynchronous grids. To guarantee that the estimations are symmetric and
positive semi-definite, in this paper, we introduce a modified version of the Fourier estimator, which
we call the PDF estimator. In Theorem 1 we prove that it indeed fulfills the desired property, while
Theorem 2 gives bounds for the asymptotic error, providing conditions on the rates of N and M with
respect to the sampling frequency to ensure the consistency of the estimator.

The proposed estimator relies on two parameters: the cutting frequency N, and the localizing
frequency M. The question of how to optimally choose them in order to minimize the error is assessed,
according to the asymptotic conditions in Theorem 2, via a simulation study. By setting N = cnp, * and
M = cppn P, where pn is the mesh of the given sampling, and «, § are suggested by Theorem 2, a grid
of possible values of the constants cy and ¢y, is tested against several different model specifications for
both the efficient price process and the additive microstructure component. We find that, concerning
the parameter cjs, which controls the localization Gaussian kernel, it exhibits a more stable optimal
value in the scenarios considered, with only a small downward correction needed in the presence of
noise. A similar behavior was also observed for the original Fourier estimator in [25]. Moreover, for
the four models of the efficient price, the difference between close values of ¢y and ¢y, is relatively
small, meaning that making a slightly sub-optimal choice does not induce a significant increase in the
€1Tor.

Moreover, to evaluate the finite-sample performance of the proposed PDF estimator, we compare
its accuracy and the percentage of positive semi-definite estimates that it is able to produce with the
ones obtained employing the smoothed two-scale estimator by Mykland et al. [29] and the local method
of moments estimator by Bibinger et al. [6], which are both able to manage asynchronous observations.
Developing this comparison we focus on the main problems that may affect the estimation of variance-
covariance matrices using high frequency data. First of all, we address the problem of dimensionality,
evaluating the produced estimations when the number of assets increase; secondly, we focus on
the level of asynchronicity, considering different intensities of the Poisson processes that drives the
observation frequency; lastly, we analyze the presence of market microstructure noise, considering
noise coming from rounding, i.i.d. noise, auto-correlated noise, noise correlated with the efficient price
process and heteroskedastic noise. It is shown that, in this exercise, the PDF estimator is the only one
to consistently produce positive semi-definite estimations in 100% of the cases, as guaranteed by the
theory, while maintaining a hedge with respect to the competitors in terms of mean square error.

The robustness of all the simulation results are confirmed changing the simulation model behind
the analysis; in particular, we consider: an Heston Stochastic Volatility model (Heston [17]), a One
Factor Volatility model and a Two Factor Volatility model (Chernov et al. [9]), and a Rough Heston
model (El Euch and Rosenbaum [11]), getting in each case comparable results.

The remainder of this work is organized as follows. In Section 2 the positive semi-definite (PDF)
Fourier estimator of spot covariance is introduced, and its positivity is proved. Section 3 study the
asymptotic error of the PDF estimator with Gaussian kernel, proving its consistency and providing
the rate of convergence both for irregular than regular sampling schemes. Section 4 contains the
simulation study including a sensitivity analysis on the parameters of the proposed estimator in terms
of integrated mean square error of the estimation, and a comparison between the proposed estimator
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and alternative estimators present in the literature, in which accuracy and ability to produce positive
semi-definite matrices are considered. Section 5 concludes.

2. The Positive Semi-Definite Spot Covariance Estimator

Assume that the asset price is described by a d-dimensional It6 semimartingale X = (X1, ..., X4)

X]—x0+/b] ds—i—Z/ (s)dWE, jk=1,..,d

with W = (W!,..,W%) a d-dimensional Brownian motion on the filtered probability space
(Q, (Ft)tejo,1), P) and b; and ojy are adapted continuous processes. The d x d instantaneous (spot)
covariance matrix V(¢) has entries

V]’] 2 ’k t , for j,j/ =1,.,d and t¢€ [0, T]

For simplicity of notation we assume T = 1, without loss of generality.
We assume that the prices are observed on discrete, irregular and asynchronous time grids

O=th<t< <t =1 for j=1,.,d.

Let On; = max0<h<n 1 |th 1 —t yland oy = max;_1,_qQn;- In the following, A (X{ ) denotes the discrete

return X] 171 forj=1,..,dand! =1,.., nj.
In thls setting, we propose the following estimator of spot covariance The estimator was intro-
duced in the earlier version of the present paper Akahori et al. [3].

Definition 1. Let K be a finite subset of Z, S := {S(k) Cpinite Z*: k € K, (s,5') € S(k) = s+ =k},
and c be a complex function on KC; we define the estimator for V; s (t) as:

V]r] Z Z Z Zm'kt 2 872nist;627tis’t{:A(X{)A(X{,’)‘ (1)

1I'=1kek (ss")eS

Remark 1. If we take K = {0,+1,+2, ..., £ M} for some positive integer M and S(k) = {(s,s')|s +s" =
k,s =0,+1,%2,..., =N} for some positive integer N, and

_ kY 1
(k) = ( M+1)2N+1

we obtain:

. M / il
V’]C,{S(t) _ ZM<1_NII:—|1> 27'[1kt Z Z Ze 27'czst 27rzk s)t7 A(X])A(X{,)- (2)

—NI=1I'=

The estimator (2) can be expressed, using the Dirichlet and the Fejér kernels Dy (x) = Z,Ig]:_ N €7 and
Fu(x) =XM1 (1 — %)ehikx, as follows

Vi s(t) = Z Z Fu(t — ) Dn (8 — £) AXDA(X)). &)
’ ZN +15,=
Therefore, with a suitable choice of function c(-), the estimator (1) coincides with the Fourier spot covariance
estimator introduced by Malliavin and Mancino [23]. The asymptotic properties have been studied in Malliavin
and Mancino [23] (in the absence of noise) and in Mancino et al. [25] (in the presence of noise). However, while
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the positivity of the Fourier estimator of the integrated covariance matrix is proved in Mancino and Sanfelici

[28], the spot covariance estimator may fail in producing symmetric positive semi-definite estimations, being
/

Fy(t— t])DN(t] tl,) not symmetrlc in j,j', leading to complex eigenvalues in Vic s (t). In addition, simple

symmetrizations such as (Vid" 4 Vi1 /2 are still not positive-definite, possibly with negative eigenvalues.

The main theoretical result of this work concerns the positive semi-definiteness of the proposed
estimator and is stated in the following theorem.

Theorem 1. Let N and M be positive integers. Suppose that IC = {0, +1, £2, ..., £2N}, cp(k) is a positive
semi-definite function on K and

{(-N+k+v,N-v):0=0,.,2N—k} 0<k<2N

S(k) =
®) {(N+k—v,—-N+v):0=0,..,2N +k} —2N <k <0.

Then, Vi s (t) defined in (1) is symmetric and positive semi-definite.

The proof of Theorem 1 is reported in the Appendix A.
Moreover, it emerges that VIC,S (t) can be rewritten as:

i
Vm(t)

] jl N N 27'(1u(t t ) 727tiu’(t7tj;) ] j/
P IP NP P IR YAGDAXY), @
I=1I"=1u=—Nu'=—N

for two asset j and j/ and t € [0,1], where cj(k) is still a positive semi-definite function Here the

notation VI]\,] ;\/I(t) highlights the dependence on the two parameters N, M.. We call the class of the
estimators parameterized by the positive semi-definite function cy; the positive semi-definite Fourier
(PDF) estimator.

By Bochner’s theorem, we know that, for each positive semi-definite function cyy, there exists a
bounded measure i) on R such that

cpm(x) :/RezmyxyM(dy).

Therefore, we may also rewrite the PDF estimator (4) using the measure i instead of the positive
semi-definite function cp;(k), and obtain

~ i 1 i 0
im® = 51 L ZIZ [ Dl = £+ 9Dt = ] + ) aa(ay) A(XDA(K]). 5)
Thus, we can also say that the PDF estimators are parameterized by a measure ;.
In the next Section, we prove the consistency of the estimator (4) (equivalently, (5)).

3. Asymptotic Properties of the PDF Estimator with Gaussian Kernel

In this section, we consider the case where y) is the Gaussian kernel, or more precisely,

2
pm(dy) = %E’MTydy,

which is equivalent to

em(x) =e M.

While the parameter N controls the microstructure noise effect, as it will appear in the intensive
simulation study carried on in the next Section, the parameter M controls the localizing kernel and the
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estimation error. As we will see, it is needed N, M — oo as p, — 0 with appropriate rates. We will call
the estimator Gaussian PDF estimator, or GPDF for short. N

In this section, we give an estimate of the error vid — VI]\/ ;VI of the GPDF estimator under the
following assumptions.

For simplicity, we consider d = 2. Moreover, it is not restrictive to assume that the drift b = 0 for
the efficient price process The fact that the drift does not contribute to the asymptotics can be proved
analogously as in Malliavin and Mancino [23].

Further, assume that:

(A) the volatility processes vid, j,j = 1,2 satisfy

|Vlleo == max(E[ sup | [VI (£)])!/? < oo
i teo.27r]

and 0/ := (0’{, (Té), j = 1,2 are all twice Malliavin differentiable and

Cy :=maxE[ sup |0/ (0)Vo(o/ () VsVI(u))]] < oo,
s ,u,0€(0,271]

where V denotes the Malliavin derivative. Further, we assume that Vf"]',, j,j = 1,2 are x-Holder
continuous for some x € (0,1) in the sense that

Y IK[¥E[[(FVIT) (k)] =: Ci < o, (6)
keZ

where (FVi4')(k) is the k-th Fourier coefficient of V//', i.e.,
.7-—V” / V]] me'kst‘

Theorem 2. (i) Under the assumption (A), for any j,j' = 1,2 the L?-error between Vid" and the estimator

1 . Y M
i 8y _ vl 2 2
| [ V(0= 0800 dt]<n||vnoopn e

+ (4Cy +2|[VIE) (433N + N+ 1))y /o @)

27
+2CK<(2 )2 (2]\72 ))

(ii) In the case of synchronous and regular sampling, when t;c =k/nfork=0,1,---,n,j=1,2¢eq (7)is

improved as
1 . il
B[ [0 - W0 rar] < eviedy 22 ( o +1)
0 M 47
2 - /M
+(4Cy +2|[VIR) N + 1)/ ®)

+2CK<(2N)‘2"+ <2A722)K>

Aidl .
VN, M s estimated as
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(iii) Consequently, for the general sampling scheme, ifHere a, < b, means both limsup, . a,/b, and
limsup, . bu/ay are finite. N < p,/* and M < p,, P, the consistency is attained if

4 B 1
0<ﬁ<§, §<1x<—1ﬁ+1 )

and
1, i 1/2 in(1_n_B a_B xB
B| [ Vil () - 0] ot AR,
Further, the best rate is given as

L)_ 2K
"277 6k+3

)

N &
LR

max min(1l—wa —
0<p<t b<a<—1pt1

7

where the maximum is attained when « = 2/3 and p = 4/ (6x + 3).
(iv) In the case of synchronous and regular sampling, when t{( =k/nfork =0,1,---,n,j =1,2, the
consistency is attained if

N[

4

and

it o g ~min(§-£1-35,%)
E[/O (VI (8) = V() dt} = O (nmint-G1-36D)),

The best rate is given as

KB 2K

. 3
max  min( 1—1/3,7): PTY

a>b0<p<t

a_ B
2 4’

where the maximum is attained when p = 4/ (2x + 3) and « > g

A proof of Theorem 2 will be given in Appendix B.

Remark 2. In Theorem 2, when x = 1/2, the best rate under the general sampling scheme is 1/6 and under
synchronous and equally spaced sampling, it is 1/4.

4. Simulation Study
4.1. Simulation Settings

In this section we present an extensive numerical simulated study. The aim of this study is
twofold: first in Section 4.2 we analyze the sensitivity of the estimator to the choice of parameters
N and M and, with an unfeasible optimization, we find their optimal choices in different scenarios,
having as a guide the theoretical results established in the previous section. Secondly, in Section 4.3
we evaluate the accuracy of the proposed GPDF estimator and its ability to produce symmetric and
positive semi-definite estimations in a comparison with two alternative estimators that are present in
the literature.

To give robustness to the results of our study, in the following analysis we consider many different
simulation scenarios, focusing on both the two components of high-frequency financial data: the
efficient price and the additive noise component given by market microstructure, so that the observed
price X is:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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xf X]+;7t, ji=1,..,d, (11)

with # being the noise component.
In particular, for the efficient price process we consider the following specifications:

*  the Heston stochastic volatility model, by Heston [17];

®  the One Factor stochastic volatility model (SVF1);

e the Two Factor stochastic volatility model (SVF2), by Chernov et al. [9];
*  the Rough Heston model (RH), by El Euch and Rosenbaum [11];

while for the additive microstructure noise we take into account the following cases:

®  no noise case;

*  noise coming from rounding;

e iid. noise;

e  autocorrelated noise;

e autocorrelated noise dependent of the price process.

Since in the different cases where noise is present we analyze, respectively, 2, 4, 3, 4, different parame-
terizations, in our simulated analysis we study a total of 56 different scenarios.

For simplicity of the computations, through Sections 4.2 - 4.3, all the simulated analysis is
conducted on the interval [0, 1]; for that reason, and in the light of Section 3, we use the GPDF estimator
(4) given by:

o )2 ezmu(t_t{)efzmu’(t*t{:)A(X{)A(le/)‘ (12)

ny

vl = e

NM() 2N+1le’21u;Nu’—X;

Where not stated otherwise, the simulations consist of K = 500 daily trajectories, considering a trading
day of length 6.5 hours, and are carried out on an equally spaced grid of width 2 seconds. To introduce
asynchronicity in the data, observations are drawn from a Poisson process with an average of one
observation every 10 seconds. Moreover, where not explicitly stated, the correlation between Brownian
motions driving the efficient processes of different assets, following Bibinger et al. [6], is fixed to mimic
the median estimated realized correlation of the Nasdaq components, i.e.:

(WLW') <0812, ji=1,..d j#i

In Sections 4.1.1 and 4.1.2 we define the models used for the efficient price process and the
microstructure noise. As a robustness check, additional unreported simulations have been carried out
under slightly different choices for the parameters of the reference models, with results analogous to
those reported in Section 4.3.

4.1.1. Efficient Price Process
Heston model

The Heston stochastic volatility model by Heston [17] is possibly the most widely used stochastic
volatility model in the high-frequency econometric literature. It takes the form:

dxl = (u- (a{)Z/z)dt+a{dwf
d(a))? =(6— (at) )dt—l—va{dZ{,

with (W/, Z/') = A to account for the leverage effect. The parameters are set to be:

(1,7,0,v,A) = (0.05/252,5/252,0.1,0.5/252, —0.5),

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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that is the same choice made by Zu and Boswijk [33], Mancino and Recchioni [26] and Figueroa-Lépez
and Wu [13].

Factor volatility models

Factor volatility models have been long used in the literature; see, for example, Huang and
Tauchen [18]. First, we consider the One-Factor Stochastic Volatility model (SV1F) of the form:

dx! = pdt + oldW/
(7{ = eﬁ0+ﬁ1T[]

thj = octh + dZ{

forj=1,..,d, with <Wf, Zf> = A,and <Zj, Z7/> = 0 for j # j'. The simulation is carried out using as
parameters:

(1, B1,, Bo, A) = (0.03,0.125,—0.025, B1 / (2&), —0.3),

which are the parameters used also in Zu and Boswijk [33], Mancino and Recchioni [26], Figueroa-
Lopez and Wu [13] and Mancino et al. [24].

Second, we consider the Two-Factor Stochastic Volatility model (SV2F), proposed by Chernov
et al. [9], that is able to reproduce higher values of volatility of volatility. It takes the form:

dX{ = ydt —|— s—exp‘[ﬁo + lBth"l + ,Bthl'z]dWZ
i = wmt)t +dz)!
de’z = 2 2 d 2

i = + (14 Bory")dZ;

forj=1,..,d, with (W/,ZI") = (W/,Z/?) = A, and <zfﬂ', zf’rf’> =0forj#jandi#i,ii =1,2.
For the parameters involved, our choice is to use:

(1, Bo, B1, B2, Po, 1,02, A) = (0.03, —1.1,0.04,0.3, —0.003, —0.6, 0.25).

Rough Volatility

Starting with the seminal paper by Gatheral et al. [14] a new strand of financial econometric
literature has grown considering dynamics of the volatility process that are not driven by a standard
Brownian motion but instead are driven by a fractional Brownian motion, with Hurst index H < 0.5,
which corresponds to the cases where ¥ < 0.5. Theorem 2 states that the proposed PDF estimator is
consistent even in the presence of rough volatility.

Rough volatility may also be modeled using the stochastic Volterra equation, as in the rough
Heston model studied by El Euch and Rosenbaum [11] and which we intend to use in this study.

X, =X)+ [y X|soldW!

(o] = (@) + Jy K(t =) ((0 = y(e)?)ds + voldZL),

with <Wj , 7 ) =Aand K(t) = CtH=12 for H € 0, % and constant C. In order to simulate the rough
Heston model we apply the discrete-time Euler-type scheme studied in Richard et al. [31], referring in
particular to equation (11) thereof. The parameters of the model are set to ensure that in the exercise
the simulated volatility process does not exhibits negative values, and in particular they take values:

(6,7,v,A,H) = (0.2,03,0.2,—0.7,0.1),

where the choice for the Hurst parameters is driven by the empirical evidence present in the literature;
see, e.g., Gatheral et al. [14].
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4.1.2. Market Microstructure Noise Specifications

It is a known fact (see, e.g. Bandi and Russell [4]) that high-frequency data are contaminated by the
so-called market microstructure noise. In particular, the observed price is the sum of the efficient price
and the noise component. The origin of noise is linked to specific characteristics of the microstructure
of financial markets, such as bid-ask spread, rounding, strategic trading (see, e.g. Hasbrouck [16]),
and several models specifications for the noise have been proposed in the literature of high-frequency
financial econometrics.

Noise Coming from Rounding

In the presence of rounding the observed price process has the following form:
X =log([exp(X})/r]r),

where X denotes the efficient price process.
We consider two levels of rounding, corresponding to r = 1 or 5 cents, which are the most used in
financial markets.

Noise i.i.d.

The most widely used characterization of noise is to consider it an i.i.d. additive component, as in
(11), with mean equal to zero and given constant variance

n~iid. E[]=0, E[()? = Var(AX]msec)(T,?,

where X]105 . denotes the regularly spaced series obtained by subsampling the originally simulated
series every 10 seconds.

Here, as can often be found in the literature, we specify a Gaussian distribution for the noise. We
consider four values for the variance of the noise component: (7,% =1,15,2,25.

Autocorrelated Noise

Here autocorrelation is introduced in the noise component, while keeping the additive form of eq.
(11). In particular, it is modeled through an Ornstein-Uhlenbeck (OU) process defined as:

dn] = —6,nldt + 0, dE],

where E is a standard Brownian motion independent of W. Three different levels of autocorrelation
are considered, using 6, = 0.2,0.3,0.4. 0’% is set to obtain a level of variance comparable to the second
case in the previous scenario.

General noise correlated with the efficient price process

In the final noise scenario, we opt for the general structure used in Jacod et al. [20], which allows
for both autocorrelation and dependence on the price process. For j € {1,2} andi =0,1,...,n;, using

the simplified notation 17{ = 17{ ;- the latter reads as

= ylx,

where yx; satisfies

. . L _ . .
I=1 :
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and ; is sampled from

Ayl (t) = u(h(t) — @/ (£)dt +vdW!, h(t) =1+ wcos(?t), (14)

with W! and W2 being the Brownian motions driving the dynamics of the efficient prices p! and p?.
This last model attempts to replicate the slow-decaying autocorrelation in the noise process

empirically observed by [19], while accounting for the possible dependence between noise and the

efficient price component, as observed, for example, by [15]. This formulation still includes an OU

dynamics in eq. (14), but modified to also account for heteroskedasticity in the noise, reproducing in

particular a U-shaped pattern for the volatility of the noise, given by the deterministic component /.
For the simulation of the noise, we use the following parameter selection:

2, Lu,v) = (var(AX.. ).2.5,100,10,0.5),
10sec

with the four possible cases obtained coupling ¢ = 0.3,0.45 and w = 0.3,0.9.
In a last, unreported, exercise, we also add a rounding of 1 cent to this simulation scheme, without
significant changes in the results.

4.2. Selection of Parameters N and M

In this section we want to evaluate the sensitivity of the estimator to the choice of the parameter
N and M appearing in the definition of the GPDF estimator. The performance of the estimator for
each couple of parameters is evaluated over the entire time interval, across K simulated independent
trajectories. In all the following analyses, the path of the spot variance is reconstructed on a regular
grid of width 30 minutes.

In the optimization study, following the results of Theorem 2, we specify the cutting frequency N
and the localization parameter M in terms of p;, using the fact that Np}; ~ cy and Mpj;, ~ cpy, for a
suitable choice of @« and B, depending on the x-Hoélder continuity of the simulated volatility process
Since all the simulations are conducted under irregularly-spaced and asynchronous observations, we
follow point iii) of Theorem 2. Moreover, for the the Heston, the SVF1 and the SVF2 models the Holder
parameter is x = 1, while the Rough Heston model it depends on the chosen Hurst exponent.. In
particular, we optimize over a grid defined by:

cy =05,1,3,5,7,9

and
cpy=05,1,2,3,4,5.

For each scenario, in a setting with d = 2, on the defined grid of values for the couple (cy, cpm),
we look at the estimation error of variance V! and covariance V12, using in particular the integrated
mean squared error:

K 1 .
MISE; = K~ Z/O (VY —VViyd:,  j=1,2
k=1
and choosing as optimal the pair that minimizes
0.1- MISE; +0.9 - MISE,,

where a higher weight is given to the estimation of the covariance, being the dominant component of a
generic variance-covariance matrix with d% — d covariance terms. Note that, according with Theorem 1,
the semi-definite positiveness of the proposed estimator is granted when the optimal cutting frequency
N is the same for each spot volatility-covariance entries estimates.
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Table 1 shows the optimal couple of ¢ and cj; for each scenario. The first result we notice is that
the optimal value for ¢y, is pretty stable across the models considered in the analysis for the efficient
price process. When the data are affected by noise, the optimal cyy is reduced, coherently with known
results for the other Fourier-type estimators of both integrated and spot volatility, see, e.g., Mancino
et al. [27] and [24], with a reduction that is stronger when the variance of noise is higher and in the
presence of strong autocorrelation. Concerning the parameter cyy, it exhibits a more stable optimal
value in the scenario considered, with only a small downward correction needed in the presence
of noise. In this case, cy; manages the localizing Gaussian kernel, but a similar behavior was also
observed for the original Fourier estimator in [24]. Moreover, for the four models of the efficient price,
the difference between close values of ¢y and cyy is relatively small, meaning that making a slightly
sub-optimal choice does not induce a significant increase in the error. This is shown in Table 2, where
the MISE, on the defined grid is reported for selected scenarios of under the Heston and the SVF2
model. From Table 2 it is also clear that overall, the estimator, on the grid used for this exercise, is more
sensible to the choice of ¢y than to the choice of cyy, with suboptimal values of cps producing a higher
increase in the estimation error w.r.t. suboptimal values of cy. The figures for the remaining scenarios
not reported in Table 2 are analogous.

Table 1. Optimal couple of cy, cjs in the considered grid across the different models for volatility and microstruc-

ture noise.
Heston SVF1 SVF2 RH
/ No noise
/ 5,1 5,1 5,1 5,1
r Noise from rounding
0.01 5,1 5,1 51 5,1
0.05 5,1 5,1 51 51
oy Li.d. noise
1 3,0.5 3,0.5 3,0.5 3,05
1.5 3,05 3,05 3,05 3,05
2 3,05 3,05 3,05 3,05
25 1,05 1,05 1,05 1,05
0 Auto-correlated noise
0.2 1,05 1,05 1,05 1,05
0.3 1,05 1,05 1,05 1,05
04 3,0.5 3,0.5 3,05 3,05
g, w General noise
0.3,0.3 3,05 3,05 3,05 3,05
0.3,0.9 3,05 3,05 1,05 1,0.5
0.45,0.3 1,05 1,05 1,05 1,05
0.45,0.9 1,05 1,05 1,05 1,05
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Table 2. MISE, Error in estimating covariance over the considered grid, for selected scenarios.

Heston - No noise

cN/m 0.5 1 2 3 4 5

0.5 3.068-10% 4370-10°% 6.193-10°% 7539-100% 8.646:10°% 9.510-10 %
1 1.539-10~% 2.124.10~% 2971-10~* 3.619-10~% 4.164-10~* 4.331-10*
3 5172-10~% 7.101-107°> 1.002-10~* 1.232:10~% 1.427.10~* 1.553-10~*
5 39851075 5238-107° 7.081-10°5 8.488-107° 9.660-10° 1.023-10~*
7
9

46571075  5541.107°  6.846-107° 7.847-107° 8.687-107°  9.636-107°
5732:107° 65241075  6.989-10~° 8.874-107° 9.113-107°  9.995.107°
Heston - 1.i.d. noise oy =25

cn/em 05 1 2 3 4 5

0.5 3215-10°%  4562.10°% 6.456-10°% 7.856-10°% 9.006-10°% 9.228-10° %
1 1.046-10~%  1.509-10~% 2.173-10~* 2.676:10~% 3.096-10~* 3.261-10*
3 1.543-107% 2.125-107% 2.968-10~%* 3.613-107% 4.159-10~*  4.365-10~*
5 1.768-107%  2.408-107% 3.349-107* 4.073-10~* 4.683-107* 4.883-10~*
7
9

2506-107%  3.286-107% 4.447.10* 5.347-107* 6.115107*  6.510-10*
2.732:107%  3.682:10~* 4.770-10~* 5.61810~%* 6.663-107*  6.798-10~*
SVF2 - No noise

CN /CM 0.5 1 2 3 4 5

0.5 8.197-10°% 1.234107° 1.855-1073 23281073 27231073 298210 ¢
4804-107*  6.877-107* 9.867-107* 1.212:107% 1.403-107° 1.633-10~*
2392107 3.066-107% 4.066-107* 4.826-107* 5.462:107* 5.701-10~*
1.860-107% 2.161-107% 2.639-10~* 3.020-10~¢ 3.354-10~* 3.411-10*
2.068-107%  2.183-107% 2.449-107* 2.699-107* 2.931.10~* 3.028-10*
2236-107%  2.421-107% 2563-107* 2.784.107%* 2.988.107* 3.295.10°*

SVF2 - 1i.d. noise oy = 2.5

CN /CM 0.5 1 2 3 4 5

0.5 8.616-107% 1.311-107° 1.974.103 24731073 2.884.10° 3.115107°
4529-107*  6.001-107* 8.176-107* 9.825.-10~* 1.117.1073  1.228-103
5701-107* 8.084-107% 1.144.10% 1.394.1073 1.604-10% 1.773.10~*
6.232:107%  8579-107* 1.163-10% 1.377.1073 1.553-107%  1.640-1073
6.173-107*  8.607-10~* 1.254.-107% 15741073 1.849-1073  1.930-10°3
6.454-107% 8.773-107* 1.296-10~% 1.602:1073 1.890-10~3 1.981-10°3

O g U1 W =

O N U1 W=

4.3. Performance Comparison

After having analyzed the sensibility of our estimator to the choice of N and M, in this section
we replicate the extensive simulation study adopted in Section 4.2 to evaluate the accuracy of the
proposed PDF estimator in comparison with the one of two competing estimators that are present in
the literature. Focusing on the estimators consistent in the presence of asynchronous observations
contaminated by microstructure noise, we consider the following.

*  The Gaussian positive definite Fourier estimator proposed in this work (GPDEF);
e  the smoothed two-scale spot estimator, by Mykland et al. [29] (STS);
¢ the local method of moments spot estimators, by Bibinger et al. [6] (LMM).

The kernel-based estimator proposed by Bu et al. [7], while it may be extended to manage irregular
and asynchronous observations, relies on specifically tuned shrinkage techniques to impose positive
semi-definiteness of the estimation and is therefore not considered in this analysis.

The analysis is carried out considering a maximum of d = 40 assets, and the performances of
each estimator are evaluated according to the mean integrated square error (MISE) and its relative
counterpart (RMISE), defined as

K 1 d .. ..
MISE = (Kd*) '} /0 Y. (V1) = v (1)),
k=170 ji=1

K 1 d s .. ..
RMISE = (Kd?)™'} / Y (0 ety — v (8))2 /v ()2t
k=170 ji=1

Unreported results show that using a different loss function, in particular the Frobenius norm,
the Euclidean norm, or the | — 1 norm of the difference between the estimated and the real spot
volatility matrix, does not affect the rankings that emerge from Tables 3-8. Most importantly, in this
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analysis we pay particular attention to the percentage of symmetric positive semi-definite (spsd)
variance-covariance matrix that each estimator is able to produce in the different scenarios.

For the LMM estimator, we use the parameters that were found to be optimal in the numerical
analysis by Bibinger et al. [6], while for the STS estimator we choose the parameters in a neighborhood
of the one used by Chen et al. [8], minimizing the mean square error obtained on auxiliary simulations.
In the following, when not explicitly stated otherwise, the results are meant to be achieve under the
Heston specification for the efficient price process.

4.3.1. Absence of Noise

In Sections 4.3.1 and 4.3.2 we report the results of the comparison, in terms of MISE and percentage
of spsd estimates produced by the three competing estimators, when the efficient price process follows
the Heston model. In this setting, the results in terms of RMISE are analogous. We begin considering
noise-free data and we focus on two major features of high-frequency covariance matrix estimation:
the dimensionality of the matrix and the asynchronicity of observations.

Table 3 shows the results for increasing values of d. In this simulated exercise, the modified
Fourier estimator performs the best in terms of MSE, for any dimension of the volatility matrix. The
effectiveness of the STS estimator to produce positive semi-definite estimations seems to decrease
as the number of assets increases, in particular with d > 20, while the other two estimators both
produce 100% of spsd matrices, with a slight derease for the LMM estimator observed for d = 40. For
the important role that it plays in estimating variance-covariance matrices and for the influence that
it has on the positivity of the estimation, dimensionality will always be taken into consideration in
the remaining analysis. For simplicity of exposition, the dimensions considered in the following are
limited to d = 5, 10, 15, 20.

Table 3. Accuracy (MISE) and % of spsd matrix produced by each estimator, when the dimension d of V increases.

Estimator MISE % SPSD MISE % SPSD

d=2 d=20

GPDF | 6.641-10°° 100% | 5.302-10°  100%

LMM 25221074  100% | 1.023-10~*  100%
STS 2.310-100%  100% | 2.034-10~*  89.98%

d=5 d=25

GPDF | 577810~° 100% | 5.252-10°  100%

LMM 1.531-107%  100% | 9.796-107°>  100%
STS 2.155-107%  100% | 2.032.107%  64.45%

d=10 d=30

GPDF | 5435.10°> 100% | 5.193-107°>  100%

LMM 1.191-107%  100% | 9.539-107°>  100%
STS 2.079-107%  100% | 2.033-107*  9.94%

d=15 d=40

GPDF | 5353-107°>  100% | 5.194.10°>  100%

LMM 1.078-10~*%  100% | 9.528-107°  99.54%

In the no-noise setting, we also address the issue of different levels of asynchronicity in the data.
To do so, we examine the changes in the performance of the three estimators as the average time
between two consecutive observations increases. In particular, we extract the observations from the
simulated trajectories according to homogeneous Poisson processes that produce on average one
observation every 15, 20 and 30 seconds. Table 4 shows that, still maintaining an edge in terms of
MISE with respect to the competitors, the PDF estimator is the only one that is able to produce spsd
estimations in 100% of the cases, while both the STS and the LMM estimator can fail with increased
frequency when the asynchronicity increases, even though the impact of this kind of changes seems to
be quite small in terms of percentage of positive estimation obtained. It also seems that the accuracy
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Estimator MISE % SPSD MISE % SPSD MISE % SPSD
d=5, At = 15 d=5, At =20 d=5, At = 30
PDF 6.283-107°  100% | 7.886:10>  100% | 9.671-10°  100%
LMM 1.648-107%  100% | 1.810-10~%*  100% | 2.503-10~%  99.83%
STS 2492.107%  100% | 2.536-107*%  100% | 2.646-107%*  100%
d=10, At = 15 d=10, At = 20 d=10, At = 30
PDF 6.379-10°  100% | 7.492-107°>  100% | 9.120-10°>  100%
LMM 1.991-107*  100% | 1.805-10~%*  100% | 1.936-10~*  99.66%
STS 2.255-107%  100% | 2.327-107%  100% | 2.401-10~*  100%
d=15, At = 15 d=15, At = 20 d=15, At = 30
PDF 6.345-10°  100% | 7.389-10°°>  100% | 9.203-10°  100%
LMM 1.679-107%  100% | 1.485-107% 98.99% | 1.906-10~* 98.52%
STS 2.201-107%  99.80% | 2.265-107% 99.80% | 2.341-10~* 98.79 %
d=20, At = 15 d=20, At =20 d=20, At = 30
PDF 6.325-107°  100% | 7.337-.10>  100% | 9.196-10°  100%
LMM 1.660-107%  99.78% | 1.306-10°%  90.02% | 1.877-10~%  96.25%
STS 2.187-107%  92.59% | 2.241-107°> 87.16% | 2.311-107* 82.14 %

4.3.2. Data Contaminated by Microstructure Noise

In this Section we run our comparison considering the noise specification described in Section
4.1.2. It is useful to note that the LMM estimator entails an explicit noise correction, and the STS
estimator relies on pre-averaging of the observed data on a synchronous and equally spaced grid. For
the proposed GPDF estimator instead, in line with the original Fourier estimator of spot volatility,
there is no need to manipulate the data or correct the estimator to manage the presence of noise, but it
is sufficient to cut the frequency N, as shown in Section 4.2.

Table 5 shows that the presence of rounding does not appear to significantly affect the accuracy
of the estimators and the positive semi-definiteness of the estimations. This effect may be due to the
scheme adopted to simulate irregularly sampled data, that implies a sub-sampling with respect to
the rounded simulated series, reducing the intensity of this source of noise, whose only impact is to
slightly decrease the percentage of spsd estimation for the STS estimator.
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Table 5. Accuracy and % of spsd matrix produced by each estimator, when a rounding of 1 or 5 cents is present.

Estimator MISE % SPSD MISE % SPSD
d=5, r=0.01 d=5, r=0.05
GPDF | 567810 100% | 5.679-107°>  100%
LMM 1.540-107%  100% | 1.541-107%  100%
STS 2.208-107%  100% | 2.208-107%  100%
107° d=10, r=0.01 d=10, r=0.05
GPDF | 5342:10°  100% | 5.344-107°  100%
LMM 1.183-107*  100% | 1.183-107%  100%
STS 2.074-107%  100% | 2.074-10~*  100%
d=15, r=0.01 d=15, r=0.05
GPDF | 530810 100% | 5.308-10°>  100%
LMM 1.078-107%  100% | 1.072-10~%  100%
STS 2.034-107%  99.97% | 2.034-107%  99.97%
d=20, r=0.01 d=20, r=0.05
GPDF | 524410 100% | 5.245-10°  100%
LMM 1.009-107%  100% | 1.009-10~%  100%
STS 2.022.107%  97.35% | 2.022-10~* 97.32%

Table 6 shows that i.i.d. noise, especially with high noise variance ¢2, is able to negatively affect

the ability of the STS and, marginally, of the LMM estimators to produce spsd estimations, with a

stronger impact as the dimension of the estimated matrix grows. Also, the accuracy of all the estimators

deteriorates with higher noise, with the GPDF confirmed as the top performer also in this scenario,

but with reduced differences in accuracy among the three estimators. Since i.i.d. noise, from a market

microstructure perspective, is usually linked to the presence bid-ask spread as modeled, e.g., as in Roll
[32], and being the bid-ask spread usually related to the liquidity of an asset, the ability of managing
this kind of noise may be regarded as the ability to estimate correctly covariance also for illiquid assets.

Table 6. Accuracy and % of spsd matrix produced by each estimator, when the data is contaminated by i.i.d. noise.

Estimator MISE % SPSD MISE % SPSD MISE % SPSD MISE % SPSD
d=5,0y =1 d=5,0y, =15 d=5,0y =2 d=5,0y =25
GPDF 8.017-107°  100% | 8.026-10°  100% | 1.453-10~%  100% | 1.894-10~%  100%
LMM 1.278-107%  100% | 1.37810~%  100% | 1.697-10~*  100% | 2.109-10~*  100%
STS 2.360-107%  100% | 2.573-107%  100% | 2.930-10~%*  100% | 3.448-10~* 98.45%
d=10,0, =1 d=10,0, = 1.5 d=10, oy =2 d=10, 0, =2.5
GPDF 707210  100% | 7.653-10°>  100% | 1.425-10~% 100% | 1.835-107%  100%
LMM 1.204-107%  100% | 1.392:107%  100% | 1.684-10~*  100% | 2.033-107% 99.94%
STS 2.198 -107%  99.83% | 2.384-10~% 99.08% | 2.697-10~* 88.39% | 3.189-10~% 54.33%
d=15,0, =1 d=15,0, = 1.5 d=15, 0, =2 d=15,0, =25
GPDF 6.763-10°>  100% | 7.575-10°  100% | 1.390-10~%*  100% | 1.789-10~%  100%
LMM 1.198-10~%  100% | 1.405-107%*  100% | 1.687-10~*  100% | 2.005-10~%  99.05%
STS 2.155-107%  97.98% | 2.335-107% 77.01% | 2.647-107% 25.93% | 3.177-10%* 21.80%
d=20,0, =1 d=20, 0, =15 d=20, 0, =2 d=20, 0, =25
GPDF 6.653-107°  100% | 7.554-10°  100% | 1.392:10~%* 100% | 1.783-10~%  100%
LMM 1.180-107*%  100% | 1.384-107%* 99.88% | 1.662-107* 98.80% | 1.986-10~*  94.60%
STS 2.163-107%  67.46% | 2.325-107* 14.18% | 2.622:10~* 8.33% | 3.184-107*  0.0%

Table 7 shows that autocorrelated noise is again able to significantly effect the ability of the STS

estimators to produce spsd matrices, in particular with low values of 6,, while the LMM estimator

seems to be only slightly affected. Low values of 8;, i.e. higher values of autocorrelation in the noise

process, reduce the accuracy of the three competitors, while maintaining their ranking substantially

unchanged.
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Table 7. Accuracy and % of spsd matrix produced by each estimator, when the data is contaminated by autocorre-
lated noise.

Estimator MISE % SPSD MISE % SPSD MISE % SPSD
d=5,6, =0.2 d=5,6, =03 d=5,6, = 0.4
PDF 2.114-100%  100% | 1.924-107% 100% | 1.711-100%*  100%
LMM 2.093-107%  100% | 2.957-107*  100% | 2.704-10~%*  100%
STS 4319-107%  91.99% | 3.139-107% 9891% | 2.984-10~* 99.86%
d=10, 6, = 0.2 d=10, 6, = 0.3 d=10, 6, = 0.4
PDF 1.937.107%  100% | 1.790-10*  100% | 1.625-10°%  100%
LMM 2.727-107%  100% | 2.892-10~% 99.77% | 1.972-10~%  100%
STS 4012-107%  21.66% | 3.099-107% 65.18% | 2.758-10~* 86.84%
d=15,6, =02 d=15,6, =03 d=15,6, = 0.4
PDF 1.878-100%  100% | 1.750-10~%  100% | 1.596-10~%  100%
LMM 2.703-10%  100% | 2.819-10~* 95.98% | 1.703-10~*  96.80%
STS 3.900-10%  0.09% | 3.017-107*  5.16% | 2.697-107% 22.69%
d=20,6, =0.2 d=20, 6, =03 d=20,6, =04
PDF 1.869-10~*  100% | 1.746-100*  100% | 1.595-10~%  100%
LMM 2.712-107%  94.90% | 2.439-10~* 92.98% | 1.705-10~*  95.48%
STS 3.867-107%  0.0% | 2.987-107%  0.0% | 2.671-107* 1.98%

Table 8 shows the results for the last specification of noise that we consider, that is, with general
noise allowing for auto-covariance, correlation with the efficient price and time-varying noise variance.
Our results show that, in this setting, both the LMM and the STS estimators may have difficulties in
reaching satisfactory percentages of spsd estimations, depending on the intensity of the microstructure
component. We confirm once again the ability of the PDF estimator to produce variance-covariance
matrix with the desired property, and with relatively low estimation error. at the same time, we still
find that increasing the dimensionality of the estimation exercise hinders the ability of traditional
estimators to produce spsd matrices.

Table 8. Accuracy and % of spsd matrix produced by each estimator, when the data is contaminated by the general

noise process.
Estimator MISE % SPSD MISE % SPSD MISE % SPSD MISE % SPSD
d=5,¢=03,w=03 | d=5,¢=03,w=09 | d=5,¢=045w =03 | d=5¢=0.45w = 0.9
PDF 2.667-100%  100% | 2.587-107%  100% | 2.823-10~% 100% 3.009-10~%  100%
LMM 2.799-10~4 100% | 2.788-10~%*  99.54% | 3.014-10~* 100% 3.693-107%  99.14%
STS 2.965-107%  99.93% | 3.266:107%  99.04% | 4.387-107*  99.80% | 4.616-10°*  99.05%
d=10,¢ =03, w = 0.3 | d=10,¢ = 0.3,w = 0.9 | d=10, g = 0.45,w = 0.3 | d=5, ¢ = 0.45,w = 0.9
PDF 1.754-100%  100% | 2.099-107%  100% | 2.449-10* 100% 2.643-107%  100%
LMM 2.145-107%  99.89% | 2.678-10~%*  96.57% | 2.534-107%* = 98.50% | 3.687-107*  90.17%
STS 2.730-107%  99.93% | 2.995-10~%  79.46% | 3.795-107%*  91.10% | 4.685-107*  76.46%
d=15,¢ =03, w =0.3 | d=15,¢ = 0.3,w = 0.9 | d=15,¢ = 0.45,w = 0.3 | d=5, ¢ = 0.45,w = 0.9
PDF 1.452.10% 100% 1.714-10~% 100% | 2.362-10~% 100% 2.499.10 % 100%
LMM 1.882:107%  99.37% | 3.265-107*  86.47% | 2.526:107*  92.31% | 3.522:10~%  79,70%
STS 2.656-107%  52.98% | 2.915-107% 46.86% | 3.616:107%  39.72% | 4.420-10~*  40.54%
d=20,¢ =03, w =03 | d=20,¢ = 0.3,w = 0.9 | d=20, ¢ = 0.45,w = 0.3 | d=5, ¢ = 0.45,w = 0.9
PDF 1.313-10 % 100% 1.523-10 % 100% | 2.263-10~% 100% 24171074 100%
LMM 2.752.107%  98.14% | 2.890-10~% 80.25% | 3.024-10*  94.03% | 3.373-107*  80.46%
STS 2.643-107%  753% | 2.891-107% 22.55% | 3.555-10~* 3.47% 4298107%  16.93%

4.4. Alternative Volatility Models

In the previous Sections the comparison results have been obtained in the case when the simulated
efficient price process is an Heston model. Even though the error produced by the three estimators
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may be different changing the simulation model behind our analysis, and in particular the differences
in MISE between the PDF and the LMM estimators are reduced when using the SVF2 or the Rough
Heston model, the results are substantially confirmed: the PDF estimator remain the only one able to
consistently produce positive semi-definite estimations, and is the best performer in terms of MSE in
almost any scenario. Table 9 shows the percentage of psd estimations obtained under the alternative
volatility models, in absence of microstructure noise, together with the ranking of the estimators in
terms of MISE. We can see that, in this exercise, it seems that, moving to the SV1F, to the SV2F or
Rough Heston, does not influence significantly the ability of the estimators of producing positive
matrices. Also the ranking of the estimators is essentially unaffected. More extensive results about the
alternative models, showing the percentage of spsd estimations in the cases with rounding, i.i.d. and
general noise, are reported in appendix C. It is worth noting, as a final consideration, that the results in
terms or RMISE are analogous, and always see the PDF estimator having a competitive edge.

Table 9. % of psd matrix produced by each estimator, when the efficient price process is produced by alternative
models.

SVF1 SVE2 Rough H.
Estimator MISE % SPSD MISE % SPSD MISE % SPSD
d=2
PDF 2401-10° 100% | 2.405-1073  100% | 4.667-10°  100%
LMM 6.659-107°  100% | 4.644-107%  100% | 6.493-1073  100%
STS 9919-10°  100% | 6.733-107%  100% | 8.021-1073  100%
d=5
PDF 1.971-10>  100% | 1.415-10° 100% | 2.433-10~%  100%
LMM 4203-107°  100% | 2.440-107°>  100% | 3.300-1073  100%
STS 7.798-107°  100% | 3.410-107%  100% | 4.962-1073  100%
d=10
PDF 1.841-10°  100% | 6.743-100% 100% | 1.639-10°°  100%
LMM 3.96-107° 100% | 1.171-1073  100% | 2.120-10~3  100%
STS 7.242.107°  100% | 1.916:1073  100% | 3.731-1073  100%
d=15
PDF 1.784-10°  100% | 5.261-107%  100% | 1.387-10°  100%
LMM 3541-107°  100% | 9.254-107%  100% | 1.844-1073  100%
STS 7.067-107°  100% | 1.601-10°3 99.95% | 3.379-10~%  99.86%
d=20
PDF 1.757-10°  100% | 4.506-10~%  100% | 1.253-10°  100%
LMM 3.347.107°  100% | 8.660-107% 99.84% | 1.661-10~%  99.50%
STS 6.960-107°  99.54% | 1.441.107% 96.75% | 3.368-1073  96.06%

5. Conclusions

In the present paper a modified version of the classical Fourier estimator for spot covariance by
Malliavin and Mancino [23] has been proposed to overcome the difficulty of obtaining symmetric and
positive semi-definite estimation of the spot variance-covariance matrix. We showed that the proposed
estimator is positive semi-definite and consistent with a suitable choice of the tuning parameters N, M.
To the best of our knowledge, this is the first non-parametric estimator of the spot covariance that
guarantees the positiveness. Based on the theoretical results obtained, a numerical study has been
carried out to evaluate the optimal choice of the parameters in a variety of settings. The optimal
couple seems to be quite stable, and, as usual for the class of the Fourier estimators, in the presence
of asynchronicity and noisy data, the parameter N should be reduced with respect to the optimal
no-noise case, which is the Nyquist frequency. Moreover, a thorough simulation study has been
carried out to evaluate the accuracy of the estimator and its actual ability in producing psd estimations.
Comparing the results with the ones of two alternative estimators present in the literature, the STS
and the LMM estimators, we found out that the proposed PDF estimator usually outperforms the
competitors in terms of mean square error and is the only one that, in this study, was able to always
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produce psd estimations. The simulation analysis was focused on many challenging aspects of
high-frequency covariance estimations, such as the dimensionality of the problem, the degree of
asynchronicity between assets and the presence of multiple specifications of market microstructure
noise. The robustness of our results are confirmed using alternative data generating processes. We
believe that the PDF estimator of spot covariance has a competitive advantage in terms of empirical
applications due to its properties.

Conflicts of Interest:

Appendix A Proof of Theorem 1

Let a; for j = 1,2,3 be arbitrary functions on Z, from the definitions of K and S (k) we notice that:

Y, ) m(kay(s)as(s)

kel (s,s")eS(k)

2N 2N—k —1 2N+k
=Y Y a(k)ax(-N+k+v)az(N—v)+ ) Z ay(k)a(N +k —v)az(—N +v) = A+ B.
k=0 v=0 k=—2N o=

For the first term we have:

2N N
A=Y Y ay(k)ay(k—u)az(u)
k=0u=k—N
u+N

M= 1M1

ay(k)ax(k — u)as(u)

u=—N k

.
; 1(u A+ u')az(u)as (u),

—Nuy' =—

where we set u = N — v in the first line, changed the order of the summations in the second line, and
put #’ = k — u. Similarly, using the convention that Z;io = 0, for the second term we have:

1 Ntk
Y. Y m(kaa(k —u)as(u)
k=—2N u=_N
- Y T a®elk- )
u=—Nk=u—N
N —u—1
= ZN /; ay(u+u')ay(u')as(u).

Thus we see that

Yo Y a(k)ax(s)as(s’) Z Z ay(u+ u')az(u)as (u).

ke (s,s")eS(k) —Nu'=—N

) o L
When a1 (k) = c(k)e?™ , ay(s) = e 275" and a3(s') = e~ ™", using the change of variable
u— — —u’, we obtain:

- ] N N . ' i’
Wi(r) = YN el u) ) 2 ) () A ().
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Then, for x € C4

u=—Nu'=—N
with f(u) =) ] 1% Zl 1 (= )AX{. The proof is complete. [

Appendix B Proof of Theorem 2
For simplicity let j = 1,j" = 2. By introducing the notation

n]—l

E t 1[# P

s€[0,1),

+1>

W)
we can rewrite VN, M

V() = 2N+1// N(t—gn(s +y)dX1/ Dy (t = @} (1) + y)dXG p(dy)
2N+1 // N(t— @n(s) +y)Dn(t — @5(s) + y) V¥ (s)ds pp (dy)
2N+1// / N (t = @ (1) +y)Dn (t — 97 (s) + y)dXud Xz pm (dy)

2N+1/// N(t— @7 (1) + y)DN (t — @3 (s) +y)dXedX] ppm(dy).

We put

I(t) :=

2N+1// N(E = gh(s) +y)DN (= gh(s) +y) — Dn(t — s +1)2 ) V2(s)dspn (dy)

II(t)
o1 [ Dt = g + DA - gGs) + y)axiaxiion dy)

2N+1// / N (= @n(s) + y)Dn(t — @7 (u) + y)dXed X v (dy)

and

- 1 ! 2 1,2 1,2
) = 57 | /R D (t —s + y2um(dy)V12(s) ds — VV2(t)
! 1,2 1,2
= [ Bt =5+ )(VI2(5) = VI2(1) ds o (dy),
where F,y is the Fejér kernel defined in Remark 1. Then,

VI2(8) — V(1) = I(t) + 1I(t) + TI1(t).
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The following L?-estimates of I(t), II1(t), and I1I(t) are true for any py so far as 0 < cp(k) < 1, which
is true for the Gaussian case.

Lemma A1. We have

E/ £)2dt < 2| V|%02N2 Y lem(B) (A1)
[k|<2N

and, in the synchronous and reqular case, when ¢} = @32,

B [ 00 < P IVIEG T lem(PR (A2)
k| <2N

Proof. Since

1 1 , ) )
) 10t = gy [ dtdsau [ natay) [y )V AV ()

x (Dn(t — @ (s) +y)Dn(t — @n(s) +y) — Dn(t —s+y)?)
x (Dn(t — @y (1) + ¥ )Dn(t — @5 (u) +y') — Dn(t —u+y')?)

1 / 27ti(ky+ko) 2ilks-+a)y’ /
- e yﬂM(dy)/ FTIESTRIY yp (dy')
2N +1)? oy i <n /R :
X /1 2mi(ki+hyHha+ka)t gy /l (e~ 2mik19n(s)=2mikagi(s) _ o=2milki+k2)s) /12 (g) g
0 0

7

% /1(6727rik3g0,11(u)72ﬂik2g0%(u) B efzm'(k3+k4)u>vl,2(u)du
0
we obtain (A1) once we establish
E /01<e‘2”ikw%<s>-2mkwﬁ<5> — 2l k) V12 (5)ds < 7|V ook | + [k Yo (A3)
To prove eq. (A3), we first observe that
|/01(e—znikl(p;(s)—zmkz(pg(s) e 2milka)s) 12 (6 |

< sup ‘Vl,z(t)l/ol|1_ezm(kl(sf(p}l(s))+ik2(sfgo%(s))|dS,

te[0,1]
and
/ U1 = il (s=gh ) Hika (s g (9) | g
0
1
<27 [ k(s = 9}(5) +hals — g3 (5))lds
1 1
<2nlia| [ 15— ph(s)lds +2fkal [ Is — g (s)lds.
Then, (A3) holds since
le*l
k+1
/|s— s)|ds = Z/* (s —ths = 5 X (4 — )
- Ad
p(n;j) nﬁl] iy P "
< P kgo(thrl t ) < 2
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forj=1,2.
For (A2), we just need
/ U1 = il (s—gh(s)) Hika (s g (5) | g
0
1
<2k +kal [ [s = ph(s)lds.
O
Lemma A2. For the general case, it holds:
1
E [ (1) < (4Cy +2V|3) (420N + 2N +1) 1) T em(k)?, (A5)
0 k|<2N
and, when t{( =k/nfork=0,1,---,nj=1,2,
1 4Cy —|—2||V||
E(II(t))%dt < o0 cM A6
/0 - 2N+1 |k|Z<:N (A6)
Proof. We first show that
4Cy +2| VI3
21 <« \ © / 2 A7
0] < *G2lils [ (60 s, (a7)
where
Gls,u) = G*(s,u) == [ maa(dy)Du(t = @} () +y)Dn(t = g3 (w) + ).
Let

= /R/O1 /Os Dy (t — ¢l () +y) D (t — @ (s) + y)dXL,dX] jpg(dy)

forj,j’ € {1,2}, so that

2

m(|Al,2|2 + |A2’1|2).

1
e = (2N +1)2 A7+ AT <

Then, we have
E[| A7
= [ Ki2aydy') [ (Dn(t~ 9h(s) + p)Dn(t ~ gh(s) +¥)
<B[VIs) [ Dt = o)+ 0)ax] [ Do = ol )+ /)ax s
= [ [ (5,1 PRIV ()7 () s
+ [ty ([ (Dn(e = ghis) + D (e~ i) +v)
<[ Vi) [ [ (Dutt - gl + 9Dt = ghio) +4)

+Du(t = o) +)Dx (¢ = h(o) +9) )axLaxl ] as).
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By the Malliavin integration by parts formula,
.. s ru ! : '/ '/
EVIi(s) [ / Dt = g () + ) D (¢ = 9} (2) +y)ax] ax]]
— [ Dt = gliw) + Bl (VVIT () [ Dyt = gl (o) + v/ )ax]
. u
— ["Dutt= gl +v) [ Bl @) Vole! () TVH )IDx (t - ¢l (o) + o )dod.
Then applying Malliavin integration by parts formula again, we see that
[ ds [, 2y} (Dt~ 9h(s) + y)Dx(t — gh(s) +¥)
EVH(s) [ " (Dn(t = ghiw) + »)Dyt = gl (o) +)
+ D (t = ¢h () + ) Dy (t = 91 (0) +))dXp X
1 S u .y . ] o g
—2 / / / G (s, )G (s, 0)E[e” (0) Vo (o (1) VsV (1)) doduds
0 Jo Jo
1 ps ru . Ly
SZCV/ / / |G/ (s,u)G (s, v)|dvduds
0o Jo Jo
< Cv/ (G (s,u))?duds.
[01]>
Thus we obtain (A7).
We proceed to prove (A5) and (A6). Observe that
G(s, u))*dudsdt
/[02ﬂ]3( (s,u))“duds
% (dyd
o n]z / Har (dydy')
2rtilki ko ks +ka)t ,—27i(ky+ka) @y, (5) —27ti (ks +ka) 97 (u) 271 (ky k3 )y +27 (ko kg )y (A8)
—~N<ky ko ks ky<N

1 .
= Z CM(kl + k3)CM(k2 + k4> / 727Tl(k1+k2)( ( )— )dS/ 727”(k3+k4)((?%(5)*5)ds‘
—N<kq,ko,k3,ks <N 0 0
k1 +ky+ks+ky=0

When t;, = k/n, we have

1 n—1
ank(p( } : 2rilk
e n = k 0},

hence we obtain (A6). For the general case, we have

/2” 27k (5) 4o — /1(62nik(p(s) _ 2k )gs 4 /1 o27iks g
0 0 0
1 . .
:/0 (ekacp(s) _627r1ks>ds_|_ 1{k:0}‘
By (A4), we obtain (A5). O

Lemma A3.

E /Ol(lll(t))zdt§2CK<(2N)‘2"+ sup (LA“’Q)) (A9)

0<|k|<2N k|2
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Proof. We first note that
1 27 2
oo /0 (I11(t))2dt
2 k| ? 2
= TP+ Y (1-0-ren®) ) [FVI0P,
k|>2N —2N<k<2N
and
Yo NFVIR)P < @N)TE Y KPFV)(R) (A10)
|k|>2N |k|>2N
On the other hand, since 0 < c(k) < 1,
01— (- yeum <1
IN+1/™ ’
we have
1o - m) <20 - )+ 26 o2
2N +1 - 2N+1
[Klea (k)
< _
<201 - (i) +2( Kl
and therefore we have
1—(1— i k2]-“Vk2
Y (1= seg)em(®) ) [(FV)(0)
—2N<k<2N
(A11)

< 2( sup (%?g(k))]( + (2N + 1)_2K> Z |k|2"‘|(]-"V)(k)|2.

0<|k|<2N —2N<k<2N
Combining (A10) and (A11), we get (A9) by the assumption (6). O
Now we are ready to prove Theorem 2

Proof of Theorem 2. First we prove (i) and (ii). We now set

272k2

cpm(k) =e”

Then,

N ok 202 272y M
KIF <2 / e_de——/e_de—— —
2 lem (k)= < k; 1 R e

k| <2N

and

2

Y fem(k |2k2<22/ (x+

lk|<2N
27122 M M

Further, we have
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so that

_ K 2\ *
e (Y < ()
0<[k|<2N k| M

We prove now (iii) and (iv). If N < p,,* and M = p,, P , we have

M 2-20-6
PN 5 =<pn

M B
(2N +1)7! Expﬁ z

and

M /M 3
2 2 2-%
— =+ ) =xnT 7.
Pu\ 27 ( i )

Finally, in order to attain the consistency of the proposed estimator under the general sampling
scheme, we need to assume

2—2a—é>0,1x> B

> E,DC>O,’B>0,

which is equivalent to the condition (9). In such a case 8 < 2xa.
When the sampling is synchronous and regularly spaced, the necessary condition for consistency
clearly becomes (10). O

Appendix C Additional results of comparison for alternative models

Table Al. % of psd matrix produced by each estimator, when the efficient price process is produced by alternative
models, in presence of i.i.d. noise.

Estimator SV1F SV2F RH SV1F SV2F RH SV1F SV2F RH SV1F SV2F RH
d=5, o =1 d=5, oy =15 d=5, oy =2 d=5, oy =25
PDF 100% 100% 100% 100% 100% 100% 100% 100% 100% 100% 100% 100%
LMM 100% 100% 100% 100% 100% 100% 100% 99.85%  99.68% | 97.28%  93.98%  94.98%
STS 100% 100% 100% 100% 100% 100% 99.77%  99.83%  99.79% | 98.28%  97.89%  98.12%
d=10,0, = 1 d=10,0, = 1.5 d=10,0, =2 d=10,0, =25
PDF 100% 100% 100% 100% 100% 100% 100% 100% 100% 100% 100% 100%
LMM 100% 100% 100% 99.96% 100% 100% 99.70%  99.25% 95.26 90.03% 85.48% 87.11%
STS 99.97% 100% 99.97% | 98.97%  98.68%  98.87% | 88.19%  89.16%  88.26% | 54.56%  50.29%  57.80%
d=15,0, = 1 d=15,0, = 1.5 d=15,0, =2 d=15,0, = 25
PDF 100% 100% 100% 100% 100% 100% 100% 100% 100% 100% 100% 100%
LMM 100% 100% 100% 99.96%  99.80%  99.80% | 99.25%  97.85%  98.02% | 79.28% = 2.71%  77.98%
STS 97.75%  99.90% 97.22% | 75.13% 72.61%  75.86% | 35.07% 29.54%  28.14% 2.25% 2.71% 3.90%
d=20,0, = 1 d=20,0, = 1.5 d=20,0, =2 d=20,0, =25
PDF 100% 100% 100% 100% 100% 100% 100% 100% 100% 100% 100% 100%
LMM 100% 100% 100% 99.96%  98.27%  98.82% | 97.95%  95.23%  95.88% | 65.91%  63.84%  65.95%
STS 64.85%  66.79%  65.05% | 13.62% 12.20% 15.91% 2.97% 0.0% 0.40% 0.0% 0.0% 0.0%
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Table A2. % of psd matrix produced by each estimator, when the efficient price process is produced by alternative

models, in presence of general noise.

Estimator | SVIF _ SV2F RH SVIE  SV2F RH SVIE  SV2F RH SVIE  SV2F RH
d=5,¢g=03,w =03 d=5,¢=03,w =009 d=5,¢ = 0.45,w = 0.3 d=5,¢ = 0.45,w = 0.9

PDF 100%  100%  100% | 100%  100%  100% | 100%  100% _ 100% | 100%  100% _ 100%

LMM 100%  99.96%  99.96% | 99.25%  98.95%  99.18% | 92.79%  91.65% 91.31% | 99.2%  98.41%  97.80%

STS 98.53%  99.80% 99.90% | 98.58% 98.37%  99.14% | 99.83%  99.70%  99.86% | 98.87% 98.77%  99.31%
d=10,g = 03,w = 0.3 d=10,g = 03, = 0.9 d=10, g = 045w = 0.3 d=10, g = 0.45,w = 0.9

PDF 100%  100%  100% | 100% _ 100% _ 100% | 100%  100% _ 100% | 100%  100% _ 100%

LMM 100%  99.73%  99.77% | 95.78%  95.74%  95.61% | 79.97%  80.03%  81.27% | 90.01% 88.37%  86.54%

STS 9391%  92.06% 94.41% | 7854% 7596%  80.29% | 91.03% 89.29%  99.20% | 76.69%  75.17%  78.27%
d=15,g = 03,w = 0.3 d=15,g = 03, = 0.9 d=15, ¢ = 0.45,w = 0.3 d=15, ¢ = 0.45,w = 0.9

PDF 100%  100%  100% | 100% _ 100% _ 100% | 100%  100% _ 100% | 100%  100% _ 100%

LMM 100%  98.02%  99.25% | 86.87%  89.58%  91.22% | 67.04% 66.54%  68.96% | 80.01%  78.96%  78.60%

STS 50.53% 46.99%  49.86% | 45.57% 44.38%  44.64% | 38.59% 3651%  38.00% | 82.77% 37.86%  37.87%
d=20,g =03,w =03 d=20,g =03, =09 d=20, ¢ = 045w = 0.3 d=20, g = 045, w = 0.9

PDF 100%  100%  100% | 100%  100% _ 100% | 100%  100% _ 100% | 100%  100% _ 100%

IMM | 99.82% 97.09% 97.58% | 8526%  80.64%  83.44% | 52.92% 51.88% 55.24% | 7545% 75.18%  73.78%

STS 717%  612%  622% | 22.85% 21.69% 11.21% | 2.81%  261%  3.08% | 78.81% 1630% 16.07%
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