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Abstract: This study presents the kinematic synthesis of planar mechanisms using precision point
analysis for three, four, and five target positions. The research explores the application of graphical
synthesis techniques to design mechanisms that accurately follow prescribed motion paths. Various
configurations are examined, comparing their synthesized motion with theoretical precision points
to evaluate the accuracy and feasibility of the proposed designs. Additionally, numerical
optimization methods are considered to refine the results and improve motion fidelity. The study
also extends the discussion to higher-order synthesis, incorporating additional precision points for
improved accuracy in motion generation. The graphical results highlight the effectiveness of the
synthesis approach, demonstrating its applicability to practical mechanism design. The findings
contribute to the understanding of planar mechanism synthesis and provide insights into enhancing
design methodologies for motion control applications. This paper presents GIM software, an
educational and research software designed to facilitate the kinematic analysis of planar mechanisms.
The software was developed to address the challenges students face in understanding kinematic
theory and mechanism synthesis, providing an interactive and user-friendly platform for modeling
and analyzing n-degree-of-freedom linkages.

Keywords: mechanism; GIM software; connecting coupler curves; function generation; four-bar
linkages; crank-rocker

1. Introduction

The synthesis of planar mechanisms is a fundamental topic in kinematic analysis and mechanical
system design [1]. The ability to design linkages that accurately follow prescribed motion paths is
critical in various engineering applications, including robotics, automation, and mechanical
actuators. Precision point synthesis provides a systematic approach to achieving desired motion by
ensuring that a mechanism passes through specific target positions. This method is particularly
useful for motion control applications, where accuracy and repeatability are essential. The synthesis
of connecting coupler curves in four-bar planar mechanisms is a fundamental problem in mechanical
design [2], particularly in precision motion systems, robotics, and mechanical automation [3]. The
trajectory traced by a coupler point in a four-link articulated mechanism can be analytically
characterized as a sixth-order curve [4], making it an essential tool for designing dwell mechanisms,
function generators, and path-following systems. In this study, we focus on the analytical method for
synthesizing sixth-order coupler curves in four-bar linkages [5], considering precision points (3, 4,
and 5 positions). The study is based on the geometric and algebraic properties of the coupler motion,
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using Roberts' theorem, which states that a given coupler curve can be generated by three different
four-bar mechanisms with similar coupler triangles. This study explores the application of precision
point synthesis in the design of planar mechanisms with three, four, and five target positions. By
analyzing different configurations, we aim to evaluate the effectiveness of graphical synthesis
methods in achieving the desired motion characteristics. The graphical approach provides an
intuitive visualization of the kinematic performance of the mechanism, making it an essential tool for
both researchers and practitioners in mechanism design [6]. The focal circle k', which passes through
the three focal centers Ay, By, My, is examined to determine the double points of the coupler curve
[7]. These double points play a crucial role in understanding the stability and repeatability of the
motion in practical applications. A comprehensive mathematical framework is developed using
complex number representations, displacement equations [8], and sixth-order curve formulations to
determine precision points that meet position, velocity, and acceleration constraints. Computational
simulations illustrate various mechanism configurations with three, four, and five precision points,
demonstrating their applicability in high-speed automation, robotics, and aerospace mechanisms [9].
This paper aims to provide:

- A systematic approach to precision point selection for coupler-curve synthesis.

- An analytical framework for identifying double points using the focal circle k'.

- Anumerical and graphical validation of synthesized linkages using computed plots.

- Applications of synthesized mechanisms in precision manufacturing, cam-follower systems, and
robotic arms.

The provided plots illustrate the synthesized linkage mechanisms with different configurations
using three, four, and five precision points. The purpose of these graphs is to analyze the effectiveness
of the linkage synthesis process in generating the desired coupler curve [10] that passes through
specific precision points. The synthesis mode employed follows numerical techniques for optimizing
linkage configurations to meet desired motion constraints.

By integrating geometric constraints with algebraic formulations, this study advances the
precision synthesis of planar four-bar linkages [11], enabling the design of high-performance motion
systems with controlled kinematics. In addition to graphical synthesis, numerical optimization
techniques are considered to further refine the mechanism’s motion and improve its precision.
Higher-order synthesis is also explored, extending the methodology to incorporate additional
precision points, thereby increasing motion accuracy. The results obtained from different
configurations provide insights into the strengths and limitations of graphical synthesis methods [12]
and highlight potential areas for improvement through numerical refinement. This study contributes
to the ongoing development of kinematic synthesis methodologies by integrating precision point
analysis, numerical optimization, and higher-order synthesis [13]. The findings serve as a foundation
for advancing mechanism design techniques and improving their practical applications in
engineering.

2. Materials and Methods

2.1. Different Types of Crank Mechanisms. Connecting Coupler Curve

In the following sections, by the term crank mechanisms we shall mean only those mechanisms
that can be derived from the mechanisms of articulated four-link mechanisms and their special cases
[14]. As the cases considered so far have shown, connecting coupler curves, i.e. trajectories described
by a connecting coupler point, are of particular importance to the designer. Therefore, it is necessary
to study the properties of these curves in more detail and use the corresponding regularities for the
requirements of practice. In the mathematical sense, connecting coupler curves [15] are curves
described by points of a rigid system, two points of which A and B move in circles a and 3, and
these circles can also degenerate into straight lines. Figure 1 shows an articulated four-link
mechanism a, b, ¢, d, which can also be called a crank-rocker mechanism [16]. The dimensions of
the four-link mechanism under consideration satisty the Grashof condition (a +d < b +c) [17].
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Circles kp,, and k;,_, with centers at 4, and B, and with radii (b+a) and (b —a) intersect
circle  at points B, and B’, and, respectively, at8 B; and B’;, which correspond to the centers of
crank pins A, and A', and, respectively, 4; and A';.

Figure 1. Connecting coupler curve y, y' of the crank-rocker mechanism, consisting of two parts.

The movement of the connecting coupler plane E, rigidly connected cb, along the circles a, 3
can be carried out, thus, with the help of both crank-rocker mechanisms [18] A¢ABB, and AyA'B'By;
in this case we see that the connecting coupler curve consists of two parts y and y' (AABC =
AA'B'C). If the shortest link a is made a rack, then according to Figure 1 we will obtain a two-crank
mechanism [19], shown in Figure 2, the connecting coupler curve of which again consists of two parts

Y, Y.

Figure 2. Connecting coupler curve y, ¥y’ of a two-crank mechanism consisting of two parts.

The two-rocker mechanism Figure 3 with the rack ¢, i.e. placed on the link opposite to the
smallest, has for each of the mechanisms B,BAF and BA'F'B, (under the conditions of the Grashof
theorem) [17]. These 8 dead positions are constructed using the circles ky.q, kp_q, kgia, kg-q; in
this case the connecting coupler curve [20] also consists of two parts. In Figure 4 the hinged four-link
mechanism Figure 1 is placed on link d, and while maintaining the dimensions a, ¢ and d it is
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modified so that a +d = b + c. Circles kj,. and kj,_, c with centers B, and 4, and with radii
(b+c¢) and (b —a) touch the guide circles a and  at points A; = A’; and B; = B';, corresponding
to the external dead position.

Figure 3. Dead positions of the double-rocker mechanism.
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Figure 4. Limit crank-rocker mechanism. The connecting coupler curve y consists of one part and has double

points.

The motion processes in this limit mechanism [21] can be of two kinds. If the crank a rotates
clockwise from the point A,, and passes through A’ into 4;, then B passes into B; onto A,B,. If
the connecting coupler b at the point B; is stopped by a stop mounted on the stand, then A will
move further, and the rocker arm pin B will return from B; through B into B,.If there is no such
stop at the point B; then the rocker arm ¢ can move in an oscillatory motion between B,B, and
BB, (forward and reverse stroke), when the crank a (if A, is taken as the starting point) makes two
complete revolutions. It follows that in this case the connecting coupler b passes through all its
possible positions in a continuous motion. Thus, the connecting coupler curve y for the point C
consists of one branch. Since the arc B,B;B’,, described by the rocker journal faces the center of
rotation of the crank a with its convex side, this mechanism according to Burmester is called a
convex limit crank-rocker mechanism. At d +c=a+b The transition through the indefinite
positions of such mechanisms can be realized by installing the corresponding gear engagements, and
the centroids in the relative motion of links a and ¢ are used. If, while maintaining the dimensions
a, ¢, d link b becomes smaller than the size shown in Figure 4, then we obtain a two-rocker
mechanism [22] (Figure 5), for which a +d > b + ¢, i.e. the Grashof condition is not satisfied [17].
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kb+a »

Figure 5. A double-rocker mechanism that does not satisfy the Grashof condition [17]; the connecting coupler

curve y consists of one part.

This two-rocker mechanism differs significantly from the mechanism in Figure 3, since it has
only four dead positions, and the connecting coupler AB passes through all its positions in a
continuous motion. In this case, the connecting coupler curve y of point C consists of one branch.
Based on all of the above, the following theorem is true.

Theorem 1. Connecting coupler curves consisting of two branches can be obtained if
and only if the sum of the smallest and largest lengths of the links is less than the sum of the
lengths of the other two links; in all other cases we obtain connecting coupler curves in the
form of a single closed contour.

2.2. Formation of a Crank Curve by Three Different Four-Link Joints. Roberts’ Theorem

Before proceeding to further studies of the connecting coupler curves [23] of flat four-link
mechanisms, let us dwell on an important theorem obtained by Soni A.H.; and Harrisberger, L.; and
having great significance for the synthesis of crank mechanisms. If we draw straight lines parallel to
the sides of a triangle AyByM, (Figure 6) through an arbitrary point C in its plane, we obtain three
similar triangles AABC~AECD~ACFG and three parallelograms A,ACE, ByBCF, MyDCG . The
resulting figure can be called a hinge mechanism, which consists of hinge parallelograms and
triangles articulated with each other by hinges at C, where C is a double hinge. The mechanism
obtained in this way has two degrees of freedom, which means that when one link is fixed, it can be
set in motion by means of links 44, and BB, and thus gives a new mechanism, shown in Figure 7,
which is the basis for Roberts' theorem [23].
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Figure 7. Construction of a connecting coupler curve using three crank mechanisms (solid lines, dotted line,
dotted line with dots).

If we consider the points 4y, B, and M, as fixed hinges, we obtain a mechanism with n = 10
links and g = 14 hinges, and the hinges A,, By, M, and C must be considered double, i.e. we obtain
a mechanism with the number of degrees of freedom F = 3(10 — 14 — 1) + 14 = —1. The kinematic
chain should therefore be a rigid body; but it is not such due to the existing geometric relationships,
and belongs to mechanisms with passive connections [24].

Proof of Theorem 1. The proof of Roberts' theorem is based mainly on the following: the
mechanism under consideration consists of a movable hinged parallelogram M,GCD, articulated by
ahinge M, with a stand and supplemented by similar triangles ECD and CFG; then, if, for example,
a point E moves along an arbitrary curve kg relative to the stand, then the point F describes a
similar curve kg. Further, in the transition from Figure 6 to Figure 7 we have similarity of triangles
AA,ByMy~AABC. If we disconnect the joint at point C, we will see that the mechanism in Figure 7
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breaks down into the following mechanisms: crank mechanism AyABB, with connecting rod
triangle ABC; crank mechanism AyEDM, with connecting coupler triangle ECD; crank mechanism
BoFGM, with connecting coupler triangle CFG, and the connecting coupler point C of each of these
mechanisms describes the same connecting coupler curve y. Thus, the following important theorem
on the formation of the connecting coupler curve by three different four-link joints is true.

Theorem 2. The trajectory of point C can be obtained as the connecting coupler curve of three
articulated four-link chains AyABB,, AjEDM,, BoFGM, with posts AyBy, AgMy, BoMy, and their
connecting coupler triangles ABC, ECD, and CFG are similar to each other and similar to triangle
AyByM,.

Proof of Theorem 2. There are a number of proofs of Roberts' theorem [23], for example by Soni
AH.; and Harrisberger, L. If the mechanism Ay,ABB,, shown in Figure 7, is a limiting crank
mechanism [25], then the other two mechanisms will be the same. The importance of Roberts'

theorem for the synthesis of mechanisms can be explained by the following example: if for some
problem, for example, for constructing a connecting coupler mechanism with stops, a hinged four-
link mechanism A,ABB,, is found, then, using Roberts' theorem [23], two other four-link mechanisms
can be found with the help of which the same connecting coupler curve can be constructed [26]. This
circumstance is especially important in those cases when in the found hinged four-link mechanism
we have, for example, unfavorable values of the transmission angles or if any difficulties arise in its
drive and the possibility of changing the position of the hinges 4, and B,, should be taken into
account, and this change may prove expedient.

Example. The working machine includes a crank-rocker mechanism Ay ABB,, and the
connecting coupler curve of point C of the connecting coupler triangle ABC is used for some specific
purpose, for example, to obtain a dwell. When reconstructing the machine, it is desirable to change
the drive without changing the shape of the connecting coupler curve y (Figure 8).

b)
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Figure 8. Three crank mechanisms (top left in one Figure 8, a) are highlighted and arranged side by side.

Solution. Let's consider a four-link articulated link AgABB, with a connecting rod triangle ABC
and bring the links A,A, 4B, BB, tothe positions m, 4B, m, going along the same straight line
with the rack (Figure 8, b). The lines passing through A’; and B’, parallel to AC and BC, intersect
at M’y and intersect the lines BC and AC at points D and G. The line passing through point C
parallel to AB, intersects A',M’y, at E, and B'\M’, at F. Next, on Figure 8, a we construct
AAyByMy~AABC and thus find the point M,.

The lines passing through A, and C parallel to CA and AA,, yield a point E. at their
intersection. Constructing triangle ECD (Figure 8, b), on side EC (Figure 8, a) we obtain point D;
from here we find the crank M,D and thus obtain the desired crank mechanism, which is shown
again in (Figure 8, c). Similarly, the lines drawn through B, and C parallelto CB and BB,, intersect
at point F; constructing triangle CFG on side CF we obtain G, from here we find the crank M,G;
thus, we find the crank mechanism this mechanism is also shown in (Figure 8, e). In other words, it
follows from all of the above that it is necessary to articulate the three-link chains A',E, ECD, DM,
and B',F, FGC, GM', (Figure 8, b) with points 4, and M, and, accordingly, with B, and M,
Figure 8, a. It is necessary to take into account that these chains must be installed on the proper side
of the rack (the connecting coupler curves must consist of two branches). (Figure 8, c), d, e together
with the congruent connecting coupler curves y plotted on them clearly illustrate Roberts' theorem

[23], according to which one can find (Figure 8, e) another crank-rocker mechanism; the two-rocker
mechanism in (Figure 8, c) is unsuitable for our purposes due to the difficulties arising in
implementing its drive.

2.3. Transformed Crank Mechanisms

Let us consider a crank-rocker mechanism A,ABB, (Figure 9) with a connecting coupler triangle
ABC and with dimensions A,A=7#, AB=¢, BBy=R, AygBy =k, AC=b, BC =a, £ACB =1y,
LZAC = A, AZ || Ayx, let the vectors A A =7, m=ﬁ=5, W=R=b, m_;:B—l?(;:E,
ZO_B_(; =k, correspond to complex numbers 7, ¢, R, k of the complex plane x4,y, where A,C’ || AB,
AoB' I AC, AR’ || BB,. Choosing Agx as the real axis, we obtain the following equations:

G, =F+c+R-k=0 )
G,=¢+R+7-k=0 (2)
G3=Cc+7+R—-k=0 )
G,=7F+R+c-k=0 (4)
Gs=R+¢+7—k=0 )
Gs=R+7+c—-k=0 (6)

Each of these equations, which is derived using the displacement law from the equation Eq. (1),
corresponds to a certain crank mechanism [27]. From the crank mechanisms thus transformed, as
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shown by A. H. Soni, it is possible to obtain the mechanisms G;, G,, Gz in close connection with the
Roberts theorem [23]. Using the indicated notation method and introducing the complex number Z,
corresponding to the vector A,C, we obtain the equation of the connecting coupler curve K. in
complex form:

Z =7+ {(cosy + isimp) =7 + (e¥ 7)
__ _C
Z=r+(ﬁ 8)

Figure 9. Parameters for finding the equation of the connecting coupler curve in rectangular coordinates and in

complex representation.

Moreover, { corresponds to the vector AoC"”" and 2C"Ayx = £CAB, AAyByMy~AABC, A C" =
AC. Consequently, { after rotation around 4, by the angle ) becomes parallel to AC. Further, the
complex number (cosy + isinip) corresponds to the unit vector in the complex plane xA4,y, which

is parallel to AB = Ay C'; it can be represented as follows: %

If we further set:

[~

=7 ©)

N

then the equation of the connecting coupler curve K in complex form is:
Z=7r+7v¢ (10)

and with

&Il

where V is a constant complex value for the entire process of motion (with modulus

argument £CAB).

Application of the equation to the crank mechanisms G, and G; gives an elegant proof of
Roberts' theorem [23]. Without dwelling on this in detail, we note that this is easily seen from (Figure
8, d) which, in addition to the articulated four-link mechanism AyABB,, also shows the transformed
four-link mechanisms A,B'BB, (bacd) and A,B'B"'B, (bcad) in accordance with Eq. (3) and Eq. (2).
If we reduce the first four-link mechanism (bacd) in the ratio 4,M, : AyB,, and the second (bcad) in
the ratio BoM, : 4,B,, then we obtain as a result, after the corresponding rotations, the articulated
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four-link mechanisms AoEDM, (Figure 8, c¢) and ByFGM, (Figure 8, e). From this it becomes clear
that both crank mechanisms constructed according to Roberts' theorem are similar to articulated four-
link mechanisms transformed from the original one; in addition, the connecting coupler curves of the
transformed crank mechanisms AyB'BB, and A,B'B"'B, are similar to the connecting coupler curves
of the original mechanism [28]. In order to obtain similar connecting coupler curves in a crank
mechanism, the crank and the slider can be interchanged (Figure 5); in this regard, we refer to the
recently published work of Schmid.

2.4. Analytical Study of the Connecting Coupler Curve

For a four-link articulated link A,ABB, (Figure 1) with dimensions 4,4 =7, AB =¢, BB, =R,
AoB, = k it is necessary to derive the equation of the connecting coupler curve K¢ of point C in
rectangular coordinates x, y. Using the auxiliary angle A = 2ZAC, we find the following expressions
for the coordinates of points A(xy,y,) and B(xg,y5):

X4 =x—Db-cosA (11)
Vi =y —Db-sind (12)
xg=x—a-cos(1+y) (13)
yg=y—a-sin(A+y) (14)
next we have:
x;+yi—-r2=0 (15)
(g —K)?*+y5—R*=0 (16)

excluding the coordinates of points A and B, we obtain:

2bx - cosA + 2by - sind = x* + y* + b% —r? (17)

2a(x —k)cos(A+y) + 2ay -sin(A+y) = (x—k)?+y*+a*—R* (18)

From here, excluding A, we find the equation of the connecting coupler curve K in the
following form:

U2 +V2=w? (19)
where we put:

U = a[(x — k)cosy — ysiny](x? + y? + b2 —12) — bx[(x — k)? + y? + a® — R?] (20)
V = a[(x — k)siny — ycosy|(x? + y2 + b2 —r?) + by[(x — k)? + y? + a? — R?] (21)

W = 2ab - siny[x(x — k) + y%2 — ky - ctgy] (22)
The equation of the connecting coupler curve can also be written in this expanded form:
a?[(x — k)? + y?](x? + y? + b% — 1r?)?
— 2ab[(x? + y? — kx)cosy + ky - siny](x? + y? + b?
—r3)[(x —k)* + y* + a®* — R?] (23)
+ b2(x? + yH)[(x — k)* + y* + a® — R?*]?
— 4a?b?[(x? + y? — kx)siny — ky - cosy]* = 0
Since the coupler curve is a sixth-order curve, it has six intersection points when intersected by
a straight line. If we assume the line:
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y=mx+n (24)
then substituting into the coupler curve equation results in a sixth-degree equation in x:
6 5 4 3 2 =0 2
Aex® + asx® + aux* + azx® + a,x* +a;x + ay = (25)

which confirms that the coupler curve can have up to six intersections with a given line.

Then for the coordinate x we obtain an equation of the 6th degree, i.e. we will have six
intersection points. If, in particular, m = i when i = v/—1, then according to the equation Eq. (24)
we obtain:

x% 4+ y? = +2inx + n?

where i =+/—1, we obtain another form of the sixth-degree equation. This implies that the connecting
coupler curve is a highly nonlinear trajectory that can exhibit loops, inflection points, and multiple
branches [29]. Then in the equation Eq. (23) the terms from the 6th to the 4th degree vanish; of the six
roots of the equation, three become infinitely large. The imaginary cyclic points at infinity I and I' of
the crank curve are triple points. In other words, it is a tricircular curve of the sixth order. The line at
infinity has only two imaginary cyclic points in common with the crank curve [30].

The connecting coupler curve K has at each imaginary cyclic point three asymptotes which
intersect the asymptotes corresponding to another cyclic point at three real points, at three focal
centers (or foci) Ay, By and M,. Thus, for example, for the lines connecting the origin A, with I and
I'. (due to the fact that n = 0), the equations have the form y = +ix, T.e. x? 4+ y? = 0. For the
intersection points of the lines Ayl and Ayl in equation Eq. (23) the third-degree term with respect
to x; vanishes; the lines 4,I and A,I' are thus tangent to the curve at the points I and I', which
proves that A, is a focal center of the connecting coupler curve [31]. The same is true for the points
By and M,, and AAyByM, according to Roberts' theorem [23] is similar to AABC and has the same
direction of traverse. There is an extensive literature devoted to the study of connecting coupler
curves. If a connecting coupler point C lies on the line AB between A and B, then we must set y =
180°, and b +a = c. We should pay attention to the special case when C is the midpoint of the
segment AB and at the same time R =r. We then obtain a lemniscate, i.e. a curve similar to a
lemniscate; this curve is often used in practice and is also called the Watt curve. If point C lies on the
line AB, but outside the segment AB, then we must set y = 0 and b — a = £c. The equation of the
connecting coupler curve in this case will have the following form:

U2 + V2 = 4q2b2k2y? (27)
moreover:

U=alx—k)(x*+y*+b*—r2) —bx((x —k)* +y*+a* —R? (28)

V=—ay(x?+y?+b?—R%) + by[(x — k)? + y? + a® — R?] (29)

For the case when C lies between A and B, it is necessary to change the sign in front of 4 in the
equation Eq. (28) and Eq. (29).

2.5. Double Points of the Crank Curve

If the crank curve K. at a given position of the mechanism Ay,ABB, (Figure 10) with the crank
triangle ABC has a double point in C, then the moving point passes through this position C twice;
thus, the point C must correspond to two positions of the crank (AB and A’B’), Then AABC = AA'B'C’,
where A4, A’ lie on the crank circle a, and B, B' on the crank circle p. In this case, the crank point C
is the pole corresponding to two adjacent positions of the crank AB and A’B’. From the equality
2ACB = £A'CB' =y it follows £ACA' = £BCB'. If we connect C with A, and B,, we find that the
lines A,C and B,C are the bisectors of the angles ACA" and BCB'; then follows 2£4,CBy = £ABC =

Y.
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Figure 10. Double points of the connecting coupler curve K. on the circle k', described around the focal triangle

AgByM,, similar to the connecting rod triangle ABC.

Thus, the double point C lies on the circle k’, and the segment AyB, is a chord, and the angle y
is an inscribed angle based on this chord. The circle k' also passes through a third point M,,
considered as the support hinge of two other crank mechanisms, which, according to Roberts'
theorem, describe the same connecting coupler curve [32]. Thus, the theorem is valid.

Theorem 3. Double points of the crank curve lie on the circle k', described around the triangle formed by
the three focal centers AyByM,. Conversely, each point of intersection of the crank curve with the circle k' is a
double point of the crank curve.

Since the connecting coupler curve K. is a curve of the 6th order and has imaginary cyclic points
I and I' as triple points, it can have six more intersection points with each circle in its plane, in
addition to the points I and I'. Thus, each intersection points of the curve K, with the circle k' is a
double point, which should be considered as two intersection points. The theorem follows from this.

Theorem 4. The connecting coupler curve has three double points on the circle k', passing through the
three focal centers Ay, By, My. Of the three double points, two may be complex conjugate; they may also
coincide at the point of self-contact of the connecting coupler curve.

Each real double point is either a double point in the proper sense of the word, i.e. a nodal point,
such as the points C’, C", C""" (Figure 10), or a cusp point in those cases where it coincides with the
instantaneous pole, or an isolated point to which no real positions of the crank can correspond. For
points C, lying on the crank line AB, the crank curve K. is symmetrical about the midline of the
column AgyBy. In this case, the third focal center M, and the three double points lie on the lines
passing through A, and B,. On double points in limit mechanisms, see Miiller. The equation of the
circle k', passing through the three focal centers Ay, By, M,, has the following form:

xt—kx+y?—ky-ctgr=0 (30)
Assuming that a # 0, b # 0, siny # 0, and taking into account the equation Eq. (22), we obtain:
wW=0 (31)

Thus, an analytical study of the crank curve shows that the equations U =0, V=0, W =0,
each of which, in accordance with the equation Eq. (19), is a consequence of the other two, give double
points of the crank curve.
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3. Methodology

The methodology for the sixth-order connecting coupler-curve [33] synthesis of planar four-bar
linkages is based on a combination of analytical modeling, geometric analysis, and computational
validation. This approach ensures precise determination of precision points (3, 4, and 5 positions) for
achieving optimal motion trajectories. The synthesis process involves the following key steps:

Geometric and analytical modeling of the coupler curve

The four-bar linkage Ay,ABB, is modeled with known link dimensions:

m=‘r, E=C, BBO=R, AoBozk

The coupler triangle ABC is analyzed to determine the path traced by point C. The equation of
the sixth-order coupler curve K. is derived using the complex number method:

Z=7+7vC
where Vv is a constant complex value related to the angular displacement y.
Identification of double points using the focal circle k'
According to Roberts theorem [23], the same coupler curve can be generated by three different

four-bar linkages with similar coupler triangles. The focal circle k' is constructed, passing through
the three focal centers A,, By, My. The double points on the coupler curve are determined by solving;:

x2—kx+y?—ky-ctgy =0

These double points indicate repeated positions of the coupler point, which are

essential for dwell mechanisms and controlled motion paths.
Precision point synthesis

Three different cases are considered based on the number of required precision points: 3
precision points — basic path generation ensuring the coupler passes through three defined positions.
4 precision points — includes velocity constraints, ensuring smooth motion transitions. 5 precision
points — adds acceleration constraints, optimizing the linkage for high-speed motion control. The
required linkage parameters for these configurations are obtained by solving the system:

U?+V?=w?

where U, V, W are derived from the coupler point displacement equation.

Application of the synthesized mechanisms

The synthesized four-bar linkages are evaluated in practical applications [21], including:
- Robotic arm motion optimization;

- Automated machinery for manufacturing;
- Dwell mechanisms in cam-follower systems;
- Aerospace linkages requiring precise motion paths.

This methodology integrates geometric, algebraic, and computational techniques to design and
analyze four-bar linkages with specific precision points. By incorporating Roberts' theorem, the focal
circle k', and numerical simulations, the study achieves a systematic synthesis of crank mechanisms
with controlled coupler motion [34].

4. Results and Discussion

The synthesis of planar linkages for specified precision points was performed using graphical
and computational methods. The generated results show the movement trajectories of the
synthesized mechanisms, demonstrating their capability to pass through defined positions while
maintaining structural integrity. The presented configurations include solutions with three, four, and
five precision points, allowing a comparison of the effectiveness of different synthesis approaches
[35]. The results for different configurations of precision points (three, four, and five points) indicate
a progressive improvement in trajectory accuracy with the increase in precision points. However,
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increasing the number of points introduces complexity in the linkage design, leading to possible
deviations from ideal paths and increasing the difficulty in maintaining feasible linkage dimensions.

Three-point synthesis:

- The simplest configuration, showing a reasonable approximation of the desired path [5];
- Suitable for applications where moderate accuracy is acceptable;
- Exhibits minor deviations at extreme positions.
Four-point synthesis:
- Provides improved trajectory following, with reduced deviation from target points;
- Abetter balance between design complexity and accuracy;
- The linkage remains structurally feasible while meeting the desired motion.
Five-point synthesis:
- Achieves a high degree of precision but introduces potential structural complexity;
- Certain positions exhibit larger mechanical stress, potentially affecting stability;
- The linkage dimensions become more constrained, limiting practical implementation.

The graphical results demonstrate the effectiveness of the synthesized linkages [8], with key
observations:

The motion paths closely follow the specified precision points, validating the synthesis process
[4]. Differences in path deviation between configurations suggest that additional refinements may be
necessary for optimal performance. The synthesis approach provides a systematic methodology for
designing planar mechanisms [13], applicable in various engineering domains.

Extending the synthesis to higher-order precision (beyond five points) presents additional
challenges:

The number of linkages required may increase significantly, leading to impractical mechanical
complexity. Computationally intensive approaches become necessary to maintain accuracy.

A direct comparison with numerical optimization techniques highlights the benefits of
integrating computational methods with graphical synthesis:

Numerical methods, such as genetic algorithms and least-squares optimization, offer enhanced
precision by iterating towards an optimal solution. The graphical method, while effective for
visualization and educational purposes, may require further fine-tuning when applied in high-
precision applications. Hybrid approaches combining analytical kinematic synthesis and numerical
refinement could yield the best results [8].

pp: 2

Configuration no. 1 Configuration no. 2
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e

configuration no.3. configuration no.4.

Figure 11. Computed plot of synthesis mode: precision points (3 points).

The provided plots illustrate the synthesis mode for a four-bar linkage mechanism, focusing on
precision point generation for coupler curve design [36]. The synthesis aims to position the coupler
point C, at three specified locations (marked as pp:1, pp:2, and pp:3) along a desired trajectory. The
blue curve represents the coupler point’s trajectory, showing how point C moves through the three
prescribed precision points. The variations in the trajectory across different plots indicate different
configurations and link lengths that satisfy the kinematic synthesis constraints. The mechanism
undergoes reconfiguration as it attempts to pass through all three precision points. Some
configurations show looping and additional crossings, which suggest alternative kinematic
behaviors. The placement of the ground pivots (4, By) and the link lengths significantly affect the
shape of the coupler curve. In some plots, self-intersecting curves appear, which can indicate higher-
order solutions or the presence of unintended dead positions. The ability to match three precision
points ensures that the synthesized mechanism [4] can achieve specific motion characteristics with
minimal deviation. The similarity between the obtained coupler curves and classical Roberts-type
solutions suggests that alternative four-bar mechanisms may generate similar paths. This allows for
design flexibility where multiple linkage configurations can be explored.

A more constrained coupler path is generated, ensuring better adherence to the prescribed
trajectory, as shown in Figure 12. The additional precision point refines the shape of the coupler
curve, making it more predictable and accurate. This configuration improves upon the three-point
synthesis by reducing the error between specified positions. The trade-off in complexity and
flexibility becomes evident, as more precision points introduce constraints on the linkage design.
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configuration no.1.

C L1 pp: 2
.. b4

configuration no.3. configuration no.4.

Figure 12. Computed plot of synthesis mode: precision points (4 points).

The five-point synthesis significantly increases the accuracy of the coupler curve, as shown in
Figure 13, ensuring that it passes through all designated precision points with minimal deviation.
The computed path exhibits a high level of fidelity to the intended motion. However, the increased
number of precision points reduces the flexibility in choosing link dimensions, potentially leading to
extreme link ratios or impractical designs. The computational complexity also increases, requiring
more sophisticated numerical optimization techniques.
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configuration no.1. configuration no.2.

configuration no.3. configuration no.4.

Figure 13. Computed plot of synthesis mode: precision points (5 points).

The latest set of computed plots provides further insights into the precision point analysis and
function generation of the four-bar linkage:

Shown in Figure 14 (3 postures and moving) three key positions of the coupler. The linkage follows
a specific trajectory, hitting the predefined precision points. This setup is suitable for path synthesis
[13], where the coupler must pass through three known positions. Illustrates a fixed coupler
configuration shown in Figure 14 (3 postures and fixed). Useful for analyzing static configurations
where the precision points remain unchanged. Ensures that the linkage remains geometrically
constrained during motion. Includes four precision points along the coupler curve shown in Figure
14 (4 postures). This configuration satisfies both position and velocity constraints. Ensures better path
control, making it ideal for dwell mechanisms. Displays angular relationships between input and
output links shown in Figure 14 (function generation). The angles 6; and 08, define the function
generation capability. This analysis is essential for designing linkages that transform motion in a
specific manner.
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solid element guiding (3 postures and fixed).

solid element guiding (4 postures). function generation.

Figure 14. Computed plot of synthesis mode.

The presented graphs illustrate the kinematic synthesis of mechanisms for different
configurations using three, four, and five precision points. These configurations represent attempts
to design mechanisms that pass through predefined precision points while maintaining smooth
motion characteristics. The synthesized mechanism follows a trajectory passing through three
prescribed precision points. The blue curves represent the generated coupler paths, ensuring that the
coupler point aligns with the precision points. The selected link dimensions and pivot placements
contribute to achieving this motion, with minor deviations due to approximations in the synthesis
process [5]. These configurations provide a basic level of control over the motion but may not be
sufficient for more complex paths. The addition of a fourth precision point improves the accuracy of
the path approximation [30]. The coupler curve exhibits increased fidelity to the desired motion
trajectory. Some configurations demonstrate more significant changes in link arrangements to satisfy
the additional precision requirement. The increased complexity in synthesis leads to more
pronounced deviations in certain positions, highlighting the challenges in maintaining a balance
between mechanical feasibility and path accuracy. The five-point synthesis aims to generate a more
refined trajectory by enforcing additional geometric constraints. The coupler path aligns more closely
with the precision points, indicating better control over the motion. Some configurations show
distinct changes in the link lengths and pivot placements, ensuring the mechanism satisfies all five
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points. This synthesis approach introduces greater sensitivity to minor changes in linkage
dimensions, requiring precise design adjustments.

5. Conclusions

This study presents GIM software (Graphical Interface for Mechanisms), an educational and
research software designed to simplify kinematic analysis and synthesis of planar mechanisms. The
software addresses the challenges students face in understanding kinematics by providing an
interactive visualization and computational tool for modeling n-degree-of-freedom (n-DOF)
linkages.

a). Educational tool for kinematic analysis:

Supports velocity and acceleration analysis, instant center determination, and coupler curve
generation. Enhances student learning by bridging theory and practical application. Integrated into
engineering curricula to improve understanding of mechanism design.

b). Advanced computational capabilities:

Allows for real-time modeling, simulation, and motion analysis. Uses complex number
representations and matrix-based formulations for accurate calculations. Provides interactive
features for exploring mechanism configurations dynamically.

¢). Validation and research applications:

Verified against analytical kinematic models and benchmark coupler curves. Used for design
optimization, dwell mechanism studies, and function generation. Enables researchers to explore
novel mechanism synthesis methods. By integrating geometric modeling, numerical computation,
and visualization, GIM enhances both engineering education and kinematic research. It serves as a
powerful platform for students and researchers to analyze, synthesize, and optimize mechanical
linkages, making it a valuable contribution to mechanism and machine science. The analysis of these
computed plots highlights the trade-offs between accuracy, complexity, and feasibility in linkage
synthesis. While three precision points provide a basic approximation, four and five-point synthesis
improve motion accuracy. Future work should consider integrating numerical optimization
techniques and extending the discussion to higher-order synthesis to achieve better results without
compromising mechanical feasibility.
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