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Abstract

This study introduces a novel neural network-based symbolic computation algorithm (NNSCA)
for obtaining exact solutions to the (3+1)dimension Jimbo-Miwa equation. By integrating neural
networks with symbolic computation, NNSCA addresses the limitations of conventional approaches,
enabling the derivation and visualization of exact solutions. The neural network architecture is
meticulously designed, and the partial differential equation is transformed into algebraic constraints
via Maple, establishing a closed-loop solution framework. NNSCA offers a generalized paradigm for
investigating high-dimensional nonlinear partial differential equations, highlighting its substantial
application prospects.

Keywords: (3+1)dimension Jimbo-Miwa equation; neural network-based symbolic computation algo-
rithm; exact solution; neural network; symbolic computation; nonlinear partial differential equation

1. Introduction

Nonlinear partial differential equations (NLPDEs) provide indispensable mathematical frame-
works for modeling complex phenomena across diverse scientific and engineering domains, including
biology (Wang 2024), quantum mechanics (Yel 2017), financial mathematics (Rrey 2011), fluid me-
chanics (Xu 2024), optics (Arnous 2022), and plasma physics (Song 2023). Their capacity to accurately
capture intricate system behaviors underpins critical applications, exemplified by the Navier-Stokes
equations in aerospace engineering (Lin 2017) and meteorological forecasting (Melet 2020).

Among integrable NLPDEs of significant theoretical and applied interest is the Jimbo-Miwa
equation, originally introduced by Jimbo and Miwa(Jimbo 1983). This equation finds broad relevance
within mathematical and theoretical physics. Its (3+1)-dimensional variant, defined across three spatial
dimensions and one temporal dimension, offers a powerful model for investigating complex wave
propagation and interaction dynamics in higher dimensions. The equation reads Eq.(1):

Uyxxy + Suylxy + SUxlyy + 2yt — Uy =0 (1)

where u(x, y, z, t) represents a potential function, often interpreted physically as the amplitude
or field evolution potential of a high-dimensional nonlinear wave. The structure of Eq. (1) reveals
key dynamical components: The terms 3uyuyy + 3uy1yy constitute the nonlinearity, driving waveform
distortion through self-modulation. The fourth-order mixed derivative uyyy, acts as a higher-order
dispersion term, counteracting nonlinear effects to enable stable structures like solitons. The cross-
derivative terms 2uy; — 3uy; introduce multidimensional coupling, constraining the wave evolution
across space-time and enabling the existence of localized lumps, oblique waves, and genuine (3+1)di-
mension solitons.Consequently, the (3+1)dimension Jimbo-Miwa equation serves as a cornerstone
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model for exploring intricate three-dimensional nonlinear wave phenomena, particularly in plasma
physics(Xu 2023; Yan 2019; Dhiman 2021)

The quest for exact solutions to the Jimbo-Miwa equation solitons (Liu 2023; Seadawy 2022),
breathers(Guo 2020; Zhang 2017), rogue waves (Liu 2019; Srivastava 2024), lumps and their interac-
tions (Yan 2018),remains a vibrant area of research. Such solutions provide profound insights into
nonlinear wave dynamics and underpin theoretical advances in NLPDEs, while also offering mathe-
matical foundations for understanding complex physical systems (Tang 2021). Numerous analytical
techniques have been deployed to tackle this equation. These include: Hirota’s bilinear method, used
to systematically derive lump and lump-like solutions via Bell polynomials (Su 2012).The (G’/G)-
expansion method and its variants, yielding traveling wave solutions expressed through hyperbolic,
trigonometric, and rational functions (Song 2010; Sirisubtawee 2017).Bell polynomial schemes com-
bined with Backlund transformations, Lax pairs, and the three-wave method for constructing bilinear
forms and periodic waves (Liu 2019).Test function approaches aided by symbolic computation for
finding solitary wave solutions (Singh 2015; Yan 2003).

Nevertheless, significant challenges persist. The efficacy of these methods often depends heavily
on the specific equation structure or the anticipated solution form (e.g., traveling vs. non-traveling
waves, solutions with arbitrary functions) (Shen 2025). Crucially, transforming a given NLPDE
into the Hirota bilinear form—a powerful route to exact solutions—is not always feasible, limiting
applicability. Even when successful, the resulting bilinear system for high-dimensional or complex
NLPDEs can involve intricate symbolic computations, especially when constructing solutions with
numerous parameters (e.g., ensuring analyticity for a 15-parameter lump solution (Yong 2018)). This
computational burden underscores the need for more robust and efficient methods for deriving exact
solutions.

Recent advances in neural networks (NNs) offer promising new paradigms for solving NLPDEs.
The theoretical foundation, established by the Universal Approximation Theorem (Cybenko 1989),
guarantees that NNs can approximate complex continuous functions. Physics-Informed Neural Net-
works (PINNSs)(Raissi 2019)embed PDE residuals directly into the loss function, enabling solution
discovery even with sparse data. Building on this, the Bilinear Neural Network Method (BNNM)
(Zhang 2019)represents a significant innovation. BNNM synergizes the expressive power of neural
networks with the analytical structure of Hirota’s bilinear form, efficiently generating exact analyt-
ical solutions—such as solitons, breathers, and rogue waves—critical to fields like optics and fluid
mechanics. BNNM has demonstrated notable success in solving various NLPDEs, yielding breathers
and interacting solitons for the (2+1)D Hirota-Satsuma-Ito equation (Zhu 2023), novel test functions
and rogue waves for generalized breaking wave equations (Zhang 2022), periodic solitons for the
(3+1)-dimensional Boiti-Leon-Manna-Pempinelli(BLMP) equation (Shen 2021), lump and bright-dark
soliton solutions for the (3+1)-dimensional Geng equation (Lei 2024), and M-lump and lump-breather
solutions for the KP-BBM equation (Huang 2024).

Inspired by the BNNM yet addressing its limitations, this study introduces the Neural Network
Symbolic Computation Algorithm NNSCA. NNSCA derives exact solutions for the (3+1)dimension
Jimbo-Miwa equation. It achieves deeper integration through three mechanisms: incorporating sym-
bolic priors from mathematical structures, utilizing neural networks” multidimensional approximation
capabilities, and enforcing complementary logic. This framework combines symbolic rigor with
efficient solution space exploration. It effectively bridges symbolic computation and data-driven ap-
proaches. NNSCA demonstrates key advantages. It reduces structural dependence on specific equation
forms. The method mitigates overfitting risks common in purely data-driven high-dimensional systems.
It enables automated discovery of analytical solutions without manual hypothesis. Computational effi-
ciency improves dramatically: parameter-constrained equation systems automate solution derivation,
compressing weeks of manual effort to minutes. Applying NNSCA to the (3+1)dimension Jimbo-
Miwa equation, we achieve the first automated discovery of diverse analytical solutions—including
solitons, lumps, and periodic waves. Subsequent visualization via 3D surfaces, spacetime slices, and
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high-dimensional projections elucidates key dynamical features such as wave localization, periodicity,
and intricate multidimensional coupling mechanisms.

The remainder of this paper is structured as follows: Section 2 details the foundational principles
and procedural steps of the NNSCA for solving NLPDEs. Section 3 demonstrates the method’s appli-
cation to the (3+1)dimension Jimbo-Miwa equation using single-hidden-layer neural network models,
presenting analytical solutions derived from two distinct coefficient sets alongside visualizations.
Section 4 enhances model complexity with a two-hidden-layer architecture, solving the same equation
and illustrating results using two further coefficient sets. Finally, Section 5 concludes the study.

2. Principles of Neural Network Based Symbolic Algorithm (NNSCA)

This study mainly uses NNSCA to solve the analytical solution of the (3+1)dimension Jimbo-Miwa
equation and visualise its analytical solution. The specific solution structure of NNSCA is shown in

Figure 1.
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Figure 1. NNSCA method flowchart.

Step 1:Building a high-dimensional neural network architecture. Construct a multi-layer
perceptron architecture adapted to (3+1) spatial-temporal dimensions, with the input layer connected
to independent variables {x,y,z,t} to capture four-dimensional coupling effects; The hidden layer uses
a customised family of activation functions that combine hyperbolic, trigonometric, and exponential
functions to adapt to the local and periodic characteristics of high-dimensional waves, breaking
through the traditional symbolic method’s assumption of solution forms and adaptively exploring
the complex solution space containing solitons, lumps, and periodic waves; The output layer directly
defines the probe function f(x,y,z,t), leveraging the degrees of freedom of network weights and
biases to pre-construct the expression form of high-dimensional solutions.

Step 2: Symbolic derivation of partial derivatives of all orders. Using the Maple symbolic
computation engine, perform a full-order partial derivative expansion of the output f, covering all
derivative terms involved in the (3+1)dimension Jimbo-Miwa equation. Recursively process composite
operations using the chain rule to strictly ensure the mathematical rigour of the differential derivation,
avoiding numerical differentiation truncation errors, and providing accurate derivative support for
subsequent equation substitution.

Step 3: Symbolic Mapping of the Target PDE. Substitute the partial derivatives of f into the
(3+1)-dimensional Jimbo-Miwa equation. Through algebraic operations such as rationalisation and
combining like terms, gradually eliminate terms directly associated with the unknown solution,
transforming it into an equation containing only f and its partial derivatives, neural network weights,
and biases. This process achieves a dimensionality reduction mapping from partial differential
constraints to algebraic constraints, transforming the infinite-dimensional function constraints of the
high-dimensional PDE into finite-dimensional algebraic constraints on the network parameters.

Step 4: Construction of the parameter constraint equation system. For the transformed equations,
group terms by spatial-temporal variable powers and neural network parameters, and use the ‘like-
term collection’ feature of symbolic computation to extract the coefficient functions for each group
of terms. Force all coefficients to zero to ensure the validity of the PDE, generating an algebraic
constraint equation system for neural network weights and biases. Compress the parameter space
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through sparsification processing, constraining the range of free parameters in the neural network to
the subspace satisfying the PDE solution.

Step 5: Symbolic solution and constraint screening. Call the Maple symbolic solver to analyse
the constraint system of equations and address the challenge of nonlinear multi-solution: combine
the physical constraints and mathematical constraints of the (3+1)dimension Jimbo-Miwa equation to
screen for valid solutions, obtain parameter analytical relationships or specific parameter values, and
establish a mapping between network parameters and high-dimensional wave physical quantities.

Step 6: Constraint Back-Substitution and Closed-Loop Verification. Substitute the obtained
parameters back into the initial probe function f to reconstruct the exact probe function f that satisfies
the PDE constraints. Conduct symbolic verification by substituting into the (3+1)dimension Jimbo-
Miwa equation, i.e., use Maple to recalculate the derivatives and verify the validity of the equation,
forming a closed-loop process from neural network pre-exploration to symbolic constraint derivation,
parameter solution, and final back-substitution verification, ultimately outputting a (3+1)dimension
analytical solution that strictly satisfies the equation.

3. Single layer
3.1. Model [4-3-1]-1

To solve the (3+1)dimension Jimbo-Miwa equation (1), we designed a single-layer neural network
model diagram based on the characteristics of the equation, as shown in Figure 2a. This single-layer
neural network model diagram is model [4-3-1], where the input layer has four neurons, namely x, y, z,
and t, the hidden layer has three neurons F; (&1 ), F2(§2), and F5(&3), and the output layer is the output
probe function f(x,y,z,t).
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Figure 2. Single hidden layer neural network model diagram: (a) Network structure. (b)Model[4-3-1]-1 . (c)
Model[4-3-1]-2.

Now, based on the single-layer neural network model diagram(Figure 2) we construct the
activation functions. We set the activation function Fj(¢;) = sech?(¢1), F2(&) = sin(&), and
F3(&3) = cos(&3), resulting in the model shown in Figure 2b. [4-3-1]-1. By outputting the neural
network model, we obtain the test function (2)

f=by+wy, -sechz(t W+ X we1 Y w1+ 2w+ bo)
+ woy - sin(t-wio + X W +y - Wy + 2 Wy + b3) )
+ w3,y - cos(t- w3+ X - wy3+y - W3+ 2 W3+ bs)
Differentiate the test function (2) and substitute it back into (1) to obtain a more complex equation.
Collect the coefficients of each term to obtain the corresponding underdetermined nonlinear algebraic

equation system. Use Maple to solve this equation system and obtain two sets of coefficient solutions,
Case 1 and Case 2, as shown in (3) and (4), respectively.
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W1,u = W, Wo,y = Wy, W3y = W3y,
3wz,l (w 1 +wz,l) 3wz,3(w ,3+wz,3)
W1 = 727‘% ; Wip = Wi, Wi3 = 72;, ’
y1 Y3
Case 1: wy1 =0, Wwyp =0, wy3 =0, 3)
Wy = Wy,1, wy2 =0, Wy 3 = Wy3,
Wz1 = Wz, Wzo = 0, Wz3 = Wz3
W1,u = Wi,u, W2,y = W2,u, W3,y = W3y,
_ 3wy (wy 1 +w; 1) _ Bwzp(wyp+w; o) _ Bwy3(wyztw;3)
Wiy = 2w, W2 = T m, v W3T T o,
Case 2: wyq =0, wyp =0, wy3 =0, 4)
Wy,1 = Wy,1, Wy = Wyp, Wy3 = Wy,3,
Wz1 = Wz, Wz = Wz, Wz3 = Wz3

For Case 1, we substitute (3) into (2) and simplify to obtain the analytical solution of the (3+1)di-
mension Jimbo-Miwa equation as shown in (5).

2yw? | + ((3t +2z2)w, 1 + 2by)w, 1 + 3tw?
f=bs+w, 'Sech2< Yy i v z

wa
+wyy sin(twt; + b3) ®)
3tw s(wysz +wy3
+ w3y cos( 23 Y 23) +ywy 3 +zw,3 + b5>
Zwy,;;

To confirm the accuracy of the solution in equation (5), we insert the analytical solution into
the left-hand side of the (3+1)dimension Jimbo-Miwa equation (1) and employ Maple software to
streamline the outcome. The process reveals that the left-hand side of equation (1) consistently equals
zero. This demonstrates that the analytical solution (5) is both precise and error-free, while also
underscoring the superiority of this approach compared to traditional numerical techniques. To briefly
analyse its dynamic characteristics, we now visualise the analytical solution obtained, taking the
corresponding parameters y = x%, by = 1, w1 = 1, by = 1, woy = 2, wyp = 2, wyp = 1, wyy =1,
Wiy =2, Wwy1 =2, W1 =2, Wip=2,b3 =2, w3y =2, w;3=2wy3=3bs=3z=1w,=1,
w13 = 2. The spatiotemporal dynamical visualisation of the analytical solution of the (3+1)dimension
dimensional Jimbo-Miwa equation is shown in Figures 3a, 3b, 3¢, and 3d.
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Figure 3. Plots of the solution(5): (a) Three - dimensional graphs. (b) Contour diagrams. (c) Thermal maps. (d)
Evolution plot.

Three-dimensional graphs (Figure 3a) visually present the spatiotemporal evolution of the solu-
tions to the (3+1)dimension Jimbo-Miwa equation on the x-t plane amplitude surface: the undulating
morphology of the surface reveals the quasi-periodic oscillation characteristics of nonlinear waves, and
the extension direction of the wave peaks suggests a tendency for bidirectional propagation along the
x axis; while the periodic folds of the surface reflect the dynamic balance between dispersion effects
and nonlinear effects in the equation, confirming the solution’s stable propagation in high-dimensional
space. In the contour diagrams (Figure3b), the red closed contours outline the localised distribution of
high-amplitude wave packets, with their curved contours and nested structures suggesting that the
waves propagate at non-uniform speeds; The periodic stripes on the blue background correspond to
low-amplitude regions, reflecting the complex superposition effects of multi-directional wave interfer-
ence in a (3+1)dimension system, highlighting the coupled characteristics of nonlinear waves localised
oscillations—global periodic modulation. The thermal map (Figure3c) clearly reveals the multi-scale,
quasi-periodic spatiotemporal dynamics captured by the neural network. This distinctive combination
of periodicity and localized enhancement is a hallmark of modulational instability or the formation
of breather lattices commonly observed in high-dimensional nonlinear wave equations.The periodic
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component, arising from the sinusoidal and cosinusoidal terms in the expression, imposes a regular
grid-like modulation across the(x,t) plane. Superimposed on this background, the sech envelope
induces strong spatial localization, concentrating energy into isolated high-amplitude hotspots within
each periodic cell. Such patterns closely resemble the quasi-periodic breather arrays or modulationally
unstable structures that emerge in integrable or near-integrable systems, including higher-dimensional
extensions of the nonlinear Schrodinger family and related soliton-bearing equations. These features
underscore the model’s ability to faithfully reproduce complex, emergent nonlinear phenomena char-
acteristic of the (3+1)dimensionimension Jimbo-Miwa equation. The evolution plot(Figure 3d) Select
the x cross-sectional curves at five time points t = —20, —10, 0,10, 20 to clearly verify the bidirectional
propagation law of the wave: when t > 0, the wave crest moves in the positive direction of the x axis,
and when t < 0, it moves in the negative direction; The oscillation frequencies of the curves at each
time point are similar, and the amplitude differences are stable, reflecting the shape conservation of
the solution, while the localised distribution of the peaks highlights the energy aggregation effect
dominated by nonlinearity.

For Case 2, if we substitute (4) into (2) and simplify, we obtain another analytical solution for the
(3+1)dimensionimension Jimbo-Miwa equation, as shown in (6).

2yw? . + ((3t +2z)w, 1 + 2by)w, 1 + 3tw?
f= b4+ZU1,u-sech2< Yy (« i ey 21

Zwy,l

3th/2(wy,2 + wzlz)
Zwy,z

+wyy - sin( +ywyo +zwz o + b3> (6)

+ w3y - COS< + Yywy3 +zw,3 + b5> .

Likewise, to assess the dependability of the result in equation (6), we input the analytical solution of
(6) into the left-hand side of the (3+1)dimension Jimbo-Miwa equation (1) and utilize Maple software
to refine the outcome. The analysis confirms that the left-hand side of equation (1) consistently equals
zero, suggesting that the analytical solution (6) is dependable Visualising the obtained analytical
solution, we take the corresponding parameters y = x%, by =1, wr=1,bp=1wy, =2, wy =2,
Wt = 1, wy,z = 1, w1,y = 2, wy,l =2, wz1 = 2, Wi = 2, b3 =2, w3y = 2, wz3 = 2, wz3 = 2, ny3 =3,
bs =3,z=1, w11 = 1, Wy = 1, w13 = 2, Wy2y = 2, w1y = 2, w3 = 3, Wy3 = 2. The resulting
spatiotemporal dynamical visualisation of the analytical solution to the (3+1)dimension Jimbo-Miwa
equations is shown in Figures 4a, 4b, 4c, and 4d.
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Figure 4. Plots of the solution(6): (a) Three - dimensional graphs. (b) Contour diagrams. (c) Thermal maps. (d)
Evolution plot.

This three-dimensional graph(Figure 4a) presents the spatiotemporal evolution of the solution to
the (3+1)dimension Jimbo-Miwa equation in the form of an amplitude surface in the x-t plane: the
spiral-like wrinkled morphology of the surface suggests a strong coupling between nonlinear and
dispersion effects; wave crests extend along the composite direction of the x and t axes, reflecting the
non-uniform propagation characteristics of waves in high-dimensional space; the periodic changes
in colour gradients and height variations further confirm the quasi-periodic modulation patterns of
the solutions. In the contour diagrams(Figure 4b), the red high-amplitude regions exhibit fragmented,
non-closed distributions, breaking the regular contours of conventional localised wave packets, sug-
gesting the disintegration and recombination of localised structures during wave propagation; The
stripes in the background blue low-amplitude regions become more disordered, reflecting the en-
hanced non-uniformity of multi-directional wave interference within the (3+1)dimension system,
highlighting the complexity of dynamic interactions under nonlinear effects in this group of solutions.
Thermal maps(Figure 4c) depict the amplitude distribution in the x-t plane through colour gradients.
High-amplitude patterns exhibit non-symmetric periodic arrangements, breaking the spatiotemporal
symmetry of the first solution group and revealing its spatiotemporal symmetry-breaking character-
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istics; The “arc-shaped’ distribution of the colour gradient corresponds with the spiral trend in the
three-dimensional plot, indirectly verifying the dynamical characteristics of wave propagation along
the composite direction. The evolution profiles(Figure 4d) selecting the x cross-section curves at t = -20,
-10, 0, 10, 20, it can be observed that the wave peaks propagate bidirectionally while accompanied by
strong amplitude modulation: the central amplitude is highest at t = 0, and as time progresses, the
amplitude difference between the two sides of the wave peaks significantly increases, reflecting the
energy concentration effect dominated by nonlinearity; The enhanced difference in oscillation frequen-
cies of the curves suggests dynamic changes in dispersion characteristics during propagation, further
illustrating the multi-scale dynamical behaviour of the solutions to the (3+1)dimension Jimbo-Miwa
equation.

3.2. Model [4-3-1]-2

To obtain different analytical solutions for neural network models with the same number of layers,
we changed the activation functions in the hidden layers without changing the number of layers in the
network model. We set the activation functions as F; (&) = tanh? (1), F2(&) = (&2)%, F3(&3) = (&3)2,
resulting in the model shown in Figure 2c [4-3-1]-2. By applying the output of the neural network
model, we obtain the test function (7).

f = by + W1,y - tanhz(twt,1 + Xwy 1 + Yywya +zw, 1 + bz)
2
+ way - (tweo + Xwy2 + ywy 2 + 2wz 5 4 b3) 7)
+ w3,y - (twt,S + xwy 3 + ywy3 + zw, 3 + b5)2
Differentiate the test function (7) and substitute it back into (1) to obtain a more complex equation.
Collect the coefficients of each term to obtain the corresponding underdetermined nonlinear algebraic

equation system. Use Maple to solve this equation system and obtain two sets of coefficient solutions,
Case 1 and Case 2, as shown in (8) and (9), respectively.

bz = b, bs = bs,
Wiy = Wi,u, w3,y = W3y,
w3,u = w3,u/
Wt = W1, Wi = Wi,
Wi3 = W3,
Wyx1 = —Wz1,
Case 1: 5 ) (8)

w _ wZ,uwz/z+w3,uwx,3wz,3+w3,uwzl3

x2 = W2,y Wz 2 4
Wy3 = Wy,3,
wyll = O, wy,z = O,
Wy3 = 0,
Wz1 = Wz, Wzp = Wzp,
Wz3 = Wz3
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bz = b3, bs = bs,
2
_ _ W3,uWy 3 _
W1y = W1,u, Wo,u = —— 2" W3u = W3y,
x,2
3w, 1(wy 11wy 1)
Wi = ——5p——» W2 = Wy2, W3 = W3,
Case 2: 2wy )
w1 =0, Wyp = Wy, Wy3 = Wy3,
wy,l = wy,ll wy,Z = 0/ wy,3 = 0/
_ _ WxpWz3 _
W1 = Wz, Wzp = ==, Wz3 = W3

For Case 1, we substitute (8) into (7) and simplify to obtain the analytical solution of the (3+1)di-
mension Jimbo-Miwa equation as shown in (10).

’ 2
f bt % . (3”;)2,2 + Wy 2 (% + Z) Wyo + Wy,2 (ywyg + b3)> (10)

To validate the accuracy of the result in equation (8), we insert the analytical solution of (8) into the
left-hand side of the (3+1)dimension Jimbo-Miwa equation (1) and apply Maple software to streamline
the outcome. The analysis reveals that the left-hand side of equation (1) consistently equals zero,
confirming that the analytical solution (8) is dependable and precise, with no error at this stage.

To visualise the obtained analytical solution, we take the corresponding parameters y = x, by =1,
Wy =2,wy1=3,bp =2, w;p =2, wyp=2,z= Jl—c, w1, = 2, b3 = 1, we obtain the spatiotemporal
dynamical visualisation diagrams of the analytical solution shown in Figures 5a, 5b, 5¢, and 5d.
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Figure 5. Plots of the solution(10): (a) Three - dimensional graphs. (b) Contour diagrams. (c¢) Thermal maps. (d)
Evolution plot.

This three-dimensional graph(Figure 5a) shows a hyperbolic separation surface structure, with
the amplitude sharply increasing at x=0. The surfaces on both sides rapidly decay along the x axis
and extend along the t axis, revealing the strong localisation characteristics of the solution, i.e., the
energy is highly concentrated in the narrow space-time region near x=0. The steep edges of the surface
contrast sharply with the smooth transitions, reflecting the competitive mechanism between nonlinear
localisation effects and dispersion diffusion in the (3+1)-dimensional Jimbo-Miwa equation, giving
rise to shock-like localised wave structures. The contour lines are highly dense at x=0 and fan out in
both directions along the t axis(Figure 5b). Combined with the colour scale, this visually demonstrates
the line-localised distribution of energy; The extension trend of the lines confirms that while waves
propagate bidirectionally along the t axis, localisation in the x direction continues to strengthen,
highlighting the spatiotemporal constraint dynamics of localised waves in the (3+1)dimension system.
In the thermal maps(Figure 5c), the bright strip running along the t axis at x=0 and the rapidly decaying
colour gradients on both sides precisely depict the line localisation characteristics of the solution. The
colour distribution is symmetric about x=0, verifying the spatial inversion symmetry of the solution
and implying that the local structure maintains its morphological stability during propagation, further
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supporting the dominant role of nonlinear localisation. The evolution plot(Figure 5d) Selecting x
cross-sectional curves at t = -20, -10, 0, 10, 20, it can be seen that a sharp peak always exists at x=0, with
an amplitude far higher than on either side, and the peak position remains unchanged with t, with
only a slight variation in the absolute value of the amplitude, reflecting the spatiotemporal locking
characteristics of the localised structure; The consistency of the curve shapes confirms the strongly
localised nature of the solutions to the (3+1)dimension Jimbo-Miwa equation, where energy is strictly
confined to propagate within a low-dimensional subspace.

For Case 2, if we substitute (9) into (7) and simplify, we obtain another analytical solution for the
(3+1)dimension Jimbo-Miwa equation, as shown in (11).

2yw? | + ((3t + 2z)w, 1 + 2bp)w, 1 + 3tw?
f=bstwiy- tanh2< vl - ! 2l

Zwy,1
ws, 5 11
_ wT“ ((twrp + xWy g + b3) Wy 3 + 2Wy 2 W 3) v
x,2

+ w3,y - (twt,3 + XWy 3+ zWz3 + b5)2

To confirm the trustworthiness of the result in equation (11), we integrate the analytical solution
of (11) into the left-hand side of the (3+1)dimension Jimbo-Miwa equation (1) affirming that the
analytical solution (8) no error. Visualising the obtained analytical solution, we take the corresponding
parameters y = x2, by =1, Wy =2, wy1 =3, bp =2, w0 =2, wyp =2 w, =2 w, =2,
w3y = 2, Wt = 2, Wyx2 = 2, b3 = 2, Wyx3 = 1, Wwz3 = 2, w3y = 2, w3 = 2, Wwz3 = 2, b5 =2,z= X,
Wy, = 2, resulting in the analytical solution’s spatiotemporal dynamics visualisation diagram shown
in Figures 6a, 6b, 6¢, and 6d. To better illustrate the characteristics of three-dimensional graphs, their
corresponding top-down views have been added.
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Figure 6. Plots of the solution(11): (a) Three - dimensional graphs. (b) Contour diagrams. (c¢) Thermal maps. (d)

— =20

Evolution plot.

In the three-dimensional graphs(Figure 6a) From a top-down perspective, the edges of the three-
dimensional surface’s plateau exhibit sawtooth-like wrinkles, breaking the expectation of a perfectly
flat top. This detail suggests that even within the localised region where energy is concentrated, quasi-
periodic amplitude modulation still exists, reflecting the coexistence mechanism of localisation and
modulation instability in high-dimensional systems, where nonlinearity dominates energy confinement
and dispersion induces weak oscillations, jointly shaping the non-uniform local structure. The red
closed contours outline arched localised regions, with the jagged edges of the contours corresponding to
the wrinkles in the three-dimensional top-down view, verifying the quasi-periodic modulation within
the localised regions(Figure 6b). The contour extends along the negative t axis to t = —10, suggesting a
unidirectional propagation preference of the wave, revealing the asymmetric dynamical characteristics
of the localised structure. In the thermal maps(Figure 6c), red arched bands are distributed along the
‘arched trajectory,” with colours rapidly decaying from the centre to both sides, precisely delineating
the spatiotemporal boundaries of the localised region; The arched vertices are located at t ~ 0 and
x ~ 0, and as t decreases, they spread out on both sides of the x axis, confirming the unique trajectory
of the wave propagating along the arched path in the negative direction of the t axis, highlighting the
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non-trivial spatiotemporal evolution pattern of the (3+1)dimension solution. In the evolution plots
(Figure 6d) Selecting x cross-section curves at t = -20, -10, 0, 10, 20, it can be seen that at t = 0, sharp
minima appear at x = 2, while the central region maintains a stable high amplitude; As t deviates
from 0, the sharpness of the valley decreases and the central amplitude slightly decays, reflecting the
dynamic symmetry breaking of the localised structure, i.e., strict localisation only occurs near t = 0, and
it gradually dissipates during propagation, revealing the time-dependent localisation characteristics of
the (3+1)-dimensional Jimbo-Miwa equation solution.

4. Double Layer
4.1. Model [4-4-3-1]-1

To extract more solution sets from underdetermined systems of equations and reveal the rich
dynamical properties of high-dimensional equations, we now increase the complexity of the model
by constructing a neural network with two hidden layers to solve the (3+1)dimension Jimbo-Miwa
equation. as shown in Figure 7a, which depicts the [4-4-3-1] two-layer hidden neural network model
we have constructed. The input layer consists of four neurons, denoted as x, y, z, and t. The first hidden
layer contains four neurons, denoted as F; (1), F2(&2), F3(C3), Fa(4), the second hidden layer contains
three neurons, represented as F5((s), Fs(s), and F7({7), and the final output layer is the output probe
function f(x,y,z,t) Now, we construct the activation function based on Figure 7a, F; (1) = cos(&1),
Fy(82) = sin(G2), F3(83) = tanh(§3), Fa(Ga) = sech(Ga), F5(G5) = (85)% Fs(Gs) = (86)% F5(87) = (87)%
resulting in the model shown in Figure 7b [4-3-1]-1. By applying the output of the neural network
model, we obtain the probe function (12).

Output Layer Output Layer

Input Layer Input Layer

Hidden Layers Hidden Layers

(a) (b)
Figure 7. Double hidden layer neural network model diagram: (a) Network structure. (b)Model[4-4-3-1]-1 .
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f = bg 4 ws g (w5 cos(twy1 + xwy 1 + ywy + zw,1 + by)

+ wy 5 sin (twy 2 + XWy p + YWy + 2w + by)
+ w35 tanh (fwy 3 + xwy 3 + yw, 3 + 2w, 3 + b3)
+ wy5sech (w4 4 XWy 4 + YWy 4 + 205 4 + by)
+bs)?

+ w0 (w16 cos (twy 1 + Xwy 1 + ywy 1 + zw,1 + by)
+ w6 sin (twy o + Xy 2 + ywy,» + 20, + by)
+ w3 6 tanh (twy 3 + xwy 3 + yw, 3 + 2w, 3 + b3) (12)
+ Wy gsech (twy g + XWy 4 + YWy 4 + 2, 4 + by)
+bg)?

+ wy @ (w16 cos(twyy + xwy1 + ywy,1 + zw,1 + by)
+ Wy 6 sin (twy 2 + XWy p + Ywy 2 + 2w + by)
+ w36 tanh (fwy 3 + xwy 3 + yw, 3 + 2w, 3 + b3)
+ wy gsech (twy g + XWy 4 + YWy 4 + 22 4 + by)
+by)?

Similar to the single hidden layer, differentiate and substitute back into (12) to obtain two coeffi-
cient solutions, Case 1 (13) and Case 2 (14), through NNSCA.

bs = bs, bs = bs, by = by,
w15 = W15, Wi,6 = W16,
Wy 5 = W5, W6 = W26,
w35 = W35, w36 = W36,
W45 = W45, W46 = W46,

Casel: (wip =0, w2 =0, w3 =0, (13)
Wig = Healtyaties) (;Uuy,;:rwm) ’
wyy =0, wyp =0, wy3 =0, Wy4 =0,
wy,1 =0, wy» =0, wy3 =0, Wy 4 = Wy 4,
wz1 =0, wyzo =0, w,3 =0, Wy4 = Wy,
W5, = W5,p, W, = We,0, W7,0 = W70
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bs = bs, bs = bs, by = by,
W15 = W15, w16 =0,
Wy 5 = W5, w36 = W26,
W35 = W35, w36 =0,
wys5 =0, Wa6 = Wy,
Case 2: w1 =0, wp =0, (14)
Wr3 = W/ W4 = Wt 4,
Wx1 = 0, Wyx2 = 0, Wyx3 = 0, Wx4 = 0,
wy,l = 0, wy,2 = 0, wy,3 = wy,3, wy,4 = 0,
w;y =0, wzp =0, Wy3 = Wz3, Wyq=0,
W5, = W50, We,0 = We,, W70 = W70

For the coefficient solution Case 1 (13), we substitute (13) into (12) and simplify it to obtain the
analytical solution of the (3+1)dimension Jimbo-Miwa equation as shown in (15).

f=bs+wsp- <w1,5 cos(by) + wy5sin(by) + w3 5 tanh(b3)

2ZU§,4]/ + ((3t + 2z)wzl4 + 2b4)wy,4 + 3tw§/4> . )2
5

h
+ wy 5sec < 20,4

+ We @ - <ZU1,6 COS(b]) + w6 Sin(bz) + w36 ta]f‘lh(bg,)
(15)

2w§,4y + (3t +2z2)w, 4 + 2bg)wy 4 + 3tw§l4> b ) 2
6

h
+ wy eSeC < 20,4

+wr - <w1l6 cos(by) + wy 6 sin(by) + w3 6 tanh(b3)

2w§ Y+ ((St + ZZ)sz + 2b4)wy,4 + 3tw§4> , >2
, A) b,

h
+ wyeseC < 20,4

For the coefficient solution Case 1 (13), we substitute (13) into (12) and simplify it to obtain
the analytical solution of the (3+1)dimension Jimbo-Miwa equation as shown in (15). Visualise the
analytical solution obtained by setting the corresponding parametersy = x, bg = 1, wsp = 1, w15 = 1,
wr5 = 2, w35 = 3, bz = 2, b3 = 3, ZU4,5 = 1, wy,4 = 2, wzl4 = 1, b4 = 1, b5 = 1, w6,@ = 1, ZU1,6 = 1,
Wy =1, w3 = 2, wye =2, wyp =2,by =1,z = x,b; =1, by =1, resulting in the analytical
solution’s spatiotemporal dynamics visualisation diagram shown in Figure 8a, 8b, 8c and 8d.
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Figure 8. Plots of the solution(15): (a)Three - dimensional graphs. (b) Contour diagrams. (c) Thermal maps. (d)

Evolution plot.

The graph (Figure 8a) reveals highly consistent diagonal texture and color gradients across the
three-dimensional surface. These patterns extend steadily along the x + t ~ 0 direction. This confirms
the wave’s strong preference for directional propagation. The dual-hidden-layer model captures
this regular trajectory with precision. Deeper feature abstraction uncovers the underlying diagonal
conservation law of the (3+1)dimension Jimbo-Miwa solution. In the contour diagram (Figure 8b), red
closed vortices arrange periodically along the diagonal. Each vortex shows an amplitude difference
exceeding 30 between center and edge. This highlights strong energy concentration in localized
pulses. The wavy extension of blue outer lines resonates with the vortex period. It suggests a cyclic
mechanism of pulse generation and annihilation. The pseudocolour thermal map (Figure 8c) displays
red high-amplitude spots distributed at equal intervals along the diagonal. Strong contrast with the
green background emphasizes the periodicity and isolation of the pulse trains. The narrow color scale
indicates stable energy levels. Through complex feature transformations, the double-hidden-layer
model reveals the periodic pulse flow pattern. This offers a fresh perspective on dynamic transport in
high-dimensional systems. The evolution plots (Figure 8d) show x-profile curves at t = -5, -1,0,1, 5.
Sharp peaks move linearly along the x-axis with time. Propagation occurs strictly along the x +
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direction. Peak amplitudes remain stable. Half-widths stay narrow. These features indicate motion-
invariant solitons. The dual-hidden-layer architecture successfully extracts this directional periodic
soliton solution from an underdetermined equation system. It demonstrates the model’s ability to
reveal intricate dynamics in high-dimensional integrable equations.

For Case 2, we substitute (14) into (12) and simplify it to obtain another analytical solution for the
(3+1)dimension Jimbo-Miwa equation, as shown in (16).

f =bg+ Ws @ - <w1/5 COS(bl) +wys Sil’l(bz)

22 3y + (3t + 22)w 3 + 2b3)wy 3 +3w§3t> . >2
’ ’ + U5

+ w3 5 tanh
2wy/3

(16)

2
+ we ) - (wz,(, sin(by) + wa gsech(tw; 4 + by) + b6>

2
+wyp - (wz,(, sin(by) + wy gsech(twy 4 + by) + b7>

To verify the reliability of the result in (16), we substitute the analytical solution of (16) into
the left side of the (3+1)dimension Jimbo-Miwa equation (1) under study and use Maple software
to simplify the result, which shows that the left side of equation (1) is always equal to zero. This
indicates that the neural network with two hidden layers is reliable and accurate when compared to
the analytical solution (16) obtained through symbolic computation, with zero error. Visualising the
obtained analytical solution, we take the corresponding parameters y = x,z = x, bs = 2, wy = 2,
by = 2, wy5 = 2, W7, emptyset = 2, Wop = 2,bs =2, w50 =1, w15 =2,b; =1, wy5 =2,bp =1,
w3s =1, wy3=1w,3=2,b3=2,wpe =2 wy =2,by =3, bg = 2, resulting in the spatiotemporal
dynamical visualisation diagrams of the analytical solutions shown in Figures 9a, 9b, 9¢c, and 9d.
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Figure 9. Plots of the solution(16): (a) Three - dimensional graphs. (b) Contour diagrams. (c¢) Thermal maps. (d)
Evolution plot.

Figure 9 illustrates the spatiotemporal bifurcation structure of solutions to the (3+1)dimension
Jimbo-Miwa equation, captured through a dual hidden layer model. In the three-dimensional graph
(Figure 9a), the surface exhibits a sharp bifurcation near x ~ 0 and ¢ ~ 0. The amplitude jumps abruptly
from a low-energy state on the left to a high-energy state on the right. This forms a steep interface. The
model’s dual hidden layers enable it to represent nonlinear bifurcation behavior. Solutions undergo
essential transformations under specific spatiotemporal thresholds. This reflects phase transition-like
evolution in nonlinear systems. The contour diagrams (Figure 9b) show blue lines intersecting red
high-amplitude regions at the bifurcation interface. Complex interference patterns emerge. High-
amplitude regions remain confined near the interface. This indicates energy localization. Nonlinear
waves propagate along the boundary, similar to waveguides in high-dimensional systems. The dual
hidden layers abstract deep features. They overcome limitations of simpler models in characterizing
linear interfaces. Thermal maps (Figure 9c) display stable red and blue blocks in upper and lower
regions. A diagonal transition zone marks the critical area for state changes. This reveals bistable
and multistable characteristics. The system maintains two energy states. Transitions occur only in
critical spacetime regions. The dual layers” expressive power extracts threshold-driven transitions from
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underdetermined equations. It highlights complex dynamics in high-dimensional systems. Evolution
plots (Figure 9d) examine x cross-sections at t = —5, —1, 0, 1, and 5. Att = —5, amplitude stays
extremely low. At = —1, it jumps rapidly near x =~ 0. For ¢t > 0, it stabilizes in a high-energy state.
This confirms a threshold excitation mechanism. Nonlinear effects trigger and sustain wave excitation
beyond critical values. The dual hidden layers facilitate analysis of this trigger-to-sustain dynamics.

5. Conclusions

This study introduces a NNSCA to derive analytical solutions and investigate the dynamical
properties of the (3+1)dimension Jimbo-Miwa equation. By synergistically combining the mathematical
rigor of symbolic computation with the adaptability of neural networks to high-dimensional systems,
NNSCA provides an innovative framework for solving high-dimensional NLPDEs and elucidating
their complex wave dynamics. This method overcomes the limitations of traditional approaches
in exploring high-dimensional solution spaces, achieving a seamless integration of neural network
architectures and symbolic computation principles.

To address the four-dimensional coupling characteristics of the (3+1)dimension Jimbo-Miwa
equation, we developed three neural network architectures: two single-hidden-layer models ([4-3-1]-1
and [4-3-1]-2) and a double-hidden-layer model ([4-4-3-1]-1). Unlike the Hirota method, which relies
on bilinear transformations and predefined solution forms, NNSCA eliminates these constraints by
directly exploring the solution space through adaptive network topologies and activation functions.
Symbolic differential constraints are incorporated to ensure the mathematical rigor of the network
outputs, enabling robust and accurate solutions. This approach not only transcends the adaptability
limitations of integrable systems but also establishes a generalizable framework for deriving analytical
solutions to high-dimensional, non-integrable PDEs.

The application of NNSCA yielded a diverse spectrum of analytical solutions for the (3+1)di-
mension Jimbo-Miwa equation. Through iterative optimization of the three neural network models,
we derived two distinct sets of coefficient solutions (Case 1 and Case 2), from which we obtained
complex solution forms, including soliton solutions, periodic solutions, and lump solutions. The
single-hidden-layer models effectively captured the fundamental solution space, producing soliton
and simple periodic solutions that reflect the intrinsic balance between nonlinearity and dispersion
in the equation. In contrast, the double-hidden-layer model, with its enhanced network depth, suc-
cessfully captured more intricate solutions exhibiting spatiotemporal coupling, closely resembling the
multidimensional interference and evolution patterns characteristic of high-dimensional wave systems.
These results underscore the critical role of network depth in improving the precision of solution space
exploration. Visualization of the solutions provided intuitive insights into their four-dimensional
evolution, offering a robust foundation for analyzing high-dimensional wave dynamics.

Compared to conventional methods, NNSCA demonstrates superior efficiency and versatility. Tra-
ditional numerical methods, which depend on initial condition selection and introduce discretization
errors, are outperformed by NNSCA, which directly generates analytical solutions, eliminating dis-
cretization errors and enabling flexible exploration of arbitrary initial conditions. The Hirota method,
constrained by bilinear transformations and limited to specific solution forms, struggles to extend to
high-dimensional systems, whereas NNSCA autonomously explores novel solution structures, such
as elliptic functions and fractal patterns, without requiring transformation preprocessing. Similarly,
BNNM rely on bicubic transformations, which restrict solution diversity, whereas NNSCA leverages
adaptive network architectures to autonomously learn complex structures, including mixed solutions,
thereby eliminating preprocessing dependencies.

Despite its success in solving the (3+1)dimension Jimbo-Miwa equation, NNSCA faces challenges
related to the scalability of network parameters and the computational complexity of symbolic com-
putation in high-dimensional systems. These limitations necessitate further optimization to enhance
computational efficiency. Future research can advance in two key directions: (1) validating the phys-
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ical relevance of the derived analytical solutions by applying them to practical scenarios, such as
three-dimensional internal wave simulations in fluid mechanics or ultra-short pulse transmission
in nonlinear optics, to confirm their physical interpretability; and (2) enhancing the methodological
framework by designing multi-branch hidden layers and dynamic activation function libraries to
improve adaptability to high-dimensional PDEs with variable coefficients or fractional orders.

In conclusion, this study highlights the transformative potential of integrating symbolic com-
putation with neural networks through the successful application of NNSCA to the (3+1)dimension
Jimbo-Miwa equation. By providing a rigorous and efficient tool for deriving analytical solutions to
high-dimensional NLPDEs, NNSCA opens new avenues for research in mathematical physics and
nonlinear wave dynamics. It establishes a robust methodological foundation for exploring analytical
solutions in complex, high-dimensional systems, with broad implications for advancing scientific
discovery in these fields.
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