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Abstract

Suppose that we have a statistical model with g = g, unknown parameters, w = (1y,. ..,wq)' ,
estimated by @, based on a sample of size n. Suppose also, that we have Edgeworth expansions for the
density and distribution of X, = n/2 (@ — w). How fast can g = g, increase with  for the three main
Edgeworth expansions to remain valid? We show that it is sufficient that g, = o(n!/9), if the estimate
W is a standard estimate. Thatis, E % — w as n — w, and for r > 1, its rth order cumulants have
magnitude n!~" and can be expanded in powers of n~!. This very large class of estimates has a huge
range of potential applications. When @ = #(X) for t : R — RP a smooth function of a sample mean
X from a distribution on R7, and png, = pq — o0 as n — oo, I show that the Edgeworth expansions
for @ remain valid if g8 p = o(n). For example, this holds for fixed p = p, if g, = o(n'/?). T also give
a method that greatly reduces the number of terms needed for the 2nd and 3rd order terms in the
Edgeworth expansions, that is, for the 1st and 2nd order corrections to the Central Limit Theorems
(CLTs).

Keywords: standard estimate; increasing number of unknown parameters; extended Edgeworth
expansions

1. Introduction and Summary

Suppose that we have a estimate @ of an unknown parameter w € R7 of a statistical model, and that
_ o 1/205 £
asn — 00, Xy =n'*(0—w) = X ~Ny(0,V), (1)

the multivariate normal on R7, with density and distribution

pv(x) = (2r0) /2(det V) 2exp(—'V 1 /2), dy () = [ pyx)ax @

Here we assume that @ is a standard estimate. Thatis, E ® — w as n — oo, and for r > 1, its rth
order cumulants have magnitude n!~" and can be expanded in powers of n~1. The class of standard
estimates includes smooth functions of sample means or empirical distributions, based on one or more
random samples, or on samples from a stationary time series. So it has a huge range of potential
applications.

For @ non-lattice, the density and distribution of X, of (1) can be expanded in powers of n~1/2
about those of X of (1). These are the Edgeworth expansions. To be self-contained, Section 2 summarises
these expansions.

How fast can g = ¢, increase with n, for these expansions to hold? Section 3 shows that they hold
if g, = o(n/®).

Section 4 gives a theorem that reduces the number of terms needed for 2nd and 3rd order
Edgeworth expansions. For example, if ¢ = 3, it reduces the number of terms needed for 2nd and
3rd order Edgeworth expansions by 57% and 94%. This % reduction increases with q. If § = 4 or 5, it
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reduces the number of terms by 65% or 69% for the 2nd order Edgeworth expansions, and by 98% for
the 3rd order Edgeworth expansions.

Section 5 considers the case when @ = t(X) for t : R7 — RP a smooth function of a sample mean
X from a distribution on R7 with finite moments. When p,q, = pq — oo as n — oo, it shows the
Edgeworth expansions for @ remain valid if 45 p$ = o(n). For example, this holds for fixed p = py, if
qn = 0(n'/8). These may be the 1st CLTs or Edgeworth expansions when, not 1, but 2 parameters are
allowed to increase to co with n.

Earlier work done when dimension g = g, increases with sample size 1, has been mainly for
sample means, including some CLTs and a 2nd order Edgeworth-type expansion. [10,11] showed
asymptotic normality for M-estimators with g, regression parameters when g2 /n is large. [3] gave a
CLT for M-estimates in a linear regression model of dimension g, when g,,/n — a € (0,1). Remarkably,
(8) of [2] gave a CLT for @ the sample mean of bounded random vectors that holds for g, = O(exp(an®))
if ¢ < 1/7. (Substitute into their condition to confirm.) (1.4) of [7], appears to allow for g, = O(n®) if
¢ < 1/3 to suffice for a CLT for the sample mean, when Xy, ..., X, are log-concave, quoting [4]. It will
be interesting to see if this bound can be extended to a broader class of estimates than sample means,
and if the log-concave condition can be removed.

Section 2.1 of the very recent paper [7] considers the 2nd order Edgeworth expansion for the
distribution of a standardized sample mean. His Theorem 2.1 gives conditions for this which hold
when g, = O(n°) for any c, or even when g, = O(exp(bn°)) and ¢ < 1/3. The bounds (1.4) and (2.4)
of [7] give a 2nd order Edgeworth expansion for a sample mean, that allows for g,, of magnitude n® if
¢ < 1/3, a remarkable result.

[8] considered sampling from vectors, and investigated the simultaneous estimation of the
marginal distributions for large g,,. [5] considered the asymptotic distributions of the canonical
correlations between X; € R and X, € RY with p < g. They derived asymptotic distributions of the
canonical correlations when p is fixed, § = g, — o0, and g, /n — a € [0,1), as n — oo. It assumes that
X1, and X3 have a joint normal distribution. [9] gave a CLT for the sample mean for large g,,. [6] gave a
number of results for large dimensions. [1] and [7] considered the validity and accuracy of Edgeworth
expansions of max?=1 Xy, for large g when X, is a standardized sample mean.

2. Multivariate Edgeworth Expansions

Suppose that @ is a standard estimate of w € R7 with respect to n. (n is typically the sample size.)
That is, E W — w as n — oo, where we use E for expected value, and forr > land1 <1, ..., iy <g,
the rth order cumulants of @ = (@, ..., ®;)’ can be expanded as

00 . .
KT =K = (@, ) & Y n kT, where k)T = K, 3)
d=r—1

~ indicates an asymptotic expansion, and the cumulant coefficients E;_r may depend on n but are
bounded as 1 — co. So the bar replaces each iy by k. For example, k) = @; = w;, and k12 = k12 T reserve
i for this bar notation to avoid double subscripts. So, (1) holds with V = (ki?), g x g. V may depend
on n, but I assume that det V is bounded away from 0.

Let PI % = Pﬁl"'ik be the kth Edgeworth coefficient of order r for .

These are Bell polynomials in the cumulant coefficients, l_{;_' of (3), defined and given in [14] for
1 <r < 3. Their importance lies in their central role in the Edgeworth expansions of X, of (1): see (8)
and (14) below.
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The P}’k needed for r = 1,2,3 are given in (19)—(21) of [14]:

Pl =k, Pl =k"3/6, P2 =Fk*/2+ kK3 /2, (4)

Pyt =k /4l + S Kk 3/6 le 6 =Sk k072,

P =k}, Py 3 =k 3/6+ S k¥ /2 + KikikS /6,

P2 =k;°/5!+S1/24 4 S5/12+ S5/12

where $; = Sk} %K}, So = SKPK3®, S3 = SKHBEY,

Py 7 =S kP /144 + S kYRR 0k /72,

pl—9 1-374—67.7—-9 /4
P = Sk koK) 0 /6%, (5)

where S is the operator S that symmetrizes '~ over iy, .. ., .
Set P(A) = Probability that A is true. By [15], or [14], for @ non-lattice, the density and distribution
of X, can be expanded as

px, (x Z n"2p,(x), P(Xy < x) Z n~"?P,(x), x € RY, (6)

where po(x) = ¢y (x), Po(x) = ®y(x), of (2), and forr > 1,

3r
pr(x)/¢v(x) = Y [pn: k—reven] = pr(x) say, p = B} FH'F, 7)
k=1
3r
Pr(x) = ) [Py(x): k—reven], Py(x) = pk ALk, (8)
k=1

and A" = A" F(x, V) = H1-k = ¢y (x) 710 ¢y (x),
AF = AR (x, V) = OV F oy (x) = / U E Ky (x)dx, ©)

k= (=31) ... (=), I =i, 9; = /.

1

A% (x,V) = A% and Al ¥ (x, V) = HL ¥ are the multivariate Hermite polynomial, and the integrated
multivariate Hermite polynomial. By [12],

H™ =E@@m+vV-17)...(k +V-1Y)
where y = Vil y=v1ix~ N5 (0, V_l)/ Vrx = Yyi,,and Y=Y

I use the tensor summation convention: repetition of iy, ..., i in g, of (7) and P (x) of (8) implies
their implicit summation over their range, 1,.. ., 4. [14] gave Ak explicitly for k < 6, and for k <9
when g = 2.

13...(2k—1)
Setag' *=EY,.. Yy = ) V2. pH1K

where YN f17K sums f1~* over all N permutations of iy, .. ., it giving distinct values. For example,
pl=t = yl2yst L yBy2% | ylyB gl g2 — g P12
3
A7 = 15273 — Y1 V2 = thiaiis — 1V> — 72V — 33712,

3
Al =T, A2 = 2 _ 7120y (x), A3 = ' — Y 'V, where
JE=T e, VY = EYq .. Y [(X < x) = VVKHL | pR2kppka1=2k (10)

X
and M*" = M* P (x, V) =EX;... X I(ng):/ Xa... % py(x)dx, (11)
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for %, = x;,. So the repeated i} 1, ..., iy in (10) implies their repeated summation over 1,...,4q. As
xliesin R7, [*_ dxin (9) and (11), stands for [*! dxi--- [™ dx,. (6) with the P}~ of [14], give the
Edgeworth expansions for the density and distribution of X, of (1) to O(n~2). p,x and Py each have
q* terms, but many are duplicates as P! ¥ is symmetric in i1, .. ., i;. This is exploited in Section 4 to
greatly reduce the number of terms in (8) and (14) below.

By (7), the density of X, relative to its asymptotic value is

px, (x)/ v (x ~1+2n’ Fr(x) =1+n"Y2p(x) +O(n 1Y),

for x € R1. For measurable C C RY,

P(X, € C) Z n~"'2P,(C), where Py(C) = ®y(C), and for r > 1, (12)
3r

PA(C) = E pi(X) I(X € C) = /Cpr<x>¢v<x>dx = Y [P4(C) : k — r even], (13)
k=1

Py (C) = Epn(X)I(X € C) = /Cﬁrk(x)w(x)dx = P *A7H(0), (14)

and A1 %(C) = EA" (X, V) [(X € C) = /C Ay (x)dx

This paper focuses on the three Edgeworth expansions, (6) and (12), when g — oo as n — oo.
If —C = C, then for r odd, P+ (C) = P,(C) = 0, so that

P(X, € C) Zn Py, (C) = @y (C) +n~ 1P (C) + O(n2).
Examples 3 and 4 of [14] gave P,(C) for
C={x:¥'Vlx<u},and C = {x: (V" V2x);| <uj, j=1,...,q}.

The main take-away here is that for x € R, C C RY, pr(x), Pr(x), Pr(C) of (7), (8) and (12), and
s=1,2,...,

px, (x)/ v (x Z” "2p(x) +O(n"?),
P(Xy < x) = Z n~"2p,(x) + O(n~/?),
P(X, € C) Zn "/2P,(C) + O(n~*/?),

where, for example, by (4),

pr(x)=pi1(x)/pv(x) =Y pi pu=k H', ps=ky > H' /6
k=13
Pi(x) = Y Py(x), Piu(x) = ki HL, Pis(x) =ky > Hi7°/6
k=13
Pi(C) = Y Pi(C), Pia(C) =k Hi(C), P13(C) = ky > H3(C)/6
k=13

These asymptotic expansions generally diverge, as normal moments and Hermite polynomials increase
very rapidly with their degree.
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3. The Caseg =g, —> c0casn — oo

Theorem 1. Let @ be a non-lattice estimate of w € RY, satisfying E @ — w, and (3). Set X, = n'/?(@ — w).
Take s > 1. Suppose that as n — oo,

g=gn— o0, and v, =n -1/2 q3 — 0, thatis, q, = o(nl/é).

Then, for pr(x) of (7), Pr(x) of (8), and P,(C) of (13),

px, (x)/ v (x Zn "2p,(x) +O(v), (15)
P(Xy < x) Z n2p,(x) + O(vy), (16)
P(X, € C) 2 n"2P,(C) + O(v5). (17)

PROOF Set Q = 42. fi,x(x) and Py (x) of (8), and fi,(C) of (14), each have g* terms for g = g,,. So
pr(x) of (7), Pr(x) of (8), and P,(C) of (12), each have N, terms, where

forrodd, Ny =q+¢>+¢° +---+¢% = q(Q¥ 2 -1)/(Q-1), (18)
forreven, N, =g* +g*+---+ 47 = Q(Q¥/?-1)/(Q - 1). 19)
So, N, = O(q%) as n — oo,

So pr(x), Py(x) and P,(C) each have magnitude 2" as n — 0.
So n7%/2 (ps(x), Ps(x), Ps(C)) has magnitude n~5/2¢3 = v5,. The theorem follows. O

Example 1. Let @ be the sample mean from a distribution on RY with finite cross cumulants &' ~",r > 1. Then
E @ = w, and only the leading coefficient in (3) is non-zero. As in Example 2 of [141, by (4)—(5), the non-zero
Edgeworth coefficients P}~ needed for the three 4th order Edgeworth expansions of @ with V = (&12), are

p1173 1 3/3| Pl -4 _ z1- 4/4| Pl 6 SKl 3= 4 6/72”
p; -5 _ 1 5/5| Pl -7 SK123 —4— 7/144 P:,} -9 8K1_3_4_6_7_9/64

Substitution gives (ps(x), Ps(x), Ps(C)) for s = 1,2, 3. For example, as g, = q — oo, the coefficients of n=1/2
in the 2nd terms in the Edgeworth expansions for px, (x)/¢y(x), P(Xn < x), and P(X,, € C), are

pr(x) =iz =&'"H /6 =0(q;),
Pi(x) = Pi3(x) =& 2HI%/6 = O(q3),
Pi(C) = Pi3(C) =& H}>(C)/6 = O(q;).

Example 2. Suppose that X1, X, . .., Xy, are independent random vectors in R, with mean & = X, and that
Xj has finite cross-cumulants

fl=" = K(X]'il,...,inr)forr >landiy, ..., i,inl,...,q.
Then forr > 1,

n
k(i ..., W) = n TR where /1T =t Z g1

Suppose also, that {&'~"} are bounded in n, and that for V = (&12), det V is bounded away from 0, as n
increases. Then the Edgeworth coefficients needed for the three 4th order Edgeworth expansions for W, are given
by Example 3.1.
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4. Further Reduction of Terms

Our next theorem gives a way to reduce the number of terms in p,(x) of (7), P,(x) of (8), and
P,(C) of (14), from g, to Ly = i [1 + O(q~ )] as g — oo, where

k= (Z) =q(g—1)...(g—k+1)/kL

As we do not use g, for g in this section, there is no ambiguity with this different use of gx. k

Prie(x), P(x) and Py (C) have k summations over 1,...,q, and so have g* terms. But many are
duplicates as P}~ is symmetric in iy, . . ., ij. Set ( a.]_‘.b) = k!/a!...b!, the multinomial coefficient. For
example (;3,) = 6.

Theorem 2. Let T € R be symmetric in iy, ..., i.

q

Set Ti%i2 = Thh%2 gnd s0 on, and U = Z Ti-ik,
i eig=1
q ) q ) q2 ..
Then,uy = Y T, up = Y TH 421y Th?,
i1=1 i1=1 i1>i2
N (U N B
Uz = Z Th + ( ) Z T2 4 31 Z Thi2is,
=1 1 i1 >0y >3
9 ANEAVO NN 4\ 2, 4\ 3,
amfrte () E e () F o () B
i1=1 i1 >0y i1>1p
q
+ 4! 24 Thizisis,
i1>i2>i3>i4
[ q(g-1) q(g=1) 55
us =y T+ G) Yy T4 (g) Yy T 4 <2§1> Yy ik
i1:1 i1>i2
5 fi i2iniai & 11113141
+ (2111). Y, THERRgsl ), ThRENS,
1p>13>1y 11>1p>13>14>15
q . q(g=1) _ q(q-1) . 2
ug =y T + (i) Yy TR 4 (g) Yy TR 4 (g) Y T3
i1=1 i1>0p
343 643 q3
6 4. 6 32 6 222
+< ) Z Tiii2i3 +< )ZTWZIS +< ) Z Tiiis
411 iy>ts 321 222 i Ty is
6 42{15 Bigisi 6 % 21213
_|_( > T1234+( ) T1234
3111 i2>i3>i4 2211 i1>i2,i3>i4

6 545 5 q6 o

Ip>i3>i4>105 1> >lg
where the sums are for distinct i;. This reduces the number of terms in uy from q* to Ly where
qu =4, Lq2 =q4+q2 Lq3 =q+29+43,

Lgs = q+392+ 343+ qa, Lgs = 9+ 492 + 593 + 494 + g5,
Lqé = q +5q2 +10g3 + 14q4 + 595 + g6.

For example, (g,k) = (5,3) = Lo/ qk = 0.28; that is, Theorem 4.1 reduces the number of terms to
28%.
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As a check, ¢* = Z _15(k,j) (q); where (9); = jlg; = q(q—1)...(g —j+1), and S(k,j) is the
Stirling number of the 2nd kind tabled on p310 of Comtet (1974). For example, counting the number of
terms to calculate in uy above gives g* = g+ (44 3)(9)2 + 6(q)3 + ()4-

Taking

Th-i = pl- kfl k , where f1~ k= Ak or A7, or AI7¥(0), (20)

and tensor summation is not used, gives uy = Py of (7), or up = Py (x) of (8), or uy = Py (C) of (14).
For example,

9 L
P = ZPlHl P (x ZP”H*,PH C) =) P'H!(C)
Z] 1 11 1 .*
P;Q _ Z PllllH1111 +2 Z Pl]lZHlllz 13"2 Z P1111H1111 +2 Z Pl]lelllz
i1=1 i1>0p i1=1 i1>0p

1 ) ) 12 o .
Prz(C) = Z P;lllH:}ll(C) +2 Z PPQH?Q (C),

i1=1 i1>0p
q(q—1)
Pr3 — Z P111111H111111 +3 Z P111112H111112 +6 2 Pl1lzl3H111213
i1=1 iy #ip i1 >ip>i3
q(qg=1) q3
Pr3 Z P111111H111111 +3 Z P;11112Hi11112 16 Z p;11213Hi11213
7
i1=1 i1 #£ip i1 >ip>i3
9, =y q3 e

Prg(C) — Z Prll 111Hi11111(C) +3 Z P;lllleillllz(C) +6 Z Pr11213H>1k11213(C)-

i1=1 il;éiz i1 >ip>i3

This shows that we can replace ¢* in the derivation of Theorem 3.1 by Lgk. So for r = 1,2, the number
of terms, N, of (18) and (19), in pr(x) of (7), P,(x) of (8), and P,(C) of (12), can be reduced to N} where

Ny = Ly + Lz = 29 4242 + g3, (21)
Nj = Lgp 4 Lga + Lge = 39 + 10q2 + 10g3 + 1544 + 545 + 6. (22)

So,q=1=N; =2, N] =2, N, =3, N, =3,

g=2=N; =10, NJ=6=.6N;, N, =84, N; =16 =.19 N,
g=3=N; =30, NJ =13 =43 N;, N, =819, N} =49 = .06 N,,
g=4= N; =68, Nj =24 =.35N;, N, =4368, N =127 = .02 N,,
q=>5= N; =130, N| =40 = .31 N;, N, = 16275, N} = 295 = .02 N,
where the values of Nj /Nj and N} /N, are approximate.

For example, if ¢ = 3, Theorem 4.1 reduces the number of terms needed for 2nd and 3rd order
Edgeworth expansions by 57% and 94%. If ¢ = 4 or 5, Theorem 4.1 reduces the number of terms
to calculate by 65% or 69% for the 2nd order Edgeworth expansions, and by 98% for the 3rd order
Edgeworth expansions.

When g = 2, this reduction of terms was used in Section 4 of [14].
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Example 3. In Example 3.1, using the expression for us in Theorem 4.1,

I (e R o
6p1(x) = Y «THT+3 Y «i2HA246 ) xhiBpLRb,
i1=1 i1 >ip >3
1 i3 13 l
6P1 Z KllH*l +3 Z Klllel 2 +6 Z K111213H111213
i1=1 i1>ip>i3

9 5 3 93 .
6P (C) = Y kTHT(C) +3 Z KiHI2(C) 16 Y iz IR (C),
i1=1

i1 >ip>i3
As Pll = lez =0, Ly1 in (21), and Ly in (22) need to be deleted.

5. Functions of a Vector Sample Mean

Let X be the sample mean from a non-lattice distribution on R7 with mean y, and finite cross
cumulants ®' =" = x/tJr,r > 1. Let t(.) : R — R be a function with i;th component £(.) = #¥(.)
having finite derivatives at y,

E]rc—s =0

s - ..ajstk(y), where 0j =9/dy;, s <r

So we expand the bar convention used earlier using ji,2,... in1,...,paswellas iy, iy, ... inl,...,q
as before. Here we have a notation dilemma. We chose t(.) : R7 — R, as this allows us to keep the
notation l_ctli*r = kf}"'i’ and Prl’k = le“'i" , as used earlier. However, now @ € R” not RY, so that implicit
summation in, say P}’k = Pril"‘i" , as used earlier. So now, implicit summation in uy = P,l’kH 1=k jg
overiy,...,ixinl,...,p,notin1,...,q, and this u; has pk terms, reducible to ka using Theorem 4.1.

If I had chosen #(.) : R — RY, then I_c}[r and P!~* would have had to be reinterpreted as k{il"'j’

and P, which would likely be confusing.
Let us use ¥ fi1 ~ pk, to mean Y f1 has magnitude p* from summing iy, ..., i over 1,..., p.

2
1 2 _a p 2 7l
Set Ztu—btc—d - ta—btc—d + ta—btc—d'
More generally, for 7y, ..., 7, any partition of 1,. .., k, let ZN f}rl ... Zr, denote the sum of t?%l ... tlf{r
over all N permutations by, ...,b, of j1,.. ., jr, giving distinct values. For example,

3
128 7423, 2 A8, 8 21
Y HsBly = I35 + bl + BB

I now give the cumulant coefficients, E}i—r of (3), for @ = #(X), and track their magnitude in p from

summing iy,..., iy over1,...,p.

Theorem 3. For @ = t(X) : R1 — RP, (3) holds, where the cumulant coefficients,k the I_c;*r = kfil‘“i', needed
for the 3rd order Edgeworth expansions of order s = 1,2, 3,4, are given by

Fors=1: k2 =V,

iyip —

—_ tltz 12 Z tll -12 Kh]z ~ q
Jup=1

Fors =2: ki = IL&12 /2 ~ ¢%,

3
3= 1BB 3+ T2 /2% ~ 2 4 g% ~ g%, where T3 = Zﬁ:&%fz'
Fors=3: ki* = T2, kl 3124 T{2, #2834 /2 ~ ¢® + q* ~ g*, where

2
2 A 2, 1R
2, = Zt B T2y =Y H s+ 135,
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Kt = BBBH R+ T 0% 4 T2 /1234850 ~ gt 4+ 40 ~ ¢,

12 4 12
where T\ "5 = ) | R4BBE, T\ g = ) Hashlls + 25%35555354
Fors=4:k =8 &13/6+H_,&#2%&*/8~ ¢ +q* ~ ¢,
% =113 14/2+T1131345+T13 R26345% gt 4 g7 + g0 ~ g,
where T}~ = 25%35%53,
6 3 6 3
N3 = 25%24%5533/2 + 25%451%{%/2 + 25%2%4{%/2 +) a5,

1-3 23 3
=6 *Zt1235t t6/2+2t1 3t45t6+Zt135t24t6/2+t13t25t46
FIo5 = f RISy TI8 R4 4 S 1Okt

+ T8 R38R0 4TI RIZRM4R50R78  p5 . 1 B~
20 15
where 715 = zf%5f%f§f3fz, u}-g - thf%:fz#fz,
30
1-5 37475 37475 3 1475

T g = Zt1357t2t4t t /5+Zt135t27t4t 3 +Zt13t25t47t B,

PROQOF This is a special case of Theorem 2 of [13] with l_c;_r replaced by #! 7 I(d =r—1). O
Lemma 1. For jﬁ’k = fil"'ik € R,andr=1,2,3,
prl—k ~ C]H_k- So, prl_k f‘-l—k ~ LIH_kPk-

3r
SetP, =Y [P}=F F1=K . k — r even]. Then P, ~ q* p*. (23)
k=1

PROOF Use Theorem 5.1 to check that for each of the Edgeworth coefficients given by (4)—(5),
P}~k ~ g"t*. The dominant term in P, is for k = 3r. So, (23) holds. ]

Theorem 4. Set @ = (X)) : R7 — RP. Suppose that O is non-lattice, that E @ — w, and that (3) holds..
Suppose that as n — o0, ppqn = pq — oo, and that

vy =n"1/2 qft pf; — 0. That is, qnpn = o(n). (24)

Then (15)—(17) hold for s = 1, 2,3,4 with v, of (24).
PROOF For P, of (23), n~"/2P, ~ vh. Now take f 1=k of (20). O For example, (24) holds for fixed

p = pn if g, = 0(n'/®), and for fixed g = gy, if py = o(n/®).
We now apply Theorem 4.1 to the components of Theorem 5.1.
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Theorem 5.

Fors =1: ki* = Vi;, ~ L.
Fors=2: ki ~ Ly, reduced from q°,

ky > ~ Ly + 3Lg4, reduced from q° + 34*.

Fors =3: ky* ~ 2Ly + 3Ly, reduced from 2q° + 3q°*,

ky* ~ Lgs + 12Lg5 + 16Lgg, reduced from g* + 12q° + 164°.
Fors =4: ki ~ Lgs + Lya, reduced from 7 +q,

ki3 ~ 3Lga + 18Lg5 + 16Lgs, reduced from 3q* + 184> + 164°,
ki ~ Lgs + (20 4+ 15) Lgg + 150L 7 + 125Lgs,

reduced from g° + (20 + 15)g° + 1509” + 1254°.

Let us write these as

I_(;ir ~ Nyg.
For example, Ly / 7* = (9+1)/29 — 1/2 as ¢ — oo, and for q = 4, the number of calculations needed
for k373 is reduced by the factor N3»/(¢° + 34*) = (Lgz+3Lgs)/ (g% +3q*) =3/26.

One can now work out similar results for T*1* of (20, and so for the terms of the Edgeworth
expansions, f,(x), Pr(x) and P,(C). For example,

pu =PH =kH' ~ pNn = pLp,
ﬁ13 = P1173H173 ~ k§73H173 ~ LP3N32’
= p1(x) ~ pN11 + Lp3Naz = pLga + Lpa(Lgs + 3Lga),

and T""2 = Py'"2 Hi12 without implicit summation,

P ; P2 o
o =PRH? = Y TH4+2 Y Th2 ~ pLes + paLeo.

i1=1 i1>ip

6. Conclusions

Let @ be a standard estimate of an unknown w € R1. That is, @ is a consistent estimate, and for
r > 1, its rth order cumulants have magnitude n' =", and can be expanded in powers of n~!. This is
a very large class of estimates. It includes functions of sample moments and empirical distributions,
samples of independent but not identically distributed random vectors, and samples from stationary
series. Then by §2, for fixed g, and non-lattice estimates, Edgeworth-type expansions hold for the
density and distribution of X,, = n!/2(#% — w), in terms of the Edgeworth coefficients given in [14]
for s < 4. For s > 1, their first s terms of the three Edgeworth expansions, give the density and
distribution of X,,, and P(X, € C), to O(n~°/?) as n — co. Theorem 3.1 shows that this remains true
when g, = g — oo, if the remainder, O(n’s/z), is replaced by O(v3)), where v, = n—1/2 73. So the three
Edgeworth expansions hold when v;, — oo, that is, when g, = o(nl/ 6).

Theorem 4.1 gives formulas that dramatically reduce the number of terms needed by 2nd and 3rd
order Edgeworth-type expansions, that is, for 1st and 2nd order corrections to the CLT.

When @ = #(X) : RT — RP, and pug, = pg — o, Theorem 5.2 shows that the three 4th order

Edgeworth expansions hold if g p = o(n). For example, this holds for fixed p = py, if g, = o(n'/8).

7. Discussion

Theorem 3.1, showed that the three Edgeworth expansions considered here, hold for standard
estimates when g, = 0(n!/). Is this result optimal? It is certainly not optimal for a sample mean.
For, as noted in Section 1, Theorem 2.1 of the recent paper [7] gives conditions for a 2nd order
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Edgeworth expansion for the distribution of a sample mean, when g, = O(n®) for any ¢, or even when
gn = O(exp(bn®)) and ¢ < 1/3.

It will be interesting to see if such weak conditions on gq,, can be extended to a wide class of
estimates, such as standard estimates.

Theorem 5.2 showed that the three 4th order Edgeworth expansions hold for @ = t(X) : R — R?,
when ¢8p8 = o(n). It will be interesting to see how much this condition can be weakened. It should
not be hard to extend Theorem 5.2 to @ = T(F,) € R7, where F,(x) is the empirical distribution of
arandom sample of size n from a distribution F(x) on R?.

One can also extend this to @ a function of K independent sample means, W = tH(Xy, ..., Xk) :
R x ---x RIK — RP,

The method employed here should also be able to extend many of the results in the references
from a sample mean to a standard estimate.
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